Research Report No. 1950, March 1999 Institute of Information Theory and Automation, Prague

On finite sequences conditionally uniform

given minima and maxima

Pilar Iglesias Z., Santiago^∗ – František Matúš, Prague^† – Carlos A. B. Pereira, São Paulo^‡ – Nelson I. Tanaka, São Paulo^§

Abstract. Conditioning in a finite sequence X^{(N)} = (X_1, X_2, . . . , X_N ) of real random variables by max X^{(N)} and by max X^{(N)} together with min X^{(N)} are considered. If X^{(N)} is conditionally uniform in a very general sense with respect to a reference Borel measure ν then a shorter subsequence X^{(n)} = (X_1, X_2, . . . , X_n), 1 ⩽ n < N, can be well approximated, in the variation distance, by a mixture of n-powers of restrictions of ν. These finite de Finetti type results are then used to obtain integral representations of infinite sequences which have all their finite subsequences conditionally uniform.

1. Introduction

In an exchangeable sequence X_1, X_2, . . . of random variables the distribution does not change when the variables are permuted arbitrarily. More complex notions of symmetry, invariance or sufficiency requirements are termed as partial exchangeability, [1, 8, 9]. The distributions of sequences under a symmetry assumption form usually a convex set and then the extreme distributions and mixture integral representations are of primary interest. Results on the mixture representations are known as de Finetti-type theorems, [3, 14, 16]. For finite sequences with a symmetry, subsequences need not be often represented but can be well approximated by mixtures. Starting from [4, 7] one speaks about finite de Finetti type theorems. By limiting procedures the infinite de Finetti-type theorems follow from the finite ones.

∗Departamento de Probabilidad y Estadistica, PUC-Santiago-Chile; pliz@mat.puc.cl. This author was partially supported by DIUC and Fundacion Andes.

†Institute of Information Theory and Automation (Academy of Sciences of the Czech Republic), Pod vodárenskou věží 4, 182 08 Prague and Laboratory of Intelligent Systems (University of Economics); matus@utia.cas.cz. This author was supported by Internal Grant of the Academy of Sciences of the Czech Republic (GA AV ČR) No. 275105 and by the grant No. VS 96008 of Ministry of Education of Czech Republic.

‡Departamento de Estatistica, IME/USP, Caixa Postal 66281, São Paulo, SP 05315-970, Brazil; cpereira@ime.usp.br. This author was partially supported by CNPq.

§Departamento de Estatistica, IME/USP, Caixa Postal 66281, São Paulo, SP 05315-970, Brazil; nitanaka@ime.usp.br. 1

In Statistics, natural kinds of symmetries of random sequences are specified by means of sufficient statistics and kernels, see [15, 5, 10]. Though there are very general results in this direction each particular case requires additional work to identify explicitely the form of mixtures and mixing probabilities. The majority of the results in this field characterize models with sufficient statistics of the form

∑_n i=1 Ψ(X_i). Extremal distributions are then products of measures in a regular exponential family. Extensions of these results in the context of linear models appeared in [6].

In this work we present finite and infinite versions of de Finetti-type theorems for sequences of real random variables which are conditionally uniform given the maxima, or both, the minima and the maxima. The adjective ‘uniform’ is specified in a very general sense by a reference Borel measure. This approach admits a unification of discrete and continuous situations and a comprehensive treatment and generalization of cases examined before. First, aggregates of product measures modelling the conditional uniformity are examined in Section 2. Using the aggregates we obtain easily the corresponding finite de Finetti-type theorems, when conditioned on the maxima in Section 3 and when conditioned on minima and maxima in Section 5. The infinite versions are worked out in Section 4 and Section 6, respectively.

2. Aggregates of product measures

Let (A, A, λ) be a measure space, 0 < λ(A) < ∞ and n a positive integer number. An element a of A is fixed assuming that the singleton {a} is A-measurable. The Dirac measure sitting in a is denoted by δ_a and the restriction of λ to a set B ∈ A by λ_{|B}, that means λ_{|B}(C) = λ(B ∩ C) for C ∈ A.

In the first part of this section we examine the following measure on product space A^n

α_n = ∑ ∅≠I⊂n̂

λ({a})^{|I|−1} δ^I_a × λ^{n̂−I}_{|A−{a}}

where n̂ = {1, 2, . . . , n}, |I| is the cardinality of I and 0^0 = 1 by convention. Note that the summands are mutually singular product measures. Let us observe that α_n measure of (A − {a})^n is zero and α_n restricted to A^k × {a} × A^{n−1−k} is equal to λ^k × δ_a × λ^{n−1−k}, 0 ⩽ k ⩽ n − 1. Roughly speaking, α_n is constructed by pasting the latter n measures together. We set t_n = α_n(A^n).

Example 1. Let A = {0, 1, 2, . . . a} where a is a nonnegative integer number, let A be the power set of A and λ be the counting measure on A. Then α_n is the counting measure on the set of all n-tuples (a_1, . . . , a_n) ∈ A^n having at least one coordinate equal to a, i.e. satisfying max_{1⩽j⩽n} a_j = a.

Example 2. Let (A, A) be an interval [0, a] of real line R (a is any positive real number) endowed with the σ-algebra of its Borel subsets and let λ be the Lebesque measure on this interval. Then α_n is simply the sum of n product measures and its support is again the set of all n-tuples (a_1, . . . , a_n) ∈ A^n with the maximum equal to a.

Having a measure on product space A^{n+k}, k ⩾ 1, its marginal measure on A^n will be denoted by means of the superindex (n). The bar over a nonzero finite measure will normalize it to a probability measure. Our first result estimates the variation distance between a marginal of the normalization of α_{n+k} and a power of normalized λ.

Lemma 1. For every n ⩾ 1 and k ⩾ 1 the total variation || α^{(n)}_{n+k} − λ^n || is less or equal to 2n/(n + k) with the equality if and only if λ({a}) = 0.

Proof. Let r = λ({a}) and s = λ(A − {a}), then obviously t_n = [(r + s)^n − s^n]r^{−1} if r > 0 and t_n = ns^{n−1} otherwise. It is also easy to see that α^{(n)}_{n+1} = s α_n + λ^n.

