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In a supercritical branching particle system, the trimmed tree consists of
those particles which have descendants at all times. We develop this concept
in the superprocess setting. For a class of continuous superprocesses with
Feller underlying motion on compact spaces, we identify the trimmed tree,
which turns out to be a binary splitting particle system with a new underlying
motion that is a compensated h-transform of the old one. We show how
trimmed trees may be estimated from above by embedded binary branching
particle systems.
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1. Introduction and main results.

1.1. Introduction. It frequently happens that a superprocess X = (X;);>0,
taking values in the space M(E) of finite measures on some space E, and a
branching particle process X = (X;);>o are related by the formula

(1.1)  pEL@IBWI[x, .1 = PH[Pois(X,) € ], t>0, e ME).

Here Pois(X;) denotes a Poisson point measure with random intensity X; and
PLPois(W) denotes the law of the process X, started with initial law £(X() =
L (Pois(w)). For example, (1.1) holds when X is the standard, critical, continuous
super-Brownian motion in R, which corresponds to the evolution equation
%ut = %Au, —u?, and X is a system of binary branching Brownian motions
with branching rate 1 and death rate 1. Loosely speaking, X can be obtained
from X by Poissonization. Poissonization relations of the form (1.1) have been
exploited by various authors, for example, Gorostiza, Roelly-Coppoletta and
Wakolbinger ([17], formula (8)), Klenke ([19], formula (4.19)) and Winter ([26],
formula (1.23)).

In the present paper, we investigate Poissonization relations for a class of
continuous superprocesses on compacta with Feller underlying motion. We give
conditions that imply that a superprocess X and a branching particle system X
can be coupled as processes, such that

(1.2) P[X; € -[(Xs)o<s<t] = P[Pois(hX;) € -| X;] as. vVt >0,

where 4 is a sufficiently smooth density. Formula (1.2) says that the conditional
law of X;, given (Xj)o<s<s» 1s the law of a Poisson point measure with
intensity 4 X;. For certain critical and subcritical superprocesses, a coupling of
the form (1.2) has occurred before in [20], Theorem 3.1 and Section 3.2.

The weighted superprocess (hX;);>o that occurs in (1.2) is a superprocess
itself, which compared to X has a new branching mechanism and a new underlying
motion, the latter being a “compensated” A-transform of the old one. For the
special case that X is a superdiffusion, this fact was proved and exploited by
Englinder and Pinsky [7].

Let X and X be related by (1.2), let A := {3t < co suchthat X;; =0Vt > t}
denote the event that X becomes extinct after some random time 7 and set
A:={dt <oosuchthat X; =0 V¢ > t}. Since P[X;, =0|X, =0]=1,t >0,
we clearly have P (4 \ A) = 0. We investigate when X and X can be coupled such
that P(A \ 4A) = 0 also holds, that is, the extinction of X implies the extinction
of X.

In particular, for a supercritical superprocess X, we construct a binary splitting
particle system X, such that X and X are related by a formula of the form (1.2),
and, moreover, X corresponds, loosely speaking, to those infinitesimal bits of mass
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of X which have descendants at all times. More precisely, we couple the historical
processes X, and X associated with X and X such that

(1.3) Vt>03r<oost.Vr>1 supp(X,) = supp (X, o n[(_)’lt]) a.s.

Here o ;) denotes projection on the space Dg[0, ¢] of cadlag paths from [0, 7]
into E. Informally, %, is a random measure on paths of length ¢, measuring
how much each line of descent contributes to the population at time ¢; likewise,
X ¢ counts how often each line of descent contributes to X;. Thus, (1.3) says that
eventually all mass of the superprocess X descends from finitely many lines of
descent, which are given by supp()A(,). In this special case, the function A that
occurrs in (1.2) is h = p, the infinitesimal survival probability of X, given by

(1.4) p(x)=iP88x[fX:;>0Vt20] , x€E.
de e=0

We call X the trimmed tree of X. The reduced tree of a branching process
describes the family relations between all particles alive at a fixed time and their
ancestors (neglecting those lines of descent that died earlier). Thus, our trimmed
tree can be viewed as the limit of reduced trees as time tends to infinity. Reduced
trees have been studied intensively in the branching literature. For historical
background, see, for example, the last paragraph in Section 12.1 of [2], page 201.

It is worth mentioning that the weighted superprocess (pX;);>o with p as
in (1.4) played an important role in the work of Engldnder and Pinsky [7], who
investigated support properties (such as recurrence) of superdiffusions by analytic
tools. Weighted superprocesses and embedded particle systems also played a
central role in [14], which motivated our present article.

The paper is organized as follows. In Sections 1.2-1.4, we introduce our objects
of interest together with some of their elementary properties in more detail.
Sections 1.5 and 1.6 contain our main results, while Section 1.7 is devoted to
discussion. In Section 2, we collect some necessary facts on historical processes
and weighted superprocesses. The final proofs are deferred to Section 3.

1.2. Poissonization of superprocesses. Let E be a compact metrizable space,
and let B(E) and C(E) denote the spaces of bounded measurable real functions
and continuous real functions on E, respectively. We set B (E) := {f €
B(E): f >0}, Bjo,1)(E) :={f € B(E):0 < f <1} and define C4.(E), Cjo,1)(E)
similarly. Let M(E) denote the space of finite measures on E, equipped with
the topology of weak convergence. If p is a measure and f is measurable,
then (u, f) := [ fdu denotes the integral of f with respect to u, whenever
it exists. By N (E) C M(E) we denote the space of finite point measures, that
is, measures v of the form ) !_, 8,, with x; € E and n > 0. We interpret such a
point measure as a collection of n particles, situated at positions xi, ..., x,. For
feBp(E)and v=73""_,6 € N(E) we use the notation f" :=T[]i_; f(x;)
(where fV :=1). If i is a random variable taking values in M (E), then Pois(u)



2182 K. FLEISCHMANN AND J. M. SWART

denotes an N (E)-valued random variable such that, conditioned on w, Pois(u) is
a Poisson point measure with intensity u. If v is a random variable taking values in
N (E) and f € Bjo,11(E), then Thin 7 (v) denotes a random point measure obtained
by thinning v with f. That is, conditioned on v, a particle &, in v is kept with
probability f(x), independently of the other particles in v. Note that

(i) P[Pois(fu) =0|ul =e~“) feB.(E),
(i1) P[Thinf(v) =0p]=01- f)”, f € B[o,l](E).
It is well known that

(1.6) Thin/(Thing(v)) 2 Thin,(v) and Thin (Pois(1)) 2 Pois(f 1),

(1.5)

where 2 denotes equality in distribution.

Let G be the generator of a Feller process & = (§;);>0 on E and let o € C(E),
B € C(E). Then, foreach f € B, (E), an appropriate integrated version [see (2.8)]
of the semilinear Cauchy problem

0
gu,=Gut+ﬁu,—aul2, t>0,

uo = f,

has a unique solution u; =: U; f, t > 0, in B (E). Moreover, there exists a unique
(in law) Markov process X in M (E) with continuous sample paths, defined by its
Laplace functionals

(1.8)  EF[e Xl = WWh "t >0, ue M(E), f € Bi(E).

1.7

The process X is called the superprocess in E with underlying motion gener-
ator G, (local) activity « and (local) growth parameter B (the last two terms
are our terminology) or, for short, the (G, «, B)-superprocess. The semigroup
(Up)i=0 = U = U(G, a, B) is called the log-Laplace semigroup of X. In fact,
U; f can be defined unambiguously for any measurable f:E — [0, c0] such
that (1.8) holds (where ¢~* := 0). The process X can be constructed in several
ways and is nowadays standard (see, e.g., [10-12]). We can think of X as describ-
ing a population where mass flows with generator G and during a time interval
dt a bit of mass dm at position x produces offspring with mean (1 4+ B(x)dt) dm
and finite variance 2«/(x) dt dm. For basic facts on superprocesses, we refer to
[2] and [8].

Similarly, when G is (again) the generator of a Feller process in a compact
metrizable space E and b,d € C(E), then, for any f € B 1j(E), an integrated
version of the semilinear Cauchy problem

ad
EM[:GMZ +bM[(1 —M[)—dut, tZO,

uo = f,

(1.9)
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has a unique solution u; =: U, f, t > 0, in Bjg,1;(E). Moreover, there exists a
unique Markov process X with cadlag sample paths in N (E), defined by its
generating functionals

(1.10) EV[(1— f)X’] =1-U/f)" t>0,ve N(E), f € B 1(E).

We call X the binary branching particle system in E with underlying motion
generator G, branching rate b and death rate d, or, for short the (G, b, d)-particle
system. The semigroup (U;);=0 = U = U(G,b,d) is called the generating
semigroup of X. The particles in X perform independent motions with generator G
and, additionally, a particle branches with local rate b into two new particles,
created at the position of the old one, and particles die with local rate d. If the
death rate is zero, we also speak about binary splitting instead of binary branching.
Because of (1.5), formulas (1.8) and (1.10) can be rewritten as

(i) P*[Pois(fX,;) = 0] = P[Pois((U; f)) =01, u e M(E), f € B1(E),

(1.11) (ii) P"[Thins(X;) = 0] = P[Thiny, s (v) =0],v €N (E), f € Bjo,1}(E),

t > 0. The following lemma is now an easy observation.

LEMMA 1 (Poissonization of superprocesses). Let X be the (G, o, B)-super-
process, assume that o > B and let X be the (G, o, o« — B)-particle system. Then

(1.12)  pLPOSWI[x, ¢ .] = PH[Pois(X;) € -], t>0, e M(E).

PrROOF. Let U = U(G,a,B) and U = U(G,a,a — B) denote the log-
Laplace semigroup of X and the moment generating semigroup of X, respectively.
Comparing the Cauchy problems (1.7) and (1.9), we see that U, f = U, f for all
f € Bjo,1)(E) and t > 0. It follows that for any f € Bjo,1j(E), u € M(E) and
t>0,

pLESU [ Thin (X,) = 0]
(1.13) = P[Thiny, f(Pois(n)) = 0] = P[Pois((U; f) 1) = 0]
= P*[Pois(f X;) = 0] = P*[Thin s (Pois(X,)) = 0].

Since this holds for arbitrary f € Bjo, 11(E), the law of X;, when X is started with
initial law L£(X¢) = L (Pois(i)), coincides with the law of Pois(X;), when X is
started in Xo = . O

REMARK 2 (Locally compact spaces). With the help of a suitable compacti-
fication, the results in this paper can be applied to superprocesses on some non-
compact spaces as well. Let E be a locally compact but not compact, separable,
metrizable space, let G be the generator of a Feller process & = (§;);>0 on E,
whose semigroup maps the space Co(E) of continuous real functions vanishing
at infinity into itself and let o, 8 be bounded continuous functions on E, o > 0.



2184 K. FLEISCHMANN AND J. M. SWART

Then the (G, «, B)-superprocess may be defined as follows. First, £ may be em-
bedded in a compact metrizable space E such that E is an open dense subset of
E and such that the functions «, 8 can be extended to continuous functions @, A
on E. [To construct such a compactification, take for E the closure of the graph
of (o, B) in E; x R?, where E, is the one-point compactification of E.] Sec-
ond, £ may be extended to a Feller process in E (with generator denoted by G )
by putting P*[§, = x YVt > 0] :=1 for x € E \ E. By identifying M(E) with
the space {u € M(E):u(E \ E) =0}, the (G, @, B)-superprocess X satisfies
PH[X; € M(E)Yt>0]=1 forall u € M(E). The (G, a, B)-superprocess may
then be defined as the restriction of X to M (E). In this way, the results in this
paper can be applied, for example, to the usual super-Brownian motion (with finite
initial mass). To keep notation simple, we formulate our results in the rest of this
paper for superprocesses in a compact space E.

