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Abstract

Principal Component Analysis (PCA) is a well-known
algorithm used in many areas of science. It is usually taken
as the golden standard of dimensionality reduction. How-
ever, PCA usually does not provide information about un-
certainty of its results, thus preventing further investigation
of model structure. Full Bayesian treatment is not feasi-
ble. Recently, Variational PCA (VPCA) was proposed as
an approximate Bayesian solution of the problem. In this
text we summarise the iterative solution to the PCA problem
arising from a variational approach. A new model with or-
thogonality restrictions is constructed in order to overcome
its limitations. Notably, a highly efficient computational al-
gorithm of variational PCA is revealed. It is applied in the
functional analysis of medical imaging problem yielding so-
lution in a fraction of the time needed by the conventional
technique.

1. Introduction

Principal Component Analysis (PCA) is one of the clas-
sical data analysis tools. In digital signal processing it is
used for data compression, de-noising, pattern recognition,
shape analysis and spectral analysis to mention a few exam-
ples. Overview of its use in different scientific areas see [8].

It is often often used as a black box for its mature imple-
mentation and ease of use. However, one important ques-
tion that is not satisfactorily answered by classical theory
is number of relevant principal component. Number of cri-
terion is available [2] based on various assumption and ap-
proximations. Some applications, like de-noising, are quite
insensitive to selected order, but in many others it is an im-
portant part of the problem. Typical example is spectral
analysis or functional analysis of dynamic image data.

PCA is known to be a maximum likelihood estimation
method for special case of model known as factor anal-
ysis model. Recently, the problem was addressed using
Bayesian methodology [3, 11]. Variational PCA (VPCA)
seems to be a reasonable compromise of speed and accu-
racy on small scale problems, however, with increasing di-
mensionality problems with numerical stability and conver-

gence arise.

In this paper we introduce modification of the origi-
nal model and provide its variational estimation algorithms.
The results of a new algorithm, Orthogonal Variational PCA
(OVPCA), correspond to those of VPCA but are obtained in
significantly shorter time and with ease of use compared to
the classical PCA.

2. Mathematical Model

Functional analysis of dynamic image sequences is an
analytical method used in medical imaging for estimation
of the temporal activity of internal body organs. Its main
application area is in nuclear medicine. A sequence of p
images is taken within a given time range. The images are
supposed to reflect the activity of a relatively small number,
r, of underlying physiological organs.

Under assumptions that the shape and distribution of ac-
tivity inside a single organ does not change, we can consider
every measured image to be a linear combination of factor
images reflecting organ shapes weighted by their activity at
given time ¢. The evolution of activity of each factor image
in time is called factor curve, illustrated in Figure 1. The
images are stored in one column, of length n, where n is
a number of pixels in each image. The whole sequence is
then modelled as

D=AX+FE 1)

where D € R™*P is matrix of observed image sequence,
A € R™*" is a matrix of r underlying factor images, and
X € R7*P is a matrix factor curves, E € RP*", denotes
matrix of realizations of zero mean noise with Gaussian dis-
tribution

f(E) = N(Op,majp ®In) 2)
f(D) = N(4X, ol,®1,) 3)

where 0, ,, € RP*™ with all elements equal to 0, I, € RP*P
is identity matrix and scalar o models variance of the noise.
The model (1) is closely related to model known as factor
analysis, [2] which is defined vector-wise



LLEE]

Functional Analysis

Left kidney Right kidney Urinal bladder

0.5 05 05

— 0 0 T

0 60 120 o 60 120 o 60 120

Figure 1. lllustration of Functional Analysis of
Dynamic Image Data

di = Ax;+p+te; “)
f(es) N (0p,1,%) (5)

Hence, we refer to our model as as restricted factor analysis
model with restrictions 4 = 0,1 and ¥ = I,.

