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Chapter 1

One-dimensional voter models

1.1 The voter model

Let A be a countable set and let {0,1}* be the space of all configurations
x = (x(i));ez of zeros and ones on A. We will be interested in continuous-
time Markov processes (X;);>o with state space {0,1}*. We call X,(i) the
type of the site i € A at time ¢ > 0. Let (II;);ea an i.i.d. collection of rate one
Poisson subsets of R and let p be a probability kernel on A. The voter model
on A with kernel p is the continuous-time Markov process (X;);>o taking
values in {0,1}* with the following informal description:

Each site ¢ adapts at each time ¢ € II; the type of a random
neighbour, chosen according to the probability law p(i, -).

More formally, such a process can be constructed as follows. For each,j € A,
we define a voter model map votj; : {0,1}* — {0,1}* by the formula:

{x@) if k=1,

vot ;(z)(k) == (1.1)

xz(k)  otherwise.

The effect of this map is that the site ¢ adapts the type of the site j. We set
g .= {votji : 1,7 € A} and define a measure p on G x R by

p({vot;i} x [s,t]) == p(i,5)(t — s) (1,7 €A, s,teR, s<t). (1.2

We let w be a Poisson point set of G x R with intensity measure p, i.e., w
is a random subset of G x R such that the number of elements of w N A is
Poisson distributed with mean p(A) for each measurable A C G x R such
that p(A) < oo, and if Ay,..., A, are disjoint, then the random variables
wNA,...,wNA, are independent. Note that elements of w are of the form

5



6 CHAPTER 1. ONE-DIMENSIONAL VOTER MODELS

(m,t) with m € G and t € R. We can now apply [Swa22, Thm 4.19] to
conclude that almost surely, for each x € {0,1}* and s € R, there exists a
unique function [s,00) 3 t — X; € {0,1}* such that t — X;(i) is piecewise
constant and right continuous for each ¢ € A, and

m(X,—)  if (m,t) € w for some m € G,
Xs=x and X, = (1.3)

P otherwise,

where X;_ () := lim,; X,.(7) ( € A) denotes the state at the site i just before
time ¢, and X;— = (X;_(7))iea. Since the Lebesgue measure on R is atomless,
it almost surely never happens that two elements of w have the same time
coordinate, so this equation is well-defined. By [Swa22, Thm 4.19] it almost
surely has a unique solution for each z € {0,1}* and s € R simultaneously,
so we can define random maps (X, ;)s<¢ from {0, 1}* into itself by

Xst(z) :== Xy where (X¢)i>s solves (1.3). (1.4)

These random maps form a stochastic flow, which means that
Xs,s =1 and Xt,u o Xs,t = Xs,u (5 <t< U)a

where 1 denotes the identity map. If X, is a random variable with values in
{0,1}*, independent of w, then by [Swa22, Thm 4.19], setting

X, = Xou(Xo)  (t>0) (1.5)

defines a Markov process (X;);>o with values in {0, 1}*. We will call this the
voter model with kernel p. Let

Pz, -) ==P[Xou(z) € -] (z € {0,1}*, t > 0) (1.6)

denote its transition kernels. We equip {0, 1}* with the product topology
and we equip the space M ({0, 1}*) of probability measures on {0, 1}* with
the topology of weak convergence. Then {0,1}* is compact by Tychonov’s
theorem and consequently M, ({0,1}*) is compact by Prohorov’s theorem.
We let C({0,1}*) denote the space of all continuous functions f : {0, 1}* —
R, equipped with the supremumnorm. We associate a probability kernel K
on {0, 1}* with the linear operator K : C({0,1}*) — C({0,1}*) defined by

Kf(z) = / K (. dz) f(y).

Now [Swa22, Thm 4.19] tells us that
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(i) the map (x,t) — Py(z, -) from {0,1}* x [0, 00) to M1 ({0,1}*) is con-
tinous,

(11) PozlaHdPSPtIPSth (S,tZO),

where 1 denotes the identity map from C({0, 1}*) into itself and P,P; denotes
the composition of P, and P, viewed as linear operators. The conditions
(i) and (ii) say that the transition kernels (P,);>o form a Feller semigroup.
General theory tells us that each Feller semigroup is uniquely characterised
by its generator, which is the linear operator G : D(G) — C({0, 1}*) defined
by

Gf(z):=limt " (Pf — f), (1.7)

t—0

where by definition, the domain D(G) of G is the set of all functions f €
C({0,1}*) for which the limit in (1.7) exists with respect to the supremum-
norm. By [Swa22, Thm 4.30], the generator of the voter model is given

by

Gf@) = 30 {f(vorul@) — £(x)}) (e (01}, (18)

i,JEA

which is defined first for functions f that depend on finitely many coordinates,
and then for more general functions by taking the closure of the operator
whose domain are the functions depending on finitely many coordinates. We
refer to [Swa22, Section 4.4] for details.

What is important for us is that the evolution equation (|1.3) makes our
informal description of the voter model at the beginning of this section rig-
orous. More precisely, let (I;);ca as before be an i.i.d. collection of rate one
Poisson subsets of R. Conditional on (II;);eca, independently for each (i,t)
with ¢ € II;, we can choose a random j € A according to the probability
law p(i, - ). Then one can check that the collection of all pairs (votj;,t) with
t € II; and j random as just described, forms a Poisson point process on
G x R with intensity p as in . Thus, our formal construction of the voter
model coincides completely with the informal description given before.

1.2 One-dimensional voter models

We will exclusively be interested in the case that A = Z, the one-dimensional
integer lattice. In pictures, we draw space Z horizontally, we draw time R
vertically, and for each element (votj;,t) of the Poisson set w we draw an
arrow from the space-time point (7,¢) to the space-time point (i,t¢). We will
later need to distinguish several types of arrows that represent different sort
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of maps. For reasons that will become more clear later, we will represent the
voter map by an arrow with a black rectangle at its tip: ——mm

With this convention, a piece of the Poisson set w could look like this:

time
] iy
< .
——>m-
-
— ——>m-
[ DR
L —
space

In this example, the kernel p is the nearest-neighbour kernel

Loif -] =
p<z,j>:={2 i-gl=1 (1.9)

0 otherwise,

which has the effect that arrows only join sites at distance one from each
other. Starting from an initial state Xy € {0,1}%, we can find the solution

(X¢)t>0 of the evolution equation (1.3) by applying the right maps at the
right times:

-_—— -
—
—
—
—
-
—
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This construction is called the graphical representation of the voter model.
More abstractly, we also refer to the Poisson set w as the graphical repre-
sentation of the voter model. It is quite easy to simulate a voter model on a
computer. In the following picture, a space-time point (i, ) is white or black
depending on whether X,;(i) = 0 or = 1. The initial state X{ is chosen such
that X(i) =1 for all ¢ <0 and Xg(i) = 0 for i > 0.

It is easy to see that the boundary between the ones and zeros evolves
like a continuous-time random walk that jumps with Poisson rate % one step
to the left and with Poisson rate % one step to the right. Therefore, by
Donsker’s invariance principle, if we rescale space by a factor €, time by a
factor €2, and send € — 0, then the boundary between the ones and zeros
should converge to a standard Brownian motion, as can already be seen a bit
from the following larger picture.
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Things get a bit more complicated when we allow for more general initial
states. In the following picture, the random variables (Xq(7));ez are i.i.d. and
uniformly distributed on {0, 1}. We have used periodic boundary conditions,
i.e., we have replaced Z by Z/N for some large value of N (in this picture,
N = 300).

In this picture, the boundaries between zeros and ones evolve like anni-
hilating random walks, which in the limit should converge to annihilating
Brownian motions. A slight complication is that in the limit, these annihi-
lating Brownian motions start from every point in space, which raises the
question whether the process is well-defined. The simulations suggest this is
the case, and the process “comes down from infinity”, in the sense that at
each positive time, the density of boundaries is already finite. We can also
define voter models with more than two types. In the following picture, each
site in the lattice originally has a different colour. The boundaries between
these colours now evolve like coalescing random walks, or in the limit, as
coalescing Brownian motions.




1.3. DUAL COALESCING RANDOM WALKS 11

In all these simulations, we used the nearest-neighbour kernel. If instead
we use the range two kernel

p(i,j) = {

then the picture gets more messy:

if 1 <|]i—j| <2,

I,

e}

otherwise,

Nevertheless, the simulations suggest that on a sufficiently large scale, the
limit should be the same as before, namely annihilating Brownian motions
starting from each point in space. We will see that this is indeed true. In
fact, it has been proved that the limit is universal, as long as the kernel p
has mean zero and a finite (3 4 €)-th moment.

1.3 Dual coalescing random walks

We have already seen that there is a close relation between one-dimensional
voter models and systems of annihilating or coalescing random walks, because
the latter describe the boundaries between intervals in which all sites have
the same type. In the present section, we will see that voter models are
related to coalescing random walks in yet another way, that is not restricted
to one dimension. If we want to know the state of a site ¢ at a time ¢, then
the obvious thing to do is to look back in the graphical representation how
this site got its type:



12 CHAPTER 1. ONE-DIMENSIONAL VOTER MODELS

time
] L.
< Bl <—
—
—>
—>

<

—>
—
—>
> —)T <« T(—
space

This means that starting from the space-time point (i,t), we walk till
the last time when the tip of an arrow indicates that the site ¢ copied the
type of another site j. From that time on, we follow the site j back in time
till the last time it changed its type and so on. Paths started from different
space-time points coalesce as soon as they meet:

time
] L.
Bl <— Bl <—
—
—>
—>

l<—

—>
—
|
> —)T = T(—
space

In this way, the graphical representation of the voter model can be used
to construct a system of coalescing random walks, where each individual path
is a continuous-time random walk that jumps with Poisson rate p(i, j) from
a site ¢ to another site j.

It will be useful to view this system of coalescing random walkers as an
interacting particle system in its own right. To this aim, we turn the graphical
representation of the voter model upside down and reverse the direction of
all arrows. We interpret an arrow from (7,t) to (j,t) of the form wm—s as
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saying that at this time, the coalescing random walk map should be applied,
which is defined as

0 ithk=1
ras)() = { y)Vyl)  itk=j (1.10)
y(k) otherwise.

Here, we interpret sites of type 1 as occupied and sites of type 0 as empty.
Then the map rw;; has the effect that if there is a particle at ¢, then this
particle moves to 7, coalescing with any particle that may already be present
on that site. We obtain a graphical representation w for a Markov process
(V)10 with values in {0,1}% by setting

W= {(rwij,t) : (Votji7—t) € w}, (1.11)

which corresponds to reversing time and replacing voter model maps by co-
alescing random walk maps. In a picture, the construction looks like this:

time
0 0 1 0 0 0 1 0 0 0

«——mm
«——mm
- ——mm
—|
«——mm -
_.—> -_—>
|
T T
0 1 1 1 1 1 1 1 0 0

This construction is well-defined by exactly the same theorems that we
cited in case of the voter model. One can check that w is a Poisson set and
that the generator H of the Markov process (Y;):>o is given by

Hf(y):=> pi, ){f(rwi() — F)}  (ve{0,1}").

ijeA

Here is a simulation of the process started form the fully occupied initial
state:
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-

p
R : t e

1.4 Adding branching and deaths

We can make our processes more interesting, but also more complicated, by
adding two additional maps. We define a branching map bra;; and death
map dth; by

bray () (k) = { wi)velg) k=7 (1.12)

x(k) otherwise,
and
dtn () (k) = 1 e (1.13)
th;(x = .
x(k)  otherwise,

with 2,7 € Z. In graphical representations, we represent the application of

the branching map bra;; at a time ¢ by a normal arrow —— from (4,t) to
(7,t), and we represent the application of the death map dth; at some time ¢

by a “blocking symbol” mm . A graphical representation that contains voter
model maps, branching maps, ad death maps then could look like this:
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time X

l€—|
- |
] | €
> -
(—
T T |
0 0 0 0 0 1 0 1 0 0

This is a good point to explain the reason why we have depicted voter
model maps, coalescing random walk maps, branching maps, and death maps
as we did. By definition, an open path in a graphical representation is a
piecewise constant, right-continuous function = : [s, u] — Z such that:

(i) If 4(t) # v(t—), then there is an arrow from (y(t—),t) to (y(t),t).
(i) If v(t) = v(t—), then there is no blocking symbol at (y(¢),t).

We call (y(s),s) the starting point of the path v and (y(¢),t) its endpoint.
We also say that « is an open path from (y(s),s) to (y(t),t). With these
conventions, one can check that for a voter model (X;);>o with additional
branching and deaths

Xi(j)=1 <« there is an open path from a point

S . . (1.14)
(,0) with Xo(i) =1 to (4,1),
and a similar statement holds for systems of coalescing random walks (Y;):>o
with additional branching and deaths. Given a graphical representation w
for a voter model with additional branching and deaths, we can construct
a graphical representation w for a system of coalescing random walks with
additional branching and deaths according to the recipe:

(i) If w contains an arrow from (i,t) to (j,t), then @ contains an arrow
from (j, —t) to (i, —t).

(ii) If w contains a blocking symbol at (i,t), then & contains a blocking
symbol at (i, —t).
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Even more briefly, this can be described as: reverse time, reverse the direc-
tion of all arrows, and keep the blocking symbols. This generalises out earlier
definition in . We can use the graphical representation w to construct
a stochastic flow (X, )s<y that describes how the Markov process X evolves
between two given times, and similarly we can use the graphical representa-
tion W to construct a stochastic flow (Y. )s<y that can be used to construct
the Markov process Y. We claim that these two stochastic flows are dual in
the sense that

Xsuw@)ANy#0 < xAY_,_s(y) #0, (1.15)

where 0 € {0, 1}% denotes the configuration that is constantly zero, and x Ay
denotes the pointwise minimum of two configurations x and y. Indeed,

Xsuw(@) ANy #£0 <
Ji,j € Zst. x(i) =1, y(j) =1, and there
exists an open path in w from (i, s) to (j,u)
=
Ji,j €Zst.x(i) =1, y(j) =1, and there
exists an open path in @ from (j, —u) to (i, —s)

& s ANY_,s(y) #0.

There is a slight complication: formula holds almost surely for given
(deterministic) times s < u, but it does not hold almost surely for all s < u
simultaneously, due to our convention that Markov processes and our open
paths are right-continuous. If we want to hold for all s < u simulta-
neously, then we have to modify our definitions of X ,, and Y, so that one
is right-continuous and the other is left-continuous.