1.3. Historical superprocesses and branching particle systems. Let E be a
compact metrizable space as before, and let Dg[0, co) and DEg[O0, ¢] denote the
spaces of cadlag paths w: [0, 00) — E and w: [0, t] — E, respectively, equipped
with the Skorohod topology. Let & be a Feller process in E. Then the path
process é associated with & is a time-inhomogeneous Markov process with time-
dependent state space Dg[0, ¢], defined as follows. Let £* denote the process &
started in &5 = x € E. Then (éf’w)tzs, the path process § started at time s > 0 in
w € Dg|0, s] and evaluated at times ¢ > s, is defined as

(1.14) £ () e w(r), ifo<r<s,
| l ' YO ifs<r<r.

For t > 0, we identify the space D0, ¢] with the space {w € Dg[0, 00) : w(u) =
w(t) Yu >t} of paths stopped at time ¢. With this identification, é"w s, 00) —>
DEg|0, 0o) has cadlag sample paths. Note that élo ¥ the path process started at time
zero in x € Dp{0} = E and evaluated at time ¢ > 0, records the path followed by
&% up to time ¢.

If X is a (G, «, B)-superprocess in E as defined in the last section, then by defi-
nition the historical superprocess X associated with X is the time-inhomogeneous
superprocess with time-dependent state space M (Dg/[0, ¢]), with underlying mo-
tion “;‘ time-dependent activity a,(w) = o(w(?)) and time-dependent growth pa-
rameter ﬁt(w) = B(w(t)). We call X the historical (G, a, B)-superprocess. As
before, we identify Dg[0, ¢] with the subspace of DE[0, oo) consisting of paths
stopped at time ¢, and in this identification X : [0, c0) — M(DE[0, 00)) has con-
tinuous sample paths. For the technical details needed to deal with the facts that the
underlying motion is time-inhomogeneous and the space Dg[0, o) is not locally
compact, we refer to Section 2.2; see also [3], Chapter 2. If X is started at time
Zero in fCo =u € M(DE{0}) = M(E) and m;(w) := w(¢) denotes the projection
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on the endpoint of a path w € DO, t], then (a proof can be found in Section
2.2.3) the projection

(1.15) Xi=Xom >0,

gives back the original (G, «, 8)-superprocess X started in Xo =

Likewise, if X is a (G, b, d)-particle system in E as defined in the last section,
then the historical binary branching particle system X associated with X is defined
as the time-inhomogeneous binary branching particle system with time-dependent
state space N (DEg[O0, ¢]), with underlying motion é, time-dependent branching
rate l;(t, w) := b(w(t)) and time-dependent death rate ﬁ(t, w) :=d(w(t)). We call
X the historical (G, b, d)-particle system. For a historical setting in the case of
spatial Markov branching processes in discrete time, see, for instance, [13] or [18],
Chapter 10. Viewed as a process in N (Dg[0, 00)), X has cadlag sample paths.
If X is started at time zero in )20 =v € N(Dg{0}) = N(E), then the analogue
of (1.15) gives back the (nonhistorical) (G, b, d)-particle system X started in
Xo=v.

1.4. Weighted superprocesses and compensated h-transforms. We continue to
assume that £ is a Feller process in a compact metrizable space E. Let G be the
generator of &, thatis, Gf := lim;_>0t_1(Ptf — f), where P, f(x) := EX[f(&)]
is the semigroup associated with & and the domain D(G) of G consists of
all functions f € C(E) for which the limit exists in the supremum norm. The
following lemma, the proof of which can be found in Section 2.3.3, introduces
compensated h-transforms of Feller processes.

LEMMA 3 (Compensated h-transform of a Feller process). Let G be the
generator of a Feller process & in a compact metrizable space E and assume that
h € D(G) satisfies h > 0. Then the operator

1
(1.16) th:=Z(G(hf) — (Gh)f),

with domain D(G") := {f € C(E):hf € D(G)}, is the generator of a Feller
process £" on E. The laws of €" and & are related by

P [(EMsero.) € dw]
(1.17)
h(wz)

( /T(wS)) [(E)sef0.1] € dw], t>0,xeE.

REMARK 4 (h-transforms). Doob’s h-transform of a Feller process is the
process with generator th = %G(hf) (see, e.g., [4], Section 2.VI.13, [24],
formula (62.23) and [5], Section IX.4). Here & is superharmonic (i.e., Gh < 0)
and the A-transformed process has an additional local killing rate Gh/h. In our
setup, it is natural to compensate for this killing by adding the term —G#h/ h in the
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definition of G". In this case, we can allow % to be any positive function in the
domain of G. A variant of the transformation in (1.16) appeared before in [15],
Section 4. At least for diffusion processes, their transformation is equivalent
to (1.16) if one chooses the logarithm of / for their function &.

The following lemma, which was proved in a nonhistorical setting for su-
perdiffusions in [7], describes the relation between weighted historical (G, «, 8)-
superprocesses and compensated 4-transforms.

LEMMA 5 (Weighted superprocess). Let X be the historical (G, o, B)-

superprocess and assume that h € D(G), h > 0. Then the weighted process X",
defined by

(1.18) XM (dw) := h(w;) X, (dw), t>0,

is the historical (G", ha, B+ S ) -superprocess.

In particular, by formula (1.15), if X is the (G, «, B)-superprocess, then
Xﬁ‘ (dx) := h(x)X,(dx), t > 0, is the (G", ha, B+ GTh)-superprocess. The proof
of Lemma 5 is deferred to Section 2.3.4.

1.5. Main results. We are ready to state our first main result.

THEOREM 6 (Embedded particle system). Let E be a compact metrizable
space, let G be the generator of a Feller processin E and o € C(E), B € C(E).
Assume that h € D(G) satisfies h > 0 and, for some y € C(E),

(1.19) Gh+ Bh —ah®> = —yh.

Then the historical (G, a, B)- -superprocess x started in Xo =u € M(E) and the
historical (G", ha, y)-particle system X started in X() = Pois(hu) can be coupled
as processes such that

(120) P[X; € -|(Xy)o<s</] = P[Pois((hom)X;) € -|X;]  a.s.Vi=>0.

It follows from (1.15) that the associated nonhistorical processes X and X
are related by (1.2). The phrase “coupled as processes” means that (DAC,),ZO and
()2,),20 can be defined on the same probability space in such a way that (1.20)
holds.

If % and X are related by (1.20), then clearly the extinction of X implies the
extinction of X a.s. We now investigate when the converse conclusion can be
drawn, that is, when X and X can be coupled such that in addition to (1.20),
eventually all mass of the superprocess X descends from particles in X. Set

(1.21) p(x) :=—log P(S)‘[Xt =0 r-eventually], xeE.
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Here, —log0 := oo and we write ¢-eventually behind an event, depending on ¢,
to denote the existence of a (random) time 7 < oo such that the event holds
for all + > 7. If no ambiguity is possible, we simply write eventually. It is not
hard to check that p, defined by (1.21), satisfies (1.4). Therefore, we call p the
infinitesimal survival probability of X. Note that

(122)  P¥[X; =0]= E¥[e”X*r®] = h>W  >0,xeE.

The following proposition is proved in Section 3.1.3.

PROPOSITION 7 (Properties of the infinitesimal survival probability). Con-
sider U= U(G, «, B), where G,  and B are as in Theorem 6, and let p be given
by (1.21). Assume that sup, g U;00(x) < oo for some t > 0. Then we have the
following properties:

(a) Pointwise U;00 | p as t 1 0o and lim;_,oo Us f = p for all f € C(E)
with f > 0.

(b) Forallt =0, U;p=p.

(c) A function f € CL(E) satisfies U;f = [ for all t > 0 if and only if
feD(G) and f solves

(1.23) Gf +Bf —af?=0.

(d) If infycp p(x) > 0, then p is continuous and p is the unique positive
solution to (1.23).

We now formulate our main theorem, which gives sufficient conditions for
all mass of the superprocess X to descend eventually from particles in an
embedded particle system X. We write 7[5 to denote projection on Dg[0, s].
By definition, the support supp(xt) of a measure p is the smallest closed set such

that w(supp(u)©) = 0.

THEOREM 8 (Eventual descent from an embedded particle system). Let X,
X and h be as in Theorem 6, and assume that U = U(G, «, B) satisfies
sup,cg Us00(x) < oo for some t > 0. Then p < h. Moreover, X and X may be
coupled as processes such that (1.20) holds and such that, additionally,

(1.24) supp(X,) D supp (X, o n[g’lt]) r-eventually¥t >0 a.s.

If, moreover, infycg p(x) > 0, then by Proposition 7 we may take 4 = p in
Theorem 6. In this case we have the following theorem:

THEOREM 9 (Trimmed tree of a superprocess). Let E be a compact metriz-
able space, let G be the generator of a Feller process in E and o € C4+(E),
B € C(E). Assume that U = U(G, o, B) satisfies sup, g U;00(x) < oo for some
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t >0 and infyep p(x) > 0. Then the historical (G, o, B)-superprocess X started
in X0 = w € M(E) and the historical (G?, pa, 0)-particle system X started in
Xo = Pois(pu) can be coupled as processes such that

(1.25) P[X; € |(Xy)o<s<i] = P[Pois((p o) X;) € |1 X;]  as. V=0
and

(1.26) supp(f(,) = supp (DACr ) n[(_)’lt]), r-eventuallyVt > 0 a.s.

If X and X are coupled as in Theorem 9, then we say that X is the trimmed
tree of X. If X; = DACI o n,_l and X; = X; o n,_l are the associated nonhistorical
processes, then we also call X the trimmed tree of X. Note that the death rate of X
is zero, that is, X is a binary splitting particle system.

REMARK 10 (Checking the assumptions on U;00 and p). Upper bounds on
U;00 and lower bounds on p can be found, in practical situations, by finding
solutions to an appropriate differential inequality; see Lemmas 12 and 25.

1.6. Finite ancestry. In this section, we investigate the assumption in Theo-
rems 8 and 9 that sup, . U;00(x) < oo for some ¢ > 0. In particular, we show
that this assumption is equivalent to the statement that all mass of the superprocess
X descends eventually from finitely many ancestors, in some sense.

To do this, we need to equip the historical (G, «, B)-superprocess % with some
additional structure that makes it possible to distinguish different ancestors. To
this aim, set E’ := E x [0, 1]. Define a Feller process &’ = (&, ) on E’, where for
given initial conditions (x, y) € E x [0, 1], £ is the Feller process with generator
G started in x, and 5, :=y, t > 0. Put &'(x, ) := a(x) and B'(x, y) := B(x). Let
X’ denote the historical (G’, «’, B’)-superprocess. Then the formula

(1.27) X=X, oy, >0,

gives back the original historical (G, o, 8)-superprocess %, where Y denotes the
projection from Dgxo,11[0,¢] to Dg[0, t]. The following lemma is proved in
Section 3.2.3. Here mg(w) := w(0) denotes the projection on the starting point
of a path w in Dg[0, 7] or Dg[0, ¢].

LEMMA 11 (Finite ancestry). Let X be the historical (G, a, B)-superprocess,
let X' be the extended historical (G',d', B')-superprocess just defined and
U = U(G, «, B). Let € denote Lebesgue measure on [0, 1]. Then we have the
relations (1) < (ii) = (iii), where

(1) sup U;00(x) < 00 for some t > 0,
xeE

(L.28) (i) PO”“@E[supp(fC; o 7'[0_1) is finite eventually] = 1 YueM(E),
(iii)  POF[supp(X; omy ') is finite eventuallyl =1 V€ M(E).
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We interpret supp(DACQ oy 1) as the ancestors at time 0 of the population of X
at time 7. We have extended the underlying space E to make sure that different
ancestors live a.s. on different positions. Note that if E is finite, then (iii) is always
trivially fulfilled even when (i) fails.