The model is doubly degenerate, firstly, via additivity of
the signal and noise (1) and secondly, via multiplication of
parameters A, X which can be replaced by

BY = (AT) (T7'X) = AX (©6)

with equal probability of data for any invertible matrix
T € R™". T is called a rotation matrix in the factor anal-
ysis literature. The problem of rotational ambiguity can be
addressed by imposing extra restrictions to matrices A and
X and derive specialised algorithms, which is often the case
in factor analysis [2].

3. Maximum likelihood estimation

The maximum likelihood estimation of parameters A
and X is easily found using singular value decomposition
[6], of data matrix D

D=USsV' (7

where U € R™*P V € RP*P are orthogonal matrices
U'U = I,,V'V = I, of so-called singular vectors and
S € RPXP js a diagonal matrix of ordered singular values
ordered 51 > ... > s, > ... > s,. Itis easy to show that

the maximum of the likelihood (3) conditioned by knowl-
edge of r is reached for

AX =U,S,V, ®)

where S, € R™*" is a diagonal matrix of the r most signif-
icant singular values, and matrices U, € %", V,. € R"*P
are composed by corresponding singular vectors.

The rotational indeterminacy (6) means that the maxi-
mum likelihood solution for parameters A and X is an infi-
nite set indexed by each possible rotation matrix, 7T’

SML = {A,X:A:UTSTT;17X=T7-W, (9)
VTT € §Rr><r . ElT;l c %rxr}‘

For elements T, = =+, the columns of matrix X form an
orthogonal basis. Because V;. is a matrix of eigenvectors
of D'D, it is equivalent to principal component analysis
(PCA) with mean value p set to zero.

The physical nature of the problem imposes extra condi-
tions on A and X, namely positivity of all elements. It has
been shown that rotation matrix 7" that transforms orthog-
onal solution to the required form can be found [10]. It is
therefore advantageous to confine attention to estimation of
orthogonal solution only, i.e. a subset of (9).

Note that the solution (8) is conditioned by knowledge
of the number of components, r, but having evaluated the
whole matrix U we have solution for any rank r. Various
techniques for selection of optimal rank have been devel-
oped, for summary see [2, 8].

4. Bayesian solution

Recently, two approximate Bayesian solutions to a
model called probabilistic PCA (PPCA) were published, us-
ing variational Bayes [3] and Laplace [11] approximations
respectively. The model is almost identical to (3) up to a
mean value, u. However, the difference between the solu-
tion for PPCA and for (3) are trivial.

4.1. Variational Bayes

A variational approximation can be applied to evalua-
tion of a marginal distribution if the likelihood function
is dependent on at least two parameters. This method is
known also as ensemble learning or minimisation of free
entropy [12]. It is summarised by the following theorem.

Theorem 4.1 (Variational Bayes) Ler f (a,b,D) be a
joint pdf of known D and random variables a,b. Let
q (a,b|D) be an approximate pdf restricted to the set of con-
ditionally independent distributions on a, b

q(a,b|D) = qq (a|D) g» (0] D) -

Then, minimum of KL

KL (q(a,b|D)||f (a,b, D)) is reached for

exp (gqb {ln (f (Cl, ba D))}) ’
exp (&g, {In(f (a,b,D))})

distance

o (a|D) o
g (b|D)



where &, denotes expected value with respect to distribu-

tion q (-|D), [3].

The above theorem is available powerful tool for approx-
imation of joint pdfs. It provides functional optimisation of
parameter pdf, i.e. it yields the form of its posterior. How-
ever, moments of the resulting distribution are mutually de-
pendent, thus forming a set of implicit equations.

4.2. Variational PCA

In order to apply Bayesian solution the model (3) has
to be complemented by a selected prior distribution on the
parameters. It was chosen

fo(X) = NO,L®IL),
fo(A) = N(0,diag(a) ® I),
fo(o) = T(co,do),

fO (Oé) = ﬁr(a@abo)a

where « is vector of hyper-parameters a;,¢ = 1...p — 1.
Application of the theorem 4.1 gives following results

f(X) = N(X,Zx @ Ingn)) (10)
f4) = N(Z’I(pxp)(ng‘)
flo) = T(ad

R
flo) = Hf(a,bi)

with moments given by a set of implicit equations

X = ngxz’p (11)
-1
Sy = (IT + g (pzA + A’A)) (12)
i = gzﬁp' (13)
. a c =\ !

