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Mixture of Gaussians

2D data of 1000 points:
blue: 100 points
red: 200 points

green: 700 points
Each of them Gaussian distributed
(component).

p1(x) = N ([1; 1], 0.12I),
p2(x) = N ([−2; 2], 0.12I),
p3(x) = N ([0; 0], 0.12I),

Distribution of all data points:

p(x) = 1
10 p1(x)+ 2

10 p2(x)+ 7
10 p3(x)

with weights [0.1, 0.2, 0.7].

Mixture of Gaussians:

p(x) =
3∑

k=1

αiN (µk ,Σk )



Estimation of mixture of Gaussians

Consider unsupervised scenario, where we do not known the assignment of each
data point:
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Task: find α1 . . . , αK , µ1, . . . , µK and Σ1, . . . ,ΣK and possibly K .



Uses of mixtures

Clustering we care about assignments:

Density representation: we do not care



Maximum likelihood estimation

Probability distribution with parameters θ = {µk ,Σk , αk}K
k=1:

p(xi |θ) =
K∑

k=1

αkN (xi |µk ,Σk ), ∀i = 1, . . . , n

p(x1, . . . , xn|θ) =
n∏

i=1

p(xi ), log p(x1, . . . , xn) =
n∑

i=1

log p(xi )

log p(x1, . . . , xn|θ) =
n∑

i=1

log

(
K∑

k=1

αkN (xi |µk ,Σk )

)
N (µk ,Σk ) = 1√

(2π)d |Σ|
exp
(
−1

2 (xi − µk )T Σ−1
k (xi − µk )

)
,

Finding θ̂ = arg maxθ log p(x1, . . . xn) :

d
dµk

log p(x1:n) =
n∑

i=1

αkN (xi |µk ,Σk )∑K
k=1N (xi |µk ,Σk )αk

(
Σ−1

k (µk − xi )
)
≡ 0,

and others.



Maximum likelihood estimation

Probability distribution with parameters θ = {µk ,Σk , αk}K
k=1:

p(xi |θ) =
K∑

k=1

αkN (xi |µk ,Σk ), ∀i = 1, . . . , n

p(x1, . . . , xn|θ) =
n∏

i=1

p(xi ), log p(x1, . . . , xn) =
n∑

i=1

log p(xi )

log p(x1, . . . , xn|θ) =
n∑

i=1

log

(
K∑

k=1

αkN (xi |µk ,Σk )

)
N (µk ,Σk ) = 1√

(2π)d |Σ|
exp
(
−1

2 (xi − µk )T Σ−1
k (xi − µk )

)
,

Finding θ̂ = arg maxθ log p(x1, . . . xn) :

d
dµk

log p(x1:n) =
n∑

i=1

αkN (xi |µk ,Σk )∑K
k=1N (xi |µk ,Σk )αk

(
Σ−1

k (µk − xi )
)
≡ 0,

and others.



Maximum likelihood estimation

Probability distribution with parameters θ = {µk ,Σk , αk}K
k=1:

p(xi |θ) =
K∑

k=1

αkN (xi |µk ,Σk ), ∀i = 1, . . . , n

p(x1, . . . , xn|θ) =
n∏

i=1

p(xi ), log p(x1, . . . , xn) =
n∑

i=1

log p(xi )

log p(x1, . . . , xn|θ) =
n∑

i=1

log

(
K∑

k=1

αkN (xi |µk ,Σk )

)
N (µk ,Σk ) = 1√

(2π)d |Σ|
exp
(
−1

2 (xi − µk )T Σ−1
k (xi − µk )

)
,

Finding θ̂ = arg maxθ log p(x1, . . . xn) :

d
dµk

log p(x1:n) =
n∑

i=1

αkN (xi |µk ,Σk )∑K
k=1N (xi |µk ,Σk )αk

(
Σ−1

k (µk − xi )
)
≡ 0,

and others.



Maximum likelihood continued

Finding θ̂ = arg maxθ log p(x1, . . . xn) subject to
∑

k αk = 1 :

d
dµk

log p(x1:n) =
n∑

i=1

αkN (xi |µk ,Σk )∑K
k=1N (xi |µk ,Σk )αk

(
Σ−1

k (µk − xi )
)
≡ 0,

d
dαk

log p(x1:n) =
n∑

i=1

N (xi |µk ,Σk )∑K
k=1N (xi |µk ,Σk )αk

+ λ = 0,

where λ is a Lagrange multiplier for
∑

k αk = 1.

