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Mixture of Gaussians

2D data of 1000 points:
blue: 100 points
red: 200 points
green: 700 points

Each of them Gaussian distributed
(component).

pL(x) = N([1;1],0.1%1),
p2(x) = N([-2;2],0.1%)),
p3(x) = N([0;0].0.1°1),

Distribution of all data points:

() = 1P (X)+ 15 P2x) - 15pa(3)

with weights [0.1,0.2,0.7].

Mixture of Gaussians:

p(x) = Z @i (pk, i)



Estimation of mixture of Gaussians

Consider unsupervised scenario, where we do not known the assignment of each

data point:
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Uses of mixtures

Clustering we care about assignments:
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Density representation: we do not care

Mistogeam - Hot Normay Distributea

waiting

Classification

DA



Maximum likelihood estimation

Probability distribution with parameters 6 = {pu, X«, ak}szl:

K
p(xi|0) = Zak./\/(x,-mk,zk), Vi=1,...,n

k=1

pOxa, .. xl0) = [[p(x), logp(x,....x) =) logp(x)
i=1 i=1



Maximum likelihood estimation

Probability distribution with parameters 6 = {pu, X«, ak}szl:

K
p(xl0) = > aN(xlue, k), Vi=1,...,n

k=1

pOxa, .. xl0) = [[p(x), logp(x,....x) =) logp(x)
i=1 i=1

n K
log p(xt, -, xl0) = ) log <Z ak/\f(x,-|uk,2k)>
i=1 k=1

1

1 -1
N (e, Zi) W exp (—E(Xf - Nk)Tzk (xi — Mk)) )



Maximum likelihood estimation

Probability distribution with parameters 6 = {pu, X«, ak}szl:

K
pOile) = Y N (sl Te), ¥i=1,..on

k=1

pOxa, .. xl0) = [[p(x), logp(x,....x) =) logp(x)
i=1 i=1

n K
log p(xt, -, xl0) = ) log <Zak/\f(x,-|uk,2k)>
i=1

1 1 —1
N (e, Zi) W exp (—E(Xf - Nk)Tzk (xi — Mk)) )

Finding 0 = arg maxg log p(x1, . .. Xn)

d . ak/\/(x,mk, ) 1
— log p(x1:n) = E Y, (uk—x)) =0,
d,uk ( ) vy k 1 X/|Nk7 Zk) ( , )

and others.



Maximum likelihood continued

Finding = arg maxg log p(x1,...x,) subject to >, o =1

a4 log p(x1:n) = Z N Gl i) (Tt (e — X)) =0,

A i=1 ZkK:I N (i) e, T )ou
a4 log p(x1:n) = Z N (xi|pwe; Z) TA=0
do i—1 25:1 N (xil g, Th) ok

where A is a Lagrange multiplier for Zk ak = 1.



Maximum likelihood continued

Finding = arg maxg log p(x1,...x,) subject to >, o =1

d - N (xi|pr, i) 1
—— log p(x1:n) = I (m—xi)) =0,
dhx 2 S N (il e, i) (= )

a4 log p(x1:n) = Z N (xi|pwe; Z) TA=0
day ' i=1 :{:1 N (xil g, Th) ok ’

i=1

where A is a Lagrange multiplier for Zk ak = 1.
Conditions of extrema (solved by alternating evaluation of):

auN (xi| ik, Zk)
Zk 1 Nl T

N 1
Mk = — Wi kXi, Nk = E Wi k,
Ng - -
1 1

Wik =

1 R n
Zk=n7 ' wi i (xi — fi) (6 — fu) ", ak=7k,



Mixture estimation via latent variable

Consider latent variable |; € {e1,...,ex},
ex =[0,0,...1...0]. (one-hot).

p(xi, ;) = p(xi|l)p(h),
p(alh) = [T A (e 20",

p(/,'7k = 1) :Oék,ZOék =1
k
(/)—Ha
p(x,)—pr,,/)