S4 = (dlag (g) + 2 (NEX +X X)) (14)
a = ag+0.5p (15)

b = diag (bo + (pEA +ZIZ)) (16)

¢ = co+0.5np (I7)

d = do+ %trace (DD') — 2trace (D'ﬁ) + (18)

+trace ((pEA + ZIA) (NEX + 717)) .

The above implicit set of equation can be solved by vari-
ous methods. The solution suggested in [3] is an iterative
algorithm with random initial conditions. New values of es-
timated parameters are obtained by evaluation of equations
(11-18) for previous values of parameters. Optimal rank, r,
is determined by a number of hyper-parameters «; that re-
mains higher than zero after all iterations. Technically, as
there is a prior on o we need to set up some threshold above
prior value ag/bg.

The rotational ambiguity (6) is mentioned in the original
paper but little attention is paid to its influence on the iter-
ative algorithm. It is worth to notice, that maximum of the
model (3) is the infinite set (9). The chosen prior distribu-
tions (10) reduce this ambiguity but the joint likelihood on
the set (9) remains very flat. Chosen iterative algorithm thus
can be very slow if starting point lies far from the optimal
solution. A probability that it happen using random initial-
isation is rather high. The problem is magnified in higher
dimensions.

5. Orthogonal Variational PCA

The above mentioned problems can be solved by restric-
tion of the searched space and careful choice of the initial
conditions. The existence of methods for rotation of orthog-
onal solution to match the additional restrictions allows us
to restrict the space of parameters to orthogonal decompo-
sitions.

5.1. Orthogonal model

The ambiguous parameterisation of mean value by prod-
uct AX in the model (3) is replaced by svd decomposition
of the mean value,

f(DIA,L,X) = N(ALX,ol,®I,) (19)

where matrices A € R£"*P and X € RP*P are now re-
stricted to be orthogonal, A’A = I, XX' = I,. Matrix
L is diagonal with non-negative elements, I; = L;;,1 =
1,...p. The rank of mean value is no longer given by the
size of matrices A and X but by the number of nonzero
elements /.

Similar model was used for the solution based on
Laplace approximation [11]. In this paper we provide the
solution based on the variational approach.

5.2. Variational Bayes solution

Solution of the new model (??) follows methodology of
variational estimates described in section 4.1. The first step
of any Bayesian method is to set up prior distributions. Ma-
trices A, X are restricted to be orthogonal, i.e. living on
Stiefel manifold with finite volume and thus we can choose
prior distribution to be uniform. This space has finite vol-
ume and thus uniform distribution has a normalising con-
stant given by [9]. However, its exact value does not influ-
ence further evaluations and we do not state it explicitely.
Prior information for the remaining parameters is chosen as

f) = N(0,¢5") (20)
T (ao, bo)

<
S
|

where parameters ag, by, ¢o are chosen as very small values.
Non-informative prior on those variables provides almost
identical results.



Direct application of the theorem 4.1 gives us the follow-
ing results

f(4) = M(LXD's) 3))
f(X) = M(D'ALg) (22)
f) = N(1,Z1) (23)
f(o) = T(a,b). (24)

We can see that minimum of KL distance to joint likelihood
is reached for posterior distribution of matrices A and X in
the von Mises-Fisher type, M, which is a form of normal
distribution with orthogonal restrictions.

Moments for variables / and o are quite easy to evaluate,
o denotes mean value of variable o (same for other vari-
ables) and X7, denotes variance of L

1 = diag (XD"A
T+ec fag ( )
¥, = @G+,
_ a
o = -
b
N
a = a(]+pT.

However, moments of von Mises-Fisher distribution are
more complicated. Fortunately, we need to evaluate only
the first moment, (mean values A and Y), for which an
analytical solution is known [5, 9] but hard to evaluate, as
discussed in Section 5.3. However, analytical results for
von-Mises-Fisher distribution provide an important insight
into the problem.

