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Changestoversion 1.1

e lterative solvers of the Newton equation added
e Optional approximate Hessian of the Augmented Lagrangian

e Changes in handling the parameférPHA with the goal to increase the final preci-
sion

WWW.penopt.com
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1 Installation
1.1 Unpacking

UNIX versions

The distribution is packed in filpenbni . t ar . gz. Put this file in an arbitrary directory.
After uncompressing the file penbmi . t ar by commandyunzi p penbm . tar. gz,
the files are extracted by commandr - xvf penbm .tar.

The distribution is packed in filpenbni . zi p. Put this file in an arbitrary directory and
extract the files byPKZI P.

In both cases, the directory PENBMI2.0 containing the felig files and subdirectories
will be created

LICENSE: afile containing the ENBMI license agreement;
G a directory containing the files

driver_bmi_c.c, a sample driver implemented @
penbmi.h, a header file to included by C driver,
penout.c, sample implementation ¢fenbmi output functions;
make_{CC}.txt, a makefile to build a sampl@ program;

doc: a directory containing this User’s Guide and a User’s Guide
for the MATLAB programpenf eas_| ni . m

fortran: a directory containing the files

driver _bmi_f.f, sample driver implemented indRTRAN,

penout.c, see above;

penout.o(bj), precompiled version gienout . c;

make_{FC}.txt, a makefile to build a sampledRTRAN program;
libs: a directory containing thBenbmi library andAtlas libraries;
matlab: a directory containing the files

penbmim.c, the MATLAB interface file,

penoutm.c, MATLAB version ofpenout . c,

make_penbmim.m, M-file containing MEX link command,

bmi.m, M-file containing a sample problem in PEN format,

penfeas_bmi.m, checks feasibility of a system of BMIs;

1.2 Compilation
Requirements

For successful compilation and linkage, depending on tlesatimg system and the pro-
gram to be created, the following software packages have todtalled:

UNIX versions

e gcc compiler package (C driver program)
e g77 compiler package (BFRTRAN driver program)

e MATLAB version 5.0 or later including Ex compiler package angcc compiler
package (MTLAB dynamic link librarypenbm m *)
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e VISUAL C++ version 6.0 or later (C driver program)
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e VISUAL FORTRAN version 6.0 or later (BRTRAN driver program)

e MATLAB version 5.0 or later including kX compiler package and IgUuAL C++
version 6.0 or later (MTLAB dynamic link librarypenbm m *)

Tobuild a C driver program

UNIX versions
Go to directoryc and invoke Makefile by command

make -f nake_gcc.txt.

Win32 versio
Go to directoryc and invoke Makefile by command

nmake -f make_vc. t xt.

To build a FORTRAN driver program

C
P
X
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o
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o
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Go to directoryf or t r an and invoke Makefile by command

make -f nmake_g77.txt.

Win32 versio
Go to directoryf or t r an and invoke Makefile by command

nmake -f make_df.txt.

To build a MATLAB dynamic link library penbmi m *
Start MATLAB, go to directorymat | ab and invoke link command by
make_penbm m

In case the user wants to use his/her owkPACK, BLAS or ATLAS implementations,
the makefiles resp. M-files in directoriesf or t r an andnmat | ab have to be modified
appropriately.

2 Theproblem

We solve the SDP problem with quadratic objective functind Bnear and bilinear matrix
inequality constraints:

1
min —2TQz + fTx Q)
zER™ 2
n
s.t. S bjap <, di=1,...,my
k=1

A%)'FZQ?kAZ"‘ZkaWKIiz%Ov i=1,....,m.
k=1 k=1 ¢=1

WWW.penopt.com



PENOPT

WWW.penopt.com

PENBMI USER'S GUIDE

The linear part of the matrix constraints can be written aseamstraint with block diagonal
matrices as follows:

Az A

Here we use the abbreviations= vars, m, := constr, andm := mconstr.
In the same way we can write down the bilinear part of the mawnstraints.