Using the identity t_{n+k} = s^kt_n + t_k(r + s)^n one can obtain α^{(n)}_{n+k} = s^kα_n + t_kλ^n, k ⩾ 1, by induction. This yields | | | | α(n)_{n+k} − λn | | | | = s^ktn t_{n+k} | | | | α_n − λn | | | | what is for r = 0 equal to the desired bound 2n/(n + k). Here, the variation distance of the probability measures α_n and λ^n was two as they are singular. If r > 0 the distance is strictly smaller than two. Expanding powers of r + s in the above ratio and comparing corresponding terms one can see that it is bounded from above by n/(n + k).

Second part of this section is devoted to a similar result for another aggregate of product measures of λ’s and δ’s. Let us fix now two (different) elements a and b of A both singletons {a} and {b} being measurable. We set

γ_n = ∑ λ({a})^{|I|−1} δ^I_a × λ({b})^{|J|−1} δ^J_b × λ^{n̂−(I+J)}_{|A−{a,b}}

where the summation is extended over all ordered pairs (I, J) of nonempty and disjoint subsets of n̂. Analogically as above, the measure γ_n is pasted together from n(n − 1) product measures λ^k × δ_a × λ^l × δ_b × λ^{n−2−k−l} and λ^k × δ_b × λ^l × δ_a × λ^{n−2−k−l}, 0 ⩽ k + l ⩽ n − 2. We set γ_n(A^n) = v_n.

Example 3. Let A = {a, a + 1, . . . , b} where a ⩽ b are integer numbers, let A be the power set of A and λ be the counting measure on A. Then γ_n is the counting measure on the set of all n-tuples (a_1, . . . , a_n) ∈ A^n having at least one coordinate equal to a and at least one coordinate equal to b, i.e. satisfying min_{1⩽j⩽n} a_j = a and max_{1⩽j⩽n} a_j = b.

Example 4. Let (A, A) be an interval [a, b] of the real line R (a < b are real numbers) endowed with the σ-algebra of its Borel subsets and λ be the Lebesque measure on this interval. Then α_n is sum of 2n product measures and its support is again the set of all n-tuples (a_1, . . . , a_n) ∈ A^n with the minimum equal to a and the maximum equal to b.

�

�

� � � � �

� � � � �

� � � � �

� � � � �

� � � � � � � � � �

� � � � � � � � �

� � � � �

�

� � � � �

� � � �

� � � �

Figure 1. Examples of supports of measures γ_3.

Lemma 2. Let λ(A − {a}) > 0 and λ(A − {b}) > 0. For every n ⩾ 1 and k ⩾ 1 | | | | γ^{(n)}_{n+k} − λ^n | | | | ⩽ 2n(n + 2k − 1) (n + k)(n + k − 1) the equality being the case if and only if λ({a}) = λ({b}) = 0.

Proof. The number v_n is value of the following polynomial in three variables 1 r_ar_b [ (r_a + r_b + s)^n − (r_a + s)^n − (r_b + s)^n + s^n ]

when substituting r_a = λ({a}), r_b = λ({b}) and s = λ(A−{a, b}). The positivity assumptions imply v_n > 0. It is not difficult to establish γ^{(n)}_{n+1} = sγ_n + α_n + β_n where β_n is constructed analogically as α_n when a is switched to b. After verification of the polynomial identity

v_{n+k} = s^kv_n + t^{{a}}_{k,b} t_{n,a} + t^{{b}}_{k,a} t_{n,b} + v_k(r_a + r_b + s)^n

where t^{{a}}_{k,b} = [(r_b + s)^k − s^k]r^{−1}_b , t_{n,a} = [(r_a + r_b + s)^n − (r_b + s)^n]r^{−1}_a and t^{{b}}_{k,a} and t_{n,b} are defined correspondingly, one can obtain by induction

γ^{(n)}_{n+k} = s^kγ_n + t^{{a}}_{k,b} α_n + t^{{b}}_{k,a} β_n + v_kλ^n .

The desired total variation takes the form ( 1 − v_k v_{n+k}

(r_a + r_b + s)^n ) | | | | μ − λn | | | | where μ is a convex combination of α_n, β_n and γ_n. If r_a = 0 and r_b = 0 then μ and λ^n are singular, v_n = n(n − 1)s^{n−2} and the above expression is equal to the upper bound. In the opposite case, r_a + r_b > 0, it suffices to prove that

(r_a + r_b + s)^n

(r_a + r_b + s)^k − (r_a + s)^k − (r_b + s)^k + s^k (r_a + r_b + s)^{n+k} − (r_a + s)^{n+k} − (r_b + s)^{n+k} − s^{n+k} ⩾ k(k − 1) (n + k)(n + k − 1) . Without a loss of generality we can suppose that r_a + r_b + s = 1. Let us write x = r_a + s, y = r_b + s, m = n + k and look at the function

g(x, y) = m(m − 1) [ 1 − x^k − y^k + (x + y − 1)^k ] − k(k − 1) [ 1 − x^m − y^m + (x + y − 1)^m ] that should be nonnegative for 0 ⩽ x ⩽ y ⩽ 1 and x + y ⩾ 1. The expression 1 mk ( ∂ ∂y − ∂ ∂x ) g(x, y) = (m − 1)(x^{k−1} − y^{k−1}) − (k − 1)(x^{m−1} − y^{m−1})

is, due to (k − 1)(1 − z^{m−1}) ⩽ (m − 1)(1 − z^{k−1}), 0 ⩽ z ⩽ 1, not positive. Since g(x, 1) = 0 for 0 ⩽ x ⩽ 1 the nonnegativity of g is confirmed.

3. Conditioning by maximum in a finite sequence

Let ν be in this section and the following one a nonzero Borel measure on the real half-line [0, ∞) so that every closed interval [0, a], a ⩾ 0, is of finite ν measure. The interval [0, a] with its Borel subsets and the restriction ν_{|[0,a]} are taken for the measurable space (A, A, λ) and the finite measure α_{n,a} is constructed, n ⩾ 1, adding the index a to express explicitly dependence on a ⩾ 0. The normalization α_{n,a} is a probability measure if ν[0, a] > 0 otherwise it is treated as the zero measure.

Introducing the following definition we had in mind especially the Lebesgue measure or the counting measure on nonnegative integers on the place of ν, see Example 1 and Example 2, correspondingly.

Definition 1. A finite sequence X^{(n)} = (X_1, . . . , X_n), n ⩾ 1, of nonnegative random variables is said to be ν-uniform given its maximum if the distribution P_X(n) is equal to the mixture ∫ [0,∞)

α_{n,a} P_{max X}(n) (da) .