» Each data point has a

= I = i = ex).
Ek: px| <)P( ) label from which
component is generated.
- ZN(Mk’zk)a"’ » Estimation of the joint
distribution p(6, h ... /)

Multinomial (Bernouli) distribution p(/;). is easier



Expectation maximization (EM) algorithm

Joint distribution:
p(xi, ) = p(xill)p(h), Vi
p(alh) = [TV Galiae, 2)',

k
p(/,',k = 1) = O, Zak =1.
k

Conditional distribution

p(X, l) N(Xluhzk)ak
P I = ex|xi) = =
(=) =500 = 5, VXl Zo)an
probability that ith data point belongs to
kth component.




Maximum likelihood with latent variable

General EM algorithm [Dempster, Laird, Rubin, 1977]:

0 = arg mgax/p(x|0, Np(1)dl

can be (approximately) found by alternating:
E-step (over 1): q(0]6Y)) = flogp(x\&,l)p(”@(j))dl
M-step (of 6): #Y*Y = arg maxy q(0|6Y))
Maximizing log-likelihood

p(xi, h,y ... x,,7/,,|0)o<HH/\/' Xi| ey L) ’k

i=1 k=1

log p(x1, h, - . . Xn, In|0) o ZZ“ log(N (x| k, Tk)) + log ouk))

i=1 k=1

n K
1 1 _
x D3 b (=5 1og 1Tl = 56 — ) EL (i — ) + log )

i=1 k=1



Maximum likelihood with latent variable

Maximizing log-likelihood

log p(x1, h, . . . xn, 1n|6) ZZAhog (il 1, k) + log o))

i=1 k=1

n K
1 1
S W I

i=1 k=1
E-step: q(0|0Y)) = J log p(x|6, Np(1169)d1

)T 0 — ) + log )

a(010") {ZZA (=3 0B I%el = 506 — ) (2 — ) + Iogak))}

i=1 k=1

N (x|, =9)ad

M-step:

AU+ 5G+1) _ - _
[P _argm|n< 2nIog|Z;<| Zl’k

Zk Xi|l‘k 72&,) Qg

K
A 1 1 _
=33 (_5 log || — 5 (x — )T (1) — jue) + Iogak))

(20 (xi — m))



Expectation Maximization (EM) algorithm
[Dempster, Laird, Rubin, 1977]
Initialize: choose aS(O), ,uio), ):S(O),Vk
Iterate:
1. Compute expected labels:

3
p(/ = Eklxl) - lk = N(/‘“ﬁ k)ak
Zk (poks Zic) ok

2. Recompute the component parameters

1 R
= ﬁk E /,"kX,',
= o S e b — ) G — )T
k Nk : ik i Mk i Mk 5
Ny -
K= Ny = E li
3. (Evaluate log-likelihood)

log p(x) = Zlog (Z uk,Zk)dk>

™M>

[}



Expectation Maximization (EM) algorithm

15 EM algorithm iteration 1
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Expectation Maximization (EM) algorithm

15 EM algorithm iteration 2
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Expectation Maximization (EM) algorithm

15 EM algorithm iteration 3
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Expectation Maximization (EM) algorithm

EM algorithm iteration 10

15




Expectation Maximization (EM) algorithm

15 EM algorithm iteration 20




Expectation Maximization (EM) algorithm

mean

variance

weight

130

120

110

100

90

80

50

50

70

50



Bayesian treatment

Joint distribution:
p(xi, lilee) = p(xill)p(h),
p(xi|h) H/\/ uk,wk

wo

p(/,-,k = 1|a) = Q, Zak =1.
k

Priors for multivariate Normal (conjugate)
p(pux) = N(0, 00),
+d+1 —
PTL) = W0, Mo) o [E4] 72 e M E),

Priors for latent variable (conjugate)

w( 1
p(a) D/W()O(Ilcv“7




Variational Bayes for mixtures
Log-likelihood x = [x1,...,xa], I = [h,..., ]

log p(x, 116) o< 327, S0 ik (log(N (il pk, ) + log cuk))

n 1 1 _
o Y ik (—5 log [X4] — 5 (xi — 1) TE 7 (0 = k) + log ak))