3 Thealgorithm

For a detailed description of the algorithm, see [1].
The algorithm is based on a choice of penalty/barrier fmch » that penalizes the in-
equality constraints. This function satisfies a number opprties that guarantee that for
any P > 0, we have

A(z) <0 = ®p(A()) < 0.

This means that, for anj > 0, problem (SDP) has the same solution as the following
“augmented” problem

min leQx + Tz (SDPy)
zER™ 2
s.t. Dp(A(x)) 0.

The Lagrangian of (SDF) can be viewed as a (generalized) augmented Lagrangian of
(SDP):

1
F(z,U,P)= §xTQx + Tz + (U, ®p (A(z)))s, ; )
hered is the dimension of the matrix operatdrandU € S? are Lagrangian multipliers
associated with the inequality constraints.

The algorithm combines ideas of the (exterior) penalty amijor) barrier methods with
the Augmented Lagrangian method.

Algorithm 3.1 Letz! and U* begiven. Let P! > 0. For k = 1,2, ... repeat till a stopping
criteriumis reached:

(i)  Findz*+! suchthat |V, F(z" ™!, U* P*)| < K
(@) U™ = Da®y(A(x);UY)
(i) ~ PFTl < Pk,

The details of the implementation can be found in [1].
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PENBMI can also be called as a function (or subroutine) from a CarmRAN program.
In this case, the user should link thedBmi library to his/her program.

4.1 Calling PENBMI from a C/C++ program

For the implementation of a C interface the

user should pertbe following steps:

First, the user must include th&RBMI header file as in the following line:

#i ncl ude "penbm . h"

Second, the variables for the problem data have to be dddarin the following piece of

code:

/* basic probl em di nensions */

int vars = 0, constr = 0, ntonstr = O;

int luoutput =0, Ibi =0, lai = 0, nzsai = 0;

[* error flag */

int inform= 0;

/* function value */

double fX = 0.;

/* array reserved for block sizes of matrix constraints */
int *msizes = 0;

[* array reserved for initial iterate (input)

and opti mal
doubl e *x0 0;

pri mal

vari abl es (out put)

*/

/* array reserved for optinmal dual variables (output) */
doubl e *uout put = 0;
[* objective */
doubl e *fobj = 0;
/* objective, quadratic part */
int g_nzs = 0;
int *q_col = 0;
int *q_row = O;
doubl e *q_val = O;
[* rhs of linear constraints */
doubl e *ci = O;
/* arrays for linear constraints */
int *bi _dim= 0, *bi_idx = 0;
doubl e *bi _val = 0;
= [* arrays for matrix constraints */
8 int *ai_dim= 0, *ai _idx =0, *ai_nzs = 0, *ai_col =0,
= *ai _row = 0;
= -
(@)
=
(@)
g— 6
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doubl e *ai _val

/* arrays for bilinear

i nt *ki _dim
*Ki _idx
i nt *Kj _idx

doubl e *ki _val

/* arrays reserved for
i resul ts[4]
doubl e fresults[3]

i nt

[* default opti
i nt

i options[12]
doubl e foptions[12]

PENBMI USER'S GUIDE

0;

matri x constraints */

=0, *ki_col =0, *ki_row = 0,
= 0, *ki_nzs = 0;
= O,
=] 0,
results */

= {0,0,0,0};
= {0.0,0.0,0.0};

ons */

= {1, 50, 100, 2,0,1,0,0,0,0,0, 0};

={1.0,0.7,0.1,1.0E-7, 1. OE- 6,
1.0E-14, 1. 0E-2, 1. 1e0,
0.0,1.0,1.0E-7,5. 0E- 2};

Third, the user should specify the problem dimensions bigasg values to variables

vars, nctonstr,

constr, | bi, lai, nzsai, |uoutput.