An infinite sequence is ν-uniform given maxima if every its finite subsequence is ν-uniform given its maximum.

Equivalently, α_{n,a} is assumed to be a conditional distribution of X^{(n)} given max X^{(n)} = a. These sequences are obviously exchangeable.

Every i.i.d. sequence distributed according to ν_{|[0,a]}, ν_{|[0,a)} or ν is ν-uniform/max provided ν[0, a] > 0, ν[0, a) > 0 and ν is finite, respectively. Convex combinations of the distributions of ν-uniform/max sequences are ν-uniform/max.

Proposition 1. An initial segment X^{(n)} = (X_1, . . . , X_n) of every finite random sequence X^{(N)} = (X_1, . . . , X_N ), 1 ⩽ n ⩽ N, that is ν-uniform given its maximum has its distribution approximated by | | | | | | P_X(n) − ∫ [0,∞)

ν^n_{|[0,a]} P_{max X}(N) (da) | | | | | | ⩽ 2n N . Proof. The variation distance does not exceed ∫ [0,∞) | | | | α_{nN,a} − ν_{n|[0,a]} | | | | P_{max X(N)} (da)

where values of the integrated function are either zero, as the two measures are zero, or bounded by 2n/N owing to Lemma 1.

4. Conditioning by maxima in infinite sequences

It is straightforward that the measure ν^∞_{|[0,a]} if a ⩾ 0 and ν[0, a] > 0 and the measure ν^∞_{|[0,a)} if a > 0 and ν[0, a) > 0 are distributions of infinite sequences that are ν-uniform given maxima. If ν is a finite Borel measure then also ν^∞ is a distribution of this type. In the assertion below we show that mixtures of all these product measures exhaust distributions of this type. We prefer to work with the family of measures ν_{|[0,a]}, a ⩾ 0. A measure ν_{|[0,a)}, a > 0, is not in this family if and only if ν({a}) > 0 and ν(b, a) > 0 for every 0 < b < a. Let us denote by S_ν the set of all these positive numbers a and let, in addition, ∞ belongs to S_ν if and only if ν is finite and ν(b, ∞) > 0 for all b ⩾ 0. The set S_ν is at most countable.

Theorem 1. Let X = (X_n; n ⩾ 1) be an infinite sequence of nonnegative random variables that is ν-uniform given maxima. Then there exists a finite measure κ on the real half-line [0, ∞) and nonnegative numbers κ_a for a ∈ S_ν such that

P_X = ∫ [0,∞)

ν^∞_{|[0,a]} κ(da) + ∑ a∈S_ν

ν^∞_{|[0,a)} κ_a

and κ[0, ∞) + ∑ a∈S_ν κa = 1. The measure κ can be chosen to satisfy κ(b, c] = 0 once ν(b, c] = 0,

0 ⩽ b < c, and then it is unique with the property. The numbers κ_a are unique as well.

This assertion can be, with some effort, adjusted to the framework of Theorem 1.1 from [8]. We prefer to have a swifty analytical proof identifying explicitly all ingredients of mixtures.

Proof. Uniqueness of the measure κ and of the numbers κ_a, a ∈ S_ν , follows from uniqueness in the classical de Finetti theorem. In fact, let B_ν be the Borel set [0, ∞) − ⋃ {(b, c]; ν(b, c] = 0} and let ϕ_ν (a) = max{b ⩽ a; b ∈ B_ν }, a ⩾ 0. The above integral can be equivalently written as the integral of the same function over a ∈ B_ν with respect to the ϕ_ν image of the measure κ.

Let μ_n denote the distribution of maximum of X_1, . . . , X_n, n ⩾ 1. For every a ⩾ 0 the sequence μ_n[0, a], n ⩾ 1, does not increase. The function a → lim_{n→∞} μ_n[0, a] is nondecreasing and rightcontinuous and hence equal to a → μ[0, a] for a unique Borel measure μ on [0, ∞). Let κ_a = lim_{k→∞} μ_k[0, a) − μ[0, a), a > 0, and κ_∞ = 1 − μ[0, ∞). Note that 0 ⩽ κ_a ⩽ μ({a}) for any positive a. We set κ = μ − ∑ ∞≠a∈S_ν κaδa.

If ν(b, c] = 0, 0 ⩽ b < c, then also μ_n(b, c] = 0 for any n ⩾ 1 whence μ(b, c] = 0 and κ(b, c] = 0. In fact, by Lemma 1

μ_n(b, c] = P^{(n)}_{X(n+k)} ( [0, c]^n − [0, b]^n ) = ∫ [0,∞)

α^{(n)}_{n+k,a} ( [0, c]^n − [0, b]^n ) μ_{n+k}(da) ⩽ ∫ [0,∞) [( ν_{|[0,a]}[0, c]

)_n − ( ν_{|[0,a]}[0, b]

)_n]

μ_{n+k}(da) + 2n n + k and since the last integral is zero and k is arbitrary we have indeed μ_n(b, c] = 0. As a consequence, κ_a = 0 once a > 0, ν({a}) > 0 and a ∉ S_ν .

To verify the announced mixture representation of the distribution P_X it suffices to prove that for every n ⩾ 1 the distribution P_X(n) is equal to mixture of n-th powers of the restricted measures. This is an equality of two distributions that are both ν-uniform given maximum whence if suffices to verify the equality on sets [0, b]^n, b ⩾ 0. To summarize, we fix n ⩾ 1 and b ⩾ 0 and want to prove

μ_n[0, b] = ∫ [0,∞)

f(a) μ(da) + ∑ ∞≠a∈S_ν ( f(a^−) − f(a) ) κ_a + f(∞) κ_∞

where f(a) = ( ν_{|[0,a]}[0, b]

)_n for a ⩾ 0, f(a^−) = ( ν_{|[0,a)}[0, b]

)_n

for every a ∈ S_ν − {∞} (we remark that f(a^−) is really lim_{c↗a} f(c) in this case) and f(∞) = lim_{c→∞} f(c) (f(∞) = 0 if ν is infinite and f(∞) = ( ν[0, b]

)_n

if ν is finite). Note also that 0 = f(a^−) − f(a) if a ∈ S_ν ∩ [0, b].

