Zkouska z kvantové pravdépodobnosti
22 cervna, 2007

Piiklad 1. (Casovy vyvoj) Bud’ H koneéné rozmérny unitarni prostor (t.j. prostor
se skalarnim souc¢inem) nad C. Necht’ je K € L£(H) hermitovské a p stav na L(H).
Definujme

pe(A) = (e AT) (A€ L(H)).
(a) Ukazte, ze p; je stav na L(H) pro kazdé t € R.
(b) Ukazte, ze p; je pro kazdé t € R ¢isty stav, je-li p Cisty stav.
Piiklad 2. (Excercise 4.3.3 ve skriptech) Bud’ A algebra.
(a) Dokazte, ze A, opatiend akci (A, B) — AB, je vérnou representaci sebe sama.
(b) Pfedpokladejme, ze A je %-algebra a 7 je vérna pseudostopa na A. Dokazte, ze A

opatfend skaldrnim soucinem (:|-), je representaci sebe sama ve smyslu *-algeber.

Piiklad 3. (Propletenost)
(a) Bud’te H; a Hs koneéné rozmérné unitarni prostory nad C. Necht’ je p stav na
L(H1) ® L(Hz) = L(H ® Hs). Definujme margindly p; a ps stavu p predpisem

pr(A)=p(A©1)  (AeL(H)),
pa(A):=p(1@ A) (A€ L(Hy))

Ukazte, ze p = p1 ® po, pokud je p; ¢isty stav. Navod: Staci ukéazat, ze pro libovolné
A € L(H,) a pro kazdy projektor P € L(H) plati p(A ® P) = p1(A)p2(P). K tomu
pouzijte formuli pro ‘podminénou pravdépodobnost’:

pA®1) = %p(l ® P) + ’;((fg((ll:g;pu ® (1— P)).
Co vite o ‘podminéném stavu’
p(A® P)
MER) (A€ L(Hi))?

(b) Necht’ jsou H;, Hy a Hz dvourozmérné unitéarni prostory nad C, s orthonormalnimi
bézemi {e(1),e(2)}, {f(1), f(2)}, respektive {g(1),¢(2)}. Necht’ je p stav na L(H;) ®
L(Hz) ® L(H3). Uvazujte marginély

plg(Al X AQ) = p(Al & A2 ® 1) (Al - E(Hl), AQ < [«(HQ)),
p23(As ® A3) :=p(1 ® Ay ® A3) (A2 € L(Ha), As € L(H3)).

Predpokladejme, Zze pio je propleteny stav odpovidajici stavovému vektoru
b= L (e(1) @ £(1) +e(2) @ £(2)).

Ukazte, ze pog meni propleteny. Navod: proved’te idedlni méteni na L(H;), abyste
rozlozili ps na cisté stavy.
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Exercise 1 (Time evolution) Let H be a finite-dimensional inner product space over
C. Let K € L(H) be hermitian and let p be a state on £(H). Define

pu(A) = p(e™ " A"T) (A€ L(H)).
(a) Show that p; is a state on L(H) for all ¢ € R.
(b) If p is a pure state, then show that p, is also pure, for all ¢t € R.

Exercise 2 (Excercise 4.3.3 from the lecture notes) Let A be an algebra.

(a) Show that A, equipped with the action (A, B) — AB, becomes a faithful represen-
tation of itself.

(b) If A is a *-algebra and 7 is a faithful pseudotrace on A, then show that A equipped
with the inner product (-|-), is a representation of itself as a x-algebra.

Exercise 3 (Entanglement)
(a) Let H; and H, be finite-dimensional inner product spaces over C. Let p be a state
on L(H1) ® L(Hs2) = L(H; ® Hz). The marginals p; and py of p are defined by

p(A)=p(A©1)  (AeL(H)),
p2(A)=p(l®A) (A€ L(Hy))

If p; is a pure state, then show that p = p; ® ps. Hint: It suffices to show that
P(A® P) = p1(A)pa(P) for any A € L(H;) and for any projection P € L(H). Now use
the ‘conditional probability” formula:

(A P) p(A®(1—P))
AR1l)=———Fp(1® P) + 1®(1—-P)).
What do you know about the ‘conditioned state’
p(A® P)
—_— Ae L(Hy))?

(b) Let H;, Hs, and H3 be two-dimensional inner product spaces over C, with orthonor-
mal bases {e(1),e(2)}, {f(1), f(2)}, and {g(1),g(2)}, respectively. Let p be a state on
L(H1) ® L(H2) @ L(H3). Consider the marginals

pra(AL @ Ay)i=p(A @ Ay 1) (Ay € L(Hy), As € L(Hy)),
P23(A2 &® AB) = P(l ® A2 &® Ag) (AQ € AC(HQ), Ag < ﬁ(Hg))

Assume that pp5 is the entangled state corresponding to the state vector
b= () @ f(1) +e(2) ® £(2)).