Let us first look at the case that there are no deaths. We will be interested
in the interacting particle system with generator

Gf(x)=(1~e) 3 pli. ){f (vor;(x))  (x)}
+e Z é(i,j){f(braji(x)) — f(x)} (€ {0,1}Y), (1.16)

i,jEA

where p is the nearest-neighbour kernel defined in . In other words, this
is the interacting particle system where voter model maps votj; occur with
Poisson rate (1 —¢)p(i, j) and branching maps bra;; occur with Poisson rate
ep(i, 7). If we start in an initial state such that all sites i < 0 have type 1
and all sites ¢« > 0 have type zero, then it is easy to see that the boundary
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between the ones and zeros evolves like a continuous-time random walk that

jumps with Poisson rate (1 — 5)% one step to the left and with Poisson rate

% one step to the right. If we rescale all spatial distances by ¢ and time by
€2, then such a random walk converges to a Brownian motion with drift +1.
Similarly, if initially sites left of the origin have type 0 and right of the origin
type 1, then the limiting Brownian motion has drift —1. The inclusion of
even a little bit of branching gives the ones an advantage, so that starting
with a finite interval of ones, there is a positive probability that the ones

eventually take over the whole lattice:

The dual process, in the sense of (1.15]), is the process (Y;)i>o with gen-
erator

Gfly)=(1—¢) Z (i, 5){f (xwi; () — £ ()}
+e Z ]’O(i,j){f(braij(y)) —f(y)} (y € {0,1}Y). (1.17)

ijeA

In other words, this is the interacting particle system where coalescing ran-
dom walk maps rw;; occur with Poisson rate (1 — ¢)p(i,j) and branching
maps bra;; occur with Poisson rate ep(i, j). Here is a simulation of such a
process, started in the fully occupied initial state:
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One can check that product measure with intensity € is a reversible in-
variant law for this process. Moreover, if the process is started with finitely
many 1’s, then the position of the right-most one evolves like a continuous-
time random walk that jumps with Poisson rate (1 — 5)% one step to the left
and with Poisson rate % one step to the right. These observations suggest
that the process should have a diffusive scaling limit as we rescale all spatial
distances by ¢ and time by 2. The simulations suggest that just like co-
alescing Brownian motions, this limiting process comes down from infinity.
The limit process is not simply branching and coalescing Brownian motions,
however. Indeed, if we follow the right-most one, then this one branches to
the right with rate e, while we rescale time by a factor 2. This means that
in the rescaled process, the number of branchings per time unit is ¢! and
hence tends to infinity as ¢ — 0.

We next add deaths as well. We will be interested in voter models with
branching and deaths and generator of the form

Gf(x)=(1—2) Y pli.)){f(vot;i(z)) — f(z)}

4o 3 plis){f (bran(e)) - 1 (@)} (1.18)
+9e2 Z {f(dathi(z)) — f(z)} (z € {0,1}"),

where 6 > 0 is a fixed constant and we rescale space by € and time by 2 and
send ¢ — 0. In this case, the limit looks much more nontrivial than in the
case without deaths:
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For the dual process, the picture looked already complicated in the case
without deaths, and adding deaths does not complicate things much further:

Note that since deaths occur only with rate de2, and we rescale time by
a factor €2, for the rescale process the death rate is 6. So compared to the
picture with only branching and coalescing, we have just added deaths with
rate 4.

1.5 Outline

In the next chapters, we will develop a mathematical theory for diffusive
scaling limits of (biased) voter models and their dual systems (branching)
coalescing random walks. It turns out that mathematically, the collection of
all open paths in a graphical representation is a good object to work with.
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Our first aim will be to construct the Brownian web, which can informally be
described as an infinite collection of paths of coalescing Brownian motions,
starting from every point in space and time. In a second step, we will then
add branching, which yields the Brownian net. Adding also deaths yields the
Brownian net with killing.

The Brownian web arose from the work of Arratia [Arr79, [Arr81), was
further developed by Téth and Werner [TW9S], and then further by Fontes,
Isopi, Newman, and Ravishankar [FINRO4]. The Brownian net was invented
by Rongfeng Sun and myself in [SS08] and independently by Newman, Rav-
ishankar, and Schertzer in [NRS10]. The Brownian net with killing was
introduced by the same authors in [NRST5].

The Brownian web and net are believed to be universal scaling limits, that
occur in a wide range of problems. For the Brownian web, there are results
that show this is the limit even when the kernel is not nearest-neighbour
[NRSO5], but the analogue result for the Brownian net is at the moment still
open (though being investigated right now). Other models that have been
shown to be related to the Brownian web and net are self-repellent random
walks in one dimension [TW9§| and one-dimensional stochastic Potts models
at low temperatures [NRS17]. We conclude this chapter by showing, as an
illustration, a picture of such a Potts model.




Chapter 2

Topological prerequisites

2.1 Topological spaces

We are interested in diffusive scaling limits of systems of branching and
coalescing particles with small branching rate. In order to to be able to
formulate the convergence, in the present chapter, we introduce the right
spaces. In particular, we will need a space of paths, introduced in Section [2.7]
and the space of all compact sets of paths, equipped with the Hausdorff
metric, introduced in Section [2.5]

A topological space is a set X equipped with a collection O of subsets of
X that are called open sets, such that

(i) If (O,)4er is any collection of (possibly uncountably many) sets O, €
O, then | .+ O, € O.

(i) If O1,04 € O, then O; N O, € O.

(iif) 0, X € O.

Any such collection of sets is called a topology. It is fairly standard to also
assume the Hausdorff property

(iv) For each x1,29 € X, 11 # 29 301,05 € O 8.t. O, N Oy = 0, 1 € Oy,
To € 02.

A set V C X is a neighbourhood of a point x € X if x € O C V for some
O € O. We let V, denote the set of all neighbourhoods of x. A fundamental
system of neighbourhoods of x is a set V., C V, such that

VWey, V' eV st. VI CV.

21
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For example, the set of all O € O such that x € O is a fundamental system
of neighbourhoods of x. A sequence of points z, € X converges to a limit
x in a given topology O if for each V' € V, there is an n such that x,, € V
for all m > n. It suffices to check this condition for a fundamental system of
neighbourhoods V.. If the topology is Hausdorff, then limits are unique, i.e.,
r, — x and x, — 2’ implies v = 2’

If (X,0) is a topological space (with O the collection of open subsets of
X) and X’ C X is any subset of X', then X’ is also naturally equipped with
a topology given by the collection of open subsets O := {ONAX': O € O}.
This topology is called the induced topology from X. If x,,x € X', then
2, — 2 in the induced topology on X’ if and only if x,, — x in X.

A basis of a topology is a subset O C O such that each element of O
can be written as the union of (possibly uncountably many) elements of O'.
Equivalently, this says that

O0={0CcX:Vxe030 €0 st.z €0 CO}.

If O is a basis for O, then V., := {0 € O’ : x € O} is a fundamental system
of neighbourhoods of x. A topology is first countable if every x € X has
a countable fundamental system of neighbourhoods. A topology is second
countable if there exists a countable basis of the topology.

A set C' C X is called closed if its complement is open. Because of
property (i) in the definition of a topology, for each A C X, the union of all
open sets contained in A is itself an open set. We call this the interior of
A, denoted as int(A) := (J{O : O C A, O open}. Then clearly int(A) is the
largest open set contained in A. Similarly, by taking complements, for each
set A C X there exists a smallest closed set containing A. We call this the
closure of A, denoted as A := ({C : C D A, C closed}. If the topology is
first countable, then

A={re X : 3z, € X st. 1, — 1}, (2.1)

i.e., A is the set of all limits of sequences in A. A similar statement holds
for general topological spaces if we replace sequences by the more general
concept of a net, that we will not discuss here. Since a set is closed if and only
if it coincides with its closure, it follows from that in a first countable
topological space, knowing all convergent sequences and their limits uniquely
determines the closed sets and their complements, the open sets, and hence
the whole topology.

A topological space is called separable if there exists a countable set D C
X such that D is dense in X, where we say that a set D C X is dense if
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its closure is X, or equivalently, if every nonempty open subset of X has a
nonempty intersection with D.

A metric on a set X is a function d : X x X — [0, 00) such that for all
x,y,z2 € X,

(i) d(z,y) = d(y, ),
(i) d(z,2) < d(z,y) + d(y, 2),
(iii) d(x,y) = 0 implies = = y.

A metric space is a space with a metric defined on it. If d is a metric on X,
and B.(z) :={y € X : d(x,y) < €} denotes the open ball around z of radius
g, then

O:={0CX:Vze0 I >0st B(zx) CO}

defines a Hausdorff topology on X such that convergence z,, — z in this
topology is equivalent to d(x,,x) — 0. Note that the open balls form a
basis for this topology. Since open balls of radius 1/n around a point = form
a fundamental system of neighbourhoods, metric spaces are first countable.
We say that the metric d generates the topology O. If for a given topology
O there exists a metric d that generates O, then we say that the topological
space (X, 0) is metrisable. Such a metric, if it exist, can always be chosen
such that it is bounded. For example, if d is any metric on X, then d'(z,y) :=
d(x,y)A1is a bounded metric that generates the same topology. A metrisable
space is always first countable. It is second countable if and only if it is
separable.

A sequence z,, in a metric space (X,d) is a Cauchy sequence if for all
e > 0 there is an n such that d(zy,z;) < e for all k,I > n. A metric
space is complete if every Cauchy sequence converges. Every metric space
(X, d) has a completion, i.e., there exists a complete metric space (X, d) such
that X C X is dense and the metric on X is the induced metric from X,
ie., d(z,y) = d(z,y) for all z,y € X. Such a completion is unique up to
isometries.

A Polish space is a separable topological space (X, O) such that there
exists a metric d on X with the property that (X,d) is complete and d
generates O. Warning: there may be many different metrics on X that
generate the same topology. It may even happen that X is not complete
in some of these metrics, and complete in others (in which case X is still
Polish)ﬂ Example: R is separable and complete in the usual metric d(z,y) =

IThe use of the term “Polish space” has a long history and there is some variation in
its definition. While our use of the term is in line with most of the modern literature,
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|z — y|, and therefore R is a Polish space. But d'(x,y) := |arctan(x) —
arctan(y)| is another metric that generates the same topology, while (R, d’)
is not complete. Indeed, the completion of R w.r.t. the metric d’ is [—o0, o0].

2.2 Compactness

A subset K of a general topological space X (with collection of open sets
O) is called compact if every open cover has a finite subcover, i.e., if for
any collection (O, ),er of open subsets of X such that |, O, D K, there
exists a finite A C I' such that (J ., O, D K. Using this definition, it is
easy to see that the image of a compact set under a continuous function is
again compact. Compact subsets of Hausdorff topological spaces are closed.
A subset K of a metric space X is compact if and only if it is complete
and totally bounded, which means that for every ¢ > 0 there exists a finite
collection {B.(x1), ..., B:(x,)} of open balls such that

B.(z1)U---UB.(z,) D K.

From this, it is not hard to see that compact metrisable spaces are always
separable. If (z,),en is a sequence and m : N — N is a function such that
m(n) — oo as n — 00, then setting ), := Zp) (n € N) defines a new
sequence. Such a sequence is called a subsequence of the original sequence.
A cluster point of a sequence is a limit of a subsequence.

Theorem 2.1 (Bolzano-Weierstrass) Let X' be a metrisable space and
let K C X. Then K is compact if and only if every sequence in K has a
subsequence that converges to a limit in K.

The Bolzano-Weierstrass theorem also holds for second countable spaces.
(Note that metrisable spaces need in general not be second countable, and
conversely, not every second countable space is metrisable.) There is also a
version of the Bolzano-Weierstrass theorem that holds in general topological
spaces but in this case one has to replace sequences by the more general nets.
A set A is precompact if its closure is compact. In metrisable spaces, this
is equivalent to the statement that each sequence of points =, € A has a
convergent subsequence. Note that in this case we do not require that the
limit is an element of A. The following simple lemma is often useful.

Lemma 2.2 (Convergence and compactness) Let X' be a metrisable
space and let x,x, € X. Then x, — x if and only if the following two
conditions are satisfied.

some authors use “topologically Polish” for what we call “Polish” and reserve the latter
term for the more restricted setting of a complete and separable metric space.
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(i) The set {z, : n € N} is precompact.

(ii) For every subsequence Tp(m) such that xnam)y — ' for some 2’ € X,
m—00

one has ¥’ = x.

If (X, O) is a topological space, then a compactification of X is a compact
topological space X such that X is a dense subset of X and the topology
on X is the induced topology from X. If X’ is metrisable, then we say that
X is a metrisable compactification of X. It turns out that each separable
metrisable space X has a metrisable compactification [Cho69, Theorem 6.3].

A topological space X is called locally compact if for every x € X there
exists a compact neighbourhood of x. We cite the following proposition from
[Eng89, Thms 3.3.8 and 3.3.9].

Proposition 2.3 (Compactification of locally compact spaces) Let X
be a metrisable topological space. Then the following statements are equiva-
lent.

(i) X is locally compact and separable.

(ii) There exists a metrisable compactification X of X such that X is an
open subset of X.

(iii) For each metrisable compactification X of X, X is an open subset of X .

We note that if X satisfies the equivalent conditions of Proposition [2.3]
then it is possible to find a metrisable compactification X of X such that X'\ X
consists of just one point, usually denoted by co. In this case, X = X' U{oo}
is called the one-point compactification of X. The open sets of X' U {oo} are
all open sets of X plus all sets of the form {co} UO where X\O is a compact
subset of X.

A subset A C X of a topological space X is called a Gs-set if A is
a countable intersection of open sets (i.e., there exist O; € O such that
A =2, 0;. If X is metrisable, then every closed set A C X is a Gs-set,
since it is the intersection of the open sets {z € X : d(x,A) < 1/n}. The
following result can be found in [Bou58, §6 No. 1, Theorem. 1]. See also
[Oxt80, Thms 12.1 and 12.3].

Proposition 2.4 (Compactification of Polish spaces) Let X' be a metris-
able topological space. Then the following statements are equivalent.

(i) X is Polish.

(ii) There exists a metrisable compactification X of X such that X is a
Gs-subset of X.
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(iii) For each metrisable compactification X of X, X is a Gs-subset of X.

Moreover, a subset )Y C X of a Polish space X is Polish in the induced
topology if and only if YV is a Gs-subset of X.

We note that if X is a compactification of a Polish space X, equipped with
a concrete metric, then X is also the completion of X’ in this metric. Thus,
unless X is itself compact, it will never be complete in such a metric (even
though, by the definition of a Polish space, there exists metrics generating
the same topology with respect to which X is complete).

2.3 Weak convergence

Let X be a metrisable space. We let B(&X') denote Borel-o-field on X, i.e.,
the o-field generated by the open sets. We let C(X) denote the space of
all continuous functions f : X — R. We let B, (X) denote the space of all
bounded Borel-measurable real functions on & and we let Cp(&X') := C(X) N
By,(&X) denote the space of all bounded continuous real functions on X'. We
equip with Cp(X) with the supremumnorm

[/ lloo := sup [f ()]
TEX

With this norm, C,(X) is a Banach space [Dud02, Theorem 2.4.9]. We let
M(X) denote the space of all finite measures on (X, B(&X')) and write M;(X)
for the subspace of all probability measures. We cite the following well-known
fact from [EK86, Theorems 3.1.7 and 3.3.1].

Proposition 2.5 (Weak convergence) Let X' be a separable metrisable
space. Then it is possible to equip My(X) with a metric dp such that

(i) (M1(X),dp) is a separable metric space,

(i) dp(ptn, ) = 0 if and only if [ fdu, — [ fdu for all f € Ch(X).

If X is a Polish space, then dp can be chosen such that (My(X),dp) is
moreover complete.