The above equality is obviously valid if ν[0, b] = 0 because then μ_n[0, b] = 0 and the function f is identically equal to zero. From now on we can suppose ν[0, b] > 0. By Proposition 1 the integrals ∫ [0,∞) f(a) μn+k(da) converge to μn[0, b] once k → ∞ and thus it suffices to show the convergence

I_k = ∫ (b,∞)

f(a) μ_k(da) → ∫ (b,∞)

f(a) μ(da) + ∑ a∈S_ν ∩(b,∞) ( f(a^−) − f(a) ) κ_a + f(∞) κ_∞

when k approaches ∞. The expression on right will be denoted by K.

Let us observe that the function f ⩽ 1 is right-continuous and nonincreasing on interval (b, ∞). To prove the above convergence, let ε > 0 and b = b_0 < . . . < b_m = ∞, m ⩾ 1, be chosen to have f(b_{j−1}) ⩽ f(b_j^−) + ε, 1 ⩽ j ⩽ m. The number I_k belongs to an interval with the endpoints

±ε + m∑ j=1 f(b_j^−) μ_k(b_{j−1}, b_j ) + m−1∑ j=1 f(b_j)μ_k({b_j }) .

Remembering that μ_k(c, a) → μ(c, a) + κ_a for c < a, μ_k({a}) → μ({a}) − κ_a for a > 0, and μ_k(c, ∞) → μ(c, ∞) + κ_∞, all limit points of the sequence I_k, k ⩾ 1, are between

±ε + m∑ j=1 f(b_j^−) μ(b_{j−1}, b_j ) + m−1∑ j=1 f(b_j)μ({b_j }) + ( f(b_j^−) − f(b_j) ) κ_{bj} + f(b_m^−) κ_{bm}

and thus between ±2ε + K. Note that ( f(a^−) − f(a) ) κ_a > 0 implies a ∈ S_ν and f(a^−) − f(a) ⩽ ε for a ∈ S_ν − {b_1, . . . , b_m, ∞}. Since ε was arbitrary, I_k converges to K.

Remarks. 1. If ν is the counting measure on nonnegative integers Theorem 1 reduces to Example 4, p. 910, in Ressel [16], see also Example 5.2, p. 176, in Lauritzen [15].

2. The special case of Theorem 1 for ν being the Lebesque measure on [0, ∞) appeared as Example 2.5, p. 210, in Diaconis and Freedman [8]. Their statement “The necessary and sufficient condition (for a sequence X_1, X_2, . . . , to be a mixture over θ of sequences of independent uniform variables with the range [0, θ]) is that given M_n = max(X_1, . . . , X_n), the X_i’s are independent and uniform over [0, M_n], for i = 1, . . . , n” is not correct. Instead, the X_i’s for i = 1, . . . , n and i ≠ j should have been independent and uniform over [0, M_n] given M_n and the maximizer X_j , for any j = 1, . . . , n, cf. Definition 1. This situation was also commented in [2], p. 206.

3. Gnedin [11] published two identical papers on extendibility of finite sequences which are uniform given maxima (and minima), see also [12].

5. Conditioning by minimum and maximum in a finite sequence

Let ν be from now on a fixed nonzero Borel measure on the real line R. A closed interval [a, b] of a positive ν measure, a < b, with its Borel subsets and the restriction ν_{|[a,b]} are taken for (A, A, λ) as in the second part of Section 2 and the finite measure γ_{n,a,b} is constructed. If ν[a, b] = 0, a < b, we set γ_{n,a,b} = 0. If a = b we set γ_{n,a,b} = δ^n_a once ν({a}) > 0 and γ_{n,a,b} = 0 otherwise. Let us denote by H the closed half-plane of all pairs (a, b) ∈ R^2 satisfying a ⩽ b.

Definition 2. A finite sequence X^{(n)} = (X_1, . . . , X_n), n ⩾ 1, of real random variables is said to be ν-uniform given its minimum and maximum if its distribution P_X(n) can be written as the mixture ∫ H γ_{n,a,b} P_{(min X}(n)_{, max X}(n)_) (da, db) .

An infinite sequence is ν-uniform given minima and maxima if, similarly as in Definition 1, every its finite subsequence is ν-uniform given its minimum and maximum.

Proposition 2. An initial segment X^{(n)} = (X_1, . . . , X_n) of every finite random sequence X^{(N)} = (X_1, . . . , X_N ), 1 ⩽ n < N, that is ν-uniform given its minimum and maximum has the distribution approximated by | | | | P_{X(n)} − ∫ H ν^n_{|[a,b]} P_{(min X}(N)_{, max X}(N)_) (da, db) | | | | ⩽ 2n(2N − n − 1) N(N − 1) .

Proof. Analogical to the proof to Proposition 1, now using Lemma 2.

6. Conditioning by minima and maxima in infinite sequences

The measures ν^∞_{|[a,b]} for a ⩽ b and ν^∞_{|[a,b)}, ν^∞_{|(a,b]} and ν^∞_{|(a,b)} for a < b are, if nonzero, distributions of infinite sequences that are ν-uniform given minima and maxima. If ν_{|[0,+∞)} is a finite Borel measure then also ν^∞_{|[a,+∞)} and ν^∞_{|(a,+∞)} for a ∈ R are, if nonzero, distributions of this sort and symetrically with ν^∞_{|(−∞,b]} and ν^∞_{|(−∞,b)} for b ∈ R if ν_{|(−∞,0]} is finite. And finally, if even the measure ν is finite then ν^∞ is ν-uniform given minima and maxima. In the theorem below we claim that mixtures of these infinite-product probability measures coincide with the distributions of all ν-uniform/min&max sequences.

We need a convenient parametrization of the listed measures. We prefer the closed intervals and then the measures ν^∞_{|[a,b]} are parametrized by H. Further, we write a ∈ S^+_ν if ν({a}) > 0 and ν(a, b) > 0 for all b > a, in addition, −∞ ∈ S^+_ν if ν(−∞, 0) is finite and ν(−∞, b) is positive for all b ∈ R. Symmetrically, we write b ∈ S^−_ν if ν({b}) > 0 and ν(a, b) > 0 for all a < b, in addition, +∞ ∈ S^−_ν if ν(0, +∞) is finite and ν(a, +∞) is positive for all a ∈ R. The sets S^+_ν and S^−_ν are both at most countable.