For many superprocesses, it is actually the case that

(1.29) sup U;00(x) < oo vVt >0.

xeE
A sufficient, but not necessary condition for (1.29) is that « is bounded away
from zero. The sufficiency follows from the following bound (see, e.g., [14],
Lemma 11).

LEMMA 12 (Extinction estimate). Sefo :=infcpa(x) and B := sup,cgB(x).
If a > 0, then

_ 1 _
(130) Uoo<—DP B#0 and Uoo<—, B=0.

a(l —e Py’ at

On the other hand, it is possible for a (G, «, 8)-superprocess to satisfy (1.29)
while @ = 0 (see [14], Lemmas 5 and 6).
The following consequence of (1.29) is proved in Section 3.2.3.

LEMMA 13 (Finite ancestry and preserved past property). If X satisfies (1.29),
then
(i) supp (X, o n[g’lt]) is finite vO<t<ras.,

(1.31) N -
(ii) supp (X, o n[g’lt]) D supp (X, o n[g’lt]) VO<r<r<ras.

In view of Lemma 11 and (1.31)(i) we say that a superprocess X has the finite
ancestry property if X satisfies (1.29). Note that (1.31)(ii) says that lines of descent
(up to a given time s) can become extinct, but no new ones are created. This
statement may seem obvious, but some care is needed regarding the order of the V
and the a.s. in the statements. In (1.31)(ii), we claim that the same zero set works
for all times ¢, r, ¥’ such that 0 < ¢ < r < r’. One cannot simply argue by continuity
here, because the support of a measure w is not a continuous function of . Note
that if the superprocess X in Theorem 9 has the finite ancestry property, then a.s.
the sets supp(x o 7r[0 t]) in (1.26) are finite for all » > ¢ and decrease to supp(X t)
asr 1 oo.

1.7. Methods, discussion and outline of the proofs. Our results have obvious
applications in the study of (local) extinction and survival of superprocesses. For
superdiffusions, extinction properties were studied by Englidnder and Pinsky [7].
Parallel to the present paper, Englinder and Kyprianou [6] investigated local
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survival and local exponential growth of superdiffusions. The first paper uses more
analytic tools, while the second is more probabilistic in nature.

While our methods are more probabilistic, some of our results are close in spirit
to the work in [7]. As we already mentioned, the weighted superprocess (pX;);>0
with p as in (1.4) plays an important role in [7]. Also, their Theorem 4.4(a) is
not surprising in view of our Theorem 9, although their setup and ours do not
completely overlap. Their Theorem 3.1 describes properties of the function p
similar (but not identical) to our Proposition 7. Since our underlying motion is
a general Feller process which does not have the good smoothing properties of
uniformly elliptic diffusions, we have to be more careful about the sense in which
p solves equation (1.23).

The main tool in [6] is an expression [their Theorem 5(i)] that says (in
the language of log-Laplace functionals) that a certain change of measure of a
superdiffusion yields back the same superdiffusion with an additional immigration
term coming from a single particle. In their introduction, Englidnder and Kyprianou
discussed the possible use of Poissonization relations for their aims, but rejected
them on the ground that relation between the laws of X; and X, at fixed times ¢ are
not enough to relate the long-time behavior of X and X. A central aim of our work
is to overcome such shortcomings of the usual Poissonization formulas. Another
aim, of course, is to allow more general underlying motions than diffusions.

The main ideas behind our proofs of Theorems 6, 8§ and 9 are the simple
observations about Poissonization and weighting of superprocesses in Lemmas
1 and 5, respectively. Our strategy is to construct a version of the superprocess with
so much additional structure that we can distinguish all ancestors of the population
alive at a given time. For such a sufficiently enriched process, we then explicitly
identify the trimmed tree and check that it is a binary splitting particle system. This
is done in Proposition 39 and Lemma 40 in Sections 3.3.1 and 3.3.2, respectively.
The essential step, where a coupling of X;; and X, for fixed ¢ is improved to a
coupling of X and X as processes, occurs in the proof of Lemma 40. Forgetting
step by step some of the added structure, we then arrive at Theorems 6, 8 and 9.

Interesting side results of this approach are a number of lemmas about the lines
of descent of a superprocess, notably Lemma 13, which may seem intuitively
obvious, but to our knowledge has not been proved before. On the other hand,
our approach does not make any statements about the transition probabilities of
the joint process (X;, X;);>0, when X and X (and their historical counterparts)
are coupled as in Theorem 6. Another possible approach to our Theorem 6 (not
followed in this paper) would be to specify a joint Markov evolution for (X, X)
and then show that if the process is started in a state such that Xo = Pois(4Xy),
then X; = Pois(hX;) for all + > 0. Here, X would be an autonomous binary
branching particle system, while X would be a superprocess with an additional
mass creation on the positions of the particles in X.

Our results can be generalized in several directions. If the space E is not
compact but locally compact, then generalizations of our results can be derived
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using the compactification technique from Remark 2. This requires, however, that
the functions /4 in Theorems 6 and 8 or p in Theorem 9 are uniformly bounded
away from zero, and hence can be extended to positive continuous functions on
some compactification of E. Truly local versions of our results, where 4 and p are
only required to be locally bounded away from zero, are somewhat more subtle.
We hope to handle these in a forthcoming paper.

A lot of our proofs work for superprocesses whose underlying motion is a
general Hunt process on a Polish space, and whose activity and growth parameter
are bounded and measurable, but we do not know how to treat compensated
h-transforms and weighted superprocesses (Lemmas 3 and 5) in this context.

The proofs are organized as follows. After settling some notational and
topological issues in Section 2.1, we introduce formally historical processes in
Section 2.2 and collect some of their elementary properties. Section 2.3 treats
compensated h-transforms and weighted superprocesses. Section 3.1 is devoted
to the infinitesimal survival probability p. Section 3.2 collects some basic facts
about surviving lines of descent. In Section 3.3, finally, we prove our main results.

2. Prerequisites on superprocesses.

2.1. Topological preliminaries. Let E be a Polish space (i.e., E is a separable
topological space and there exists a complete metric generating the topology).
We always equip E with the Borel o-field B(E). We let B(E), B4+ (E) and
Byo,1](E) denote the spaces of bounded, bounded nonnegative and [0, 1]-valued,
real measurable functions on E, respectively. If a countable collection of functions
{fi:i = 1} C B(E) separates points, then B(E) = o(f;j:i > 1) (see [23],
Lemma II.18). We remind the reader of the fact that a subspace F' of a Polish
space E is itself Polish in the induced topology if and only if F is a Gs-subset
of E, that is, a countable intersection of open sets ([1], Section 6, Theorem 1).

Let Cp(E) denote the space of bounded continuous real functions on E. We
write M (E) for the space of finite measures on E, equipped with the topology of
weak convergence (with weak convergence denoted by =), under which M (E) is
a Polish space ([9], Theorem 3.1.7). Recall that by definition u,, = u if and only
if (un, f) — (1, f) for all f € Cp(E). Note that the topology on M(E) does not
depend on the choice of the metric on E. The Borel o-field on M (E) is generated
by the mappings u +— pn(A), A € B(E) (cf. [21], Lemma 3.2.3). If F C E is
measurable, we identify M (F) with the space {u € M(E): u(E \ F) =0}. In
particular, when F is a Gg-subset of E (and therefore Polish in the induced
topology), then the topology of weak convergence on M (F) coincides with the
induced topology from its embedding in M(E). By M{(E) C M(E) we denote
the space of probability measures; N (E) C M(E) denotes the space of finite point
measures on E.

We denote by Dg[0, 0o) the space of cadlag (i.e., right-continuous with existing
left limits) functions w:[0, 00) — E, equipped with the Skorohod topology.
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This is the J; topology defined in [25]. The space Dg[0, 0c0) is Polish ([9],
Theorem 3.5.6). One has w, — w in Dg[0, co) if and only if for each 7 > 0
there exists a sequence of strictly increasing, continuous A, : [0, T] — [0, co) with
A, (0) =0, such that

2.1 lim sup |[1,(#) —¢t|=0

=00 110,77
and such that (cf. [9], Proposition 3.5.3)

w(t), whenever ¢, | ¢,
(2.2) Wy (A (tn)) — th,t €[0,T].
w(t—), whenever ¢, 1 ¢,
Note that the topology on Dg[0, co) does not depend on the choice of the metric

onE.
2.2. Historical processes.

2.2.1. Hunt processes. Let E be a Polish space and let (P;);>0 be a
measurable transition probability on E. That is, (¢, x) — P;(x,-) is a (Borel)
measurable map from [0, c0) x E into M (E), Py(x,-) = §p for all x € E and
the operators

23)  Pf() :=/EP,<x,dy>f<y>, t1>0.x €k, feB(E),

form a semigroup: Py Ps f = Py f foralls,t >0, f € B(E).

Assume that (P;);>0 is the transition probability (equivalently the semigroup)
of a Markov process with cadlag sample paths in E, that is, for every x € E there
exists a Dg[0, co)-valued random variable £*, unique in distribution, such that
&y =x and

2.4) E[fEDIF]= P NE)  as,0=s=t, feB(E),

where (¥7);>0 denotes the filtration generated by &*. By definition, the Markov
process with transition probability (P;);>o is a Hunt process if, for every x € E,
the following statements hold (see [24], Theorem 1.7.4 and Definition V.47.3):

(1) Right property. For every t > 0 and f € B(E),
the map [0, 7) > s = P, f (&) is a.s. right-continuous.

(2.5)

(i1) Quasi left-continuity. For every increasing sequence of
F. 4 stopping times 7, 1 7, we have §7 — & a.s. on {t < oo}

Here ¥.4 = (Fi+)i=0 denotes the right-continuous modification of (&;)s>o.
The right property implies the strong Markov property ([24], Theorem 1.7.4).
Conditions (2.5)(i) and (2.5)(ii) are properties of the law P* := L(£*) of £&* only
and, therefore, being a Hunt process is a property of the transition probability.
It suffices to check (2.5)(i) for all f € C,(E) ([24], Theorem 1.7.4). We identify a
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Hunt process with the collection of probability measures (P*)* €E If (£¥)*<E isa

collection of Dg[0, oo)-valued random variables with laws L(§¥) = P*, x € E,
then with a slight abuse of terminology we say that (£*)*<£ is a Hunt process
(regardless of a possible dependence structure between the £%).

We also need time-inhomogeneous Hunt processes with a time-dependent state
space E;. We assume that the E; are (or can be identified with) subsets of some
Polish space E and that the set E = {(t,x) € [0,00) x E:x € E;}is a Gg-subset
of [0, 00) x E (and therefore Polish in the induced topology). Let Wi o0y 1= {w €
DEels, 00):wy € E; Yt > s} denote the space of all possible paths the process can
follow after time s. Generalizing our previous definition, we say that a collection
of random variables (£5%)69€E where £%* takes values in Wis,00), 1S a time-

inhomogeneous Hunt process if the collection of random variables (E6-0) (s X)€EE
defined by

(2.6) ECY = (s+1,E7), (ux)eE,1>0,

is a (time-homogeneous) Hunt process in E.If (5% )(“’X)EE is a time-inhomoge-
neous Hunt process, then we write Py ;(x,:) := P[E" € -] and we let Py ;e
B(E;) — B(E;) denote the operator

Q7 Pf)= /E Poe.dy) f(y).  x€Es f€B(E).

By a slight abuse of terminology, we qall (Ps.1)r=s>0 the (time-inhomogeneous)

semigroup associated with (£%%)*)€E (Such time-inhomogeneous semigroups
are sometimes called transition functions.)