In many applications, we are not interested in the precise choice of dp
(there are several canonical ways to define such a metric). Since a metrisable
topology is uniquely characterized by its convergent sequences, property (ii)
uniquely characterizes the topology generated by dp in terms of the topology
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on X. We call this topology the topology of weak convergence and denote
convergence in this topology as

o, = [

Proposition shows in particular that if X is a Polish space, then so is
M;(X), equipped with the topology of weak convergence.

One possible choice for a metric dp as in Proposition is the Prohorov
metric. For each subset A C X and ¢ > 0, we set

A ={zeX:d(x,A) <e} with d(z,A):=inf d(z,y).
yeA

If (X,d) is a metric space, then the Prohorov metric is the metric dp on
M (&) defined as

dp(p,v) == inf{e > 0: p(A) < v(A%) +e VA € B(X)}.

It follows from [EK86, Lemma 3.1.1] that dp is a metric. It is possible to
give an alternative characterisation of dp in terms of coupling. Let C'(u,v)
denote the space of all probability measures n on X x X whose first and

second marginals are given by p and v, respectively. We cite the following
lemma from [EK86, Thm 3.1.2].

Lemma 2.6 (Prohorov metric and coupling) Let (X,d) be a separable
metric space and let p,v € My(X). Then

dP(/IH V) = (2 2)

inf {¢ >0:3n€ Cu,v) s.t. n({(z,y) € X?: d(z,y) >e}) <e}.

In words, (2.2)) says that dp(u, ) is the infimum of all ¢ > 0 for which

it is possible to couple random variables X,Y with laws pu,v such that

Pld(X,Y) > ¢] < e. We cite the following lemmas from [EK86, Thms 3.1.7
and 3.3.1].

Lemma 2.7 (Properties of Prohorov metric) Let (X,d) be a separable
metric space and let dp be the Prohorov metric. Then (Mi(X),dp) is a
separable metric space. If (X, d) is complete, then so is (M1(X),dp).

Lemma 2.8 (Prohorov metric and weak convergence) Let (X,d) be
a separable metric space and let dp be the Prohorov metric. Then p,,u €
My (X) satisfy dp(pn, ) — 0 if and only if [ fdu, — [ fdu for all f €
Co(X).
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In particular, Lemmas [2.7] and [2.8| imply Proposition The following
well-known alternative characterisation of weak convergence [EK86, Theo-
rem 3.3.1] is sometimes useful.

Lemma 2.9 (Characterization with open and closed sets) Let p,
and p be probability measures on a metrisable space X. Then the following
statements are equivalent.

(i) s = p
(ii) limsup,,_,. pn(C) < p(C) for all closed C C X .
(ili) Uminf, e 1, (O) > u(O) for all open O C X.

Exercise 2.10 (Measures concentrated on a subset) Let X' be a Polish
space and let X' C X be a Gs-set, equipped with the induced topology. We nat-
urally identify My (X") with the subset of My(X) consisting of all i € M1 (X)
such that p(X') = 1. Show that the topology on My (X') coincides with the
induced topology from its embedding in My (X). (Hint: Lemmal2.9.) Use this
to conclude that Mq(X') is a Gs-subset of Mq(X). (Hint: Proposition[2.4)).

A very useful characterization of weak convergence in terms of coupling
is given by the next theorem [EK86, Cor 3.1.6 and Thm 3.1.8].

Theorem 2.11 (Skorohod representation) Let p, and p be probability
measures on a Polish space X. Then p, = u if and only if it is possible to
couple random variables X,, X with laws p,, i, respectively, in such a way
that X,, — X a.s.

The next result is known as Prohorov’s theorem (see, e.g., [EK86, Theo-
rem 3.2.2] or [Bil99, Theorems 5.1 and 5.2]).

Theorem 2.12 (Prohorov) Let X' be a Polish space. Let M1(X') be equipped
with the topology of weak convergence. Then a subset C C My (X) is precom-
pact if and only if C is tight, i.e.,

Ve > 03K C X compact, s.t. sup u(X\K) < e.
pnec

2.4 Locally uniform convergence

Let (X, d) be a metric space and let I C R be a closed interval. We let C;(X)
denote the space of all continuous functions f: I — R.
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Lemma 2.13 (Locally uniform convergence) For f,,f € C/(X), the
following conditions are equivalent:

(i) supd(fa(t), f(t)) — 0O for all compact C C I,
teC n—0o0

(ii) fu(tn) — f(t) for allt,,t € I such thatt, — t.
n—oo

n—oo

Proof Assume (i) and let t,,,t € I satisfy ¢, —_ t. By Lemma (i), there

exists a compact set C' C [ such that ¢, € C for all n (and hence also t € C).
Then for each € > 0, there exists an N < oo such that d(f,(t), f(t)) < ¢ for
alln > N. Now

d(fu(tn), F(1)) < d(fulta), f(tn)) +d(f(ta), f(1)) < e+ d(f(ta), f(1))

for all n > N, and hence

lim sup d(fn(tn),f(t)) <e

n—oo

by the continuity of f. Since € > 0 is arbitrary, this shows that (i) implies
(ii). On the other hand, if (i) fails for some compact C' C I, then we can
choose t,, € C and € > 0 such that

d(faltn), f(ta)) > e Vn.

Since C' is compact, by going to a subsequence, we can without loss of gen-
erality assume that ¢, — ¢ for some ¢t € C. Since

d(fn(tn)v f(t)) > d(fn<tn)> f(tn» - d(f(tn)a f(t)) > e+ d(f(tn)> f(lf)),

using the continuity of f, we see that

liminf d(fa(t,), f(t)) > €,

n—oo

which contradicts (ii). |

There exists a metrisable topology on Cr(X) such that a f,, € C;(X) con-
verges to a limit f if and only if the equivalent conditions of Lemma [2.13
are satisfied. Note that by and the remarks below it, these condi-
tions uniquely determine the topology. Note also that by condition (ii) of
Lemma , the topology on C;(X') depends only on the topology on X and
not on the precise choice of the metric on X. A possible choice of a metric
on C;(X) is

plg, f) =) 27" up d(g(t), £(1)),

telo,n
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where d is a bounded metric that generates the topology on X. Such a metric
can always be found: if d is any metric generating the topology on X', then
d'(z,y) :=d(z,y) A1 is a bounded metric that generates the same topology.
Usually, we do not care about the precise choice of the metric on C;(X'); apart
from p, there are many other possible choices. We call this the topology on
C;(X) the topology of locally uniform convergence.

2.5 The Hausdorff metric

Let (X, d) be a metric space, let K(X) be the space of all compact subsets
of X and set K (X) := {K € K(X) : K # 0}. Then the Hausdorff metric
dg on K, (X) is defined as

dy(Ky, Ks):= sup d(xq1, Ks3) V sup d(z, Ki)
r1€K, ro€ Ko (23)

= inf {¢>0: K, C K5 and K, C K},

where as before d(z, A) := inf,c 4 d(z,y) denotes the distance between a point
€ Xandaset A C X and A° := {z € X : d(z, A) < £}. The corresponding
topology is naturally called the Hausdorff topology. Note the subtle difference
between “the Hausdorff topology” (the topology generated by the Hausdorff
metric) and “a Hausdorff topology” (any topology satisfying condition (iv)
of Section . We extend this topology to K(X') by adding () as an isolated
point.

A correspondence between two sets A and B is a set R C A X B such
that

Vae AJbe Bs.t. (a,b) e R and Vb€ B Ja € Ast. (a,b) € R.

In words, this says that for each element of A, there is a “corresponding”
element of B and conversely for each element of B, there is a correspond-
ing element of A. We let Corr(A, B) denote the set of all correspondences
between A and B. The following exercise relates the Hausdorff metric to
correspondences.

Exercise 2.14 Let (X,d) be a metric space. Show that

du (K1, Kp) = inf sup  d(x1, 72) (K1, Ko € Ky (X)), (2.4)

ReCorr(K1,K2) (z1,72)ER

A good source for the Hausdorff topology is [SSS14, Appendix B]. Some
more information can be found in [BBIOI, Chapter 7]. The basic properties
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of the Hausdorff topologies can be summarised in three lemmas. We first
state all three lemmas, and then give proofs. The first lemma shows that
the Hausdorff topology depends only on the topology on X, and not on the
choice of the metric.

Lemma 2.15 (Convergence criterion) Let K,, K € K, (X) (n > 1).
Then K, — K in the Hausdorff topology if and only if the following three
conditions are satisfied

(i) There exists a compact C C X such that K, C C for all n.
(ii) K = {SB e X :dr, € K, s.t. x, —>:1:}.
(i) K = {x e X :dx, € K, s.t. © is a cluster point of (%)neN}-
The next lemma shows that IC(X) is Polish if X is.

Lemma 2.16 (Properties of the Hausdorff metric)
(a) If (X,d) is separable, then so is (K (X),dxy).
(b) If (X,d) is complete, then so is (K (X),dy).

The final and third lemma implies in particular that K(X') is compact if
X is compact.

Lemma 2.17 (Compactness in the Hausdorff topology) A set A C
K (X) is precompact if and only if there exists a compact C' C X such that
K C C for each K € A.

We now set out to prove Lemmas 2.17 We start by giving an alter-
native formulation of conditions (ii) and (iii) of Lemma [2.15|

Lemma 2.18 (Cluster and limit points) Conditions (ii) and (iii) of
Lemma [2.15 are equivalent to

(i) K= {:L‘ e X: nh_}rgod(x,Kn) = O},

(ili) K = {z € X :liminfd(z, K,) = 0}.
n—oo
Proof If for some x € X there exist (z,)neny With z, € K, for all n and
x, — ¢ € K, then d(z, K,,)) < d(x,z,) — 0, and conversely, if d(z, K,,) — 0,
then we can choose z,, € K,, such that d(z, z,) < 2d(z, K,,) — 0, proving the
first equality. Similarly, if for some € X there exist (x,),en With x, € K,
for all n and an infinite set N C N such that the subsequence (z,,),ecn satisfies
lim d(x,,x) =0,

N>on—o0
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then clearly liminf, .. d(z, K,) = 0, and conversely, if this holds, then we
can choose an infinite set N C N such that

lim d(z, K,) =0,
N>n—oo
and for each n € N we can choose z,, € K,, such that d(z,z,) < 2d(z, K,).
Using the fact that K, # 0 for all n, we can extend (x,)n,en to a sequence
(Tn)nen wWith z,, € K, for all n € N that has x as a cluster point. |

Proof of Lemma We claim that condition (ii) of Lemma implies
that

supd(z, K,,) — 0. (2.5)
Indeed, if this is not the case, then there exist an € > 0 and an infinite N C N
such that sup,c g d(z, K,) > 2¢ for all n € N. Then we can choose z,, € K
such that d(x,, K,) > € for all n € N. Since K is compact, the sequence
(xn)nen has a subsequence that converges to a limit in K, i.e., there exists
an infinite N’ C N and = € K such that

r= lm =z,
N’'5n—00

Since d(z, K,,) > d(zp, K) — d(z,x,) > € — d(x, x,) for all n € N’, we have

liminf d(z, K,) > ¢,

N’'3n—o00
which contradicts condition (ii)” of Lemma [2.18, We next claim that condi-
tions (i) and (iii) of Lemma imply that

sup d(z, K) — 0. (2.6)

IGKn n—00

Indeed, if this is not the case, then there exist an ¢ > 0 and an infinite
N C N such that sup,cx, d(x, K) > 2¢ for all n € N. Then we can choose
x, € K, such that d(z,, K) > ¢ for all n € N. By condition (i), there exists
a compact C' such that K, C C for all n. It follows that there exists an
infinite N’ C N and = € C such that

r= lim =z,
N’'3n—o00
Since d(z, K) > d(zp, K) — d(x,x,) > ¢ — d(x,z,) for all n € N’, taking
the limit, we see that d(x, K) > € and hence z ¢ K. On the other hand,
x is a cluster point of the sequence (z,),en, S0 We arrive at a contradiction
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with condition (iii). Together, and show that (i)—(iii) imply that
du(K,, K) — 0 as n — oo.

Assume, conversely, that dy(K,, K) — 0 as n — oo. Set K, := K and
N := NU {oc}. We claim that C' := |J, 5 K» is compact. To see this, let
(zr)ken be a sequence with z;, € C for all k. We claim that (zy)ren has a
subsequence that converges to a limit in C. For each k£ € N, we can choose
n(k) € N such that x; € K,). If there exists an n € N such that n(k) = n
for infinitely many values of k, then the claim follows from the compactness
of K,. In the opposite case, there exists an infinite set N C N such that
n(k) € N for each k € N and n(k) # n(k') for each k, k' € N with k # k.
For each k € N, we can find zj, € K such that d(z}, x) < 2d(K, K, )). Since
K is compact, we can find an infinite set N’ C N such that the sequence
(7}, )ken’ converges to a limit # € K. Since d(x, z;) < d(x, x),) + 2d(K, Kyx))
tends to zero as N’ 5 k — oo, we conclude that (x})rens converges to
r € K C C, proving the compactness of C'. In particular, this proves that
the sets K, satisfy condition (i).

To see that conditions (ii) and (iii) hold too, we observe that for each
x € K, one has d(z, K,) < d(K, K,) — 0 as n — oo, while for z ¢ K, one
has d(z, K,) > d(z,K) — d(K, K,,) = d(z,K) > 0 as n — oo. This shows
that

{z € X :liminfd(z,K,) =0} C K C {z € X: lim d(z, K,) =0},
n—oo

n—oo

so by Lemma we conclude that conditions (ii) and (iii) are satisfied. B

The proofs of Lemmas and need a little preparation. Recall that
in any metric space (X, d), by definition, a set A C X is totally bounded if for
every € > 0 there exists a finite collection of points x1,...,x, € X such that
A C U, Be(x;), where B.(z) denotes the open ball of radius £ around z.
It is well-known that total boundedness is equivalent to the statement that
every sequence r,, € A has a Cauchy subsequence. As a consequence, a set
A C X is compact if and only if it is complete and totally bounded.

Lemma 2.19 (Totally bounded sets in the Hausdorff metric) A set
A C K. (X) is totally bounded in the metric dy if and only if the set A =
{r e X 3K € A s.t. x € K} is totally bounded in the metric d.

Proof Let B.(z) denote the open ball in X of radius ¢ around a point
x € X, and let B.(x) denote the open ball in I, (X) of radius ¢ around a
point K € K, (&X).

Assume that A is totally bounded. Let ¢ > 0 and let A C X be a finite set
such that A = J,cx B-(7). Let K € Aand set A" :={zx € A: B.(z)NK #
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0}. Then for all y € K there is an x € A’ such that d(z,y) < € and for all
x € A there is a y € K such that d(z,y) < € proving that dy(A', K) < e.
This shows that

Ac|JB.(),
!

where we take the union over all nonempty subsets A’ C A. Since there are
finitely many such A’, and each A’ is a compact subset of X', this proves that
A is totally bounded.