Theorem 2. Let X = (X_n; n ⩾ 1) be an infinite sequence that is ν-uniform given minima and maxima. Then there exist a finite Borel measure κ on the closed half-plane H, finite Borel measures κ^+_a on (a, +∞) for a ∈ S^+_ν , finite Borel measures κ^−_b on (−∞, b) for b ∈ S^−_ν and nonnegative numbers κ_{a,b} for a ∈ S^+_ν , b ∈ S^−_ν and a < b such that

P_X = ∫ H ν^∞_{|[a,b]} κ(da, db) + ∑ a∈S^+_ν ∫ (a,+∞)

ν^∞_{|(a,b]} κ^+_a (db) +

+ ∑ b∈S^−_ν ∫ (−∞,b)

ν^∞_{|[a,b)} κ^−_b (da) + ∑ a∈S^+_ν ∑ a<b∈S^−_ν

ν^∞_{|(a,b)} κ_{a,b} .

The measure κ can be chosen to satisfy κ ( R^×(b, c] ) = 0 if ν(b, c] = 0 and κ ( [b, c)^×R ) = 0 if ν[b, c) = 0, b < c, and then it is unique with this property. The measures κ^+_a , a ∈ S^+_ν , can be chosen uniquely to obey κ^+_a [b_1, b_2) = 0 if ν[b_1, b_2) = 0, a < b_1 < b_2, and the measures κ^−_b , b ∈ S^−_ν , can be chosen uniquely to obey κ^−_b (a_1, a_2] = 0 if ν(a_1, a_2] = 0, a_1 < a_2 < b. The numbers κ_{a,b} are unique as well.

Remark. The special case of Theorem 2 with ν being the Lebesque measure on R was proved in [13]. The same result was treated from the extendibility point of view in [11].

References

[1] Aldous, D.J. (1985). Exchangeability and related topics. In: Springer Lecture Notes in Math. 1117, Springer- Verlag, Berlin, 1–198.

[2] Bernardo, J.M. & Smith, A.F.M. (1994). Bayesian Theory. J. Wiley and Sons, New York. [3] de Finetti, B. (1937). La prévision: ses lois logiques, ses sources subjectives. Ann. Inst. H. Poincaré 7, 1-68. [4] Diaconis, P. (1977). Finite Forms of de Finetti’s Theorems on Exchangeability. Synthese 3b, 271-281. [5] Diaconis, P. (1988). Recent progress on de Finetti’s notions of exchangeability. In: Bayesian Statistics 3, Bernardo J.B., de Groot M.H., Lindley D.V. & Smith A.F.M. (eds). Oxford University Press, Oxford, 111–125.

[6] Diaconis, P., Eaton, M. & Lauritzen, S. (1992). Finite de Finetti’s Theorems in Linear Models and Multivariate Analysis. Scand. J. Statist. 19, 289-315.

[7] Diaconis, P. & Freedman, D. (1980). Finite Exchangeable Sequences. Ann. Probab. 8, 754-764. [8] Diaconis, P. & Freedman, D. (1984). Partial exchangeability and sufficiency. In: Statistics: Applications and New Directions., Ghosh J.K. & Roy J. (eds). Indian Statist. Inst., Calcutta, 205–236.

[9] Diaconis, P. & Freedman, D. (1987). A dozen de Finetti-style Results in Search of a Theory. Ann. Inst. H.

Poincaré, Probabilité et Statistique 23, 397-423.

[10] Diaconis, P. & Freedman, D. (1990). Cauchy’s Equation and de Finetti’s Theorem. Scand. J. Statist. 17, 235-250. [11] Gnedin, A.V. (1996). On a class of exchangeable sequences. Statist. Probab. Letters 25, 351-355 (see also 28 159-164).

[12] Gnedin, A.V. (1994). A solution to the game of googol. Ann. Probab. 22, 1588-1595. [13] Iglesias, P. (1993). Finite forms of de Finetti’s Theorem: A predictivistic approach to statistical inference in finite populations (in Portuguese). Doctoral Thesis. Instituto de Matemática e Estatística, Universidade de São Paulo.

[14] Koch, G. & Spizzichino, F., Eds (1982). Exchangeability in Probability and Statistics. North-Holland Publ. Co., Amsterdam.

[15] Lauritzen, S.L. (1988). Extremal Families and Systems of Sufficient Statistics. Lecture Notes in Statistics 49, Springer-Verlag, New York.

[16] Ressel, P. (1985). de Finetti-type theorems: an analytical approach. Ann. Probab. 13, 898-922.

Appendix: Proof of Theorem 2

Our arguments are sometimes analogical to the ones used in the proof of Theorem 1. The amount of technicalities grows, however, substantially. Where the reasoning is parallel we are concise.

1. Uniqueness follows from the classical de Finetti theorem.

2. Let μ_n be the distribution of (min X^{(n)}, max X^{(n)}), n ⩾ 1. Obviously μ_n(R^2 − H) = 0. There exists a unique Borel measure μ on R^2 such that μ(R^2 − H) = 0 and μ[x, y]^2 = lim_{n→∞} μ_n[x, y]^2, x ⩽ y. For every −∞ ⩽ x < +∞ there exists a unique Borel measure μ^+_x on the interval (x, +∞) such that

μ^+_x (x, y] = lim_{n→∞} μ_n(x, y]^2 − μ(x, y]^2 = lim_{a↘x} lim_{n→∞} μ_n ( (x, a)^×(x, y] ) , y > x .

Similarly, for −∞ < y ⩽ +∞ a unique Borel measure μ^−_y on the interval (−∞, y) is given by the formula

μ^−_y [x, y) = lim_{n→∞} μ_n[x, y)^2 − μ[x, y)^2 = lim_{b↗y} lim_{n→∞} μ_n ( [x, y)^×(b, y) ) , x < y .

It is not difficult to verify μ ( {x}^×(a, b] ) − μ^+_x (a, b] = lim_{n→∞} μ_n ( {x}^×(a, b] ) ⩾ 0 for any −∞ < x ⩽ a < b < +∞. Hence, denoting by δ_x the probability measure concentrated in the point x ∈ R the measure μ − δ_x^×μ^+_x is nonnegative. We see also that μ^+_x is nonzero only for the countable set of those x ∈ R which satisfy μ ( {x}^×R ) > 0. Symmetrically, for μ^−_y .