2.2.2. Superprocesses with Hunt underlying motion. Let £ be a (time-
homogeneous) Hunt process in a Polish space E with semigroup (P;);>o and
assume that o € B4 (E), B € B(E). Then, for every f € By (FE), there exists a
unique B ([0, co) x E)-measurable nonnegative function u which is bounded on
[0, T] x E for all T > 0, solving the Cauchy integral equation

t
(2.8) u =P f +/ Pi_y(Bus — au?)ds, t>0
0

([10], Proposition 2.3). Moreover, it was shown ([10], Corollary 3.6) that there
exists a unique (in law) Hunt process (X*)*€M(E) with continuous sample paths,
such that

29) EFe XN =Wl 1 >0, ue M(E), f € B4(E),

where U; f :=u;, t > 0, and u solves (2.8). We call X the superprocess with
underlying motion &, activity o and growth parameter S, or, for short, the
(&, o, B)-superprocess, and we call U = U, «, B) its log-Laplace semigroup.
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By monotone convergence, U, f can be defined unambiguously such that (2.9)
holds for any measurable f: E — [0, oo] ([14], Lemma 9).

We list some elementary properties of (£, o, 8)-superprocesses that we need
later. The following lemma is an easy consequence of (2.9).

LEMMA 14 (Branching property). Let p1, iy € M(E), and let XX*' and XH2
be independent copies of the (£,a, B)-superprocess started in 1 and 2,
respectively. Then

(2.10) D )

is the (¢, a, B) superprocess started in (11 + W>.
The following lemma was proved in [10], Proposition 2.7.

LEMMA 15 (Moment formulas). For every f € B(E), there exists a unique
B([0, 00) x E)-measurable function v which is bounded on [0, T] x E for all
T > 0, such that

t
2.11) vt:Ptf—i-/ Pi_s(Bvy)ds,  t>0.
0

The formula V; f := v; defines a (linear) semigroup (V);>0 on B(E). We have

t
2.12) Y, f(x) = E* [f(ét)em (/0 ﬁ(és)dsﬂ, 1>0.xE, f e B(E).
Moreover, forallt > 0, f, g € B(E),

(@) E"[(Xr, 1= (1, Vi f),

@13 iy Covr (X, 1), (X, 8)) =2 /0 dslie. Vs (@Vi—s /) (Vi_s2))

The following lemma is an easy consequence of Lemma 15 and the fact that

0 <V, f <elflt)p,f| for all f e B, (E) (where | - | denotes the supremum
norm).

LEMMA 16 (Absolute continuity of moment measures). Let u be a probability
measure on E and m > 0. Then, for t > 0,

(1) E™X ] < PHLE €,

2.14
( ) (i) "X @ Xl < PHIE € 1® PH& €1+ Q#7

where Q! is the measure on E x E defined as

t
2.15) o= fo ds fE PHIE € dx)(PY[&_s €1 ® P& € D).
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A measure y € M(E) is atomless [i.e., u({x}) =0 for all x € E] if and only if
(2.16) w® u({(x1,x) € Ex E:; =x2}) =0.
The following lemma follows from formulas (2.14)(ii) and (2.16).

LEMMA 17 (Atomless superprocess). Assume that P*[& € -] is atomless for

everyt >0 and x € E. Then X; is atomless a.s. for every t > 0 and initial state
w e ME).

Our next lemma is the following:

LEMMA 18 (Image property). Let E, F be Polish spaces, let  : E — F be
continuous and let & = (§*)*<E and n= (n*)Y<F be Hunt processes in E and F,
respectively, satisfying

2.17) vEH=n'"  xeE>0.

Assume that ap € By (F) and Br € B(F),and let g € By (E) and Bg € B(E) be
given by

(2.18) ap:=apFpoy¥y and PBg:=Pro.
Let X be the (¢, ag, Bg)-superprocess with initial state i € M(E). Then
(2.19) Y, =X, 09!, t>0,

is the (n, ap, Br)-superprocess with initial state oy~

PROOF. Let PE and P¥ denote the semigroups associated with the processes
& and 7, respectively. Formula (2.17) implies that P,E (foy) = (P,F oy
for all f € B(F). Using this fact and (2.18), it is not hard to show that also
UE(f o) = (UF f) oy for all f e By (F), where UF = U(E, ag, BE) and
UF = U, ar, Br) are the log-Laplace semigroups of X and Y, respectively.
Let (#;):>0 be the filtration generated by X. Then, forall 0 <s <t¢,

Elexp(—(X; 0", f)IF]
= E[exp(— (X, f oy )| F]=exp(— (Xs, UE (f o))
=exp(— (X, (U f) o)
=exp(—(Xs 0 L UL f),  feBy(F).

This shows that (X; o w_l),zo is a Markov process and that its transition
probabilities coincide with those of the (n,aF, BF)-superprocess. Since i is
continuous, X; o ¥~ ! has continuous sample paths. [J

(2.20)

The following simple observation will be useful later.
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LEMMA 19 (Preserved sets). Let X be the (&, «, B)-superprocess.

(a) If F C E is measurable and P*[&, € F]1=1Yt>0 (x € F), then
(2.21) PH[X, e M(F)]=1 Vt>0,u e M(F).

(b) If FCEisaGs-setand P*[§& e FVYt>0,§_e€ FYt>0]=1,x €F,
then

(2.22) PH[X; e M(F)Yt>0]=1, nE MEF).

PROOF. Statement (a) follows from (2.14)(i), while (b) follows by applying
Lemma 18 to the inclusion map F' C E, where we use that the restriction of £ to F
is again a Hunt process. The assumption that F is a Gs-set guarantees that F is a
Polish space and that the event {X; € M(F) V¢t > 0} is Borel measurable. [

We conclude this section by constructing superprocesses with time-inhomoge-
neous underlying motion. Let & = (£5%)€E be a time- inhomogeneous Hunt
process as defined at the end of the last section, and assume that ¢ € B+ (E) and
B € B(E). Let £ be the time- -homogeneous Hunt process in (2.6) and let X denote
the (£, &, B) superprocess. Using Lemma 16 we see that X,‘®” is concentrated on
{s +1} x Egqs as. YVt > 0. Since X%®1 has continuous sample paths and since
{6 @u:t>0,ue M(E;)} C M(E) is closed, there exists a process X** with
continuous sample paths in M (E) such that x5 st € M(Egy,) forall t > 0 and

(2.23) X =5, @ XL

Set M := {(t, n) € [0,00) x M(E): € M(E;)}. It is not hard to check that X, =

(X5 H) S EM s a time-inhomogeneous Hunt process with continuous sample
paths, and

2.24) EVF[e Xl =em Wil 1> 520, u € M(Ey), f € By(E)),

where (U1 f)sefo,n =:u € BL({(s,x) €[0,1] x E:x € E}) solves the equation
t
(2.25) Us = Ps,tf +/ Ps,r(,Brur - Otruf) dr, s €[0,1].
S

Here a;(x) := d@(r,x), Bi(x) := B(t,x) ((t,x) € E) and (Py;);>s>0 is the
(time-inhomogeneous) semigroup associated with &. We call X the (time-
inhomogeneous) (§, ay, B;)-superprocess and call (Us ;)>s>0 the (time-inhomoge-
neous) log-Laplace semigroup associated with X.
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2.2.3. Historical superprocesses. Let & = (€*)*<E be a Hunt process in a
Polish space E and let £ = (£5-w)s20.weDEl0s] pe the associated path process,
defined as in (1.14). Identify, as usual, Dg[0, s] with the subspace of Dg[0, co)
consisting of paths stopped at time s and define E C [0, 00) x D[0, 00) by

(2.26) E:={(s,w):s>0,we Dg[O0, s]}.

Then (és’w)(s’w)EE is a time-inhomogeneous Hunt process (see [3], Proposi-
tion 2.1.2). If X is a (&, «, B)-superprocess, then by definition the historical
(&, a, B)-superprocess X is the (time-inhomogeneous) (é,&t, B,)—superprocess,
where &;(w) := a(w(?)) and ﬁt(w) = B(w()), (t,w) € E. We are now in a sit-
uation where we can prove some of the elementary properties of historical super-
processes mentioned in Section 1.

PROOF OF (1.15). If é is the path process associated with a Hunt process &,
started at time s > 0 in w € Dg[0, s], then & := ns+;(§s+t), t > 0, gives back the
original Hunt process & started in 7 (és). Moreover, the map (¢, w) — w(¢) from
E into E is continuous. (Note that this is true even though the map w > w(r)
from DE[0, co) into E is in general discontinuous.) Therefore, Lemma 18 (the
image property of superprocesses) shows that if (fC t)r>s 1s the historical (&, «, B)-
superprocess started at time s > 0 in & € Dg[O, s], then

A

(2.27) Xi =Xy omy, >0,

is the (nonhistorical) (£, «, 8)-superprocess started in i o 7, Lo

One of the driving ideas behind the development of historical superprocesses
has been the desire to have a means to distinguish those parts of the population that
descend from different ancestors. However, all that a path in DglO0, ¢] tells us is
where in space these ancestors have lived in the past. Let us say that the underlying
motion & has the distinct path property if the law of (&5)s¢(0,,] (considered as a
Dkl0, t]-valued random variable) is atomless for every ¢ > 0 and for every initial
state £y = x € E. This is called Property S in [2], Definition 12.2.2.6, and occurs
as formula (3.18) in [3]. In this case, the idea is that different ancestors follow a.s.
different paths, and therefore it should be possible to recover the genealogy from
the paths. As an immediate consequence of Lemma 17, we have the following
lemma. (An analogue of this result in a spatially homogeneous setting, but for
more general branching mechanisms, can be found in [3], Proposition 4.1.8(b).)

LEMMA 20 (Atomless historical superprocesses). If & has the distinct path
property, then X is atomless a.s. Vit > 0.

The following characterization of historical superprocesses will be convenient
more than once.
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LEMMA 21 (Finite-dimensional projections). Let X be a (€, «, B)-superprocess
with log-Laplace semigroup U = U(&, a, B) and let X be the associated his-
torical (¢, a, B)-superprocess. Then, for alln >0,0=1t <t] < -+ < ty41 and
f € By(E"),

Etn,ﬂ[ex (—/ x dw) f(ws, ..., w )]
p Dpl0trar] ln+1( )f( 1 tn+1)

(2.28)
= eXp ( - /@E[O,Z,,] [;L(dw)uthrl_tn f(wtO’ Tt wtn’ )(wtn)>

Conversely, any Markov process X with time-dependent state space
M(DE|0, t]) and continuous sample paths, satisfying (2.28), is the historical
(&, a, B)-superprocess.

PROOF. The fact that X satisfies (2.28) can be found iI} [3], Theorem 2.2.5(b)
or [2], Theorem 12.3.4. Conversely, if a Markov process X satisfies (2.28), then,
forall 0 <k <n,

Efkﬂl:ex (—/ x dw Weyy o ooy W >i|
p @E[O’tn+l] tﬂ+l( )f( to tn+l)

(2.29)
=exp ( — /@E[O,lk] adw) fi(wy, - - - w;k)),

where we have inductively defined functions f; € By (E'*!) by
Jnt1(x0, -y Xp1) = f(X0, - Xng1),
(2.30)
ﬂ(x07 ) X[) = ul‘[+]—l‘lﬂ+1('x0’ cees X ')(-xl)v k = [ =n.

The expectations in (2.29) clearly determine the transition probabilities of X
uniquely. [J

Note that formula (2.29) says that if U denotes the (time-inhomogeneous)
log-Laplace semigroup of X and F(w) := f(wy,, ..., wy, ), then

(2.31) Wpe 1y F W) = fi(wrys - .., wy,).