Show that po3 is not entangled. Hint: perform an ideal measurement on L£(H;) to
decompose p, into pure states.



Solutions

Excercise 1
(a) Since K is hermitian we can find an orthonormal basis such that

K= Z&!e(i)ﬂe(’i)!,

where the eigenvalues ); are real. Now eX, defined with the functional calculus for
normal operators, is given by

etk — Zei“‘i e(i))(e(i)].

Since the eigenvalues of ¢®® have norm one, e

GitK =it _ (Z eit>\i|6<i)><e<i>|> (Z e_iw"'|e(i)><e(i)|> = ZZ: le(1))(e(?)] = 1,

2 2

K is a unitary operator. Moreover,

so e~ is the inverse of X . For simplicity, we write U, := ¥ and U} = U ! := 7K,

We must check that A — p(A) := p(UFAU,) is linear, real, and positive, and that
pi(1) = 1. Linearity is trivial. Realness follows by writing

pi(A7) = p(U;A'T,) = p((UF AUL)Y) = p(U;AU)™ = pu(A)".
Positivity follows by writing
pe(A*A) = p(U; A*AU,) = p((AU)*(AUy)) > 0.

Finally, pi(1) = p(U;U) = p(1) = 1.
(b) If p is a pure state then there exists a vector ¢ of norm one such that p(A) = (V| A1)
(Ae L(H)). Now

pi(A) = p(Uf AUy) = (Y|U AU ) = (U | A|Up))
so p; is the pure state corresponding to the unit vector Upp. (Note that since Uy is
unitary, it preserves the norm.)
Excercise 2

(a) Obviously

(a) A(bB+ cC)=bAB + cAC (b,ceK, A,B,C € A),
(b) (aA+bB)C=aAC +bBC (a,b €K, A, B,C € A),
(c) (AB)C = A(BC) (A,B,C € A),

() 1A= (AcA),

so we satisfy the conditions (a)—(d) from page 49 of the lecture notes, hence A, equipped
with the action (A, B) — AB, is a representation of itself. Let [ : A — L(A) be the
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corresponding algebra homomorhism. To see that it is faithful it suffices to show that
Ker(l) = {0}, i.e., we must show that A # 0 implies that AB # 0 for some B € A. This
is obviously satisfied if we take B = 1.

(b) We must check condition (e) from page 50 of the lecture notes. We write
(A|BC), = 1(A*(BC)) =7((A*B)C) = 7((B*4)*C) = (B*A|C).,
which is true for all A, B,C € A.

Excercise 3
(a) The ‘conditional probability’ formula writes p; as a convex combination of two
states. Since p; is pure, these states must both be equal to p;. In particular,

p(A® P)

p(l@P)

which implies p(A ® P) = p1(A)p2(P). Recall that the projections span an algebra so
by linearity this implies p(A ® B) = p1(A)p2(B) for all A € L(H;) and B € L(H;).

(b) Let P be the projection on e(1). If we perform the ideal measurent {P,1 — P} on
L(H1), then this will tell us in which pure state the subsystem £(Hs) is. More precisely,
we can write

p(A® 1),

p(P® Ay @ As) p((1 — P)® Ay @ Az)

1®A;® Asz) = PR1®l) + 1-P)1®1).
Hence
p2s = p(P @1 ® 1)pys + p((1 = P) @ 1 ® 1)piyg,
where (PoA 45)
Pl ® Ay ® As
N
P XK A ® Az
Ay @ A
Pas(Az @ Ag) 1= p(1-P)@1®1)
Let

po(Az)=phs(As® 1) (As € L(Ha)),

py(Az):=phs(A2® 1) (Az € L(Ha)).
We claim that pf, is the pure state corresponding to the vector f(1) and pj is the pure
state corresponding to the vector f(2). Hence, by part (a), ph; and phs are product
states and po3 is not entangled. To see this, just write

p(PR A ®1)  pra(P® Ay)

polA2) = p(Po1®l)  puPel)’
where
pr2(P ® Az) = 5(e(1) @ f(1) +e(2) @ ﬂ)W@Aﬂﬂ) F() +e(2) ® f(2)
= He(1) @ (1) +e(2) @ f(2)|Pe(1) @ Ao f(1) + Pe(2) @ Ay f(2))
=3(e(1) @ f(1) +e(2) ® f(2)le(1) ® A2 f(1)) = (f(1)]A2] f(1)).

We can calculate pj similarly.