Using these numbers, the user should allocate memory ashibisn below:

nsi zes = | NTEGER (ntonstr);
x0 = DOUBLE(vars);
uout put = DOUBLE( | uout put);
fobj = DOUBLE(vars);
i f(qg_nzs) {
g_col = I NTEGER(qg_nzs);
g_row = | NTEGER(q_nzs);
g_val = DOUBLE(q_nzs);
}
if(constr) {
ci = DOUBLE(constr);
bi _dim= I NTEGER(constr);
bi _idx = I NTEGER(I bi);
bi _val = DOUBLE(I bi);
}
i f(nmconstr) {
ai _dim= | NTEGER(ntonstr);
ai _idx = | NTEGER(I ai ) ;
ai _nzs = | NTEGER(I ai ) ;
ai _col = I NTEGER(nzsai);
ai _row = | NTEGER(nzsai);
ai _val = DOUBLE(nzsai);
ki _di m = | NTEGER(ntonstr);
ki _idx = I NTEGER(I ki) ;
kj idx = I NTEGER(I ki) ;
ki _nzs = | NTEGER(I ki ) ;
ki _col = I NTEGER(nzski);
ki _row = | NTEGER( nzski ) ;
ki _val = DOUBLE(nzski);

WWW.penopt.com
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}
Next, the problem data should be assigned to arrays
x0, fobj, ci, x0, bi_dim bi_idx, bi_val,
g col, g row, g _val,
ai_dim ai_idx, ai_nzs, ai_val, ai_col, ai_row,
ki _dim ki _idx, kj_idx, ki_nzs, ki_val, ki_col, ki_row

and some non default options could be set by changing eintrtbe arrays

i options, foptions.

The meaning of the input/output parameters and the optienexplained in detail in sec-
tion 4.3. Finally, the user should calERBMmI like

[* Call penbni */
penbm (vars, constr, ntonstr, nsizes,
& X, x0, 0, uoutput, fobj,
g_nzs, g_col, g_row, qg_val,
ci, bi_dim bi_idx, bi_val,
ai _dim ai_idx, ai_nzs,
ai _val, ai_col, ai_row,
ki _dim ki_idx, kj_idx, ki_nzs,
ki _val, ki _col, ki _row,
i options, foptions,
iresults, fresults, & nform;

and free memory.

A sample implementation is included in the fidei ver _bmi _c. c in directoryc.

4.2 Calling PENBMI from a FORTRAN program

Given the (upper bounds on) values

varsl, ntonstrl,
of

vars, nctonstr, constr,
and dimensions

I bi, lai, nzsai, |Kki,
of arrays

bi idx, ai_idx,

ai _col,

constrl, q_nzsl

g_nzs
nzski, | uout put
uout put

(either from outer call or declared as parameters), the emeicall subroutinpennl pf

as in the following piece of code:

WWW.penopt.com

i nteger vars, constr, ntonstr, msizes(ntonstrl)

i nteger g_nzs, q_col (q_nzsl), g_rowg_nzsl)

i nteger bi _din(constrl), bi_idx(lbi)

i nteger ai_din(nconstrl), ai_idx(lai), ai_nzs(lai)

i nteger ai_col (nzsai), ai_rownzsai)

i nteger ki_dimnconstrl), ki _idx(lki), kj_idx(lki)

i nteger ki _nzs(lki), ki_col(nzski), ki _row(nzski)

i nteger ioptions(12), iresults(4), info

doubl e precision fx, x0(varsl), uoutput(luoutput), fobj
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doubl e precision ci(constrl),

doubl e precision g_val (q_nzsl1), foptions(12),
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bi _val (1 bi), ai_val (nzsai)

fresul ts(5)

call penbnif (vars, constr, ntonstr, nsizes,
tJ fx, x0, 0, uoutput, fobj,
* g_nzs, g_col, g_row, q_val,
* ci, bi_dim bi_idx, bi_val,
* ai_dim ai_idx, ai_nzs,
* ai_val, ai_col, ai_row,
* ki _dim ki _idx, kj_idx, ki_nzs,
* ki _val, ki _col, ki _row,
* i options, foptions,
* iresults, fresults, info)

The input/output parameters are explained below.
A sample implementation is included in the filei ver _bmi _f . f indirectoryf or t r an.

