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Patlak Rutland plot

Sequence of scintigraphic images of kidneys.
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Challenge: Patlak Ruland plot

Patlak Rutland plot is a ratio of the parenchyma curve over the
cumulative sum of the heart curve.

Diagnostically important is the 0s Patiak-Rutiand plot
slope of the linear part, which:

» typically starts around 1min
» typically ends around 3min

R(t)/P(t)

» with outliers

» manual fit is the norm
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Models?

» no heuristics

» probabilistic model providing
either:
> estimate of 3
> posterior distribution p(a)

where a is the slope of:
yi=axi+b+e

for points belonging to it.
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Model 1: Robust regression

Patlak-Rutland plot

o
o

Model
yi=ax;+b+e
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is valid for all x; € [1, 3] with
heavy-tailed noise p(e;).
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Model 1: Robust regression

Patlak-Rutland plot

Model

o
o

yi=ax;+b+e

=)

is valid for all x; € [1, 3] with
heavy-tailed noise p(e;).
Possibilities:

» Spike and slab,

p(e;) = aN(0, v1)+(1—a)N(0, v2),
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» Student-t p(e;) = St(v,0,0),

15




| atent representations
Spike and slab

p(eivi, va) = aN(0,v1) + (1 — a)N(0, vn),

is the marginal of

p(ei, li|vi, va) = p(eilli, vi, v2)
p(eilli = e1,vi) = N(0, v1),
p(eilli = €2, v2) = N (0, v2),

Student-t
p(e)) = St(v,0,0), is the marginal of
pla) = [ plelsne(3)

p(ei|Bi) = N(0, Bi),
p(B:) = iG (70, do),



Spike&Slab

Spike and slab prior of the noise implies:

plei, ;) = N(0,v1)" =N (0, v2) "=,
p(yi, ilxi) = N(axi + b, v1)"=“ N (ax; + b, v2)" =,

Do the point outside of the line follow the ax; + b curve?



Spike&Slab

Spike and slab prior of the noise implies:
p(eiv Il) = N(Ov Vl)li:q'/\/'((x VQ)Ii:€27
p(yi, i1x) = N(axi + b, v1)"=N (ax; + b, v2) =2,

Do the point outside of the line follow the ax; + b curve?

Patlak-Rutland plot

What model do they follow? 0s
p(yi, ilx)) =N (ax; 4 b, v1)"= 0
p(xilli = )=, o 08

Possibilities: Z B
p(xilli = €2) = U(Ymin, Ymax) e

p(Xi|/i = 62) = N(ax, V(th))v 2 1

2 3 4 5
pseudo-time [ P(t)/P(t)

Be creative.



Tutorial model

Recall matrix notation from linear regression:

yi=x;0, yi=[x 1[a b

)

Then
p(yilxi; ;) :N( T0,0)iU(—2,1)2,

Ii,i
atio)= [ o SICE

p(0)= N(Oale), p(w) = r(%ﬁo)
Joint distribution:

L :Z logp(y;:, li|xi, 0, w, a)p(8,w, @) Z h.; (log(w/27) — w(y; — x; 0)?)
i=1
1
+ Z b ilog 3 + ZZ leilog ax + (20 — 1) Z log a+
i ik k

2 1
+ 5 log T — 57’9T9 + (v —1)logw — dow,

S.tZ/,"k =1, Zak =1,



Expectation maximization (EM) algorithm: M-step

Expectation over [: /17,' — 717,', /2,,' — 727,'

1 1y
E/(L) = 3 Z hjlogw — 5 Z hiw(y — X,'Te)z

+ Y hslog s + 3 Y hsloga + (20— 1) Y log
i i k k

2 1
+ 5 log T — ETQTQ + (70 — 1) logw — dow + n.c., s.t.: Xk:ak =1,

In 6 (via moment matching of q(6) = N'(9,Zs)):
L= —%2,717,-(”(;/,- —x; 0)* — %raTe)
= —%2;71,fw(y,-2 —2yix; 0+ 0" xix/ 0) — %THTG
— 7% (wzi717;y,2 - 2wzi711,-y,-x79 +07 <w21717;x;x;r + T/Q) 9)
0= (wZ:,.?l,,-x,-x;r + le) - (wZﬂl,,-y,-x,T)



Expectation maximization (EM) algorithm: M-step

Expectation over [ /17,' — 71’,', /2),‘ — 72),‘

L= % 2717; Iogw — % Z7l’iw(yi — X,TG)2
+ 3 hslog s + 303 Tslogan + (0~ 1) Y log ot
i i k k

2 1
+ 5 log T — ETGTQ + (70 — 1) logw — dpw + n.c., s.t.: Zk:ozk =1,

In w, (via moment matching of g(w) = G(v,9)):
L =rlogw — dw
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Expectation maximization (EM) algorithm: M-step

Expectation over [: /17,' — 717,', /2,,' — 727,'

1 A 1 A Tpy2
L= Z hilogw — 5 Z hiw(yi — x; 0)

~ 1 n
—|—2":/2,,- Iog§+zl;zk:/k7,- log ag + (20 — 1)Zk:|ogo¢k—|—
+2|o ! 076+ ( 1)lo dow +n.c s.t Z 1
—logT — =T - w — dgw + n.c. . o =
> g > 0] g 0 ) . k )

In o (via moment matching of g(«) = Di(z)):

L= lilogax+(20—1)> logay, st ax=1,
:zk:z,:logak—l—)\(z:ak—l)k k

zk=i7k,,-+zo k

o“zk—z;i/gk:zk



Expectation maximization (EM) algorithm: E-step

Probability of /; given estimates
1 1 T \o 1
E(/,) = 5/1’,' Iogw — 5/1,,'w(y; — X; 9) — /17,'5 |Og(2ﬂ')

1
+ b, ilog 3 + ; Ieilog ok + (z0 — 1) ; log ax + n.c., s.t.: ; I =1

Template:
p(li|w) ocH Ik’, Zwkzl, Z/k,,-:l(in our case)
K k

Matching (check with the Bayes rule):

1 1 1
logw; = = logw — Ew( x; 6)? ~3 log(27) + log vy

2
1
log wy, = log = 3 + log ay

h=wi/(w1 + w)



EM algorithm results
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» sensitive to initizalization




Modeling choices

How to encode our knowledge that the linear part is somewhere between
1 and 3min? hard constraints should be avoided.



Modeling choices

How to encode our knowledge that the linear part is somewhere between
1 and 3min? hard constraints should be avoided.

1. Prior on the latent [:
p(l|x) = ao(x),

2. Other options? Variance of the noise?



Assignment

Load data Patlak.mat
35 studies with:

Xpr x axis

ypr y axis
name name of the study

int_start ignore

int_end ignore

| Assignment | points |

find slope of linear part for all 35 studies
own code (WLS + uniform) 15
own code (WLS + novel proposition) 25