Conditions of extrema (solved by alternating evaluation of):

wi,k = αkN (xi |µk ,Σk )∑K
k=1N (xi |µk ,Σk )αk

,

µ̂k = 1
nk

∑
i

wi,kxi , nk =
∑

i

wi,k ,

Σk = 1
nk

∑
i

wi,k (xi − µ̂k ) (xi − µ̂k )T , αk = nk

n ,



Maximum likelihood continued

Finding θ̂ = arg maxθ log p(x1, . . . xn) subject to
∑

k αk = 1 :

d
dµk

log p(x1:n) =
n∑

i=1

αkN (xi |µk ,Σk )∑K
k=1N (xi |µk ,Σk )αk

(
Σ−1

k (µk − xi )
)
≡ 0,

d
dαk

log p(x1:n) =
n∑

i=1

N (xi |µk ,Σk )∑K
k=1N (xi |µk ,Σk )αk

+ λ = 0,

where λ is a Lagrange multiplier for
∑

k αk = 1.
Conditions of extrema (solved by alternating evaluation of):

wi,k = αkN (xi |µk ,Σk )∑K
k=1N (xi |µk ,Σk )αk

,

µ̂k = 1
nk

∑
i

wi,kxi , nk =
∑

i

wi,k ,

Σk = 1
nk

∑
i

wi,k (xi − µ̂k ) (xi − µ̂k )T , αk = nk

n ,



Mixture estimation via latent variable

Consider latent variable li ∈ {ε1, . . . , εK},
εk = [0, 0, . . . 1 . . . 0]. (one-hot).

p(xi , li ) = p(xi |li )p(li ),

p(xi |li ) =
∏

k

N (µk ,Σk )li,k ,

p(li,k = 1) = αk ,
∑

k

αk = 1

p(li ) =
K∏

k=1

α
li,k
k .

p(xi ) =
∑

k

p(xi , li )

=
∑

k

p(x |li = εk )p(li = εk ).

=
∑

k

N (µk ,Σk )αk ,

Multinomial (Bernouli) distribution p(li ).
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I Each data point has a
label from which
component is generated.

I Estimation of the joint
distribution p(θ, l1 . . . ln)
is easier



Expectation maximization (EM) algorithm

Joint distribution:

p(xi , li ) = p(xi |li )p(li ), ∀i

p(xi |li ) =
∏

k

N (xi |µk ,Σk )li,k ,

p(li,k = 1) = αk ,
∑

k

αk = 1.

Conditional distribution

p(li = εk |xi ) = p(x , l)
p(x) = N (x |µk ,Σk )αk∑

k N (x |µk ,Σk )αk

probability that ith data point belongs to
kth component.
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Maximum likelihood with latent variable

General EM algorithm [Dempster, Laird, Rubin, 1977]:

θ̂ = arg max
θ

∫
p(x |θ, l)p(l)dl ,

can be (approximately) found by alternating:
E-step (over l): q(θ|θ(j)) =

∫
log p(x |θ, l)p(l |θ(j))dl

M-step (of θ): θ(j+1) = arg maxθ q(θ|θ(j))
Maximizing log-likelihood

p(x1, l1, . . . xn, ln|θ) ∝
n∏

i=1

K∏
k=1

N (xi |µk ,Σk )li,kα
li,k
k

log p(x1, l1, . . . xn, ln|θ) ∝
n∑

i=1

K∑
k=1

li,k (log(N (xi |µk ,Σk )) + logαk ))

∝
n∑

i=1

K∑
k=1

li,k
(
−1

2 log |Σk | −
1
2 (xi − µk )T Σ−1

k (xi − µk ) + logαk )
)



Maximum likelihood with latent variable

Maximizing log-likelihood

log p(x1, l1, . . . xn, ln|θ) ∝
n∑

i=1

K∑
k=1

li,k (log(N (xi |µk ,Σk )) + logαk ))

∝
n∑

i=1

K∑
k=1

li,k
(
−1

2 log |Σk | −
1
2 (xi − µk )T Σ−1

k (xi − µk ) + logαk )
)

E-step: q(θ|θ(j)) =
∫

log p(x|θ, l)p(l |θ(j))d l

q(θ|θ(i)) = El

{
n∑

i=1

K∑
k=1

li,k
(
−1

2 log |Σk | −
1
2 (xi − µk )T (Σk )−1(xi − µk ) + logαk )