4.3 Theinput/output structure

We assume that the linear constraint vectérsan be sparse, so we give them in standard
sparse format. We further assume that the matrix constrdatt can be sparse. Here we
distinguish two cases: Some of the matricEisfor the k—th constraint can be empty; so
we only give those matrices (for each matrix constraint} #ra nonempty. Each of the
nonempty matricesi can still be sparse; hence they are given in sparse formate(va
column index, row index). As all the matrices are symmetwe, only give the upper
triangle.All index arrays(i.e., *.idx, *.col, and *.row) are zero-based, asin the C language.

vars number of variables
integer number
constr number of linear constraints
integer number
nconstr number of matrix constraints (diagonal blocks in eagh
integer number
nsi zes sizes of the diagonal block&;, A7, ..., ABconstT
integer array | length: nconst r
f x on exit: objective function value
double array | length: 1
x0 on entry: initial guess for the solution
on exit: solution vectox
(Not referenced, ikO = 0 on entry)
double array | length: var s
uout put on exit: linear multipliersu; (¢ = 1,...,constr) followed by up-
per triangular parts (stored row-wise) of matrix multiptié/’ (j =
1,...,mconstr) (Not referenced, ifiout put = 0 on entry)
double array | length: constr + nsi zes(1)*(nsizes(1)+1)/2 +
nmsi zes(2)*(msi zes(2)+1)/2 + ...+
nmsi zes(nconstr) *(nsi zes(nconstr) +1)/ 2

WWW.penopt.com
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f obj objective vectorf in full format

double array | length: var s

g.nzs number of nonzeros in the upper triangle of the objectiverima}; if
g-nzs=0, the objective is considered to be linear

integer number

g._val nonzero values in the upper triangle@f

double array | length: q_nzs

g-col column indices of nonzero values in the upper triangl€ of

integer array | length: q_nzs

g._r ow row indices of nonzero values in the upper triangl&)of

integer array | length: q_nzs

ci right-hand side vector of the linear constraini full format

double array | length: constr

bi .di m number of nonzeros in vectéy for each linear constraint

integer array | length: constr

bi _i dx indices of nonzeros in each vectgr

integer array | length: bi _di n{ 1) +bi _di n(2) +...+bi _di n{constr)

bi _val nonzero values in each vectgrcorresponding to indices imi _i dx

double array | length: bi _di m( 1) +bi _di m(2) +...+bi _.di n{ constr)

ai .dim number of nonzero blockd}, A%, ..., Al . for each matrix constraint
1 =1,2,...,mconstr

integer array | length: nconstr

ai _i dx indices of nonzero blocks for each matrix constraint

integer array | length: ai _di (1) +ai .di m(2) +...+ai .di n{ ntonstr)

ai _nzs number of nonzero values in each nonzero block
Aii,idx(1)7A2i,idx(z)7 - ’A;i,idx(ai,dim(i)) for each matrix constraint
1 =1,2,...,mconstr

integer array | length: ai _di m( 1) +ai .di m(2) +...+ai _.di m( nconstr)

ai val nonzero values in the upper triangle of each nonzero block
AL ax(1) Aaisax(2) - Ani iax(aiain()) OF €aCh matrix constraint
1 =1,2,...,mconstr

double array | length: ai _nzs(1) +ai _.nzs(2) +
...+ai _-nzs(Il ength(ai _nzs))

ai _col column indices of nonzero values in the upper triangle oheamzero
block AL :4x(1)> Auitax(2)r -+ Aaitax(ai.ain(z)) fOF €ACH matrix con-
straint; = 1,2, ... ,mconstr

integer array | length: ai _nzs(1)+ai .nzs(2) +
...+ai -nzs(l ength(ai _nzs))

ai _row row indices of nonzero values in the upper triangle of eaawzam
block AL, | 4y(1)> AL sax(2) - - Ant sax(ai_asn(z)) TO7 €ACH matrix con-
straint; = 1,2, ..., mconstr

integer array | length: ai _-nzs(1)+ai _.nzs(2) +
...+ai -nzs(Il engt h(ai _nzs))