LEMMA 22 (Mean of historical superprocess). Let X be the historical
(&, «, B)-superprocess. Then, for any u € M1(E) and m > 0,

(232) E™R,1(dw) = mexp ( Ji " Bwy) ds)P“[@s)se[o,z] cdw]. 120
0

In particular, if o« = 0, then X, is deterministic and given by the right-hand side
of (2.32).
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PROOF. By Lemma 15, the mean of a superprocess does not depend on the
activity. Therefore, it suffices to prove that the historical (§, 0, B)-superprocess is
deterministic and given by the right-hand side of (2.32). Define X;(dw), t > 0,
by the right-hand side of (2.32). Let U = U(£,0, B) denote the log-Laplace
semigroup of the (nonhistorical) (€, 0, 8)-superprocess. Since & = 0, U coincides
with the linear semigroup V in formula (2.12). It follows that, forn > 0, 0 =1y <
| <---<tyq1 and f € BL(E"?),

DACH (dw) f(wgy, ..., wy,
/i)E[Oan] In+1 f( to l+1)

Int1

= mexp( A ,B(ws)ds)f(w,(), ces Wh)

DE[0,1p41]

PM[(SS)SE[O,Z‘] € dw]

mer|exp( [ eods) flen. )]
()

(2.33) ,
[ ﬂ@s)ds)
In+
x E[e ( 1 ﬂ@s)ds)f(sto, . s,,,+l)\<ss>se[o,,,,]ﬂ
= mEMI:eXp (/ ﬂ(&';)ds) (Sto’ SRR éln)i|
= :)2;1‘,1 (dw)f(wf()’ cee wtn)’
DEl0,1]

where
(2.34) F X0, ey xn) i= Upy =ty F X0 - oy Xy ) ().

Thus, X satisfies (2.28). Since X is a Markov process with continuous sample
paths, it follows from Lemma 21 that (X;);>o is the historical (§,0, 8)-
superprocess started at time 0 in mu. [J

Although the next result may appear obvious, be aware of the fact that since the
functions involved are not continuous, parts (b) and (c) are not trivial consequences
of part (a). We will need (c) in the proof of Lemma 13.

LEMMA 23 (Preserved past property). Let X be the historical (€, a, B)-
superprocess started at time s > 0 in i € M(Dg[O, s]).

(a) If F C DEgl0, s] is measurable, then
(2.35) PSM[X ompl e M) =1 Vizs, e M(F).
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(b) If F C D0, s] is a Gs-set, then
(2.36) PSMX ompl e M)V =5]=1, e M(F).
(c) If F, F€ C Dgl0, s] are Gs-sets, then

237  PYM1 Vi'>t>s]=1.

s — < s —
(X omjh (F)>0} = ﬂ{xton[(,jﬂ(nw}

PROOF. Recall the definition of £ in (2.26) and set F := {(t,w) € E:t > s,
mo,sj(w) € F}. If F is measurable, then F is measurable. Moreover, since
mo,s] is the pointwise limit of a sequence of continuous functions (cf. [9],

Proposition 3.7.1), Fisa Gs-set when F is a G-set. The path process é satisfies
(2.38) PV W[t &) e FVt>s, (t,6_)eFVt>s]=1, (s',w)eF.

Therefore (a) follows from Lemma 19(a) and (b) follows from Lemma 19(b). To
prove (c), use the branching property (Lemma 14) to write

(2.39) XS = el g8 heel gy s g,
Then, applying (b) to F and F¢,

~ A

Lpe
%3 ol (F) = XM o g b (F) 4+ 56 o gL (F)
(2.40)

= (% ol )40 Vizsas.
By applying the strong Markov property to the stopping time inf{r > s: X s-Lri

= 0}, it is not hard to see that

(2.41) L goaei <1 coapa Vi'>t>sas,

ol >0 = X T o >0}

which proves (c). [

2.2.4. Historical binary branching particle systems. Historical binary branch-
ing particle systems can be introduced in much the same way as historical su-
perprocesses. First, binary branching particle systems, the underlying motion of
which is a Hunt process & with cadlag sample paths in a Polish space E, are de-
fined through their generating semigroup, which in turn is defined via the unique
solution to a Cauchy integral equation of the form (2.8). If § is such a Hunt process
and b,d € B+(E) then the historical (£, b, d)- partlcle system X is the (time-
inhomogeneous) &, b, d)- particle system, where £ is the path process associated
with & and b(t w) :=b(w(t)), d(t w) :=d(w(t)). Because this is very similar to
what we have already seen (but easier), we skip the details.

Many of the elementary properties of historical superprocesses have analogues
for historical binary branching particle systems. For example, if the underlying
motion has the distinct path property, then the historical binary branching particle
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system at time ¢ > 0 is a.s. a simple point measure. (One way to prove this is to
use Poissonization and Lemma 20.) Also the formula for the finite-dimensional
projections of a historical superprocess (Lemma 21) has a straightforward
analogue for particle systems.

2.3. Compensated h-transforms and weighted superprocesses.

2.3.1. Preliminaries from semigroup theory. Let E be a compact metrizable
space and let C(E) be the Banach space of continuous real functions on E,
equipped with the supremum norm, denoted by | -|. Let S = (S;);>0 be a
semigroup of bounded linear operators on C(FE). By definition, S is strongly
continuous if lim;_,¢ ||S; f — f|| =0 for all f € C(E) and S is positive if f >0
implies S; f > 0, t > 0. For A € R, let us say that S is A-contractive if ||S; f] <
e f|l, t > 0. The following version of the Hille—Yosida theorem can easily be
derived from [9], Theorem 4.2.2 and Proposition 1.1.5(b). (Setting S;:=e S, and
G := G — A, we can restrict ourselves to contraction semigroups and operators G
that satisfy the positive maximum principle. To see that for contraction semigroups
our condition (iv) implies condition (c) from [9], Theorem 4.2.2, note that v :=
fooo use”'dt solves (¢ — G)v = f. By [9], Proposition 1.1.5(b), our condition (iv)
is also necessary.)

LEMMA 24 (Hille-Yosida theorem). A linear operator G on C(E) with
domain D(G) is the generator of a strongly continuous, positive, A-contractive
semigroup S on C(E), with & € R, if and only if

(1) G is closed,
(i) D(G) is dense in C(E);
(2.42) (i) Gf(x) < Af(x) whenever f € D(G) assumes its maximum over
E in a point x € E with f(x) > 0;
@iv) for all f € D(G) there exists a continuously differentiable u :
[0, 00) = C(E) such that ug= f, u, € D(G) and a%”l =Guy, t > 0.

The function u in (iv) is unique and given by S; f = u;, t >0, f € D(G).

Let G be the generator of a strongly continuous, positive, A-contractive
semigroup on C(E) andleta € C(E), B € C(E). By definition, a mild solution to
the Cauchy problem (1.7) is a continuous function « : [0, o0) — C(E) that satisfies

!
(243) w=Sif + [ SisBu—audyds, 1zo0,

[cf. (2.8)]. By definition, u is a classical solution to (1.7) if ¢ +— u; is continuously
differentiable in C(E), u; € D(G) for all > 0 and (1.7) holds. Every classical
solution is a mild solution. For classical solutions, we have the following
comparison result.



2202 K. FLEISCHMANN AND J. M. SWART

LEMMA 25 (Sub- and supersolutions). Fix T > 0 and assume that u is a
classical solution to (1.7) on [0, T] for some ug = f € D(G). Assume that
u:[0,T] — C(E) is continuously differentiable, i, € D(G) for all t € [0, T] and

9
gﬁt < Gil; + Bit; — aii?, tel0,T],
(2.44)
I/~t0 < f

Then ur < ug. The same holds with all inequality signs reversed.

PROOF. This is a standard application of the maximum principle (see,
e.g. [14], Lemma 10).

Existence of solutions to (1.7) is guaranteed by the following lemma.

LEMMA 26 (Classical and mild solutions to a semilinear Cauchy problem).
For each [ € C(E) there exists a unique mild solution u of (1.7) up to an
“explosion time” T (), with limyy7(r) lus|| = o0 if T(f) is finite. For eacht > 0,
f = U, f :=u, defines a continuous map from { f € C(E):T(f) < t}, into C(E).
If f € D(G), then the mild solution to (1.7) is a classical solution. The time T (f)
is infinite if f > 0, in which case alsou >0, or if « = 0.

PROOF. The statements about mild solutions follow from [22], Theorems
6.1.2 and 6.1.4, and the statement about classical solutions follows from [22],
Theorem 6.1.5. If f € D(G) N C+(E), then using Lemma 25 it is easy to prove
that the classical solution to (1.7) satisfies 0 < u < e+ I8! £||. Since D(G) is
dense, C4 (FE) is the closure of its interior and U; is continuous, the same bounds
hold for mild solutions. The fact that solutions do not explode in the linear case
o = 0 follows from [22], Theorem 6.1.2. [

2.3.2. Superprocesses with Feller underlying motion. Let E be a locally
compact metrizable space and let (£*)*<F be a Markov process in E with cadlag
sample paths. Then (£*)*€F is called a Feller process if the map (z, x) — L&)
from [0,00) x E into M(E) is continuous and (in case E is not compact)
the semigroup of (EX) <k maps the space Co(E) of continuous real functions
vanishing at infinity into itself. A Feller process on a locally compact but not
compact space E can always be extended to a Feller process on the one-point
compactification of E by putting §>° := 00, t > 0.

If E is compact, then (§¥)*€F is a Feller process if and only if its semigroup
is strongly continuous, positive, and satisfies S;1 = 1, ¢ > 0. Such semigroups
are called Feller semigroups. Note that a Feller semigroup is contractive, that is,
A-contractive with A = 0. To every Feller semigroup there exists a unique (in law)
Feller process in E with cadlag sample paths ([9], Theorem 4.2.7). A Feller process
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on a compact metrizable space is a Hunt process (see [24], Theorem 1.9.26 and
Exercise 1.9.27 or [16], (9.11)).

Let E be compact and metrizable, let G be the generator of a Feller semigroup
(Pr)i=oon C(E),ax € C4(E),and B € C(E). Then we have the following lemma:

LEMMA 27 (Feller property of superprocess). Let X be the (G,«, B)-
superprocess with log-Laplace semigroup U = U(G, «, B). Then X is a Feller
process. For each f € C4(E), the map (t,x) — U; f(x) from [0, 00) x E into
[0, 00) is continuous.

PROOF. Since E is compact, the space M(E) is locally compact. By [22],
Theorem 6.1.4, (t,x) — U, f(x) is jointly continuous in ¢ and x whenever
f € C4(E). Therefore, and by (1.8),

(2.45) EFn[e=XnP] — EF[em XN as uy =ty — 1, f € CL(E).

If f e C.(E) satisfies f > 0, then the function p > e~ /) is continuous
on M(E) and vanishes at infinity, and by the Stone—Weierstrass theorem, the
linear span of all such functions is dense in Cyo(M (E)). Thus, (2.45) implies that
LU (X)) = LH(X;) whenever u, = u, t, — t. It is not hard to see that the
semigroup of ¢ maps functions that vanish at infinity into functions that vanish at
infinity; therefore, X is a Feller process. [J

2.3.3. Compensated h-transforms of Feller processes. In this section we prove
Lemma 3. We start with two simple observations.

LEMMA 28 (h-transformed semigroup). Let S be a strongly continuous,
positive, A-contractive semigroup on C(E) with generator G and assume that
h € D(G) satisfies h > 0. Then

(2.46) Sif = %S;(hf), feC(E),1=0,

defines a strongly continuous, positive, A-contractive semigroup on C(E), with
A= GTh || and generator

(247 Gf:= %G(hf) with D(G) :={f € C(E):hf € D(G)}.

PROOF. Since & is bounded away from zero and S is strongly continuous, it is
easy to see that also S is strongly continuous. Moreover, t_l(S', =5 converges
in C(E) if and only if hf € D(G), and the limit is given by G f. Obviously, S is
positive. Since a he“ =||5* Gh ||he“ > Ghe“ Lemma 25 shows that S;h < he .
Since fh < ||f||h and § is positive, it follows that hS,(hf) < 1St(llfllh) <

||f||eil. Similarly —||f||e)~‘t < S',f and, therefore, S is A-contractive. [J
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LEMMA 29 (Linear perturbation). Let G be the generator of a strongly
continuous, positive, A-contractive semigroup on C(E) and assume that g € C(E).
Then

(2.48) G:=G+g withD(G):=D(G)

is the generator of a strongly continuous, positive, A-contractive semigroup on
C(E) with A := A+ ||g|l.