Conversely, if A is totally bounded, then for each ¢ > 0 we can find
Ky,...,K, € K (X) such that A C (J,_, B:/2(K,,), where B.(K) denotes
the open ball in the Hausdorff metric of radius € centered around a compact
set K. Since compact sets are totally bounded, for each k£ we can find finitely
many points Ty 1, ..., Zgm, € X such that K C U;n:kl B.ja(xy;). It follows
that A C Uy, U2 Be(2,5), showing that A is totally bounded. |

Proof of Lemma To prove part (a), let D be a countable dense subset
of (X,d), and let A be the set of all finite nonempty subsets of D. Then
A C K4 (X) and A is countable, so it suffices to prove that A is dense in
(K4 (X),dn). We will show that for each K € K, (X) and & > 0, there exists a
set A € A such that dy(A, K) < e. Since K is compact, it is totally bounded,
so we can find a finite set B C & such that K C |J,.p B:/2(x). Without loss
of generality, we can assume that d(z, K) < ¢/2 for all x € B. Since D is
dense, for each x € B we can find an 2’ € D such that d(z,2’) < £/2. Then
A= {2’ : x € B} is a finite subset of D such that for all y € K, there exists
a z € A such that d(y,z) < e and conversely, for all z € A, there exists a
y € K such that d(y, z) < €, proving that dg(4, K) < e.
To prove part (b), let K, € K, (X) be a Cauchy sequence and let

A:={z e X: lim d(z,K,) =0}, B:={z€ X :liminfd(z, K,)=0}.
n—o0 n—o0
We claim that A = B. Indeed, if there exists some x € B\ A, then there
is some £ > 0 such that for each k > 1 we can find n,m > k such that
d(z,K,) < ¢ and d(z, K,,) > 2¢, hence dy(K,, K,,) > ¢, contradicting the
assumption that the K, form a Cauchy sequence.

Let K := A = B. We claim that K is closed. To prove this, we will show
that if z, € A satisfy x; — x for some x € X, then z € B. Since z, € A
we can find z, € K, such that 3, — x; as n — oo. For each k, we can
choose n(k) > k such that d(xynw, zr) < d(xk, ). Then n(k) — oo and
d(x, Knry) < d(@pnw), ) < 2d(zg, ) — 0 as k — oo and hence z € B.

We next claim that K is compact. Since each sequence in the set {K, :
n > 1} contains a Cauchy subsequence, the set {K,, : n > 1} is totally
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bounded, hence by Lemma there exists some totally bounded set con-
taining all of the K,,. Let C' denote its closure. Then C' is compact since X
is complete, hence also K C C'is compact since K is closed.

Since the sets K, are contained in the compact set C' and since A = B,
we see that conditions (i)—(iii) of Lemma are satisfied, so we conclude
that dy(K,, K) — 0 as n — oo. We have shown that every Cauchy sequence
in (IC+(X), dH) is converges, i.e., this space is complete. |

Proof of Lemma Assume that A C K, (X) and that there exists
a compact C' C & such that K C C for all K € A. Then C is totally
bounded and complete, so by Lemmas and (b), the same is true for
{K € K{(X): K C X}, implying the latter is compact and hence its subset
A is precompact.

Conversely, if A C K, (X) is precompact, then its closure A in the metric
dy is compact. To complete the proof, it suffices to show that C = {x €
X : 3K € Ast.x € K} is compact. Since A is compact, it is totally
bounded, so Lemma [2.19 implies that C' is totally bounded too. It therefore
suffices to show that C' is complete. Any cluster point of a Cauchy sequence
must necessarily be a limit point. Therefore, to show that C' is complete,
it suffices to show that each Cauchy sequence z,, € C has a cluster point
z € C. Choose K,, € A such that z,, € K,,. Since A is compact, by going to
a subsequence if necessary, we may assume that K, — K for some K € A.
Since dy(K,, K) — 0, we can choose z!, € K such that d(z,,z!) — 0. Since
K is compact, by going to a further subsequence if necessary, we may assume
that a/, — x for some x € K. Since d(x,,x) < d(x,,x)) + d(z!,z) — 0 this
proves that the original sequence x,, has a cluster point z € K C C. |

We conclude this section with two more lemmas. The first lemma is useful
when proving convergence of I, (X')-valued random variables.

Lemma 2.20 (Tightness criterion) Assume that X is a Polish space and
let K, (n € N) be K (X)-valued random variables. Then the collection of
laws {P[K,, € -] :n € N} is tight if and only if for each € > 0 there exists a
compact C C X such that P[K,, C C] > 1 —¢ for alln € N.

Proof This is an immediate consequence of Lemma[2.17 Indeed, ifa C' C X
is compact, then by Lemma [2.17 the set C := {K € Ky(X) : K C C} is
compact, so it is clear that the conditions of the lemma imply tightness of the
laws {P[K,, € -] : n € N}. Conversely, if these laws are tight, then for each
e > 0 there exists a compact C C K (X) such that P[K,, € C] > 1 — ¢ for
all n € N, which by Lemma implies the existence of a compact C C X
such that K C C for all K € C and hence also P[K,, C C] > 1 —¢. n

The next and final lemma of this section says that if v : X — ) is a
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continuous map between metrisable topological spaces, then K(X) 3 K —
Y(K) € K(Y) is also a continuous map.

Lemma 2.21 (Map acting on compact sets) Let X and ) be metrisable
topological spaces, let  : X — Y be a continuous map, and let

O(K):={d(x):ze K} (K e€K(X))

denote the image of a compact set K C X under 1. Then ¢(K) € K(&X) for
all K € K(X), and the map ¢ : KK(X) — K(X) is continuous with respect to
the Hausdorff topology.

Proof The well-known fact that the continuous image of a compact set is
itself a compact set has already been mentioned at the beginning of Sec-
tion . To see that 1) : K(X) — K(X) is continuous, assume that K, — K.
Then by Lemma [2.15]

AC e K(X) st. K, cCVn>1 (2.7)

and

K={ze X : 3z, € K, s.t. x, — z}

2.8
={r € X :dx, € K, s.t. x is a cluster point of (z,)nen}- (28)

Since 1 (C) is compact and U(K,) € ¥(C) for all n > 1, by Lemma [2.15] to
prove that ¥(K,) — ¥(K), it suffices to show that

D(K)={y € X : Ty, € P(K,,) st. y, — y}
={ye X :Jy,¢€ QZJ(Kn) s.t. y is a cluster point of (Yn)nen}-
The latter condition can be rewritten as
{V():ve K} ={ye X3, € K, s.t. ¥(z,) = y}
={y € X : 3z, € K, s.t. y is a cluster point of (¢(z,))

nEN}'

It therefore suffices to prove that
(i) {v(z):z € K} C{ye X : 3, € K, s.t. ¥(z,) = y},

(i) {y € X : Jz, € K, s.t. y is a cluster point of (w(xn))neN}
C{v(z):z e K}.
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To prove (i), we use that by (2.§), for each z € K there exist z, € K, such
that =, — z, and hence ¥(x,) — ¥(z) by the continuity of ¢). To prove
(ii), assume that z, € K, (n € N) and there exists a sequence (n(m))m>1
with limy, o n(m) = oo such that y = lim,, 00 ¥(Tnm)). By and the
compactness of C', by going to a further subsequence if necessary, we can
assume without loss of generality that lim,, . Tpm) = @ for some z € C.
Then x € K by and limy, o0 ¥(Znm)) = ¥ (x) by the continuity of v
which shows that y = ¢ (z). |

2.6 Squeezed space

Let (X,d) be a metric space, let {*} be a set containing a single element
called *, which we assume is not an element of X', and let

R(X) = (X x R) U {(*, —00), (, +00)}. (2.9)

See Figure [2.1|for a picture of R(R), with R := [~o0, 00]. We will show that
it is possible to equip R(X) with a metrisable topology such that (x,,t,) —
(x,t) € X x R if and only if z,, = = and ¢, — ¢, while (z,,t,) — (%, £o0) if
and only if ¢,, — +oo (with no conditions on x,,). We can think of the space
R(X) as being obtained from X x R by squeezing the sets X x {400} into
the single points (%, +00). For this reason, we call R(X) the squeezed space.

/// \\ (2. 50)
\N

77 oY,
T
o

(*7 _OO)

Figure 2.1: The squeezed space R(R).

To define a metric on R(X) with the desired properties, we first extend
d to X U {x} by setting d(z,*) = d(*,z) := oo if 2 # * and := 0 otherwise.
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Let R := [~00,00] denote the usual two-point compactification of the real
line. We fix a continuous function ¢ : R — [0, 00) such that ¢(¢) > 0 for all
t € R and ¢(+o0) = 0, we choose a metric dg that generates the topology
on R, and we define dy, : R(X)? — [0,00) by

dses (2, 9), (y, 1)) = (D(s) A b(1)) (d(z,y) A1) +|e(s) — o(t)] +dr(s, t) (2.10)

Lemma 2.22 (Metric on squeezed space) The function dsy, is a metric
on R(X).

Proof For brevity, we write d'(z,y) := d(z,y) A1l. Then d' is a metric on X.
The only nontrivial statement that we have to prove is the triangle inequality,
and it suffices to prove this for the function

dig, ((2,5), (y,1)) = (6(s) A o(1))d (,y) + |d(s) — o(t)].

We estimate
Ay, ((2,5), (2,1)) < (6(s) Ap(w)) (d'(2,9) +d'(y, 2)) + |d(s) — P(u)|. (2.11)

If ¢(t) > o(s) A p(u), then ¢(s) A ¢(u) is less than ¢(s) A ¢(t) and also less
than ¢(t) A ¢(u), so we can simply estimate the expression in from
above by

(6(s) A (1) d () + (6(t) A d(w))d (y, 2)) + [6(s) = S(B)] + |6(t) — d(u)]
and we are done. On the other hand, if ¢(t) < ¢(s) A ¢(u), then

|6(s) = ()| + [6(t) = d(w)| = |¢(s) — d(u)] +2((s) A $(u) — 6(t)).

Using the fact that d’ < 1, we can now estimate the right-hand side of (2.11)
from above by

o(t) (' (z,y) + d'(y, 2)) +2(6(s) A d(u) — 6(t)) + [6(s) — d(u)|
= (&(s) Aot ))d'(l’ y)+ (925(2?) A (w))d (y, 2)
+]o(s) = o(t)] + |o(t) — o(u)],
and again we are done. [

The following lemma shows that the topology generated by the metric
dsq, has the desired properties we stated earlier. In particular, this lemma
shows that the topology generated by the metric dyy, depends only on the
topology on X and not on the choice of the metric on X'. Recall that by ,
a metrisable topology is uniquely characterised by its convergent sequences,
so the topology on R(X) is uniquely characterised by the conditions (i) and
(ii) below.
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Lemma 2.23 (Topology on squeezed space) A sequence (z,,t,) € R(X)
converges to a limit (z,t) in the metric dy, defined in if and only if
the following two conditions are satisfied:

(i) t, — t in the topology on R,
(i) oft € R, then x,, — x in the topology on X.
Proof This is immediate from the definition of dg,. |

The following lemma shows that R(X) is a Polish space if X is Polish.
Lemma 2.24 (Properties of squeezed space)
(a) If (X, d) is separable, then so is (R(X), dsq,)-
(b) If (X,d) is complete, then so is (R(X), dsqz)-

Proof If D is a countable dense subset of (X, d), then D x Q is a countable
dense subset of (R(X), dsq,), proving (a).

To prove (b), let (x,,t,) be a Cauchy sequence in (R(X), dsq,). Then by
t, is a Cauchy sequence in R and hence t,, — t for some t € R. Ift € R,
then by x, is a Cauchy sequence in (X, d) so by the completeness of
the latter, z,, — x for some = € X. By Lemma [2.23] it follows that (x,,t,)
converges, proving the completeness of (R(X), dsq)- |

The following lemma identifies the compact subsets of R(X). In partic-
ular, the lemma shows that R(X') is compact if X' is compact.

Lemma 2.25 (Compactness criterion) A set A C R(X) is precompact
if and only if for each T < oo, there exists a compact set K C X such that
{reX:(z,t)e A te[-T,T]} C K.

Proof Assume that A C R(X) has the property that for each T' < oo, there
exists a compact set K C X such that {z € X : (z,t) € A, t € [-T,T]} C K.
To show that A is precompact, we will show that each sequence (z,,t,) € A
has a convergent subsequence. By the compactness of R, we can select a
subsequence (2/,,¢) such that ¢, — t for some t € R. If t = 00, then by

n»’n

Lemma [2.23 (2, t,,) — (*,£00) and we are done. Otherwise, there exists a
T < oo such that t!, € [-T,T] for all n large enough. By assumption, there
then exists a compact set K C & such that z/, € K for all n large enough,
so we can select a further subsequence such that (z/,,t!) converges to a limit
(x,t) € X xR.

Assume, on the other hand, that A C R(X) has the property that for
some T' < 0o, there does not exist a compact set K C X such that {x € X :

(x,t) e A, t € [-T,T]} C K. Set
B:={z€X:(x,t) € Aforsomete[-T1T]}
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The closure of B cannot be compact, since this would contradict our assump-
tion. It follows that there exists a sequence x,, € B that does not contain a
convergent subsequence, and there exist ¢, € [=7,T] such that (z,.t,) € A.
But then, in view of Lemma , the sequence (z,,t,) cannot contain a
convergent subsequence either, proving that A is not precompact. |

2.7 Path space

Let X be a metrisable space and let R(X) be the squeezed space defined
in Section [2.6| By definition, a path in X is a nonempty compact subset
m C R(X) such that {z € X' : (z,t) € 7} has at most one element for each
given t € R and the set

I.:={teR:3z e XU{x}st. (z,t) e} (2.12)

is a closed subinterval of R. We call I, := I, N R the domain of m and we
call

or:=inf I, and 7, :=supl, (2.13)

the starting time and final time of the path m. For each t € I, we define
w(t) € XU {x} by {n(t)} :={2z € X : (x,t) € 7}. Then I, >t 7(t) is a
function from I to X. We let II(X’) denote the set of all paths in X.

Lemma 2.26 (Path viewed as a function) The domain I, of a path
m € II(X) is a closed subinterval of R, and t — m(t) is a continuous function
from I to X. Conversely, if I C R is a closed interval and t — f(t) is a
continuous function from I to X, then there exists a path m € II(X) such
that I, = I and ©(t) = f(t) (t € I). The path 7 is uniquely determined by
the interval I and function f, except in the trivial case when I = (), in which
case there are two possible choices for .

Proof We first show that for each 7 € II(X), the function I, > t — m(t)
is continuous. Assume that t,,t € I, and t, — t. Since 7 is compact,
the sequence (7(t,),t,) is precompact. Since m(t) is the only element of
{r € X : (2,t) € 7}, each subsequence of the (w(t,),t,) must converge
to ((t),t). By Lemma [2.2] we conclude that (7 (t,),¢,) — (m(),t). Since
t € R, by Lemma [2.23] we conclude that 7(¢,) — m(¢), which shows that
I >t 7(t) is continuous on I as claimed.

Let I C R be a closed interval and let f : I — X be continuous. Assume
that I is nonempty. Let I be the closure of I in R. Extend f to I by setting
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f(t) == xif t = +00. Let m := {(f(t),t) : t € I}. It follows from Lemma [2.23]
and the continuity of f that the map

I3t (f(t),t) € R(X) (2.14)

is continuous. Since I is compact and since 7 is the image of I under the
continuous map , we conclude that 7 is compact. Clearly, {z € X :
(x,t) € 7} has precisely one element for t € I, and is empty for t ¢ 1.
This shows that 7 € TI(X). Since I is the only closed subinterval of R such
that I NR = I, we see that 7 is uniquely determined by the interval I and
function f.