10
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ki dim

number of nonzero block&?},, k, ¢ € {1,...,vars}, for each matrix
constraint = 1,2, ... ,mconstr

integer array

length: nconst r

ki _i dx

first indices of nonzero blocks for each matrix constraint

integer array

length: ki _di (1) +ki _di n( 2) +...+ki _di n{nconstr)

kj i dx

isecond indices of nonzero blocks for each matrix condtrain

integer array

length: Ki _di n( 1) +ki _di n( 2) +...+ki -di m( nconstr)

Ki _nzs

number of nonzero values in each
Ki

Kitdx(a) i ddx(a) & = Liee- ,ki_dim(i), for each matrix con-
straint; = 1,2, ... ,mconstr

integer array

length: ki _di n( 1) +ki _di n{ 2) + ...+ki -di m( nconstr)

ki _val

nonzero values in the upper triangle of each nonzero block

Klii,idx(a)xj,idx(a)’a =1,...,ki dim(i), for each matrix constraint

1=1,2,...,mconstr

double array

length: ki _nzs(1) +ki _nzs(2) +
...+ki _nzs( Il engt h( ki _nzs))

ki _col column indices of nonzero values in the upper triangle oheamzero
bIOCK Ky, 4y (0 kjtax(ay» @ = Ls- - kidim(i), for each matrix con-
straint; = 1,2, ..., mconstr

integer array| length: ki _nzs(1)+ki nzs(2)+

...+ki _nzs( Il engt h( ki _nzs))

ki _row row indices of nonzero values in the upper triangle of eaazam
block Ky sar(a) xj.aax(a) @ = 1, ., ki-dim(i), for each matrix con-
straint; = 1,2, ..., mconstr

integer array| length: ki _nzs(1) +ki _nzs(2) +

...+ki _-nzs( 1 engt h( ki _nzs))

i options

integer valued options (see below)

integer array

length: 12

foptions

real valued options (see below)

double array

length: 12

iresults

on exit: integer valued output information (see below)
(Not referenced if resul ts = 0 on entry)

integer array

length: 4

fresults

on exit: real valued output information (see below)
(Not referenced if resul t s = 0 on entry)

double array

length: 3

foptions

on exit: erro flag (see below)

integer array

length: 1

11
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IOPTIONS name/value meaning default
i option(0) DEF
0 use default values for all options
1 use user defined values
i option(1) PBM_MAX _ITER | maximum number of iterations of the overall al- 50
gorithm
i option(2) UM_MAX _ITER | maximum number of iterations for the uncop- 100
strained minimization
i option(3) OUTPUT output level 1
0 no output
1 summary output
2 brief output
3 full output
i option(4) DENSE check density of the Hessian 0
0 automatic check. For very large problems with
dense Hessian, this may lead to memory difficul-
ties.
1 dense Hessian assumed
i option(5) LS linesearch in unconstrained minimization 0
0 do not use linesearch
1 use linesearch
i option(6) XOuT write solution vector: in the output file 0
0 no
1 yes
i option(7) uouT write computed multipliers in the output file 0
0 no
1 yes
i option(8) NWT_SYS MODE | mode of solution of the Newton system 0
0 Cholesky method
1 preconditioned conjugate gradient method
2 preconditioned CG method with approximate
Hessian calculation
i option(9) PRECTYPE preconditioner type for the CG method 0
0 no preconditioner
1 diagonal
2 LBFGS
3 appoximate inverse
4 symmetric Gauss-Seidel
i option(10) DIMACS print DIMACS error measures 0
0 no
1 yes
i option(11) TR_.MODE Trust-Region mode 0
0 modified Newton method
1 Trust Region method