Log-prior:

log p(0) = Y"1, log p(a) + log p(sux) + log(%)
vo+d+1

> log |Zk| — tr(Z; " Ao),

= Z’k(:l(wo —1logax+0—
We will be looking for conditionally independent prior
pa, i, Tk 11%) ~ a(@)] T alm)a(ZOT T alh)
With
(k) o< exp Es, a1 (log(x, 116) + log p(6))
q(%x) o< exp By a1 (log(x, 16) + log p(0))

g(a) x expE,, 5,1 (log(x, 1|0) + log p(9)) ,
q(h) o< exp By, 5, (log(x; 10) + log p(0)) ,



Variational Bayes for mixtures
Log-likelihood x = [x1,...,xa], I = [h,..., ]

log p(x, 116) o< 327, S0 ik (log(N (il pk, ) + log cuk))

n 1 1 _
o Y ik (—5 log [X4] — 5 (xi — 1) TE 7 (0 = k) + log ak))

Log-prior:
log p(0) = Zfﬂ log p(cu) + log p(pik) + log p(X«) + log p(li)

v+d+1 _
=3 1) log ay + 0 — % log [Zx| — tr(Zy 'Ao) — Y.,k log K.,

We will be looking for conditionally independent prior

ploe, {ue, T b M%) ~ q(@)] T, a() a()T 11, q(h)
With

q(pk) o< exp Ex, o1 (log(x, 1|0) + log p(6))

q(Xk) x expE,, a1 (log(x, 110) + log p(0))
g(a) x expE,, 5,1 (log(x, 1|0) + log p(9)) ,
q(l;) x expEy, 5.« (log(x, 1|0) + log p(0)) ,



Variational Bayes: factor q(1x)

Joint likelihood,

1 _
log p(x,1,0) o< 37 S0 1:k( 5 log Xkl = 5 (xi — ) T (x _Mk)+|0g0ék)) +

vo+d+1

5 log [Zx| — tr(Xy *Ao) — >, Ji.k log K

Zk L 1) log ok +0 —

For g(u«) we ignore all terms independent of pux:

log q(yux) o E {Z, 1lik ( S — ) T 6 — uk))}
x E{ - 1/, K (x Zk Xi — u[Z,?lx,- — x,-T):k_luk — uz—zk_l,uk)}
expectation E() =1, E(Z; ) = £, %)

1 A noA _ _
X -3 ( Z (Z, 1/, kXi) - (Z,:l/i,kaT) 2, l,uk - Mszk lﬂk)
which is recognized as Gaussian

q(pk) = N (fuxs Xpuk)

which is equal to the decomposition above with assignment

fik = ZLJ’,M, Yk = fk/Z,-":ﬂnk



Variational Bayes: factor g(Xy)

Joint likelihood,

1 _
log p(x,1,0) o< "7 IZk ik ( = log | Xk| — E(Xi — ) T (5 — ) + Iogak)> +

vo+d+1
Zkl IogakJrOf#

For g(X«) we ignore all terms independent of Xy
1 _
log (Zx) o E { S0 (— 0@ 17l = 5 0 — ) 55— pu) ) } +

v+d+1
gl _rTdT=2
{5

1 o
x —E(l/o +d+1+ Zi:llivk) log ||

1 _ n oA
E {—Etr (St (2 T — ) (xi — )" + Ao)}}
Which is recognized as inverse Wishart
q(Zk) = W M) & a(T ) = W A

with assignment

log |Zk| — tr(Zy ' Ao) — >, lik log K

1 .
log |Zx| — Etr():k 1/\0)}

Vi =10+ El 1/
N = No + Z, 17 ((Xi — pr)(xi — ,uk)T)



Variational Bayes: factor g(«)