In the special case that I = (), it is easy to see that there exist precisely
two paths 7 such that I, = I (the condition 7(t) = f(¢) (¢t € I) is void in this
case). These are the trivial paths with I, = {00} or = {oo}, respectively.

|

In view of Lemma [2.26] we often view a path 7 € II(X) as a continuous
function defined on a closed interval I, C R. If I C R is a closed nonempty
interval, then we identify the space C;(X') defined in Section with the
subset of II(X') defined as {m € II(X) : I, = I}.

Let K4 (R(&X)) be the set of nonempty compact subsets of the squeezed
space R(&X). We equip K (R(X)) with the Hausdorff topology. We observe
that II(X) is a subset of K (R(X)). We naturally equip II(X) with the
induced topology from its embedding in I, (R(X)).

Lemma 2.27 (Paths with a fixed domain) Let I C R be a closed
nonempty interval. The induced topology on C;(X) from its embedding in
[I(X) is the topology of locally uniform convergence.

Proof Assume that m,,7 € C;(X), viewed as functions, satisfy m, — 7
locally uniformly. We need to show that viewed as compact subsets of R(X),
the sets m,, 7 satisfy m, — 7 in the Hausdorff topology on KC(R(X)). Let [

denote the closure of I in R. By Lemma [2.15] we need to show that |, 7,
is precompact and

T C {(z,t) € R(X) : 3t, € I s.t. (mu(tn), tn) — (z,t)},
{(z,t) € R(X) : (x,t) is a cluster (2.15)
point of (ﬂ'n(tn), tn) for some ¢, € 7} C .
To see that |J, 7, is precompact, we need to show that each sequence of

the form (7, (m)(tm); tm)m>1 has a convergent subsequence. If n(m) infinitely
often takes the same value n, then the claim is obvious from the compactness
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of m,, so without loss of generality we may assume that n(m) — oo. Going
to a subsequence if necessary, we may assume that t,, — ¢ for some t € I. If
t = +o0o, then the claim is again obvious so we may assume that t € I. In
this case Lemma (i) tells us that m,am) (tm) — 7(t) so we have found a
convergent subsequence as required.

To prove the first inclusion in (2.17)), let (7(¢),¢) € 7 and set ¢, := ¢ for
all n. If t € I, then m,(t) — 7(t) since locally uniform convergence implies
pointwise convergence, and if ¢ = +oo then trivially (x,t) — (*,t) asn — oc.
To prove the second inclusion, assume that (7,(m)(tnm))s tam)) — (2,1) as
m — oo for some (x,t) € R(X), t, € I, and n(m) — oo. If t € I, then we
can use Lemma (ii) which tells us that m,m)(tnmm)) — 7(t) and hence
(x,t) = (n(t),t) € m. If t = +o0, then trivially x = * and (x,t) € 7.

Assume, conversely, that 7, — 7 in the Hausdorff topology on IC(R(X)).
We need to show that m,,7 € C;(X) and that 7, — = locally uniformly.
Assume that ¢,,t € I such that ¢, — t. By Lemma [2.13 (ii), it suffices
to show that m,(t,) — =(t) for all such t¢,,t. Equivalently, we may show
that (m,(tn),t,) — (7(t),t). By Lemma [2.2] it suffices to show that the
set {(mn(tn),tn) : n € N} is precompact and (7(t),t) is the only cluster
point of the sequence (m,(t,),t,). By Lemma there exists a compact
set C C R(X) such that m, C C for all n, so {(m,(ts),t,) : n € N} is
precompact as required. Let (x,t) be any cluster point. By Lemmam (ii),
(x,t) € m and hence x = 7(t), which shows that m,(t,) — 7(t) as required. B

Our next proposition says that the space of paths in X is Polish provided
X has this property.
Proposition 2.28 (Polish space) If X' is a Polish space, then so is I1(X).

The proof of Proposition [2.28 needs some preparations. Let d be a metric
generating the topology on X and let = € II(X). For each 7w € TI(X), 6 > 0
and T < oo, we define

mrs(m) == sup {d(7(s),7(t)) :s,t € Iy, -T <s<t<T, t—s<d}.
(2.16)
The quantity mrs(7) is called the modulus of continuity of the path 7. More
generally, for any compact subset K C R(X), we can define

mrs(K) = sup {d(z,y) : (z,5),(y,t) € K, =T <s <t <T, t—s<0d},

which coincides with our previous definition if 7 is a path. In analogy with

(2.12)), we also define
I :={teR:3weXU{x}st. (z,t)e K}.
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Lemma 2.29 (Characterisation of paths) A compact subset 7 C R(X)
is an element of the path space II(X) if and only if [ is a closed subinterval
of R and (lsin% mys(m) =0 for all T < 0.

ﬁ.

Proof Assume that 7 € K(R(X)) and limsups_,,mrs(m) > 0 for some
T < oo. Then we can find (x,, $,), (Yn, tn) € T and 6 > 0 with d(z,,y,) > 0,
-T<s,<t, <T,and t, —s, < 1/n. Since 7 is compact, by going to a
subsequence, we can assume that (x,,s,) — (z,s) and (y,,t,) — (y,t) for
some (z,$), (y,t) € 7 with d(z,y) > 6 >0, -T <s<t<T,and t — s = 0.
This shows that © ¢ TI(X).

Conversely, if 7 ¢ TI(X), then either I, is not a closed subinterval of
R or there exist (z,t),(y,t) € m with # # y. In the latter case, since
(%, £00) are the only points in R(X) with time coordinate oo we must
have t € R. But then mys(m) > d(x,y) > 0 for all T' > |¢|, which shows that
lim sups_,, mrs(m) > 0 for some T < oo. |

Proof of Proposition If X is a Polish space, then by Lemma [2.24] so
is R(X') and hence by Lemma so is K(R(X)). Let us set

K':={K € K(R(X)) : I is a closed subinterval of R}. (2.17)

Then K’ is a closed subset of IC(R(X)) and hence Polish in the induced
topology by Proposition 2.4l For each €,6 > 0 and T < oo, the set

Arcs i ={K € K' : mps(K) > ¢}

is a closed subset of K’ and hence its complement A7, s is open. By Lemma

229,
H(X) - m UA;,l/mJ/m

nm k

which is a countable intersection of open sets, i.e., a Gs-set. By Proposi-
tion it follows that I1(X) is a Polish space. |

A set A C II(X) is called equicontinuous if

lim sup mygs(m) =0 (T < ).

0—=0 reA
The following theorem identifies the compact subsets of II(&"). Condition (ii)
is called the compact containment condition. If I C R is a closed nonempty
interval, then C;(X) is a closed subset of IT and hence the following theorem
can also be used to identify the precompact subsets of C;(X). In this con-
text, the result is known as the Arzela-Ascoli theorem. Note that while the
definition of equicontinuity depends (at least a priori) on the choice of the
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metric d on X', whether a set A C II(X) is precompact only depends on the
topology on X', so when verifying conditions (i) and (ii) below, we are free
to choose any metric d that generates the topology on X

Theorem 2.30 (Arzela-Ascoli) A set A C II(X) is precompact if and only
if

(i) A is equicontinuous,

(ii) for each T < oo, there exists a compact set C C X such that w(t) € C
forallme A, t € [-T,T).

Proof Let K’ be the space defined in , equipped with the Hausdorff
topology. Let A denote the closure of A, viewed as a subset of the space K.
Then A is a precompact subset of II(X) if and only if A is a compact subset
of K" and A C TI(X). By Lemmas and , A is a compact subset of K’
if and only if condition (ii) holds. To complete the proof, it suffices to show
that assuming that (ii) holds, one has A C II(X) if and only if (i) holds.

We first show that (i) implies A C II(X). Assume that 7, € A converge
in the Hausdorff topology to a compact subset m C R(&X’). To show that
7 € II(X), will apply Lemma If (z,s), (y,t) € m, then by Lemma [2.15]
there exist (2, $n), (Yn,tn) € m, such that (z,,s,) — (x,s) and (y,,t,) —
(y,t). If s,t € [-T,T] and |t — s| < ¢, then for n large enough we have
Spytn € [T — 1,T + 1] and |t, — s,| < 2. Since d(z,,y,) — d(z,y), it
follows that

lim sup my s(7) < lim sup sup mr41.25(m,) = 0 (0>0, T <o),
6—0 6—0 n

which by Lemma implies that m € II(X).

Assume now that (ii) holds but (i) fails. Then there exist T < oo and
€ > 0 such that for each n > 1, we can find 7, € A with mq1/,(7m,) > €. This
means that there exist =T < s, < ¢, < T such that d(m,(s,), T.(t,)) > €
and t, — s, < 1/n. By (ii), A is a compact subset of X', so by going a
subsequence we may assume that m, — 7 € K'. By going to a further
subsequence, we may assume that s, — s and t,, — t for some s,t € [T, T].
But then s = ¢ since t,, — s, < 1/n. Let z, := m,(s,) and y,, := m,(t,). By
(ii), we can select a further subsequence such that x, — x and y, — y for
some z,y with d(z,y) > . By Lemma [2.15 we have (z,t), (y,¢) € 7 which
shows that 7 ¢ I1(X) and hence A is not a subset of IT(X). |
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2.8 Tightness

In this section, we use the general results from the previous section to derive
a tightness criterion for sequences of random variables with values in the

space II(R).

Lemma 2.31 (Precompactness) Let A be a subset of II(R). Then A is
precompact if and only if for all T < oo and € > 0, there exists a 6 > 0 such

that
‘W(U)—W(t)’ <eforallme Aand o, <t <u

s.t. (n(t),1), (r(u),u) € [T, T)?, u—t <.

Proof Let ¢ : R — [~1,1] be strictly increasing and continuous with
¢(£o0) = £1. Then

da,y) == |6(z) = 8y)|  (v.y € F).

is a metric generating the topology on R. Since R is compact, by the Arzela-
Ascoli theorem (Theorem [2.30)), A is precompact if and only if it is equicon-
tinuous, i.e.,

sup {d(ﬂ'(t),ﬂ'(u)) meA o <t <u<rT,,
tue [-T,T), u—t <46} —0 VT < cc.
6—0

In other words, A is not precompact if and only if

I <occande>0st.Vo>0dre Aand o, <t <u <7,

st.tu € [=1T] u—t <6 and d(n(t), m(u) > . (2.18)

We claim that this is equivalent to

dS\ T <ocande>0st. Vo >0drne Aand o, <t <u <7y, s.t.

tou e [-T,T), n(t),m(u) € [=5,5], u—t <6 and d(n(t), 7(u)) > /3.

(2.19)
The implication :> is trivial. To prove the converse, assume that
holds for some T < oo and € > 0. Making ¢ smaller if necessary,
we can without loss of generality assume that 0 < ¢ < 1. We can choose
the function ¢ in the definition of our metric d on R to be symmetric and
then define S > 0 by d(£S,+£o00) = ¢/3. Now fix 6 > 0 and let 7 be
as in (2.18). If 7(¢t),m(u) € [=S,S] already holds we are done. If m(t) &
[—S, 5], then either 1. w(t) € [—o0,—S5) or 2. 7(t) € (5, 00]. Assume that
we are in case 1. Since d(7(¢), 7(u)) > €, we must have 7(u) € (-5, oc].
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Therefore, by continuity, there must be some ¢’ € [t, u| such that 7(¢') = —S.
Then d(7(t'),7(u)) > (2/3)e. If m(u) < S we are done. Otherwise, by
continuity, there must be some « € [t/,u] such that 7(v') = S and now
d(ﬂ(t’),w(u’)) = d(—S,5) > ¢/3. Case 2 is similar, by symmetry, and the
case that w(t) € [—S,S] but 7w(u) & [—S5, 5] can also be treated in the same
way.

Replacing S and T by S Vv T' if necessary, we see (2.19) is equivalent to
< occande>0st.Vo>03dr e Aand o, <t <u <7, s.t.
(m(t),t), (m(u),uw) € [T, T, uw—t < 6§ and d(7(t), 7(u)) > /3.

Using the fact that for each T" < oo, there exist constants 0 < ¢ < C' < 00
such that

the claim of the lemma now follows. |

Proposition 2.32 (Almost sure precompactness) Let A be a random
subset of II(R). Then A is almost surely a precompact subset of II(R) if and

only if
PHT((U) —7T(t)| >¢ for somem e Aand o, <t <u <7,
s.t. (m(t),t), (n(w),u) € [-T,T)*, u—1t<4) P 0 VI'<oo, €>0.
—
Proof Let A5T7€ denote the event that

|7r(u)—7r(t)‘ >cforsomer e Aand o, <t <u<T7,
s.t. (m(t),1), (7(u),u) € [-T,T)?, u—t<6é.

Then 6§ < ¢ implies A5T7E C A‘ST:E and Ay, =) 550 A‘sT’E is the event that
Vi>0dreAdand o, <t<u<r,
s.t. (w(t), 1), (r(w),u) € [-T,T)?, u—t <4, and |r(u) — 7(t)| > e.

The assumption of the proposition implies that P(Ar.) = 0 for all T < oo
and € > 0. In particular, if (7,,),>1 and (£,,)m>1 are sequences of positive
constants such that 7T,, — oo and ¢,, — 0, then

P(|J U An.e.) =0,

n>1m>1
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which shows that almost surely, for all n > 1 and m > 1, there exists a § > 0
such that

|m(u) — 7(t)| < em forall m € Aand o <t <u <7,
s.t. (7(1), 1), (7(u),u) € [T, T,)?, u—t <6.

By Lemma [2.31], it follows that A is almost surely precompact.

On the other hand, if the assumption of the proposition does not hold,
then the event Ar . has positive probability for some 7' < oo and € > 0, which
by Lemma [2.31] implies that A is with positive probability not precompact.

|

Proposition 2.33 (Tightness of random compact sets of paths) Let
KC(II(R)) be the set of compact subsets of TI(R), equipped with the Haus-
dorff topology. Let (A,)n>1 be a sequence of random variables with values in
KC(II(R)). Then the probability laws (P[An € ]) are tight if and only if

n>1
sup]P’[ ‘W(u) — W(t)’ > ¢ for somem e A, and o, <t <u <7,

T st (0.0 (r(u)w) € [T w1 <] 0

for all T < 0o and ¢ > 0.
Proof (partial) By Theorem [2.12] the probability laws (P[A, € -]) _ are

n>1 o
tight if and only if for each n > 0, there exists a compact set C' C K(II(R))
such that

igfl}PM” eC]>1—n.

Equivalently, we may show that there exists a precompact set C' C IC(HLK))
with this property, because its closure C' is then compact with P[A, € C] >
P[A, € C]. By Lemma , a subset €' C K(II(R)) is precompact if and

only there exists a compact C C II(R) such that A C C for all 4 € C. It
follows that the probability laws (P[An € -])n>1 are tight if and only if for

each 1 > 0, there exists a compact set C C II(R) such tha
ir;fllP’[An cCl>1-n.