12
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FOPTIONS name/value | meaning default

f opti on(0) uo scaling factor for linear constraints; must be positive 1.0

foption(1) MU restriction for multiplier update for linear constraints 0.7

foption(2) MU2 restriction for multiplier update for matrix constraints 0.1

fopti on(3) PBM_EPS stopping criterium for the overall algorithm 1.0e-7

f opti on(4) P_EPS lower bound for the penalty parameters 1.0e-6

f opti on(5) UMIN lower bound for the multipliers 1.0e-14

fopti on(6) ALPHA stopping criterium for unconstrained minimization 1.0e-2

foption(7) PO initial penalty value; set it lower (0.01-0.1) to maintgin 1.1
feasibility when starting from a feasible point.

fopti ons(8) PENUP penalty update; when set to 0.0, it is computed automati- 0.0
cally

foptions(9) ALPHA_UP | update ofa; should either be equal to 1.0 (= no update) 1.0
or smaller than 1.0 (e.g. 0.7)

fopti ons(10) | PRECISION2 | precision of the KKT conditions 1.0e-7

foptions(11) | CG.TOLDIR | stopping criterion for the conjugate gradient algorithm 5.0e-2

IRESULTS meaning

i resul ts(0) | number of outer iterations

i resul ts(1) | number of Newton steps

i resul ts(2) | number of linesearch steps

i resul ts(3)

ellapsed time in seconds

FRESULTS

meaning

fresults(0)
fresults(l)
fresults(2)
fresults(3)
fresults(4)

relative precision at ot

feasibility of linear inequalities at,p

feasibility of matrix inequalities at.p:
complementary slackness of linear inequalities gt
complementary slackness of matrix inequalities &k

INFO meaning

info = 0 | Noerrors.

i nfo = 1 | Cholesky factorization of Hessian failed. The result mayls usefull.
info = 2 | No progress in objective value, problem probably infeasibl

i nfo = 3 | Linesearch failed. The result may still be usefull.

i nfo = 4 | Maximum iteration limit exceeded. The result may still befud.

i nfo = 5 | Wrong input parameters ¢pt i ons, f opti ons).

info = 6 | Memory error.

i nfo = 7 | Unknown error, please contact PENOPT Gbr (contact @peswp).

13
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In MATLAB, penbmi mis called with the following arguments:
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[f,x,u,iflag,niter,feas] = penbm n(pen);

where
pen. .. the input structure described above
f ... the value of the objective function at the computed optimum
X ... the value of the dual variable at the computed optimum
u...the value of the primal variable at the computed optimum
iflag . . . exit information

.. No errors.

.. Cholesky factorization of Hessian failed. The result méyts¢ usefull.
.. No progress in objective value, problem probably infea&sibl

.. Linesearch failed. The result may still be usefull.

.. Maximum iteration limit exceeded. The result may still befud.

.. Wrong input parameters ¢pt i ons, f opti ons).

.. Memory error.

.. Unknown error, please contact PENOPT GbR (contact @ pexoopj.

~N o ok W NP O

niter. .. a 4x1 matrix with elements

niter(1). .. number of outer iterations
niter(2). .. number of Newton steps
niter(3). .. number of linesearch steps
niter(4). . . ellapsed time in seconds

feas. .. a 3x1 matrix with stopping criteria values

feas(1). .. relative precision at

feas(2). .. feasibility of linear inequalities at.;

feas(3). . . feasibility of matrix inequalities at s

feas(4). .. complementary sleckness of linear inequalities gt
feas(5). .. complementary sleckness of matrix inequalities &t

5.2 peninput structurein MATLAB

The user must create aAviLAB structure array with fields described in Section 4.3.