Theorem 5.1 (Moments of von Mises-Fisher distribution)
Let X ~ M (F) be distributed as von Mises-Fisher with

given parameter F, and F = USV be svd decomposition
of matrix F'. Then mean value of X,

X =USV (26)

where S is a diagonal matrix with elements

IVAENE: 1 1,
si—[,( ,S) _8_31-10g <0F1 (510,15 )) (27)

where o Fy denotes the generalised hypergeometric function
[7]. This result is due to [9].

This theorem has very useful consequences for the whole
iteration algorithm. We adopt the iterative scheme of VPCA
and assign the new estimates as values of functions (25)
based on the previous estimates. Let us assume that pa-

rameter estimates Z(()ld) and Y(Old) are in the form
Z(olal) _ Usg;ld) (28)
y(old) _ Sggld)v

bo+ 5 [tr (D'D) 2t (X'TA'D) +tr (TL + 51

where orthogonal matrices U and V are singular vectors of
the data matrix D = USpV. Matrices S4, Sx and Sp are
diagonal. Using equations (21), (22) we get

DYI(Old)Z(Old) E(Old) USvalsggld) Z(Old) E(old)
Fotd)plotd) g/leld) 1y Fotd)Fletd) Sg’ld)U'USDV

which together with the theorem 5.1 gives new estimates

A" = v (p,SpsYITFAD)  (29)
y(new) r (n,E(OZd)Z(Old)Sffld)SD) 174

which preserves the assumed form (28). This allows us to
replace iterative algorithm of A, X by iterations of S4, Sx.
This result has very advantageous consequences

e It reduces number of iteratively estimated parame-

(25)  ters from [p (3p + n + 2) + 2] of VPCA to [3p + 2] of

OVPCA, thus making it completely independent of n
which is usually much greater than p.

o Taking advantage of (28) we can start at singular value
decomposition of the data, i.e. classical PCA. ZO ="U,
Xo=V,Ly=S5,84 =1I,, Sx = I,. The most sen-
sitive parameter to choice of initial value is the vari-
ance o. The safest way is to choose the smallest eigen-
value, if it is distinct enough from zero. Otherwise
heuristic suggestions like mean of last few eigenvalues
can be used.

e The convergence of the method is very fast and robust.
Stopping rule on increments of parameter / could be
set close to machine precision.

e The method does not involve any numerically sensitive
operations like inversions.

o The method was derived with priors (20) however, they
do not have any regularising effects. Values ag = by =
cp = 0 can be safely used.

The most problematic point remains operation (27) because
evaluation of hypergeometric function of matric argument
is far from trivial [7].

5.3. Approximations of hypergeometric function

The original approximation given in [9] is based on as-
sumption of all singular values being large. It has proven
to be fast but inaccurate. That is why we have developed
our own approximation. The evaluation is complicated by
the fact that function (27) is a function of hypergeometric

function ¢ Fy (p, 5’) of the matrix argument which is ex-

pressible in terms of zonal polynomials, [7]. No analytical
simplification is known to us.

On the other hand, the logarithm of the same hyperge-
metric function, o F (p, s), of a scalar argument can be ex-
pressed as a ratio of Bessel functions, B,



Figure 2. Dynamic image sequence for syn-
thetic data, SNR=1.

B (%p ) Si)
B(ip-1,s)
Moreover, the formula (30) could be transformed to a con-
tinuous fraction expansion given in [1]. The evaluation of
this p.f.e. converge very fast for p > s; however when

8; > p (say s; > 10p) the convergence is quite slow. It is
faster to replace it by Taylor expansion at s; — oo

_,_(p—1 _p=3
di=1 (2si)eXp< 4s,~>+0(5)

which gives excellent approximation in such a case.
This motivates our choice to approximate function (27)
as differential of a scalar variable

di = (30)

_ N 11,
di=L(p,S)~d; = 8_silog (OFI <§p,13i)) (3D

where s; is i-th singular value of the data matrix D.