Again, this is equivalent to the existence, for each n > 0, of a precompact
set C with this property.

The rest of the argument is similar to the proof of Proposition [2.32] For
brevity, we skip the details. |

’Indeed, the existence of such a C is necessary by our previous condition and
Lemma and conversely, if such a C exists, then by Lemma C:={A: ACC}is
compact so we can apply our previous condition.
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2.9 Cadlag paths

Paths, as we have defined them in Section correspond to continuous
functions defined on a closed time interval and taking values in a metrisable
space X'. For some purposes, it will occasionally be necessary to generalise the
concept of a path so that paths can make jumps. We recall that a function,
defined on a closed real interval and taking values in a metrisable space X,
is called cadlag (from the French “continue & droit, limite a gauche”) if it is
right-continuous and has left limits at each time. It is possible to define a
space of cadlag paths that extends the space of continuous paths defined in
Section 2.7} This has been done in detail in [NS22]. Since the technicalities
are somewhat involved, we will only cite some of the results of that paper
without proof. Our set-up differs slightly from the set-up in the main body
of [NS22], but the results we cite below can be translated into our set-up
using [NS22, Lemma 5.3].

Let X be a metrisable space and let < be a partial order on X. By
definition, the partial order < is compatible with the topology if the set

X = {(z,y) € X212 <y}

is a closed subset of X2, equipped with the product topology. Equivalently,
this says that if z,, — =, y, — vy, and z,, < y, for all n, then it should always
be true that x < y.

By definition, a cadlag path in X is a nonempty compact subset 7 C R(X)
that is equipped with a relation < such that:

(i) for each ¢ € R, the set {z € X : (z,t) € m} has at most two elements,
(ii) Ir:={t e R: 3z € X U{x} s.t. (z,t) €} is a closed subset of R,

(iii) =< is a total order on 7 that is compatible with the topology on 7 and
(x,8) <X (y,t) for all (z,s), (y,t) € ™ with s < t.

We call o, := inf_T7T and 7, ;= sup I, the starting time and final time of ,
and we set I, := I, NR. For each t € I, we define 7(t—), n(t+) € X U {x}
by

{r(t=),7(t+)} ={z € X : (z,t) en} with w(t—) = 7(t+).

The total order < on a cadlag path 7 corresponds to the time order and
helps us, when the set {x € X (,1) € 7r} contains two elements, to find
out which element is the “first” and which the “second” in the time order.
It is shown in [NS22, Lemma 3.2] that cadlag paths, as we have just defined
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them, correspond to cadlag functions in the usual sense of the word, in the
sense that the function I 3 ¢ — m(¢+) is right-continuous and the function
I, >t w(t—) satisfies

n(t—) = liglﬂ'(t—l—) (t €I, o <t).

The limit from the left is not defined at t = o, however, and contrary to the
usual conventions for cadlag functions, it may happen that 7 (o, —) # 7(o,+).
Likewise, it is possible that a cadlag path 7 makes a jump at its final time 7.

Recall the definition of a correspondence from Section 2.5 We write
21 < 2o as a shorthand for z; < 2z and z; # 25, and say that a correspondence
R between two cadlag paths 7, 7" is monotone if

there are no (z1, 21), (22, 25) € R such that z; < 29 in 7 and 2 < z] in 7.

We let Corr (7, m2) denote the set of all monotone correspondences between
two cadlag paths m; and m. We denote the space of cadlag paths in X' by
II(X) and in analogy with (2.4]), we define a metric ds on IIg(X') by

ds(m, ') == inf Sup  dsqz(z, ") (m, 7" € (X)), (2.20)
ReCorry (m,1) (5 21\ R
where dgq, is the metric on the squeezed space R(X). It is shown in [NS22|
Prop 3.3] that if X’ is a Polish space, then so is Ig(X'), equipped with the
topology generated by ds. By [NS22, Lemma 3.5], the space of (continuous)
paths II(X) is a closed subset of IIg(X'), and by [NS22, Prop 3.4], the topology
on II(X) coincides with the induced topology from its embedding in IIg(X).
It is shown in [NS22] Section 3.4] for sequences of paths that are all defined on
the same time interval and that do not jump at the endpoints of this interval,
convergence in the topology on Ilg(X') corresponds to correspondence in the
classical Skorohod topology.
For cadlag paths, there is an analogue of the Arzela-Ascoli theorem (The-
orem [2.30). The Skorohod modulus of continuity of a cadlag path 7 is defined
as

m%é(ﬂ) ‘= sup { d($2, {531,953}) D) e, t € [ST,T] (i = 1,2,3),
(21, t1) X (w2, 12) =X (w3,3), T3 — 11 <6}

(2.21)
We say that a set A C Ilg(X) is Skorohod-equicontinuous if
lim sup m5. 5(7) = 0 (T < o0).
—07recA ’

The following theorem, that we cite from [NS22, Thm 3.7], is very similar to
Theorem 2.301
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Theorem 2.34 (Compactness criterion) A set A C Ilg(X) is precompact
if and only iof

(i) A is Skorohod-equicontinuous,

(ii) for each T < oo, there exists a compact set C C X such that w(t) € C
forallme A, t e [-T,T].



Chapter 3

The Brownian web

3.1 Arrow configurations

In this chapter, we are interested in the diffusive scaling limit of the (un-
perturbed, standard) voter model, and its dual system of coalescing random
walks. We will focus on the systems coalescing random walks, and more
precisely on the collection of all open paths in their graphical representation.
Thus, we will be interested in collections of coalescing random walks, start-
ing from each point in space-time, and their diffusive scaling limit, which can
informally be described as coalescing Brownian motions, start starting from
each point in space-time.

In the context of the voter model, it is natural to consider coalescing
random walks in discrete space and continuous time. It is sometimes more
convenient to consider coalescing random walks in discrete space and time.
We will therefore start by studying the latter, and prove that they have
a diffusive scaling limit. In Section below, we will indicate how the
arguments can be adapted to the continuous-time setting of the voter model.

By definition, we call

72

even

= {(z,t) € Z° : v+t is even}

the even sublattice of Z*. Let w = (w.).ezz,. be an ii.d. collection of random
variables that are uniformly distributed on {—1,+1}. We can use w to define
a random directed graph with vertex set Z2 . and set of oriented edges

E = {(.T,t), (fE +W(1‘,t)7t + 1)) : ($7t) S ngen}‘

We call the random directed graph (Z2 E) an arrow configuration. See

Figure [3.1] for a picture.

o1
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Figure 3.1: An arrow configuration.

In Section [2.7], for any metrisable space X', we gave a definition of the path
space II(X'). Recall that I; denotes the domain of a path 7 € II(X") and that
o, Tr denote its starting time and final time, respectively. We will especially
be interested in the case that the metrisable space X is R := [~00, o0], the
extended real line. We let

M= {r € I(R) : 7, = 0o}.

We call II" the space of all upward paths. In view of Lemma 2.26] elements
of II" correspond to continuous functions 7 : I, — R, where I is an interval
of the form [0, c0) if the starting time o, is finite, and

I.=Rifo,=—-00 and I,=0if o, = +o0.
We will call the point

Zp 1= (7T(O'ﬂ-), 0,,)

the starting point of the path 7. Note that in general z; is an element of
R(R), the squeezed space defined in Section . By definition, a path in the

arrow configuration (Z? E)7 or simply a path in w, is a path = € II" with

even’

the following properties:
(i) (7(t),t) € Z%, (tEZL, t > 0y),
(ii) 7T(Yf + 1) = 7T(Zf) + W(n(t),t) (t el, t> Jﬂ),

(iii) 7(t+s) = —=s)m(t) +sn(t+1) (0<s<1, t€Z, t > 0,).
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In words, these are upward paths that visit points in the even sublattice at
integer times and follow the arrows, with linear interpolation between integer
times. We let

U=UWw):={rell": 7is apath in w}. (3.1)

We let U denote the closure of U in the topology on II'. The following
proposition says that I is a.s. compact and compared to I only contains a
few extra trivial paths. Below, we use the notation Z := Z U {00, o0}, i.e.,
this is the closure of Z in R.

Proposition 3.1 (Compact set of paths) The closure U of the random
set of upward paths U defined in s almost surely a compact subset of
. Moreover, almost surely, the set U\U consists of all paths © € TIT with
ox € Z and either w(t) = —oc for allt € I or 7n(t) = +o0 for allt € I.

Proof Since paths in U are Lipschitz continuous with Lipschitz constant
one, equicontinuity is obvious so U is precompact by Proposition and
hence U is compact.

Let s € Z and let € II" be defined by o, := s and 7(t) := —oo for all
or <t < oo. To see that m € U, choose z,, € Z such that (z,,s) € Z%.,
and x,, — —oo. Let m, € U be the unique path started at (z,,t). Since
U is compact, by going to a subsequence if necessary, we can assume that
7, — 7 for some 7' € II'. Since m, is a random walk startung from (z,,,t)
and x, — —oo, the law of m,(t) converges weakly to the delta measure on
—o0 for each t > s, from which we conclude that 7’ = 7 and hence 7 € U.
In the same way, we see that U contains all trivial paths 7 with o, € Z
and 7(t) = oo for all o, < t < oo. Since U is closed, it also contains all
limits of such paths, so letting o, — oo or o, — —oo we see that U also
contains all trivial paths with o, = —oo and either 7(t) = —oo for all £ € R
or m(t) = oo for all t € R, as well as the trivial path with o, = +0c0.

To complete the proof, we must show that if 7 € U satisfies 7(t) € R
for some t > o, then 7(t) € R for all t > o,. We first note that paths
in U are noncrossing in the sense that there do not exist w, 7" € U and
o Vo <s<t<oosuch that 7(s) < 7'(s) while 7'(t) < m(¢). It is easy to
see that this property is preserved in the limit so paths in &/ are noncrossing
too. Now assume that m € U satisfies w(t) € R for some ¢ > o,. Choose
2y = (T, Sn) € Z2,., with s, < t such that z, — (o0, s) for some s € R,
and let m, € U denote the path started from z,. Then 7, is a random walk
started from z,. By our previous arguments, m,(t) — 0o a.s. so 7(t) < m,(t)
for all n large enough. Since paths in & are noncrossing it follows that there
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exists an n such that m(t) < 7,(t) < oo for all t > o,. In the same way, by
symmetry, we see that —oo < 7 (t) for all t > 0. n

We now turn to what we are mainly interested in, which is the diffusive
scaling limit of arrow configurations. For each ¢ > 0, we define a diffusive
scaling map 0. : R? — R? by

0.(z,t) = (ex, ) ((z,t) € R?). (3.2)

Let R(R) be the squeezed space defined in Section 2.6, We extend 6. con-
tinuously to R(R) in the obvious way, by setting

0.(+00,t) := (£o00,e%) (t€R) and 6.(*,+00) := (¥, +00).

For any subset A C R(R), we let
0-(A) :={0.(z) : 2 € A}

denote the image of A under 6.. In particular, this notation applies to paths
7 € II(R), which according to their defininition in Section correspond to
compact subsets of R(R). It is easy to see that 0.(7) € II" for all 7 € IIT, so
the diffusive scaling map 6, : R(R) — R(R) naturally gives rise to a diffusive
scaling map from II" to II" which by a slight abuse of notation we also denote
by .. Going one step further, for any subset A C II", we let

0-(A) :=={0.(m) : m € A}

denote the image of A under this map.

In Section [2.5] we equipped the space K(X) of all compact subsets of a
metrisable topological space X with the Hausdorff topology. As an immediate
consequence of Lemma 2.21] we obtain:

Lemma 3.2 (Scaling of paths) For each ¢ > 0, the map 0. : 11" — I is
continuous.

Proof Immediate from Lemma , the continuity of the map 6. : R(R) —
R(R), and the fact that in Section we viewed the path space II(R) as
a subset of K(R(R)) and equipped it with the induced topology from this
embedding. ]

Let U be the set of all paths in an arrow configuration and let U be its
closure, which by Proposition is a random compact subset of II". Then,
since the continuous image of a compact set is compact, by Lemma [3.2], for
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each ¢ > 0, the diffusively rescaled set of paths 6.(U) is a random compact
subset of II". Our aim is to prove that

Plo.U) € -] =PWe -] (3.3)

where = denotes weak convergence of probability laws on the space K(IT"),
equipped with the Hausdorff topology, and W is a random compact subset
of II" that will be called the Brownian web.

3.2 Coalescing Brownian motions

As a first step towards proving (3.3), we start by proving something like
convergence of finite dimensional distributions. More precisely, for each ¢ >
0, we choose finitely many points z{, ..., z; in the diffusively rescaled lattice

0.(Z2,.,), in such a way that

(21,...,25) = (Z1,. .+, 2n)
for some zy, ..., 2, € R Letting 75, ..., 7 denote the paths in ¢ with start-
ing points 2§, ..., 2, we will argue that (75, ..., 7)) converges in distribution

to a collection of coalescing Brownian motions.

Let B! = (B})i>0 and B? = (B?);> be two independent standard one-
dimensional Brownian motions started from initial states B} = z; (i = 1,2),
and let

= inf{t > 0: B} = B?},

which is a.s. finite since (B — B?);> is a Brownian motion (with double the
quadratic variation of a standard Brownian motion), and one-dimensional
Brownian motion is point recurrent. Let B? = (B )i>0 be defined by

-y B} ift<r,
By = B! )
¢ if 7 <t.

Then it is possible to chec that B2 is a standard Brownian motion, and our
definition is symmetric in the sense that if we define B} := B} (t < 7) and
— B? (1 < t), then (B}, B?);>0 is equally distributed with (Btl, B? )e>0- The
processes B' and B? are of course not independent. The process (Bt , B?) >0
is a Markov process that is known as coalescing Brownian motions.

We can carry out the same construction for any finite number of Brownian
motions, that can moreover start at different times. See Figure for an

'In fact, one way to prove this is to derive it from Proposition below.
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Figure 3.2: Coalescing Brownian motions.

illustration. Let 2q,...,2, € R? with z; = (z;,s;) (i = 1,...,n), and let
B!,..., B" be independent Brownian motions such that B’ = (B});>,, starts
at time s; in Bl = x;. We set 1y := 00, Ay := {(B},t) : sy <t < oo} and
define inductively for j =2,...,n

7; :=inf {t > 55 (Bg,t) cA U UAj_l},
Aj = {(Bt],t) 1S <t< ’Tj}.
By the recurrence of one-dimensional Brownian motion, almost surely 7; < oo

for all 2 < 7 < n. Note that the sets Ay, ..., A, are disjoint. In view of this,
we can uniquely define ¢(j) € {1,...,5 — 1} by the requirement that

(B, 75) € Auy)-
Using this, we define inductively B! := B! and
J if o A
P
Bt J if Tj S t.
We call BY, ..., B" coalescing Brownian motions starting from the space-time
points z1, ..., 2, € R2.