Examplel. We have a linear objective function with= (1,2, 3)”. Assume that we have
no linear constraints. Assume further that we have two ftingarix inequality constraints,
first of size (3x3), second of size (2x2). The first constraimmtains full matrices, the
second one diagonal matrices:

4 + A x1 + 45 T2 + 44 az
A? A2 ) A% )72 A3 )78

The blocksA}. have then 6 nonzero elements, blotk only two nonzero elements (recall
that we only give elements of the upper triangular matrir)this case

14
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vars =3
constr =0
nconstr =2
nmsi zes =(3,2)

x0 =(0.0,0.0,0.0) (for example)
fobj =(1.0,2.0,3.0)

g-nzs =0

ci =(0.0)
i .di m=(0)
i iidx =(0)
i val =(0.0)
i dim=(4,4)

i dx =(0,1,2,3,0,1,2,3)
nzs =(6,6,6,6,2,2,2,2)
val =(4}1),...,AL(6), AL1),..., AL(6),...... ,
A3(1), A§(2), AT(1), A3(2), 45(1), A3(2), A3(1), A3(2))

i col =(0,1,2,1,2,2,0,1,2,1,2,2,...... ,0,1,0,1,0,1,0,1)
ai _row =(0,0,0,1,1,2,0,0,0,1,1,2,...... ,0,1,0,1,0,1,0,1)
15
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Example2. Consider a (fictitious) example with a linear-quadraticshiye function with
20 —1 0
f=(01,237 and Q=[|-1 2 -—1].
0o -1 2
We have two linear constraints with
b1 = (0,0,1)7,

by = (5,6,0)7, c=(3,-3)T.

Assume further that we have two linear matrix inequality stomints, first of size (3x3),
second of size (2x2). The first constraint contains spard¢gaes, the second one diagonal
matrices. Some of the matrices are empty, as shown below:

0 2 =1 0
0 2 0
0 + 2 T
0 1
1 —1
0 2 0 -1
0 2 0
T 0 Zo + 2 z3
3 0
-3 0
In this case
vars =3;
constr =2;

nconstr =2;
nsi zes =1[3,2];
x0 =10.0,0.0,0.0] (for example);

fobj =[1.0,2.0,3.0];
g-nzs =5;
gi .col =[0,1,1,2,2]

gi row =[0,0,1,1,2];

gi .val =[2.0,-1.0, 2.0, -1.0, 2.0];
ci =[3.0,-3.0];

bi di m=1[1,2];

bi i dx =[2,0,1];

bi val =[1.0,5.0,6.0];

ai _di m=1[2,3];

ai _idx =[1,3,0,1,2];

ai _nzs =[4,4,1,2,2];

ai val =[2.0,-1.0,2.0,2.0,2.0,-1.0,2.0,2.0, 1.0, 1.0,-1.0,-3.0];
ai col =[0,1,1,2,0,2,1,2, 1,0,1, 0,1)];
ai row =[0,0,1,2,0,0,1,2, 1,0,1, 0,1];

WWW.penopt.com
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Example 3. We solve a problem in three variables with box constraints @me linear-
bilinear matrix constraint of dimension three:

min xs
z€ER3
S.t. x1 € [*0.5,2], X9 € [*3,7]

Ao + 21 A1+ 20As + 1122 K10 — xz3l <0

with
-10 -0.5 =2 9 05 0
Ag=1|-05 4.5 0 A;=105 0 -3
-2 0 0 0 -3 -1
-1.8 —-0.1 -0.4 0 0 2
As=|-01 1.2 -1 Ki;=10 —-55 3
-04 -1 0 2 3 0
vars =3;
constr =4;

nconstr =1,
nsi zes =[3];

bi
bi
bi
a
a
a
a
a
a
ki
ki
ki
Ki
Ki
Ki
Ki

WWW.penopt.com

x0 =[1.,0.,0.];
fobj =[0,0,1];

ci =[0.5,2,3,7];
dim=[1,1,1,1];
_idx =[0,0,1,1];
wval =[-1,1,-1,1];
di m=1[4];
_idx =[0,1,2,3];
_nzs =[4,4,53];

val =[-10,-0.5,-2,4.5,9, 0.5,-3,-1, -1.8,-0.1,-0.4,1.2;11-1 ,-1];