Joint likelihood,

1 1 _
log p(x, 1,0) o< 327, 37 1:k( > log [Tk| — §(Xi*uk)TZkl(Xf*uk)Jrlogak)) +

vo+d+1

> log |Zk| — tr(Zy " Ao) — >, lik log K

Zk L 1)log ok +0 —

For g(a) we ignore all terms independent of a:

log q(X«) x E {Zf:127:1lf«k (log ak) + (wo — 1) log ak}
o 25:127:17,-,k (log a) + (wo — 1) log cuk
Which is recognized as Dirichlet
q(a) = Di(w)
with assignment

N
wi =" lix+w



Variational Bayes: factor g(/;)

Joint likelihood,

1 _
log p(x,1,0) o< 37 S0 llk( 5 log |Zu| = 5 (% — ) T (x —Hk)+|ogak)> +

vo+d+1

> log | Zk| — tr(Zy " Ao) — >l log K

Zk L 1) logax + 0 —

For g(/;) we ignore all terms independent of /;:

1 1 _
log q(h) o< 324 hik (75 log [ — 5 (xi — ) T (xi = k) + log o — log K) +

Which is recognized as Multinomial

with assignment

1 1 _
Ak = exp By, 54,04 (*5 log [Xu| — 5 (xi — p) 7 (6 — i) + log e — log K))



Variational Bayes: moments

q(pe) = N (i, 5x)  E(ue) = fuk, E(ud Zuk) = fi Zju + tr(Z%4),
a(e) = Di(w) Eow) = 5=, Ellogar) = vlm) ~ v(S,m).
Kk Wk

a(Zx) = W, Ae)  E(Z, 1) = /\;luk E(log |Xk|) = log |Ak| + 1p(vi/s) + d log 2
q(li) = M(N) E(lix) =

Z/\: K
Yielding:
Aik =expEy, v, 0, (7% log | k| — %(x,- — )T (x5 — k) + log e — log K))
= exp (5 (g INu] — i (vi/s) — dlog2) — 3 — i) £ 0 — fu) + ——2—
X exp (z/)(wk P>, wi) — log K)

Ak =No + 527:1/% (G = ) (o — fue) T+ i)



Variational Bayes (VB) algorithm

Initialize: choose w£ ,pk) Z( ,No, 1o, Vk

Iterate:
1. Compute \; x and expected labels:

p(l = exlx) =Tk = 7 Wi = 27:17i,k + wo,

2. Recompute the component statistics

L1y e
— li kxi, zuk:Zk/Zizlli,ky

Wik

T
S
I

1 T
A== T [(xi = ) (i — 7 T
0= g 2 [0 = ) (6 = )" Ey]
&1 & -1 -1
Zk :/\kl/k,zk:/\k (Z/kfdfl)
Wik

Gy = W, vk = 1o + Z,-n:l?i,k,

3. Evaluate expected log-likelihood (if required)



EM: utre = {0,1,4}, fit K =6 components
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VB: ptrue = {0,1,4} fit

40

K = 6 components

30 +

20

10 +

mean

2

variance

200
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200

200



Mixture of Gaussians in higher dimensions

Multivariate Gaussians in dimension d:

x ~ N(p,Qh),

o~ N(ppo, (r)71)
Q~W(V,v),

where W is the Wishart distribution with v degrees of freedom.

Covariance matrix:

full covariance: effective number of data nx > d, O(d?),

scaled identity: homogenous noise o/, (k-means),
diagonal: ignoring rotation of ellipses,

low rank: only selected principal components,



Mixture of Gaussians in higher dimensions

Initialization:
random: over what space? cubic...

LHS: latin hypercube sampling

Number of component:
very many: slow convergence
birth and death: random generation

split and merge: evaluate which component to split and/or which two
components join into one.

problematic.



Assignment I

Simulate 2d mixtures with components:

m = [1:1], T1 = eye(2),
pe = 11, %o = eye(2),
w3 = [0; —1], ¥, = diag([2,0.1]),

l Estimation via \ points ‘
EM algorithm 20
VB algorithm 30

a1 = 0.3,
az = 0.3,
az = 0.4.