3. For −∞ ⩽ x < y ⩽ +∞ we set κ_{x,y} = lim_{a↘x} lim_{b↗y} lim_{n→∞} μ_n ( (x, a)^×(b, y) ) . We show in a moment that κ_{x,y} is not greater than μ^+_x ({y}), y finite, and that it is not greater than μ^−_y ({x}), x finite; then, we can define for −∞ ⩽ x < +∞ and −∞ < y ⩽ +∞, respectively, the nonnegative Borel measures

κ^+_x = μ^+_x − ∑ y∈S^−_ν ∩(x,+∞)

κ_{x,y} δ_y κ^−_y = μ^−_y − ∑ x∈S^+_ν ∩(−∞,y)

κ_{x,y} δ_x .

To see the inequalities, let us estimate κ_{x,y}, y finite, from above via triple limit of the expression μ_n ( (x, a)^×(b, y] ) = μ_n ( (x, a)^×(x, y] ) − μ_n ( (x, a)^×(x, b] ) = μ_n ( (x, a)^×(x, y] ) − ( μ_n(x, b]^2 − μ_n[a, b]^2 ) which converges to μ^+_x (x, y] − μ^+_x (x, y), as desired.

4. Further, the expression

κ = μ − ∑ −∞<x∈S^+_ν

δ_x^×μ^+_x − ∑ +∞>y∈S^−_ν

μ^−_y^×δ_y + ∑ −∞<x∈S^+_ν ∑ y∈S^−_ν ∩(x,+∞)

κ_{x,y} δ_x^×δ_y .

consists of four terms each one being a finite measure on R^2. To see that κ is a nonnegative measure we are going to prove first κ_{x,y} + μ ( {x}^×{y} ) ⩾ μ^+_x ({y}) + μ^−_y ({x}) for any finite x < y. Here, the left-hand side is equal to the triple limit lim_{a↘x} lim_{b↗y} lim_{n→∞} of μ_n ( (x, a)^×(b, y) ) + μ_n ( [x, a)^×(b, y] ) ⩾ μ_n ( (x, a)^×(b, y] ) + μ_n ( [x, a)^×(b, y) ) and the two expressions on the right converge to μ^+_x ({y}) and μ^−_y ({x}), correspondigly.

The nonnegativity of κ will be clear if we show the nonnegativity of

κ({x}^×(a, b)) = μ({x}^×(a, b)) − μ^+_x (a, b) + ∑ y∈S^−_ν ∩(a,b)

κ_{x,y} − μ^−_y ({x})

for any −∞ < x ⩽ a < b < +∞. This is obvious if the intersection is empty, see 2. above. If the intersection is a finite set the interval (a, b) can be divided into finite number of open subintervals and the argumentation can be done on each one separately and on its endpoints by the previous inequality. If the intersection is an infinite set one can use approximations via its finite subsets.

5. We should remark that 1 = κ(H) + ∑ a∈S^+_ν

κ^+(a, +∞) + ∑ b∈S^−_ν

κ^−(−∞, b) + ∑ a∈S^+_ν ∑ a<b∈S^−_ν

κ_{a,b}

to be sure that the mixing is by a probability measure, indeed. The expression on right is equal to μ(H) + μ^+_{−∞}(R) + μ^−_{+∞}(R) + κ_{−∞,+∞} and the latter is equal to the triple limit of μ_n[a, b]^2 + μ_n ( (−∞, a)^×(−∞, b] ) + μ_n ( (a, +∞)^×(b, +∞) ) + μ_n ( (−∞, a)^×(b, +∞) ) = 1 .

6. We need to write down the limit behaviour of the sequence μ_k for rectangles, segments and points

μ_k ( (x_1, x_0)^×(y_0, y_1) ) → μ ( (x_1, x_0)^×(y_0, y_1) ) + μ^+_{x1} (y_0, y_1) + μ^−_{y1} (x_1, x_0) + κ_{x1,y1} −∞⩽x1<x0⩽y0<y1⩽+∞

μ_k ( {x}^×(y_0, y_1) ) → μ ( {x}^×(y_0, y_1) ) − μ^+_x (y_0, y_1) + μ^−_{y1} ({x}) − κ_{x,y1} −∞<x⩽y0<y1⩽+∞

μ_k ( (x_1, x_0)^×{y} ) → μ ( (x_1, x_0)^×{y} ) + μ^+_{x1} ({y}) − μ^−_y (x_1, x_0) − κ_{x1,y} −∞⩽x1<x0⩽y<+∞

μ_k ( {x}^×{y} ) → μ ( {x}^×{y} ) − μ^+_x ({y}) − μ^−_y ({x}) + κ_{x,y} −∞<x<y<+∞ .

For example, to see the first convergence the definition of κ_{x,y} can be rewritten as

lim_{n→∞} μ_n(x, y)^2 = μ(x, y)^2 + μ^−_y (x, y) + μ^+_x (x, y) + κ_{x,y}

and then used to evaluate terms of the decomposition

μ_k ( (x_1, x_0)^×(y_0, y_1) ) = μ_k(x_1, y_1)^2 − μ_k(x_1, y_0]^2 − μ_k[x_0, y_1)^2 + μ_k[x_0, y_0]^2 .

7. If ν(b, c] = 0, b < c, then also μ_n ( R^×(b, c] ) = 0 for any n ⩾ 1. In fact, by Lemma 2

μ_n ( R^×(b, c] ) = P^{(n)}_{X(n+k)} ( (−∞, c]^n −(−∞, b]^n ) = ∫ H γ^{(n)}_{n+k,x,y} ( (−∞, c]^n −(−∞, b]^n ) μ_{n+k}(dx, dy) ⩽ ∫ H [( ν_{|[x,y]}(−∞, c]

)_n − ( ν_{|[x,y]}(−∞, b]

)_n]

μ_{n+k}(dx, dy) +

2n(n + 2k − 1) (n + k)(n + k − 1)

where the integrated function equals identically zero and k may be arbitrarily large. By analogical reasoning we can deduce μ_n ( R^×{b} ) = 0, n ⩾ 1, as soon as ν{b} = 0.

Hence, if ν(b, c] = 0, b < c, then μ ( R^×(b, c] ) = 0 and μ^+_x (b, c] = 0 for any −∞ ⩽ x < +∞. Also, μ^−_y = 0 for y ∈ (b, c] and κ_{x,y} = 0 for x < y ∈ (b, c]. In turn, we see that κ ( R^×(b, c] ) = 0.

The symmetrical assertions, e.g. μ_n ( [b, c)^×R ) = 0 for any n ⩾ 1 provided ν[b, c) = 0, will not be listed here but used in the sequel.