_col =[0,1,2,1,0,1,2,2,0,1,2,1,2,0,1,2];
_row =[0,0,0,1,0,0,1,2,0,0,0,1,1, 0,1,2];
di m=11];

Jddx =[1];

ddx =[2];

_nzs =[3];

val =[2,-5.5,3];

_col =[2,1,2];

_row =[0,1,1];

17
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Example4. Consider the following bilinear matrix inequality arisinffen in Robust Con-
trol problems
PBK <0 (3)

where B is a given matrix and?, K are matrix variables. Let us show how to write

this inequality in the form used in (1), i.e., as a BMI with t@cvariables. Assume, for

simplicity, that all matrices have dimensiorx2. Denote elements of a matrix by the
corresponding lower-case letter, e.g.,

M= <m1 m?’) .
mg Mo
4
M = ZmZZi y
i=1

10 0 0 0 1 0 0
2=(00) 2= 1) 2= o) #=( o)

Thus we can write the original matrix inequality (3) (with tria variablesP, K) as a
matrix inequality of type (1):

Then we have

with

4 4
Z ZpiijiBZj < 0

i=1 j=1
with vector variables

p = (p1p2p3ps)’, k= (k1 ko kg ka)” .

18
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6 General recommendations

6.1 Denseversus Sparse

For the efficiency of BNSDR, it is important to know if the problem has sparse or dense
Hessian. The program can check this automatically. Thekchexy take some time and
memory, so if you know that the Hessian is dense (and thisisdise of most problems),
you can avoid the check. The check is switched on and off bgrpatetCHECKDENSI TY

in ‘in.txt’ (SDPA version) or by optiorDENSE in i opti ons (MATLAB version). The
default is ‘on’ (do the check).

6.2 High accuracy

The default values of the parameters in file. t xt are set to achieve relatively high ac-
curacy in the primal and dual solutions. Typically, one aiaabout 7 digits of accuracy
in the objective function of the SDP problem, 1st-order myatity criteria and primal fea-
sibility. To achieve even higher accuracy one can decreasereter

PREC! SI ON2 to 1.0e-9.
This may lead to an inefficient code.

6.3 Cholesky versusiterative solvers

When computing the search direction in the Newton method,ave to solve a system of
linear equations with a symmetric positive definite matkibe¢sian of the augmented La-
grangian). This system can either be solved by (possiblgssp&holesky decomposition
or by the preconditioned conjugate gradient method. Théetis done by parameter

USECG
When this parameter is setto 1 or 2, CG method is used in cannewith a preconditioner
chosen by parameter

PRECTYPE
We recommend to use CG wh#re number of variablesislarge and, in particular, when
additionally the size of the matrix constraint is relatively small. While PENSDP with CG
can reach the same high accuracy as with Cholesky decorigmgsite code becomes much
more efficient when the required accuracy is decreased byget

PRECI SI ONto 1e-4
and

PRECI SI ON2 to le-2.
The choice of a preconditioner depends to a large extenteprbblem. We recommend
to try several preconditioners, in the order 4-1-2-3-0.

Warning: For certain kind of problems, the choice of CG method may lead rather
inefficient code, compared to Cholesky decomposition.

6.4 Exact versusapproximate Hessian

The use of the CG method allows us to use an approximate farfouthe Hessian-vector
product. This may be particularly efficient when the Hessiealuation is expensive. Fur-
ther, as the Hessian does not have to be sttihedpemory requirements of the approximate
version are much smaller. The option is chosen by setting

NWI_SYS_MODE to 2.
As above, to increase the efficiency, we recommend to set

PRECI SI ONto le-4
and

PRECI SI ON2 to 1e-2.
For approximate Hessian, only
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PRECTYPE set to 0-2 is allowed.

Warning: For certain kind of problems, the choice of CG method withragjmnate Hessian
may lead to a rather inefficient code, compared to Choleskypmeosition with exact
Hessian.
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