Recently, a very good approximation of ¢F} of matrix
argument was developed, [4]. It is based on the Laplace ap-
proximation in the saddle point. The authors provide two
solutions calibrated and non-calibrated. For our purpose
the calibrated one gives better results. Results based on the
saddle point approximation are almost identical with our ap-
proximation but the convergence is slower and its evaluation
is more computationally demanding.

6. Application

Both variational method described above were applied
to the estimation of the number of relevant underlying im-
ages in functional analysis of dynamic image data. Syn-
thetic data were generated by the model (1) with values
n = 4096, r = 3, p = 60 and various levels of signal-
to-noise ratio. The original factor images, Ag, and factor
curves, X, are displayed in Figure 3 (left). An image se-
quence with SNR=1 generated from this model is displayed
in Figure 2.

Results of estimation based on the sequence are dis-
played in Figure 3 (right) for comparison. The results were
rotated to the original space using

Xaiwp = XX (X)X
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Figure 3. lllustration of results of functional
analysis of dynamic image sequence. Sim-
ulated phantom (left) and estimated factors
(right). Estimated factors were rotated to the
space of simulated data for comparison.

order 7 CPU time [s]
SNR | VPCA | OVPCA | VPCA | OVPCA
2000 9 4 21243 1
100 3 3 6299 1
20 3 3 2496 1
5 3 3 891 1
1 3 3 207 2

Table 1. Comparison of VPCA and OVPCA in
terms of speed and

where X is the original simulation and Xg;,, is result
displayed in the Figure. The work was performed on a
1GHz Pentium IIT machine. Comparison of typical execu-
tion times of both methods is listed in the Table 1.

Both methods were effective in estimating the number,
7, of underlying factor images. The significant differences
in CPU time can be explained by the dependence of VPCA
on n and on indeterminacy (6) of its model, as discussed
in Section 4.2. For the low intensity noise (SNR=2000) the
expected precision of estimates ¢/d is very high. Thus the
shift of parameters in one iteration is tiny. It explains ex-
tremely high computational burden for low intensity noise.

Figure 4 shows the typical evolution of parameters de-
termining number of underlying factors (L for OVPCA and
a for VPCA). Evolution of L is very fast with reliable con-
vergence. Evolution of « is significantly slower and less
reliable. Moreover it seems to drift to higher values. These
artefacts can be explained by as consequence of model in-
determinacy (6). Chosen prior distributions of VPCA are
designed to deal with this problem, but they are not strong
enough to prevent transitions to other allowed rotations, 7T'.
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Figure 4. Comparison of evolution of hyper-parameters « of VPCA (left) and parameters | of OVPCA
(right). These parameters determine estimated number of underlying factors, in each method, allow-

ing to be compared.

7. Conclusion

In this paper we have introduced a method for approx-
imative Bayesian solution of the restricted factor analysis
model. The model was re-parameterised in order to assure
uniqueness of solution. The resulting estimation method
has advantages that are beneficial both for existing solu-
tions and for further development of dimensionality reduc-
tion and rank deficiency problems in general.

The resulting point estimates of OVPCA are strongly re-
lated to results of PCA (8)

PCA | OVPCA
AX =U,S,V, | ALX = UAV
A =S4LSx

In other words, orientational part of the solution is iden-
tical, but estimates of singular values differ. Estimates ob-
tained using OVPCA already reveals estimated dimension-
ality. Hence, OVPCA could be used in any application
where PCA is successfully used, e.g. data compression,
de-noising, pattern recognition, shape analysis and spectral
analysis. It provides the same level of

numerical stability as no inversions or numerically sensi-
tive operations except svd decomposition are used.

robustness no regularisers or tuning parameters are re-
quired.

ease of use the method does not require any extra knowl-
edge than that one used for PCA.

Moreover, the solution of the model is Bayesian, i.e. pos-
terior distribution of parameters are provided. This allows
testing of various hypothesis and further investigation of the
model.
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