Let us remark that if ν({a}) > 0 but a ∉ S^+_ν then μ^+_a = 0 and similarly with μ^−_b . In addition, κ_{a,b} = 0 once ν({a})ν({b}) > 0 but a ∉ S^+_ν or b ∉ S^−_ν .

8. Where n ⩾ 1 and x ⩽ y, we will later work with the function

f(a, b) = ( ν_{|[a,b]}[x, y]

)_n = (_ν(_{[a,b]∩[x,y]})

ν[a,b]

)_n if ν[a, b] > 0

0 if ν[a, b] = 0

defined for (a, b) ∈ H. We suppose ν[x, y] > 0 otherwise the following statements are trivial. Further let us denote

Δ_a f(b) = f(a^+, b) − f(a, b) Δ^b f(a) = f(a, b^−) − f(a, b) and Δ^b_a f = f(a^+, b^−) − f(a^+, b) − f(a, b^−) + f(a, b) .

Obviously, 0 ⩽ f ⩽ 1 and f(a, b) = 0 if b < x or a > y. The expressions f(a^+, b), f(a, b^−) and f(a^+, b^−) are defined as one-sided limits of f(x, y) either when x ↘ a, y ↗ b or both, respectively (f(−∞, b), f(a, +∞) and f(−∞, +∞) will be needed as the corresponding limits of f as well).

First, we examine f on (−∞, x]^×[y, +∞). It is obviously left-continuous and nondecreasing in the first variable and right-continuous and nonincreasing in the second one. For a ⩽ x the function b → Δ_af(b) is nonnegative on [y, +∞] and nonzero if and only if ν({a}) > 0. It is not difficult to verify that it is nonincreasing as well. Symmetrically, for b ⩾ y the function a → Δ^bf(a) is nonnegative on [−∞, x], nonzero if and only if ν({b}) > 0 and nondecreasing. Finally, Δ^b_af ⩾ 0 (for a ⩽ x and b ⩾ y) with the strict inequality if and only if ν({a})ν({b}) > 0.

Second, we need a little insight to the behaviour of the function f on (−∞, z]^×[x, y] where z < x is a fixed number such that ν(z, x) > 0. In contrast, it is nondecreasing in both variables here. The functions Δ_af(^•), a < z and Δ^bf(^•), x ⩽ b ⩽ y, need not be monotone or nonnegative.

9. To prove the mixture representation equality it suffices to verify that P_X(n) is equal to the mixture of n-powers of the restricted measures. To verify this equality one can restrict to the Borel subsets [x, y]^n, x ⩽ y exclusively. From now on we fix n ⩾ 1 and x ⩽ y and we want to prove

μ_n[x, y]^2 = ∫ H f dκ+ ∑ a∈S^+_ν ∫ (a,+∞)

f(a^+,^•) dκ^+_a + ∑ b∈S^−_ν ∫ (−∞,b)

f(^•, b^−) dκ^−_b + ∑ a∈S^+_ν ∑ a<b∈S^−_ν

f(a^+, b^−) κ_{a,b} .

If ν[x, y] = 0 then μ_n[x, y]^2 = 0 and the function f is identical zero on H. The desired equality takes place trivially. Henceforth, let ν[x, y] > 0. If ν[z, x) = 0 for some z < x then μ_n[x, y]^2 = μ_n[z, y]^2 and f_{z,y} = f_{x,y} so that it suffices to go on with the assumptions ν[z, x) > 0 for z < x and ν(y, z] > 0 for z > y.

For further progress we cannot avoid the substitution of κ^+_a , κ^−_b and κ_{a,b} and recasting the desired equality into

μ_n[x, y]^2 = ∫ H f dμ + ∑ −∞<a∈S^+_ν ∫ (a,+∞)

Δ_af dμ^+_a + ∑ +∞>b∈S^−_ν ∫ (−∞,b)

Δ^bf dμ^−_b

+ ∫ R f(−∞,^•) dμ^+_{−∞} + ∫ R f(^•, +∞) dμ^−_{+∞} + ∑ −∞<a∈S^+_ν ∑ b∈S^−_ν ∩(a,+∞)

Δ^b_af κ_{a,b} + ∑ −∞<a∈S^+_ν

Δ_af(+∞) κ_{a,+∞} + ∑ +∞>b∈S^−_ν

Δ^bf(−∞) κ_{−∞,b} + f(−∞, +∞) κ_{−∞,+∞} .

10. By Proposition 2 we know that I^H_k = ∫ H fdμ_k converges to μ_n[x, y]^2 if k → ∞. We partition the integration range H into A + B^+ + B^− + C where A = (−∞, x)^×(y, +∞), B^+ = [x, y]^×(y, +∞), B^− = (−∞, x)^×[x, y] and C = [x, y]^2 ∩ H and will examine I^A_k , I^{B+}_k , I^{B−}_k and I^C_k separately.

For I^C_k the task is easy. Let us set X_ν = H − ⋃ {[a, b]^2; ν[a, b] = 0} and observe that this is an open set. On X_ν ∩ C we have f = 1 by definition and on C − X_ν on the contrary f = 0. Then by 7.

I^C_k = I^{C ∩ Xν}_k = μ_k(C ∩ X_ν ) = μ_k(C) → μ(C) = μ(C ∩ X_ν ) = I^{C ∩ Xν} = I^C

where the notation is self-explaining, e.g. I^C = ∫ C fdμ.

11. The limit behaviour of I^A_k . Let ϵ > 0 be a fixed number. Then there are numbers m ⩾ 1, x = x_0 > x_1 > . . . > x_m = −∞ and y = y_0 < y_1 < . . . < y_m = +∞ such that

f(x_{i−1}, y_{j−1}) ⩽ f(x_i^+, y_j^−) + ϵ f(x_i, y_{j−1}) ⩽ f(x_i, y_j^−) + ϵ f(x_{i−1}, y_j) ⩽ f(x_i^+, y_j) + ϵ .

. One can suppose in addition

Δ_{xi} f(y_{j−1}) ⩽ Δ_{xi} f(y_j^−) + ϵ Δ^{yj} f(x_{i−1}) ⩽ Δ^{yj} f(x_i^+) + ϵ .