)}

=
n∑

i=1

K∑
k=1

l̂ (j)
i,k

(
−1

2 log |Σk | −
1
2 (xi − µk )T (Σk )−1(xi − µk ) + logαk )

)
l̂ (j)
i,k = p(li = εk |xi , θ

(j)) =
N (xi |µ(j)

k ,Σ
(j)
k )α(j)

k∑
k N (xi |µ(j)

k ,Σ
(j)
k )α(j)

k

M-step:

µ̂
(j+1)
k ,Σ(j+1)

k = arg min

(
−1

2 n log |Σk | −
1
2

n∑
i=1

l̂i,k (xi − µk )T (Σk )−1(xi − µk )

)



Expectation Maximization (EM) algorithm
[Dempster, Laird, Rubin, 1977]

Initialize: choose α(0)
k , µ

(0)
k ,Σ(0)

k , ∀k
Iterate:

1. Compute expected labels:

p(l = εk |xi ) = l̂i,k = N (µk ,Σk )αk∑
k N (µk ,Σk )αk

2. Recompute the component parameters

µ̂k = 1
Nk

∑
i

l̂i,kxi ,

Σ̂k = 1
Nk

∑
i

l̂i,k (xi − µ̂k ) (xi − µ̂k )T ,

α̂k = Nk

N , Nk =
∑

i

l̂i,k

3. (Evaluate log-likelihood)

log p(x) =
∑

i

log

(
K∑

k=1

N (µ̂k , Σ̂k )α̂k

)



Expectation Maximization (EM) algorithm
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Expectation Maximization (EM) algorithm
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Expectation Maximization (EM) algorithm
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Expectation Maximization (EM) algorithm
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Expectation Maximization (EM) algorithm
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Expectation Maximization (EM) algorithm
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Bayesian treatment

Joint distribution:

p(xi , li |α) = p(xi |li )p(li ),

p(xi |li ) =
∏

k

N (µk , ωk )li,k ,

p(li,k = 1|α) = αk ,
∑

k

αk = 1.

Priors for multivariate Normal (conjugate)

p(µk ) = N (0,∞),

p(Σk ) = iW(ν0,Λ0) ∝ |Σk |−
ν0+d+1

2 e−tr(Σ−1
k Λ0),

Priors for latent variable (conjugate)

p(α) = Di(w0) ∝
∏

k

α
w0,k −1
k ,

x

lµ ω

α
ω0 γ δ

w

i=1..N



Variational Bayes for mixtures

Log-likelihood x = [x1, . . . , xn], l = [l1, . . . , ln]

log p(x, l |θ) ∝
∑n

i=1

∑K
k=1li,k (log(N (xi |µk ,Σk )) + logαk ))

∝
∑n

i=1

∑K
k=1li,k

(
−1

2 log |Σk | −
1
2 (xi − µk )T Σ−1

k (xi − µk ) + logαk )
)

Log-prior:

log p(θ) =
∑K

k=1 log p(αk ) + log p(µk ) + log(Σk )

=
∑K

k=1(w0 − 1) logαk + 0− ν0 + d + 1
2 log |Σk | − tr(Σ−1

k Λ0),

We will be looking for conditionally independent prior

p(α, {µk ,Σk}K
1 , l |x) ≈ q(α)

∏K
k=1q(µk )q(Σk )

∏n
i=1q(li )

With

q(µk ) ∝ exp EΣk ,α,l (log(x, l |θ) + log p(θ))
q(Σk ) ∝ exp Eµk ,α,l (log(x, l |θ) + log p(θ))
q(α) ∝ exp Eµk ,Σk ,l (log(x, l |θ) + log p(θ)) ,
q(li ) ∝ exp Eµk ,Σk ,α (log(x, l |θ) + log p(θ)) ,



Variational Bayes for mixtures

Log-likelihood x = [x1, . . . , xn], l = [l1, . . . , ln]

log p(x, l |θ) ∝
∑n

i=1

∑K
k=1li,k (log(N (xi |µk ,Σk )) + logαk ))

∝
∑n

i=1

∑K
k=1li,k

(
−1

2 log |Σk | −
1
2 (xi − µk )T Σ−1

k (xi − µk ) + logαk )
)

Log-prior:

log p(θ) =
∑K

k=1 log p(αk ) + log p(µk ) + log p(Σk ) + log p(li )

=
∑K

k=1(w0 − 1) logαk + 0− ν0 + d + 1
2 log |Σk | − tr(Σ−1

k Λ0)−
∑

i li,k log K ,

We will be looking for conditionally independent prior

p(α, {µk ,Σk}K
1 , l |x) ≈ q(α)