PROOF. The operator G satisfies conditions (1)—(@1v) from Lemma 24, where
condition (iv) follows from Lemma 26. [

PROOF OF LEMMA 3. It follows from the previous two lemmas that G” is
the generator of a strongly continuous, positive, A-contractive semigroup on C(E)
(for some A). Obviously 1 € D(G") and G"1 =0, and therefore G" generates a
Feller semigroup.

To see that the law of the corresponding Feller process &” is given by (1.17), we
proceed as follows. By [9], Lemma 4.3.2, the process

__h(&) < "' Gh(§s) )

= exp| — ds |,
h(x) 0o h(&)

is a martingale with respect to the filtration (¥;);>0 generated by &; therefore,

P*(A) = Ej‘[M;]lA], A € F;, defines a legitimate change of measure. Put

Pthf(x) =E*[f(&)], x € E, f € C(E). We need to show that under the changed

measure, & is a Feller process with semigroup P" and that G" is the generator
of P". By the Markov property of P*, for0 <s <t,
g

wlregin] = #lrergee (-] e «)

= ES[f(&—_) M, = Pth_sf(fs)

Therefore, for any A € %,

(2.49) M, t>0,

(2.50)

) M,
ELF(E)1A] = E*Lf (5)M14] = E* [E [f@t)ﬁ

fv]Ms]lA]
(2.51) . =
= Ex[Pz—sf(";:s)Ms]lA] = Ex[Pt—sf(Ss)]lA],

which shows that E*[ £ (&)|Fs]1= P/, f(&). It is not hard to see that P/ f (x) is

jointly continuous in ¢ and x, and therefore P” is a Feller semigroup. Finally, if
fh e D(G), then

h(x)tli_r)r(l)t_l(P,hf — f)x)

" Gh(&)
h(&s)

es) =l (E [f(&)h@l) exp ( -
— G () — FOGR(X)

ds)} — h(x)f(x))
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uniformly in x € E, which shows that G” is the generator of P". [

An alternative proof of formula (1.17), using historical superprocesses, is given
at the end of the next section.

2.3.4. Weighted superprocesses.

PROOF OF LEMMA 5. Write U := U(G, «, B) and U = ‘U(Gh,ha,ﬁ +
%). By Lemma 26, for every f € DGH N C+(E), the function f > u; :=
U, (hf) is a classical solution to the Cauchy problem

0
—u; = Guy + Bu; — autz, t>0,

(2.53) o
ug = hf.
A little calculation shows that > ul := %u ¢ 18 a classical solution to the Cauchy
problem
0 Gh
5”? =Gl + (ﬁ + 7)145’ — ha(um?, t>0,
(2.54)

ug = f.
Therefore, U! f = LU, (hf) for all f € D(G") N CL(E). Since D(G") is dense

in C(E), C4+(E) is the closure of its interior and U, UM are continuous, it follows
that

(2.55) ‘uf’f:%‘u,(hf), t>0, f € CL(E).

It is clear that the process X" defined in (1.18) is a Markov process with
continuous sample paths. To see that X" is the historical (G", ha, g + %)—

superprocess, by Lemma 21, it suffices to check that X" satisfies (2.28) for the
log-Laplace semigroup U”. This is easily done, since we have

vh
E[exp ( - /JDE[O,Z”H] xt,,H dw) f(wg, - - wln+1)>

=F|ex —/ h(w X dw
[ p( @E[O,fn+1] ( tn+l) tn+l( )

X f(w,o, ey wthrl))’(h Oﬂtn)xtn = /,Li|

= FE|ex (—/ x dw)h(w
[ p DE[O,IH+1] ln+1( ) ( tn-H)

(2.56) x fwigs - w))

Xi, =(ho ”tn)_lﬂ]
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:exp(—/ h(wy, )" u(dw)
DEe(0,1,]
X uln+1_ln {h(')f(wl()’ teto wln ’ ')}(wtn)>

e (= [ @ foew )

ALTERNATIVE PROOF OF (1'}7)- Let X be the (deterministic) historical
(G, 0, 0)-superprocess started in X =, and set

(2.57) XMdw) == h(w) X, (dw), 1 >0.

By Lemma 3, X" is the historical (G",0, %)—superprocess started in Xo =
h(x)d, and, therefore, by Lemma 22,

(i) Xe(dw) = P*[(Es)sefo0.) € dw],
.oy oOh Gh X h
(i % (dw) = hoyexp ([ 5w ds )P seron € dul

Combining (2.57) and (2.58), we arrive at (1.17). O

(2.58)

t

3. Proof of the main results.
3.1. The infinitesimal survival probability.
3.1.1. Extinction versus unbounded growth.

LEMMA 30 (Eventual extinction). We have U,00 | p ast 1 co. Moreover,

—{1,p) ;
(3.1) PH[X, =0 eventually] = € ’ if (1, Uro0) < 00 for some 1 >0,
, otherwise.

If sup, g Us00(x) < oo for some t > 0, then U;p = p forallt > 0.

If (1, U;00) = oo for all ¢ > 0, then possibly e~{#?) = 0, but this need not
always be the case; see Example 34.

PROOF OF LEMMA 30. Since the zero measure is an absorbing state,
Tix,=0; = L{x,=ovr>r} as. and, therefore, Lyx, —o} 1 ]l{xtzo eventually} 35
t, 1 oo a.s. Thus, taking the limit in (1.22), we see that U;00 | p. If (u, U,;00) <
oo for some ¢t > 0, then (u, U;00) | (i, p). Taking the limit in P*[X; = 0] =
e~ {1 U) e arrive at (3.1). Formula (1.8) shows that U, is continuous with
respect to bounded decreasing sequences. Therefore, if sup, . U, 00(x) < oo for
some ¢ > 0, then U; p = U, (limgpoo U;00) = limgpoo U500 = p for all 7 > 0.

O
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LEMMA 31 (Extinction versus unbounded growth). If sup,.p U;00(x) < oo
for some t > 0, then

(3.2) P’“‘[X, = 0 eventually or lgngo(xt, 1) = oo] =1, uwE M),

and

(3.3) lim U f(x)=p&x) Vx€E, feC(E), f>0.

PROOF. Let (¥;);>0 denote the filtration generated by X. It follows from the
right property of the process X [see (2.5)(i)] that # — e~{**-P) is right-continuous.
By Lemma 30 and convergence of bounded right-continuous martingales,

(3.4) e~ Xor) — P[Xs =0 eventually| ;] —> 1(x a.s.
1—00

s=0 eventually }

It follows that (X;, p) — oo a.s. on {X; = 0 eventually}‘. Since | p|| < oo, the
same conclusion holds for (X,, 1). [

3.1.2. Continuity of the infinitesimal survival probability. Even though the
underlying motion has the Feller property and «, 8 are continuous functions,
p need not be continuous in general, as is illustrated by the following examples,
which we give without proof.

EXAMPLE 32 (Discontinuous infinitesimal survival probability). Let & be the
deterministic Feller process in [—1, 1] given by the differential equation

a
(3.5) SE=1-@)?" =0
Let X be the superprocess in [—1, 1] with underlying motion &, activity a(x) :=1
and growth parameter B(x) := —x. Then
s 1, ifx =—1,
(3.6) —log P°*[X; = 0 eventually] = { :
0, ifxe(—1,1].

Let Y be the superprocess in [—1, 1] with underlying motion &, activity a(x) :=
x Vv 0 and growth parameter B(x) :=x V 0. Then

00, ifx=—1,

(3.7) og (Y, eventually] 1. ifx e (—1,1].

Nevertheless, we have the following lemma.

LEMMA 33 (Continuity of the infinitesimal survival probability). If

sup U;00(x) < oo
xek

for some t > 0 and infycg p(x) > 0, then p is continuous.
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PROOF. Our strategy is to prove that the event that X becomes extinct depends
in a continuous way on the path of X and, therefore, by the Feller property, on the
initial condition. To do this, we show that by observing X for a finite time, we can
be almost certain whether X becomes extinct.

Set

(3.8) p = ingp(x) and P :=sup p(x).
- xe

xeE

Note that by (3.1),
(3.9) e WP < prX;, =0 eventually] < e~ W12, e M(E).

Fix xo € E. We will show that p is continuous at xp. Let 0 < ¢ < C < o0
and &', ¢’ > 0 be arbitrary. Choose continuous functions fy, f1, foo from [0, 00)
into [0, 1], summing up to 1, such that ]l[()’c/z] < f() < ]l[()’c], ﬂ[c,C] < f1 <
Lic/2,2¢1> and 1 00) < foo < 1jc,00)- By Lemma 31, there exists a T > 0 such
that

(3.10) EM[Ai((Xr, 1] <¢.

Let d be a metric that generates the topology on E. By Lemma 27, we can choose
8 > 0 such that for all x € E with d(x, xg) <6,

@A) [EX[f((Xr, D] = EX[£(Xr, 1] <", d(x,x0) <8,r=0,1.

Write
pox [X; = 0 eventually]
(312) = E8x|: Z fr(<XT7 1>)]l{xt:() eventually}i|
r=0,1,00

= E*[f,((X7, 1)) PXT[X, = 0 eventually]].

r=0,1,00

Using (3.12) to get lower and upper estimates on P(SX[Xt = 0 eventually], and
applying (3.9), we find that

E*[fo((Xr, ID]— (1 —e™P)
< E*[fo((X7.,1)]e"P
(3.13) < P%[X, =0 eventually]
< EX[fo((%r, ID]+ E*[AXT, D]+ E* [ foo (X, 1)]e” L
< EX[fo((Xr, I+ (€' + &) +e 2, d(x,x0) <8.
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Therefore, for all x € E with d(x, xg) <9,
]P‘SXO [%; = 0 eventually] — P [X, =0 eventually]|
< [P%0[%, = 0 eventually] — E%o[ fo((X7, 1)]|
+|EM[fo((Xr, IN]— E*[fo((Xr, D]
+ | E* [ fo((XT, 1)] — P**[X, = 0 eventually]|
< (A =e"Py4 (¢ +&" +eCP))
+&" 4+ ((1—e Py + (¢ +&" + e P)).

(3.14)

Since 0 < ¢ < C < oo and ¢, ¢” > 0 are arbitrary, the last line of (3.14) can be
made arbitrarily small. Thus, we have shown that for each ¢ > O there exists a
4 > 0 such that

(3.15) leP0) _e7PW| <¢  VxeE withd(x, xo) < 6.

This shows that p is continuous at xo. [l
3.1.3. Properties of the infinitesimal survival probability.

PROOF OF PROPOSITION 7. Parts (a) and (b) follow from Lemmas 30 and 31.
To prove part (c), note that if f € C,(E) satisfies U; f = f for all + > 0, then
u; ;= f,t >0, is a mild solution to (1.7), that is,

(3.16) f=P,f+/OtPg(ﬂf—af2)ds, t>0.

Thus,
(3.17) lim: NP f— f)=—1lim¢™! /l Py(Bf —afds =—Bf +af?,
t—0 t—0 0

which proves that f € D(G) and that (1.23) holds. Conversely, if f € D(G) N
C,(E) solves (1.23), then u, := f is a classical solution to (1.7) and, therefore,
U, f = fforall t > 0.