We are now ready to formulate a result about the convergence in law of
finitely many paths in an arrow configuration. We have already become used
(hopefully!) to the slight abuse of notation by which 6. can denote both a
diffusive scaling map acting on space-time points, or on sets of space-time

points such as paths, or even sets of paths. Taking this one step further, we
also denote

Oc(z1,. .y 2n) = (0-(21), ..., 0-(20)),  O=(my,...,mn) == (0(m1), ..., 0:(mn))

when zq,..., 2, are space-time points and 7, ..., m, are paths.
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Proposition 3.3 (Convergence of finite dimensional distributions)
Let g, > 0 satisfy e, — 0. Fixn > 1 and for each k, let 2¥,... 2k € 72 ..
Assume that

0., (2F,...,2%) — (21,..., 20) € (R*)™.
k—oo
Fiz an arrow configuration and for each k, let 7%, ... 7% be the unique paths

in the arrow configuration with starting points 2¥,. .., 2%. Then

P[Qak(ﬂ'f,...,ﬂ's) € } lj;P[(m,...,wn) € -},

where = denotes weak convergence of probability measures on (II')" and
T, ..., Ty are coalescing Brownian motions starting from z1, ..., z,.

Proof Our definition of coalescing Brownian motions involved a procedure
that started with n independent Brownian motions (B!,..., B") and used
them to construct n coalescing Brownian motions (B, ..., B™). More for-
mally, we can view (B',..., B") as the image of (B!, ..., B") under a map

(71 ooy ) = (1, ooy TTp) (3.4)

that takes n paths 7y, ..., 7, in II" with starting points in R? and maps them
into n new paths 7y, ..., 7, with the same starting points.

For each k, let (R®' ... RF") be a collection of independent random
walks started from 2%, ..., 2% and let (R*',..., R®") be its image under the
map from (3.4). Then (R*',..., R*") are coalescing random walks. It is
easy to see that they are equal in law with (7f,..., 7%). We want to show
that

P[0, (R*,...,RF") € -] = P[(B',...,B") € -].

k—o00

It is easy to see that the diffusive scaling map commutes with the map in
, i.e., the random variable in the left-hand side of our equation is the
same as what we would obtain if we first diffusively rescale the independent
random walk paths and then apply the map from (3.4)).

Weak convergence in law of diffusively rescaled independent random walks
to independent Brownian motions follows from Donsker’s invariance princi-
ple. Using Skorohod’s representation theorem (Theorem, we can couple
our random variables such that

0. (R*, ... R*™) — (B',...,B") as.

k—o00

in the topology on (II")". If the map in (3.4) would be continuous with
respect to the topology on (IIT)", then the rest of the proof would now be
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easy, since we would just apply this map to both sides of our last equation
and we would be done.

Things are not quite so simple, however, since it is easy to check (even for
n = 2) that the map in is not continuous with respect to the topology
on (ITM™. Tt turns out, however, that (B!, ..., B") is almost surely a point of
continuity of this map, which is just as good. Here, with a point of continuity
of the map in (3.4) we mean, of course, a collection of paths (7, ..., m,) with
the property that for each (7¥,... 7%) such that

(mh, 1) — (7. T,
k—oo
one also has
(Y, 7)) — (Ris. .., Fn).
k—oo
That (B, ..., B") is almost surely a point of continuity follows quite easily
from our definitions and from Lemma [3.4] and Exercise 3.5 below. We leave
the details to the reader. [ |

Lemma 3.4 (Brownian paths cross when they meet) Let B = (B})i>s,
(1 = 1,2) be independent Brownian motions started from deterministic space-
time points z; = (x;,s;) (i = 1,2), respectively, and let

7= inf{t > s, Vs, : B} = B?}.

Then almost surely, for each € > 0, there exist times t_,t, € [T, T + €] such
that

B/ <Bf and Bj > Bj .
Proof By the strong Markov property, (BL,, — BZ,,);>0 is a Brownian mo-
tion, so it suffices to prove that a Brownian motion B started in zero takes
both positive and negative values in each time interval of the form [0, €] with
e > 0. By symmetry, it suffices to prove that 7 :=inf{t > 0: B, <0} =0
a.s. By Blumenthal’s zero-one law, Pt = 0] € {0, 1}, so it suffices to prove
P[T = 0] # 0. Assume that, conversely, P[7 = 0] = 0. Then a.s., there exists
some random e > 0 such that B; > 0 for all ¢t € [0,¢). By symmetry, there
then also a.s. exists some random ¢’ > 0 such that B; < 0 for all ¢ € [0,&’).
Setting ” := e A&’ we see that there then also a.s. exists some random &” > 0
such that B; = 0 for all ¢ € [0,€”). But then P[B; = 0] > P[t < €&"] >0
for ¢ > 0 small enough, which contradicts the fact that P[B; = 0] = 0 for all
t>0. |
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Exercise 3.5 (Convergence of meeting times) Let 7, m € [T have
starting points z; = (x4, ;) (i = 1,2), respectively, and assume that their first
meeting time

To=1inf{t > 51V s9 : m(t) = ma(t)}

satisfies T < o0o. Assume moreover that for each € > 0, there exist times
t_,ty €1, 7+ €| such that

m(to) <mo(t_) and mi(ty) > mo(ty).
Let 7k, 7k € TI" satisfy 7F — m; (i = 1,2). Then the first meeting times 73, of
Wf and 7r§ satisfy 7, — 7. Hint: First show that generally T < liminf,_ o 7.
Then use the assumption about crossing to prove that limsup,_, . T < k.

3.3 The Brownian web

Let D C R? be countable. Since D is countable, we can enumerate it as

D := {z : i > 1} where (z;);>1 be a sequence of space-time points z; €
R2. Then for each n > 1, we can construct a collection of random paths
(my,...,m,) that are distributed as coalescing Brownian motions starting
from (z1, ..., 2,). Since these laws are consistent, by Kolmogorov’s extension

theorem, we can construct a random collection of paths (7,).ep such that for
each finite set A C D, the paths (7,),ca that are distributed as coalescing
Brownian motions starting from the points in A. We call (7,).ep a collection
of coalescing Brownian motions started from the countable set D.

Proposition 3.6 (Precompactness) Let (7,).ep be a collection of coa-
lescing Brownian motions started from a countable set D C R2.  Then
{m. : 2 € D} is almost surely a precompact subset of 11T

Proof (sketch) We apply Proposition to A := {m, : z € D}. Fix
T < oo and €, > 0 and consider the grid

Geo 1= {(%ks,lé) ke Z}.

Let A" = {n,:2€ DUG.s} be a collection of coalescing Brownian motions
started from the countable set D U G. 5. We can couple A" to A such that
7, = 7, for each z € D. Since paths in A cannot cross pathsin {7} : z € G. 5},
it is not hard to see (see Figure that almost surely on the event

|’/T(’LL) —W(t)} >cforsomenm e Aand o, <t <u
st. (m(t),t) € [-T,T1*, u—t <6
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one has that
!w{m’s)(s +7r)— x} > 3€
for some (x,s) € G.sN [T — e, T +¢]? and r € [0, 24].
By Lemma below, if B is a standard Brownian motion, then

(3.5)

2
P[ sup |B,| > 4] <ce /9,
re(0,20]

for some C' < oo and ¢ > 0. A simple union bound then tells us that the
probability of the event in (3.5)) can be estimated from above by
Cpe16-1 o—CE%/0

for some C'r < oo and ¢ > 0. This quantity goes to zero as § — 0 for fixed
T < oo and € > 0, so by Proposition we conclude that {7, : 2z € D} is
almost surely precompact. [ |

™
[ ] [ ] [ ] [ ] ) [ ]

°
° ° ° ® ° °
yA
1)
° ° ° ° ° °
-
Le

Figure 3.3: The tightness argument. The blue path m moves a distance > ¢
during a time interval [t, u] of length < §, forcing the green path 7’ starting
from the point z € G. 5 to move a distance > ¢/3 from its starting position
during a time interval of length 2d. Note that the blue path could have
passed below the point 2’ € G, 5 that lies just above z.

We adopt the following notation. If A C K(II") is a collection of paths

and D C R(R) is a set, then we let
A(D) := {7T eA:z € D} (3.6)
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denote the subset of A consisting of all paths that have their starting points
in D. In particular, for z € R(R), we write A(z) := A({z}). As before, we
let A denote the closure of a set A C IIT. The following theorem introduces
the main object of interest of these lecture notes. See Figure for an

illustration.

Theorem 3.7 (The Brownian web) There exists a random compact set
W C K(II") whose distribution is uniquely determined by the following prop-
erties.

(i) For each z € R?, almost surely there exists a unique 7, € 1" such that

W(z) = {m.}.
(ii) For each z1,...,2z, € R? the paths (7,,,...,7,, ) are distributed as
coalescing Brownian motions starting from zq, ..., Z,.

(iii) For each countable dense set D C R?, almost surely W = W(D).

=S = = 1; :

U

‘:
E

Figure 3.4: Artist’s impression of the Brownian web.

Remark In Section we will see that in point (i) of Theorem [3.7 the
order of the “for all” and “almost surely” statements cannot be interchanged.
Although for a fixed, deterministic z € R?, it is true that almost surely, W(z)
consists of a single path, there exist random points z € R? in which W(z)
has two, or even three elements.
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Proof of Theorem Let D C R? be countable and dense and let (7,).ep
be a collection of coalescing Brownian motions started from D. Then {7, :
z € D} is precompact by Proposition and hence

W .= {r,:z €D} (3.7)

is a random compact subset of II". We claim that paths in W do not cross,
in the sense that there do not exist m, 7’ € W and o, V o < s < ¢t such that
m(s) < 7'(s) but 7'(t) < w(t). Indeed, if such paths would exist, then they
would be limits of paths m,, 7], in {r, : z € D} that would also have to cross
for n large enough, which is not possible.

We will now show that W has the properties (i)—(iii) from the theorem.
Fix z = (z,s) € R% Let &, be positive constants converging to zero, let
zF = (1,84 ¢,), and let D' := DU {zF : n > 1}. We can couple (7.).cp

to a collection of coalescing Brownian motions (7,).cp started from D’ such
that 7, = 7 for all z € D. Let

Tpo=inf{t > 07 _(t) = 7. ()} (3.8)

Since paths cannot cross, we see that 7 > 7 > --- and hence 7,, = T a.s.
for some random variable 7. Using Lemma [3.4] it is easy to see that if we
start two independent Brownian motions from z, and z}, then their first
meeting time converges to zero in probability as n — oo. Together with our
earlier observation, this implies that 7., = s a.s. Since paths in W do not
cross the paths 7., any path 7 € W that starts in (7(0,),0) = 2 must
satisfy !

W;; (t) <m(t) < W;x (1) (t > s). (3.9)

Since T,, = s a.s., there can be at most one such path, proving property (i).

Property (ii) now follows from the fact that we can couple (7,).ep to a
collection of coalescing Brownian motions (77).cpuz,.....-,} such that 7, = 7’
for all z € D. To prove property (iii), we ust show that our construction does
not depend on the choice of the countable dense set D. Let D and D’ be
countable dense subsets of R?, let (7.).epup be coalescing Brownian motions
started from D U D', and let

W:={r,:2€D}, W :={nr,:2¢€D},

3.10
and W':={r,:2€DUD}. (3.10)

To prove (iii), it suffices to show that W = W’. By symmetry, it suffices to
show that W C W'. Since both W and W' are closed, it suffices to show
that for each z € D, the path 7, satisfies 7, € W . By what we have already



3.3. THE BROWNIAN WEB 63

proved, there exists unique paths 7’ € W' and n” € W’ with starting points
Zp = zzn = z. Since © € W we must have 7’ = 7" and since 7, € W' we
must have 7’ = 7., so we conclude that 7, = 7" = 7" e W'. |

For the next lemma, we let

HT

triv

={rell':n(t)=—ocoVt >0} U{r eIl": 7(t) = 400 Vt > 0, }
denote the set of trivial paths that are constantly —oo or oo.

Lemma 3.8 (Trivial paths) Let W be a Brownian web. Then IIl. C W
a.s. and each 7 € W\III. satisfies w(t) € R for all o, <t < co.

triv

Proof This follows from the same argument as in the proof of Proposi-

tion B.11 |

We still need to provide an estimate that we have used in the proof of
Proposition [3.6]

Lemma 3.9 (Reflection principle) Let (B:)i>o be Brownian motion.
Then
P[ sup B, < a] =P|[|B,| < d] (t,a > 0). (3.11)

s€[0,t]

Figure 3.5: The reflection principle: P[r < t] = 2P[B; > al.
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Proof Let 7 := inf{t > 0 : B, = a}. By the strong Markov property and
the symmetry of Brownian motion, conditional on the event {7 < t}, the
events {B; > a} and {B; < a} have equal probabilities (see Figure (3.5).
Since P[B; = a] = 0 and the event {B; > a} almost surely implies {7 < ¢},
it follows that

P[ sup B, <a] =1-2P[B, > a] =P[|B| < al. (3.12)

s€[0,¢]

Lemma 3.10 (Tail estimate) Let N be a standard normal random vari-
able. Then

2
PN >a] < le0/2, (3.13)
Proof This follows by writing

a e~ /24, — —(r+a)?/24,
= m/ A !
e—0*/2_L : T em7?/2 - arg, (3.14)

<02 L /OO —0%/24y — 1e=0"/2,
- 21 Jo 2

Lemma 3.11 (Large displacements) Let (By);>o be Brownian motion.
Then

P[ sup |B.| > a] <2e@/(20), (3.15)

s€[0,t]

Proof Let N denote a standard normal random variable. We estimate, using

Lemmas [3.9) and [3.10]

P[ sup |B,| > a] <2P[ sup B, > a] = 2P[|B| > a] = 4P[B; > d
5€[0,t] s€[0,t]
2
— 4P[VIN > a] < 2e%/(21),
(3.16)
|
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3.4 Dual arrow configurations

By definition, we call
Zigq = {(x,t) €Z* :x+tis odd}

the odd sublattice of Z2. In Section 3.1} we showed how an i.i.d. collection w =
(w2)zezz,,. of uniformly distributed {—1, +1}-valued random variables defines
a random directed graph (Z2 ., E) that we called an arrow configuration.

Given w, we define @ = (@.).cz2 by

@(m7t+1) = W(g,t) ((33, t) S ngen). (3.17)

We can use @ to define a random directed graph with vertex set Z2;; and set
of oriented edges

F={(2,t),(x — Ot — 1)) : (2,1) € Z24q )}
We call the random directed graph (ngd,ﬁ ) the dual arrow configuration
associated with the original (“forward”) arrow configuration (Z2,.,, ). The
dual arrows are uniquely characterised in terms of the forward arrows by the

property that dual arrows and forward arrows do not cross. See Figure [3.6
for a picture.

Figure 3.6: An arrow configuration (black) and its dual (white).

Recall that in general, o, and 7, denote the starting and final time of a

path 7 € II(R). In particular, we define

IV := {7 € I(R) : 0, = —00}.
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We call IT+ the space of all downward paths. Clearly, IT+ is equal to IIT after
a rotation over 180 degrees. When no confusion can arrivef’] we will call the
point

Zp 1= (W(T,,),T,r)

the starting point of a downward path = € II+. We define a downward path in
the dual arrow configuration (Z24y, ﬁ), or simply a path in @ in exactly the
same way as we defined upward paths in the forward arrow configuration.
We let

U =U*(@):={rell*: 7is apathin &} (3.18)

denote the set of all downward paths in the dual arrow configuration and we
let U denote the closure of U* in the topology on IT*.