∏K
k=1q(µk )q(Σk )

∏n
i=1q(li )

With

q(µk ) ∝ exp EΣk ,α,l (log(x, l |θ) + log p(θ))
q(Σk ) ∝ exp Eµk ,α,l (log(x, l |θ) + log p(θ))
q(α) ∝ exp Eµk ,Σk ,l (log(x, l |θ) + log p(θ)) ,
q(li ) ∝ exp Eµk ,Σk ,α (log(x, l |θ) + log p(θ)) ,



Variational Bayes: factor q(µk)

Joint likelihood,

log p(x, l , θ) ∝
∑n

i=1

∑K
k=1li,k

(
−1

2 log |Σk | −
1
2 (xi − µk )T Σ−1

k (xi − µk ) + logαk )
)

+∑K
k=1(w0 − 1) logαk + 0− ν0 + d + 1

2 log |Σk | − tr(Σ−1
k Λ0)−

∑
i li,k log K , ,

For q(µk ) we ignore all terms independent of µk :

log q(µk ) ∝ E
{∑n

i=1li,k
(
−1

2 (xi − µk )T Σ−1
k (xi − µk )

)}
∝ E

{
− 1

2
∑n

i=1li,k
(
xT

i Σ−1
k xi − µT

k Σ−1
k xi − xT

i Σ−1
k µk − µT

k Σ−1
k µk

)}
expectation E(li ) = l̂i ,E(Σ−1

k ) = Σ̂−1
k )

∝ −1
2
(
−µT

k Σ−1
k
(∑n

i=1 l̂i,kxi
)
−
(∑n

i=1 l̂i,kxT
i
)

Σ−1
k µk − µT

k Σ−1
k µk

)
which is recognized as Gaussian

q(µk ) = N (µ̂k ,Σµ,k )

which is equal to the decomposition above with assignment

µ̂k =
∑n

i=1 l̂i,kxi , Σµk = Σ̂k/
∑n

i=1 l̂i,k



Variational Bayes: factor q(Σk)

Joint likelihood,

log p(x, l , θ) ∝
∑n

i=1

∑K
k=1li,k

(
−1

2 log |Σk | −
1
2 (xi − µk )T Σ−1

k (xi − µk ) + logαk )
)

+∑K
k=1(w0 − 1) logαk + 0− ν0 + d + 1

2 log |Σk | − tr(Σ−1
k Λ0)−

∑
i li,k log K , ,

For q(Σk ) we ignore all terms independent of Σk :

log q(Σk ) ∝ E
{∑n

i=1li,k
(
−1

2 log |Σk | −
1
2 (xi − µk )T Σ−1

k (xi − µk )
)}

+

E
{
−ν0 + d + 1

2 log |Σk | −
1
2 tr(Σ−1

k Λ0)
}

∝ −1
2 (ν0 + d + 1 +

∑n
i=1 l̂i,k ) log |Σk |

E
{
−1

2 tr
[
Σ−1

k
(∑n

i=1 l̂i,k (xi − µk )(xi − µk )T + Λ0
)]}

Which is recognized as inverse Wishart
q(Σk ) = iW(νk ,Λk )⇔ q(Σ−1

k ) = iW(νk ,Λ−1
k )

with assignment
νk = ν0 +

∑n
i=1 l̂i,k

Λk = Λ0 +
∑n

i=1 l̂i,k Eµ
(

(xi − µk )(xi − µk )T)



Variational Bayes: factor q(α)

Joint likelihood,

log p(x, l , θ) ∝
∑n

i=1

∑K
k=1li,k

(
−1

2 log |Σk | −
1
2 (xi − µk )T Σ−1

k (xi − µk ) + logαk )
)

+∑K
k=1(w0 − 1) logαk + 0− ν0 + d + 1

2 log |Σk | − tr(Σ−1
k Λ0)−

∑
i li,k log K , ,

For q(α) we ignore all terms independent of αk :

log q(Σk ) ∝ E
{∑K

k=1

∑n
i=1li,k (logαk ) + (w0 − 1) logαk

}
∝
∑K

k=1

∑n
i=1 l̂i,k (logαk ) + (w0 − 1) logαk

Which is recognized as Dirichlet

q(α) = Di(w)

with assignment

wk =
∑n

i=1 l̂i,k + w0



Variational Bayes: factor q(li )