To prove (d), note that if inf,cg p(x) > 0, then p is continuous by Lemma 33
and, therefore, p solves (1.23) by parts (b) and (c). Moreover, part (a) shows that
in this case there exists only one positive fixed point of U. [

3.1.4. Nonuniform convergence of U;00. Lemma 11 shows that the assump-
tion that sup, .z U,;00(x) < oo for some ¢ > 0 cannot be dropped from Theo-
rems 8 and 9. However, the reader may wonder if this condition is not implied by
the simpler-looking condition sup, . p(x) < oo. To show that this is not the case,
we include the following example.
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EXAMPLE 34 (Nonuniform convergence of U;00). There exists a generator
G of a Feller process in a compact metrizable space E and a € C(E) such that
U = U(G, «, 0) satisfies

(1) U;00(x) < o0 VxeE,t>0,
(3.18) >ii) U,;00 | 0, ast 4 oo,
(iii) sup, . g U;00(x) = 00 vVt =>0.

PROOF. Take E := [0, 1]%. Define a Feller process £ = (E5)*<Ein E by

510 £ = (x, ye™), (x,y) €10, 11 x [0, 1),
' 1) . (x, D), I < Ty,
&= (xx, e~ (=T0), - x € [0, 1],

where 7., x € (0, 1] is an exponentially distributed random variable with mean
x and 1¢ := 0. It is not hard to see that & is a Feller process. Let G denote its
generator. Choose @ € C4(FE) such that «(0, 1) =0 and @ > 0 elsewhere. Set

(3.20) a(x, ) :=infla(x, y):y € [0, 1]}, x €0, 1].

For fixed x € [0, 1], the process £ restricted to {x} x [0, 1] is an autonomous Feller
process and «(x, -) > O for x > 0. Therefore, using (1.30), we have

(3.21) U;00(x,y) <

1
, t>0,(x,y)e(,1] x[0,1].
o(x, )t
The superprocess X started in (g, y) (y € [0, 1]) is concentrated on (O, ye~ 1) at
time ¢, if it survives. Therefore, applying (1.30) to the process (X;);>¢, we have
for each & > 0 that

3.22) U 0,y) < )
( ) 100( y)_S(t—e)
This proves (3.18)(i) and (3.18)(ii). Now consider the process (X;(- N ((0, 1] x
{1})))>0- It is not too hard to see that this is an autonomous superprocess without
(i.e., with constant) underlying motion, activity «(-, 1) and growth parameter
B(x) := —1. Therefore [see (1.30)],

t > e, where § ;= inf{a(0, e ") :t € [&, 00]}.

B(x) x~1

(42 Unloolonn) D= Za 50— =5mm = atr, e = 1)

t >0, x € (0, 1]. We can additionally choose «(x, 1) := e_l/xz, x € (0, 1]. Then
(3.24) lim ‘L{,(oo]l(ovl]x{l})(x, 1) = o0, t>0.
x—0

It follows that sup,.p U,00(x) > sup, g U (001, 17x(1})(x) = 00, which
proves (3.18)(iii). O
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3.2. Surviving lines of descent.

3.2.1. Poisson point measures. Let E be a Polish space. By definition, a
Poisson point measure with intensity u € M(E) is an N (E)-valued random
variable Pois(u) with

(3.25) E[(1 = HPosi] = g~ S} f € BL(E).

If 1 is atomless, then Pois(u) a.s. takes values in the space N*(E) := {v €
N(E):v({x}) <1 Vx € E} of simple point measures on E. Note that N *(E)
is an open subset of N (E) and, therefore, a Polish space in the induced topology.
We identify N *(E) with the space of finite subsets of E. If u € M(E) is atomless,
then an N *(E)-valued random variable v is a Poisson point measure with intensity
w if and only if (see [21], Proposition 1.4.7)

(3.26) P[v(A) =0] = e HAD, A€ B(E).

It is not hard to see that the event {u € M(E) : supp(u) is finite} C M(E) is mea-
surable and that u — supp(u) is a measurable map from {u € M(E) : supp(p) is
finite} into N*(E).

We need a criterion to decide whether the support of a random measure is a
Poisson point measure.

LEMMA 35 (Random measures with Poisson support). Let E be a Polish
space, let i be an atomless measure on E and let Z be an M(E)-valued random
variable such that

(3.27) P[Z(A)=0] = e *D), A € B(E).
Then

L if n(E) < 00,
(3.28) P[supp(Z) is finite] = { 0. if 10(E) = oo

Moreover, if w(E) < 0o, then supp(Z) is a Poisson point measure with intensity L.

PROOF. Assume that u(E) < co. Choose finite measurable partitions A =
{AE”)}i <o such that AV is a refinement of A™ and such that intersections of

the form AE:) are empty or consist of one point. Since

(n)
329 E[|{ieI™:z(A")>0)]]= Y (1—eHAD) < pu(B),
iel™
the increasing limit of |{i € 1 (). Z(AE”)) > (0}| is a.s. finite, that is, there are a.s.
finitely many decreasing sequences of partition elements Al(ll) D AEZZ) D ---such

that Z(AE:)) > ( for all n. The limit points of these sequences give the support
of Z and by formula (3.26), supp(Z) is a Poisson point measure with intensity p.
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Assume, on the other hand, that u(E) = oo. Since u is atomless, there exist
measurable disjoint sets (B;);>¢ such that w(B;) > 1. Formula (3.27) shows that
the events {Z(B;) > 0} are independent and that

o0 o0
(3.30) Y PIZB)>01=) (1—e ")) =c0.

i=1 i=1
Therefore, by the Borel-Cantelli lemma Z(B;) > 0 for infinitely many i, which
proves that supp(Z) is infinite a.s. [

3.2.2. Poissonization of historical superprocesses. The following lemma
gives a historical variant of formula (1.11)(i). Moreover, it shows that the particles
in Pois((U; f)p) from (1.11)(i) are, in a sense, the ancestors of the particles in
Pois(f ;).

LEMMA 36 (Poissonization of historical superprocesses). Let X be the
historical (G, o, B)-superprocess started at time s > 0 in i € M(DEg[0, s]).
Assume that i is atomless. If V is an N (Dgl0, s + t])-valued random variable
such that, for a given f € By (E) andt > 0,

(331) P[D € |(Xp)szrzsti] = P[Pois((f o myy) Xiys) €| Xspe]  as.,

then supp(b o ”[B,Is]) is a Poisson point measure with intensity (U, f o ) [i.

PROOF. Since [ is atomless, by Lemma 35, it suffices to show that for all
A € B(Dkl0, sD),

(3.32) P[D ol (A) =0] =exp(— (U f o m)A(A)).
By (3.31),
(333) P[dompl (A)=0]=E"exp(— (f 0 7o) Kostr 0 1y (A))].

By the branching property (Lemma 14) and by Lemma 23(a), we can rewrite the
right-hand side of this equation as

ESTAR exp (= (f 0 o) Kisr 0 10 (A))]
(3.34) x ES1 R exp (= (f 0 o) Xspr 0 701 (A))]

= BV [exp (— ((f 0 7510) Xsgr, )] - 1.

From the relation (2.27) between a historical superprocess and its associated
superprocess it is obvious that

(335) E™"exp(— (X om s f))]=exp(— (@a) oy, U f)).
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It follows that

(3.36) E*[exp(— (f 0 Tyir) Koss 0710 (A)] = exp (— (U f 0 1) A(A)).
Combining this with (3.33), we see that (3.32) holds. [J

The proof of Lemma 36 has the following corollary.

COROLLARY 37 (Surviving lines of descent). Let X be the historical
(G, a, B)-superprocess started at time s > 0 in i € M(DEg[0,s]). Assume that
[ is atomless. Then, for any t > 0,

(3.37) P[supp (9ACS+, o n[(_)’ls]) is finite] =1 <= (fio 77t Uso0) < 0.
Moreover, if (i o ns_l, U;00) < 00, then supp(DACSH o n[(_)’ls]) is a Poisson point
measure with intensity (U;00 o ) i.

PROOF. Letting f 1 oo in (3.36) we see that

PP [Xypr 0 7015 (4) = 0]
(3.38) )
=exp(— (Us00 0 7r5) L (A)), A € B(DglO0, s)).

Now the statements follow from Lemma 35. [
3.2.3. Finite ancestry property.

PROOF OF LEMMA 11. If sup,.p U;00(x) < oo for some ¢t > 0, then
(1, Uso0) < oo for all u € M(E). On the other hand, if sup, g U;00(x) = o0
for all + > 0, then we can find u € M(E) such that {(u, U,00) = oo for all
t > 0. To see this, choose strictly positive (&,),>0 such that ), &, = 1. Choose
tn 1 00 and x,, € E such that U;,00(x,) > ¢, I"and choose W= ano endy, . Then
7% ut,, 00) > Zmzn Em utn (xm) > Zmzn Em utm (xm) = 00.

The log-Laplace semigroup U’ = U(G’, o', B’) satisfies U, (f o ) = (U f) o
¥, where v denotes the projection from E’ to E (see Lemma 18). Therefore (i)
implies that (1 ® ¢, U;00) < oo for some 7 > 0, which by Corollary 37 implies (ii).
On the other hand, if (i) does not hold, then there exists a u € M(E) such that
(L ®¢€, Ujo0) = oo forall t > 0, and in this case Corollary 37 shows that (ii) does
not hold. Finally, since X; = X, o ¥, !, (ii) implies (iii). [

PROOF OF LEMMA 13. We prove the following, slightly more general result.

LEMMA 38 (Immortal lines of descent). Let X be the historical (G, a, B)-su-
perprocess started at time 0 in u € M(E). Assume that sup, g U;00(x) < 00 for
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allt > q, for some g >0, where U = U(G, «, B). Then

(i) supp (X, o n[gvlt]) is finite
Yt,r >0suchthatt +q <r a.s.
(339) S A
(ii) supp (X, o 7g,,1) D supp (X, 0 7y 1)

Vi, r,r' >0suchthatt +q <r <r’ a.s.
PROOF. Let us introduce the shorthand

(3.40) Xipi=Xpomphy,  0=<t=<r

Let D C [0, co) be countable and dense. The implication < in (3.37) also holds if
[ is not atomless; this can be proved by extending the space E as in Lemma 11.
Therefore,

(3.41) supp(?ACm) is finite Vt,reD,t+qg <ra.s.

Let @ be a countable basis for the topology on Dg[0, ¢]. Conditioning on DAC, and
applying Lemma 23(c), we see that

(3.42) 1{9&,’,/(0»0} <12, .(0)>0] Vr,r'>0,teD,0ec0,t<r<ras.
It follows that

3.43)  supp(X, ) C supp(X;.,) Vr,r'>0,teD,t<r <r’as.

( pp(Xs pp(Xy,

Combining this with (3.41), we see that supp(DACt,r/) C supp(DAC,,,) and supp(DAC,,,)
is finite V' > 0,f,r € D,t + g <r <r’ as., and therefore (3.41) can be
sharpened to

(3.44) supp(DAC,,r/) is finite Vi'>0,teD,t+q <71 as.

If 56”/ is finitely supported for some 7, r’, then supp(DAC,r,,r) = n[o,,/](supp(f(,‘,,,/))
for all ' < t. Thus, (3.44) can be further sharpened to

(3.45) supp(X;,) is finite V', r'>0,t' +q <1 as.
This proves (3.39)(i). Moreover, by (3.43) and (3.45),

(3.46)  supp(Xy 1) = 0.+ (supp(Xs,»)) C 70,01 (supp(Xy,,)) = supp(Xy )
Vi',r,r'>0,teD,t' +q<t+q <r <ras.,

which proves (3.39)(ii)). O

The proof of Lemma 13 is complete. [
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3.3. Embedded trees. Our first and crucial proposition in this section shows
that it is possible to embed a collection / of immortal lines of descent in certain
historical superprocesses. We then identify these immortal lines of descent as a
historical binary branching particle system. Finally, we generalize our results in a
number of steps, until we arrive at the statements in Section 1.5.