Then the value I^A_k is between the two numbers

± ε + m∑ i=1 m∑ j=1 f(x_i^+, y_j^−) μ_k ( (x_i, x_{i−1})^×(y_{j−1}, y_j ) ) + m−1∑ i=1 m∑ j=1 f(x_i, y_j^−) μ_k ( {x_i}^×(y_{j−1}, y_j) )

+ m∑ i=1 m−1∑ j=1 f(x_i^+, y_j ) μ_k ( (x_i, x_{i−1})^×{y_j} ) + m−1∑ i=1 m−1∑ j=1 f(x_i, y_j) μ_k ( {x_i}^×{y_j} ) . We partitioned A into open rectangles, open vertical and horizontal segments and points. The function f was estimated on these buiding blocks by its suprema and infima. We employ the fact that the supremum of f is close to its infimum on every block. Let k go to infinity. Using 6. the limit points of I^A_k are bounded by

± 2ε + I^A + m−1∑ i=1 m∑ j=1 Δ_{xi} f(y_j^−) μ^+_{xi} (y_{j−1}, y_j) + m−1∑ j=1 Δ_{xi} f(y_j) μ^+_{xi} ({y_j })

+ . . .

+ m∑ j=1 f(−∞, y_j^−) μ^+_{−∞}(y_{j−1}, y_j) + m−1∑ j=1 f(−∞, y_j) μ^+_{−∞}({y_j })

+ . . .

+ m−1∑ i=1 m−1∑ j=1 Δ^{yj}_{xi} f κ_{xi,yj} + m−1∑ i=1 Δ_{xi} f(+∞) κ_{xi,ym} + m−1∑ j=1 Δ^{yj} f(−∞) κ_{xm,yj} + f(−∞, +∞) κ_{xm,ym}

where . . . denotes, here and in what follows, a term symmetrical to the previous one. The upper bound does not exceed

2ϵ + I^A + ∑ a∈S^+_ν ∩(−∞,x) ∫ (y,+∞)

Δ_af dμ^+_a + . . . + ∫ (y,+∞)

f(−∞,^•) dμ^+_{−∞} + . . . + ∑ a∈S^+_ν ∩(−∞,x) ∑ b∈S^−_ν ∩(y,+∞)

Δ^b_af κ_{a,b} + ∑ a∈S^+_ν ∩(−∞,x)

Δ_af(+∞) κ_{a,+∞} +. . . +f(−∞, +∞) κ_{−∞,+∞} .

to be denoted by K^A + 2ϵ. Estimating the limes inferior of I^A_k goes along the same guidelines arriving to its lower bound

−2ϵ+I^A+ ∑ a∈S^+_ν ∩(−∞,x) ∫ (y,+∞)

Δ_af dμ^+_a +. . .−ϵ ∑ x∈[−∞,+∞)

μ^+_x (R)−. . .+ ∫ (y,+∞)

f(−∞,^•) dμ^+_{−∞}+. . . + ∑ a∈S^+_ν ∩(−∞,x) ∑ b∈S^−_ν ∩(y,+∞)

Δ^b_af κ_{a,b} + ∑ a∈S^+_ν ∩(−∞,x)

Δ_af(+∞) κ_{a,+∞} + . . . + f(−∞, +∞) κ_{−∞,+∞} .

and finally to K^A − 4ϵ. Since ϵ was arbitrary positive we see that I^A_k converges to K^A.

12. The limit behaviour of I^{B−}_k . We examine first the asymptotics of the integrals I^{B−z}_k where B^−_z = (−∞, z)^×[x, y] ⊂ B^−. Similarly as in 12. B^−_z will be partitioned into blocks via numbers z = x_0 > x_1 > . . . > x_m = −∞, m ⩾ 1, and x = y_0 < y_1 < . . . < y_ℓ = y, ℓ ⩾ 1, such that the supremum of f on each block is smaller than the infimum of f on the same block plus ϵ. The same can be supposed to be valid for Δ_{xi} f(^•) and Δ^{yj} f(^•) on the line segments.

Then the value I^{B−z}_k is between the two numbers

± ϵ + m∑ i=1 ℓ∑ j=1 f(x_i^+, y_j^−) μ_k ( (x_i, x_{i−1})^×(y_{j−1}, y_j ) ) + m−1∑ i=1 ℓ∑ j=1 f(x_i, y_j^−) μ_k ( {x_i}^×(y_{j−1}, y_j ) )

+ m∑ i=1 ℓ∑ j=0 f(x_i^+, y_j) μ_k ( (x_i, x_{i−1})^×{y_j} ) + m−1∑ i=1 ℓ∑ j=0 f(x_i, y_j) μ_k ( {x_i}^×{y_j } ) .

If k goes to infinity then we are still between

± 2ϵ + I^{B−z} + m−1∑ i=1 ℓ∑ j=1 Δ_{xi} f(y_j^−) μ^+_{xi} (y_{j−1}, y_j ) + ℓ∑ j=0 Δ_{xi} f(y_j) μ^+_{xi} ({y_j })

+ ℓ∑ j=1 f(−∞, y_j^−) μ^+_{−∞}(y_{j−1}, y_j ) + ℓ∑ j=0 f(−∞, y_j) μ^+_{−∞}({y_j })

+ ℓ∑ j=0 [_m ∑ i=1 Δ^{yj} f(x_i^+) μ^−_{yj} (x_i, x_{i−1}) + m−1∑ i=0 Δ^{yj} f(x_i) μ^−_{yj} ({x_i}) ]

+ m−1∑ i=1 ℓ∑ j=0 Δ^{yj}_{xi} fκ_{xi,yj} + ℓ∑ j=0 Δ^{yj} f(−∞)κ_{−∞,yj}

Since ϵ was arbitrary, I^{B−z}_k converges to

ϵ + I^{B−z} + ∑ a∈S^+_ν ∩(−∞,z) ∫ (−∞,y]

Δ_af dμ^+_a + ∑ b∈S^−_ν ∩(−∞,y] ∫ (−∞,b∧z)

Δ^bf dμ^−_b

+ ∫ (−∞,y]

f(−∞,^•) dμ^+_{−∞} + ∑ a∈S^+_ν ∩(−∞,x) ∑ b∈S^−_ν ∩(a,y]

Δ^b_af κ_{a,b} + ∑ b∈S^−_ν ∩(−∞,y]

Δ^bf(−∞) κ_{−∞,b} .

Moving z ↗ x we can compute the limit of I^{B−}_k . It is given by the previous expression with z replaced by x.

13. Combining the limits of I^C_k from 10. I^A_k from 11. and I^{B−}_k from 12. together with I^{B+}_k (obtained by symmetry) we have the desired equality from 9.