Joint likelihood,

log p(x, l , θ) ∝
∑n

i=1

∑K
k=1li,k

(
−1

2 log |Σk | −
1
2 (xi − µk )T Σ−1

k (xi − µk ) + logαk )
)

+∑K
k=1(w0 − 1) logαk + 0− ν0 + d + 1

2 log |Σk | − tr(Σ−1
k Λ0)−

∑
i li,k log K , ,

For q(li ) we ignore all terms independent of li :

log q(li ) ∝
∑K

k=1li,k
(
−1

2 log |Σk | −
1
2 (xi − µk )T Σ−1

k (xi − µk ) + logαk − log K
)

+

Which is recognized as Multinomial

q(li ) =M(λi )

with assignment

λi,k = exp Eµk ,Σk ,αk

(
−1

2 log |Σk | −
1
2 (xi − µk )T Σ−1

k (xi − µk ) + logαk − log K)
)



Variational Bayes: moments

q(µk ) = N (µ̂k , Σ̂k ) E(µk ) = µ̂k , E(µT
k Zµk ) = µ̂T

k Z µ̂k + tr(Z Σ̂k ),

q(α) = Di(w) E(αk ) = wk∑
k wk

, E(logαk ) = ψ(wk )− ψ(
∑

kwk ),

q(Σk ) = iW(νk ,Λk ) E(Σ−1
k ) = Λ−1

k νk E(log |Σk |) = log |Λk |+ ψp(νk/s) + d log 2,

q(li ) =M(λi ) E(li,k ) = λi,k∑
λi,k

Yielding:

λi,k = exp Eµk ,Σk ,αk

(
−1

2 log |Σk | −
1
2 (xi − µk )T Σ−1

k (xi − µk ) + logαk − log K)
)

= exp
(
−1

2 (log |Λk | − ψp(νk/s)− d log 2)− 1
2 (xi − µ̂k )T Σ̂−1

k (xi − µ̂k ) + ν

ν − d − 1 tr(I)
)

× exp
(
ψ(wk )− ψ(

∑
kwk )− log K

)
Λk =Λ0 + 1

2
∑n

i=1 l̂i,k
(

(xi − µ̂k )(xi − µ̂k )T + Σ̂k
)



Variational Bayes (VB) algorithm

Initialize: choose w (0)
k , µ̂

(0)
k , Σ̂(0)

k ,Λ0, ν0,∀k
Iterate:

1. Compute λi,k and expected labels:

p(l = εk |xi ) = l̂i,k = λi.,k∑
k λi.k

, wk =
∑n

i=1 l̂i,k + w0,

2. Recompute the component statistics

µ̂k = 1
wk

∑
i

l̂i,kxi , Σµk = Σ̂k/
∑n

i=1 l̂i,k ,

Λk = 1
wk

∑
i

l̂i,k
[
(xi − µ̂k ) (xi − µ̂k )T + Σµ,k

]
Σ̂−1

k = Λkνk , Σ̂k = Λ−1
k (νk − d − 1)−1

α̂k = wk∑
wk
, νk = ν0 +

∑n
i=1 l̂i,k ,

3. Evaluate expected log-likelihood (if required)



EM: µtrue = {0, 1, 4}, fit K = 6 components
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VB: µtrue = {0, 1, 4} fit K = 6 components
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Mixture of Gaussians in higher dimensions

Multivariate Gaussians in dimension d :

x ∼ N (µ,Ω−1),
µ ∼ N (µ0, (τΩ)−1)
Ω ∼ W(V , ν),

where W is the Wishart distribution with ν degrees of freedom.

Covariance matrix:
full covariance: effective number of data nk > d , O(d2),
scaled identity: homogenous noise σI, (k-means),

diagonal: ignoring rotation of ellipses,
low rank: only selected principal components,

...



Mixture of Gaussians in higher dimensions

Initialization:
random: over what space? cubic...

LHS: latin hypercube sampling

Number of component:
very many: slow convergence

birth and death: random generation
split and merge: evaluate which component to split and/or which two

components join into one.
problematic.



Assignment II

Simulate 2d mixtures with components:

µ1 = [1; 1], Σ1 = eye(2), α1 = 0.3,
µ2 = [−1; 1], Σ2 = eye(2), α2 = 0.3,
µ3 = [0;−1], Σ1 = diag([2, 0.1]), α3 = 0.4.

Estimation via points
EM algorithm 20
VB algorithm 30