3.3.1. Construction of the embedded tree. Recall the definition of the distinct
path property before Lemma 20.

PROPOSITION 39 (Embedded tree). Let X be the historical (G,a,a)-
superprocess started at time 0 in u € M(E). Assume that u is atomless and
that the Feller process with generator G has the distinct path property. Then
X may be coupled to a random set I C Dg[0, 00) such that the random sets
I; == {mo0,n(w) :w € I} are finite for all t > 0 and satisfy
(347)  P[I € |(Xy)o<s</] = P[Pois(X;) € -|X;]  a.s.¥t>0.

If, in addition, U = U(G, a, o) satisfies sup, g U,00(x) < o0 for some t > 0,
then p :=lim;yoo U, 00 = 1 and I may be chosen such that, moreover,

(3.48) I; = supp (DACr o n[g’lt]), r-eventuallyVt > 0 a.s.

PROOF. Identify, as usual, finite subsets and simple point measures. For each
T >0, let I'T) be a random finite subset of Dg[0, T] such that
(3.49) P[I'D) € -|(X))o<i<r] = P[Pois(X7) € | XT].
Put
(3.50) It(T) = {m0.q(w):w e I(T)} = supp (I o n[g’lt]), 0<t<T.
Using the fact that, by Lemma 20, DAC, is a.s. atomless, conditioning on (DACS)OESEI,

applying Lemma 36 and the fact that the function 1 is a fixed point of U(G, «, @),
we find that

(3.51) P[ID € -|(Xs)o<s<i] = P[Pois(X;) € -|X;]  as.VO<i<T.

Thus, we can satisfy (3.47) up to a finite time horizon 7. To let T 1 oo, we need
to take a projective limit. For 0 < § < T, define a map Vs, 7: N*(Dgl0,T]) —
N*(DElO, S1) by

(3.52) V.7 (J) = {mo.s1(w):w € J}, J € N* (D0, TY)).
Then (3.51) shows that the random variables ((DAC,)()Sth, 1 (T))Tzo satisfy the con-
sistency relation £((X)o<i<s, ¥s.7(I 7)) = LU(X)o<i<s, 1) (0< S <T).

Note that ((fCt)of,ST, 1)) takes values in the Polish space Cu(Dg[0,00)[0, T'] x
N*(Dg[0, T]). Let & be the space of all countable subsets I C Dg[0, o)
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such that Y7 oo (1) := {mo,77(w) :w € I} is finite for all 7 > 0. Equip N () with
the o-field generated by the mappings Y1 o : N 5 N*(DE[0,T]), T > 0.
Taking the projective limit of the variables ((X,)ogth, 1 (T))TZ(), We can con-
struct a random variable (X, I) with values in C M(DE[0,00))[0, 00) X N (®) such
that ((56;)0557, ¥T.00(I)) is equal in distribution to ((DA(,‘,)OEIET, 1) for all
T > 0. It follows that X is the historical (G, «, )-superprocess started at time 0
in 4 € M(E) and that [ is a random set that satisfies (3.47).

Assume that sup, . U;00(x) < oo for some ¢ > 0. We must show that we can
choose I such that, moreover, (3.48) holds. First note that the function 1 is a
positive solution to (1.23) and, therefore, by Proposition 7(a), p = 1. Choose g > 0
such that sup, . g U;00(x) < oo forall t > g. Then, by Lemma 38, the random sets

supp(DACr o n[alt]) are finite and nonincreasing in > t 4 ¢ for all # > 0 a.s. Define
random finite subsets I; C Dg|O0, ] by

(3.53) I = ﬂ supp (DAC, o 71[6’1”) Vt>0a.s.
r>t+q

Then (3.48) is fulfilled. Define I C Dg|0, oo) by

(3.54) I :={w e Dg[0, 00) : jo,1)(w) € I; Vi > 0}.

Then

(3.55) I ={m0,n(w):wel} Vt>0as.

By Corollary 37,

P[supp (xr © 77[6’1”) € ‘|(xs)0§s§t]
= P[Pois((U,—;00 0 n,)DAC,) € -|9AC,] a.s.
Vt,r >0,t+ g < r. Taking the limit » 1 co, we see that also (3.47) holds. [

(3.56)

3.3.2. Identification of the embedded tree. Our next step is to identify the
embedded tree / in Proposition 39 as a binary splitting particle system. For ¢ > 0,

. . — t
define equivalence relation " and < on I by

l’_
w~v ifandonlyifnw w)=m v),
(3.57) . y if 70, (W) = 70,1 (v)

w~v if and only if 7[0 ;4¢) (W) = 7(0,s4¢1(v) for some & > 0,

and let /;_ and I;; denote the collections of " and ¥ equivalence classes in /,
respectively. Define counting measures X;_ and X;4+ on D0, ¢] by

X = Z 5ﬂ[()’t](w), t>0,

wel;—

X, = Z 5ﬂ[()’t](w), t>0.

weIH_

(3.58)
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It is not hard to see that X = ()A( 1)t=0 has right-continuous sample paths with left
limits given by X;_ and that

(3.59) I, =X, a.s.Vr>0.

Note that the a.s. and the V¢ > 0 cannot be interchanged here, since X, is not

a simple point measure at those (random) times when |/;| < |I;4], that is, when
splitting occurs.

LEMMA 40 (Identification of the embedded tree). The process X is the
(G, a, 0)-particle system started at time 0 in Pois(u).

PROOF. By (3.59) and (3.47),
(3.60)  P[X; €-[(Xs)o<s<i] = P[Pois(X;) € -|X;]  as.Vi=>0.
Let X’ denote the (G, a, 0)- -particle system started at time 0 in Pois(u). The time-
1nh0m0geneous log-Laplace semigroup (‘l,lv 1)o<s<: of the historical (G, o, or)-

superprocess % and the time- 1nh0m0geneous generating semigroup 0 5.1)0<s<t Of

the historical (G, «, 0)-particle system X' are defined by the same Cauchy integral
equation. Hence

(3.61) Ui f=Us f,  0<s<t, feBpon(Del0,1]).
Therefore, we may reason exactly as in the proof of Lemma 1 to see that
(3.62) POPOSWX! ¢ .1 = PO [Pois(X,) € -], t>0, e ME).
Combining (3.60) and (3.62), we see that

(3.63) P[X,e-]=P[X,e-], 1>0.

It follows from our definition of X that

(3.64) X, = supp ()A(t ) n[gls]) as. V0<s <t.

By a stralghtforward analogue of Lemma 23(a) for historical particle systems,
supp(X o T, Y]) C supp(X ) a.s. VO < s < 1. Since the death rate of X’ is zero,
particles cannot become extinct and, therefore, in fact supp(X io . s]) = supp(X 8]
a.s.V0 <s <t.Since X i is a.s. a simple point measure [which follows from (3.63)
and the fact that X is a.s. a simple point measure], X’ satisfies, in analogy
with (3.64),

(3.65) X! =supp (X, o n[g’ls]) as.VO<s<t.

It follows from (3.63)—(3.65) that

A A

(3.66) P[(X;.....X;,) e ]=P[(X;.....X;)e:], O0=<tn<n<- <t

Since X and X’ have right-continuous sample paths, X and X’ are equal in
distribution. [
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3.3.3. Proof of the main theorems. Theorems 6, 8 and 9 can be combined into
the following theorem.

THEOREM 41 (Main results). Let X be the historical (G, a, B)-superprocess
started at time 0 in u € M(E). Assume that h € D(G) satisfies h > 0 and, for
some y € CL(F),

(3.67) Gh+ Bh —ah®>=—yh.

Then X can be coupled to the historical (G", ha, y)-particle system X started in
Xo = Pois(h) such that

(3.68) P[X, € -|(X)o<s<] = P[Pois((hom)X;) €-|X,]  as.Vi>0,

If, in addition, U = U(G, a, B) satisfies sup, g U;00(x) < oo for some t > 0,
then p :=limyyo0 U,00 < h and the coupling may be chosen such that, moreover,

(3.69) supp()A(,) D supp (DACr o 71[(_)’1,]), r-eventuallyVt > 0 a.s.

If, in addition, y = 0, then p = h and the coupling may be chosen such that
equality holds r-eventually in (3.69).

PROOF. Under the additional assumptions that (i) u is atomless and the Feller
process with generator G has the distinct path property, (ii) y = 0 and (iii) A =1,
the statement follows from Proposition 39 and Lemma 40. We now remove these
assumptions one by one.

(i) Generalization to measures with atoms. Let n be a Feller process in a
compact metrizable space F such that n has the distinct path property (e.g.,
Brownian motion on the unit circle). Let G’ denote the generator of the Feller
process (£,n) in E x F, where for given initial conditions, £ and n evolve
independently. Put o'(x,y) := a(x) and B'(x,y) := B(x). Let ¥, denote the
projection from Dg«r[0,1] to Dg[0,7]. Let i1 and p be finite measures on
DEl0, s] and Dr[0, s], respectively, and assume that p is atomless. If X’ is the
historical (G', &', B)-superprocess started at time s in i ® p, then, by Lemma 18,

(3.70) Xi=Xloy . r>s

is the historical (G, «, B)-superprocess started at time s in fi. Moreover, DA(,‘; is
atomless a.s. V¢ > s and its underlying motion has the distinct path property. The
statements for X now follow from the statements for X’ by projection.

(ii) Generalization to y # 0. Note that since we are still assuming & =1, (3.67)
reducesto o« — B =y. Set E T.=FEU {1}, where § is an isolated cemetery point
that does not belong to E. Define a linear operator G' on C(ET) by

G f(x):=Gf()+y@)(f(H)—fx), xeE,

(3.71)
G f(+) =0,
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where D (G") consists of those feC(E T) such that the restriction of fto Eisin
D(G). Set, moreover,

(xT(x) =a(x), xekE,

af (1) :=1.

Let X denote the historical (G',af, o)-superprocess started at time O in

uw e M(E) and let X' denote the historical (GT,aT,O)—particle system started

at time O in Pois(u). For ¢ > 0, let DACI and )A(, denote the restrictions of

DACj and X ,T to De[0, t], respectively. Elementary considerations involving the log-

Laplace semigroups of DAC;r and X ;f show that (X;) ¢>0, S0 defined, is the historical

(G, o, B)-superprocess, and that ()2 1)r>0 1s the historical (G, «, y)-particle system.
By what we have already proved, X' and X7 may be coupled such that

(3.72)

(3.73)  PLX] € |(X)o<s<i] = P[Pois(X]) € |X]]  as.Vi>0,

which implies (3.68). If, in addition, sup, g U;00(x) < oo for some ¢ > 0, then

using the fact that o' (+) = 1, it is not hard to show that also sup, c gt ‘ujoo(x) < 00
for some ¢ > 0 and, therefore, by what we have already proved,

p'=1lim ‘u;foo =1

t1oo
and the coupling between X" and X7 may be chosen such that, moreover,
(3.74)  supp(X;) =supp (X o JT[B’IZ]), r-eventually Vz > 0 a.s.

By Lemma 19(b) and the fact that { is a trap for the underlying motion, Xt is
concentrated on paths that are trapped in |, once they reach { and, therefore,

575) supp(X) = supp(X;) N Dg[0. 1]
= supp (X[ o n[(_)’lt]) N DE[0, 1] D supp (X, o n[(_)’lt])

V0 <t <r as. Formulas (3.74) and (3.75) imply (3.69). Finally, for all x € E,
p(x) =—log P> [%, =0 eventually]
(3.76)
< —log P‘S’“[D(,‘,T = 0 eventually] = Pl =1.

(iii)) Generalization to h # 1. Set DACf'(dw) = h(w,)DAC,(dw), t > 0. By
Lemma 5, X" is the historical (Gh, al, ﬁh)-superprocess, where G" is defined
in (1.16) and o := ha, ,Bh =08+ % Formula (3.67) implies that

(3.77) —y=p"—a" <.

Therefore the statements follow from what we have already proved. [
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