3.5 The dual Brownian web

We have already introduced notation for the diffusive scaling map 6. which
may be applied to points z = (z,t) in space-time R(R), to subsets of space-
time such as paths, and even to sets of paths. We will use similar notation

for the map

RR) > (2,t) = —(z,t) = (-2, —t) € R(R).

Thus, for any set A C R(R), we set —A := {—z: z € A}. In particular, this
applies to the case that A = 7 € II". Then II" > 7 — —7 € II*¥ is a bijection
from IIT to II*. Also, if A C II" is a sets whose elements are paths, then
we set —A := {—7 : m € A}. Using this notation, we say that 7q,..., 7,
are downward coalescing Brownian motions starting from space-time points
21y ey 2n if =7y, ..., =7, are (usual, forward) coalescing Brownian motions
starting from space-time points —zi,...,—z,. In the same way, we define
countable collections of downward coalescing Brownian motions.

Let 71,7 € ITI* be two downward paths started from space-time points
(75,5;) € R? (1 =1,2), and let

T = T(ﬁ'l,’ﬁ'g) = sup {t < 81 NSy 7%1(15) = ’ﬁ'Q(t)}

be their first meeting time (in the downward direction), which may be —oo.
The open set

W7y, 7r9) := {(x,t) T <t<S$1ANSy:m(t) <z< 7?2(25)}

2We have to be careful since the intersection of II" and II* is not empty, but consists
of all bi-infinite paths for which o, = —oco and 7, = co. As we will see in a moment,
however, there are no nontrivial bi-infinite paths in an arrow configuration.
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Figure 3.7: The wedge W (7, Try) defined by the dual paths 71; and 7.

is called the wedge defined by 71, 75. See Figure for an illustration. We
say that a (forward) path 7w € II" enters the wedge W (71, 72) if there exist
times o, < s < t such that

(7(s),s)) € W (71, 72) and (7(t),1)) € W(f1, 72),

where W (71, 7t5) denotes the closure of W (7, 7). In a completely analogous
way, we define the first meeting time of two forward paths, the wedge defined
by two forward paths, and what it means for a downward path to enter such
a wedge. We make the following simple observation.

Lemma 3.12 (Limits of wedges) Let (7}"),>1 (1 = 1,2) be sequences of
downward paths and let (1™),>1 be a sequence of forward paths. Assume that
there exist 7; € IV (i = 1,2) and 7 € 1" such that

at — o (1=1,2) and 7" — 7w
n—oo

n—o0

in the topologies on II¥ and II', and that moreover

T(ﬁ?ﬁg)?l_)—goT(ﬁla@)‘

Assume that for each n, the path ©™ does not enter the wedge W (x}, 7).
Then the path m does not enter the wedge W (my, ms).

Proof By definition, if 7 enters the wedge W (my, m2), then there exist times
0. < s <t such that

(7(s),s)) & W(1,72) and (w(t),t)) € W (7, 72).
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Since m, — m, there exist times o, < s, < t, such that (Wn(sn),sn)) —
(7(s),s)) and (mn(tn),tn)) — (7(t),t)). We claim that for n sufficiently
large, o

(7" (sn), 50)) & W(AT, 73)

Indeed, if (7"(sy),s,)) € W(aT,#%) for infinitely many values of n, then
going to a subsequence and taking the limit, using the convergence of the
paths and meeting times, we would find that (7r(s), s)) € W(#1,72), which
contradicts our assumptions. In the same way, we see that

(7"(tn), tn)) € W (7T, 73)

for n sufficiently large, so we arrive at a contradiction with the assumption
that 7" does not enter W (rny, 7%). |

Proposition 3.13 (Dual coalescing Brownian motions) Let D,f? be
countable dense subsets of R%. Then it is possible to construct a collection
(72)2ep of coalescing Brownian motions together with a collection (7.),.4 of
downward coalescing Brownian motions in such a way that:

e for each z € D and 21,29 € f), the path m, does not enter the wedge
W(ﬁ-zl Y 7/%22) °

e For each z € D and 21,29 € D, the downward path 7, does not enter
the wedge W (7,,,m,).

The proof of Proposition makes use of the following simple lemma.

Lemma 3.14 (Tightness of joint law) Let X',) be Polish spaces, let
(X, Yo )n>1 be a sequence of random variables with values in X x Y, and let

X and Y be random variables with values in X and ), respectively. Assume
that

PX,€ -] = PXe€-] and P[Y, € -] = P[Y € -]

n—o0 n—o0

Then the probability laws

(P{(Xn,Ya) € -]),2,

are tight.
Proof The convergence of the marginal laws implies that the probability
laws

(PXn € -]),s, and (P[Y,e€ -]) .,
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are tight, so for each € > 0, there exist compact sets C C X and K C ) such
that
supP[X, €] <e and supP[Y, ¢ K| <e

n>1 n>1

Then C' x K is compact and
sup P[(X,,,V,) & C x K] < 2e.

n>1

Since £ > 0 is arbitrary, it follows that the laws of (X,,Y,) are tight. |

Proof of Proposition (sketch) Let U be the collection of paths in
an arrow configuration and let &/* be the collection of downward paths in the
associated dual arrow configuration. Let €, be positive constants tending to
zero. For each z € D, choose 2, € Z2,,, such that 6. (z,) — z, and for each
2 € D, choose 2" € 72, such that 6., (z") — 2. For each z € D and n > 1,
let R} € U be the unique forward path starting at z,, let RZ € U* be the
unique downward path starting at z”, and let

=0, (R") and #":=0. (R")

z

denote the associated diffusively rescaled paths. We claim that

P((72):ep € -] = P[(7.):ep € -],
P[(ﬁ?)ze@ = } - P[(ﬁZ)zeD € '}7

n—oo

where = denotes weak convergence of probability laws on the spaces (IIT)?
and (IT¥)P, respectively, which are equipped with the product topology, and
(7.):ep is a collection of coalescing Brownian motions while (7.),.4 is a col-
lection of downward coalescing Brownian motions. Indeed, to prove this, by
the definition of the product topology, it suffices to prove convergence of finite
dimensional distribitions. But this has already been done in Proposition |3.3]

In fact, using Exercise [3.5], we can strengthen our previous claim in a
sense that also includes convergence of meeting times. More precisely, one
can show that

P[((W?)Z€D7 (T(W?NT(ZQ))(ZLZQ)EDQ) € :|
e P[((WZ)ZGZ% (7(72177T22))(21,ZQ)ED2) € '}7

n—oo

(3.19)

and similarly for the collection of downward paths.
By Lemma |3.14] going to a subsequence if necessary, we can assume that
the joint law of the random variables

~ N

(W?)ZGD7 (7-<7T7;1? 7T22>>(Z1722)6927 (ﬁ'?)zeD7 (7‘(71’21, ﬁg))(zhm)epz
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converges weakly. Then we can use Skorohod’s representation theorem (The-
orem [2.11]) to couple our random variables so that the convergence is almost
sure, i.e., we can find a coupling such that

m, — mas. and 7(7ml, 7)) — T(7.,, TL,) s,
n—o0 n—oo

for all z, 21,29 € D, and likewise for downward paths. Since paths of U do

not enter wedges of U* and vice versa, we can use Lemma to conclude

that the same is true for the limit object. [ |

Theorem 3.15 (Wedge characterisation of the Brownian web) Let
D, D be countable dense subsets of R?, let (m,).ep be a collection of coalescing
Brownian motions started from D, and let (7.), .4 be a collection of downward

coalescing Brownian motions started from D. Assume that paths in (7,).ep
do not enter wedges of (7.),.p. Let

W_.={m,:z € D},
Wy :={m e II" : 7w does not enter wedges of (#.),cp}-

Then W_ =W,.

Proof (sketch) To prove the inclusion W_ C W, let m € W_. Then there
exists 2, € D such that m,, — 7 as n — co. Let 2!, 22 € D. By assumption,
7., does not enter the wedge W (#,1,7,2) for any n > 1. By Lemma [3.12]
it follows that 7w does not enter W (7,1, 7,2). This completes the proof that
W_ C Wy

Before we continue, we note that our assumptions imply that the forward
paths do not cross downward paths, in the sense that if z = (z,s) € D and
2 = (y,u) € Dsatisfy s < u, then m,(s) < #./(s) implies 7, (t) < 7. (¢) for all
t € [s,u]. Indeed, we can always choose some 2" = (y/,u) € D with u < o/
such that 7./ (u) < 7,»(u) and the meeting time 7(7,/, 7.~) is less than s.
Then 7.(t) > 7./(t) for some t € (s, u] would imply that 7, enters the wedge
W (7, @), contradicting our assumptions.

We now prove that W, C W_. Let 7 € W,. By Lemma [3.§ we can
without loss of generality assume that m(¢) € R for all t € I;. Fix o, < t; <
-+ <ty and € > 0. We claim that there exists a z = (x,s) € D such that
or < s <tyand |m,(t;) —7(t)| <eforalli=1,...,m. To prove this, we will
use a “fish trap” construction illustrated in Figure|3.8| Foreachi =1,... m,
we choose z&. = (2, ,t',) € D such that . > t; and

W(tz) —e < T, (tl) < 7T<tl> < ﬁz_‘_(tz) < W(tl) +e€.
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Figure 3.8: “Fish trap” construction showing that the path 7 that does not
enter wedges can be approximated by a path 7, starting at a point z taken
from a deterministic countable dense set of space-time points.

Since m does not enter the wedge W (7. , ﬁzi ), the meeting time of 7, and

7%21-+ must satisfy

~

T(Ti, i) < O,
and we have 7: (t) < w(t) < #.: (¢) for all ¢ € [or,1;]. We can now choose
z = (x,s) € D such that o, < s < t; and

sup 7, (t1) < m.(t1) < inf 7. (¢).
Swp () <ma(ty) < dof 7. (t)

Since the path 7, cannot cross any of the downward paths ﬁzii , we must have
T, (tz) < Wz(ti) < 7A1'Z+(ti) (1 <1< m)

and hence |7, (t;) — w(t)] < e foralli =1,...,m, proving our claim.

Now let g, > 0 satisfy ¢, — 0 and let 0, < t; < --- < t,,. By what we
have just proved, for each n there exists a z,, € D such that |r, (t;)—7(t)| < e
for all ¢ = 1,...,m. By Proposition the closure of {m, : z € D} is
compact, so we can find a convergent subsequence. It follows that there
exists a 7 € W_ such that 7'(¢t;) = w(t;) for all i = 1,...,m. Now let
{t; + i € N} C (04,00) be countable and dense. By what we have just
proved, for each m, there exists a m,, € W_ such that m,,(¢;) = 7(¢;) for all
1 =1,...,m. Since W, is compact, we can find a convergent subsequence,
the limit of which must be the path 7w. This proves that W, C W_. |
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3.6 Convergence to the Brownian web

Proposition 3.16 (Tightness of rescaled arrow configurations) Let
U be the set of all paths in an arrow configurations and let U be its closure.
Let €, > 0 be positive constants such that €, — 0. The the probability laws

n>1
on K(IT") are tight.

Proof (crude sketch) One needs to check the tightness criterion of Propo-
sition This is very similar to the proof of Proposition [3.6, One uses
convergence of finite dimensional distributions (Proposition and then
uses a grid as in the proof of Proposition to estimate the event in Propo-
sition [2.33]  We refer to [FINR04, Prop. B2] and [SSS16, Prop. 6.6.4] for
details. [

Let D,D be countable dense subsets of R2. By Proposition , we
can construct a collection (7,).cp of coalescing Brownian motions starting
from D and a collection (7),.4 of downward coalescing Brownian motions
starting from D such that paths in (.).cp do not enter wedges of (72) e
and vice versa. We call the pair (W, W) defined as

W:={r.:2zeD} and W:={#,:2¢eD} (3.20)
the double Brownian web and we call Wthe dual Brownian web

Lemma 3.17 (Double Brownian web) The law of the random variable
(W, W) does not depend on the choice of the countable dense sets D, D C R?.

Proof The analogue statement for the Brownian web has already been
proved as part of the proof of Theorem [3.7, around (3.10). The statement
for a single web does, as far as I can see, not automatically imply the state-
ment for the double Brownian web, but one can adapt the argument given at
. Here we give an alternative argument that also reproofs the statement
for a single web and does not depend on the earlier argument.

Let D, D', D be countable dense subsets of R2. Let (7.).ep be a collection
of coalescing Brownian motions starting from D, let (7).cp be a collection
of coalescing Brownian motions starting from D', and let (7.),.4 be a collec-
tion (7.),.p of downward coalescing Brownian motions starting from D. By
Proposition , we can couple (7;).ep to (7.),.p in such a way that paths
in (7.).ep do not enter wedges of (7.),.4 and vice versa. Similarly, we can
couple (7,).ep to (7.),cp in such a way that paths in (7}).cp do not enter
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wedges of (7.),.5 and vice versa. We can then couple all three collections
(72):2ep, (7.)zepr, and (7.),.p in such a way that the joint law of (7.).ep
and (7.),.p is as before and the joint law of (7).cp and (7),.p is also as
before. For example, this can be achieved by making (7.).cp and (7).epr
conditionally indepenent given (7) and with the same conditional laws
as before.

For this coupling, let (W, W) be defined using D, D and let (W', W) be
defined using D', D. Then Theorem tells us that

2D

W = {7T € IT" : 7 does not enter wedges of (ﬁz)zeb} =W as.

It follows that the joint law of (W, W) is the same as the joint law of (W', W).
In the same way, we can also replace D by another countable dense subset
of R? without changing the law of the double Brownian web. |
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Figure 3.9: A rescaled discrete web and its dual.

The following theorem, which is the main result of this chapter, implies
in particular the convergence in (3.3). See Figure [3.9] for an illustration.
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Theorem 3.18 (Approximation of the double Brownian web) Let U
be the set of paths in an arrow configuration and let U* be the set of downward
paths in the associated dual arrow configuration. Then

PO.UU) € -] = P[(W,W) € -], (3.21)

e—0

where = denotes weak convergence of probability laws on the space KC(IIT) x

K(ITY), and (W, W) is the double Brownian web.

Proof Fix countable dense sets D, D C R? and define W, W) as in ((3.20]).
It suffices to prove convergence along any sequence &, of positive constants
tending to zero. It follows from Proposition (compare Lemma (3.14)) that
the laws

(P[6.,@.U) € -])

are tight, so by going to a subsequence, we may assume that they converge
to some limit law P[(V,V) € -]. By Lemma [2.2] it suffices to show that each
such subsequential limit is equal to P[(W, W) € -].

As in the proof of Proposition , for each z € D, we choose 2, € Z2
such that 6., (2,) — 2, and for each z € D, we choose 2" € Z2,, such that
0.,(2") — z. For each z € D and n > 1, we let R? € U be the unique
forward path starting at z,, we let RZ € U* be the unique downward path

starting at 2", and we let

n>1

=0, (R") and #":=0. (R")
denote the associated diffusively rescaled paths. In the proof of Proposi-
tion [3.13, we have shown that

P[((T(?)ZGD’ (T(772177T22))(217Z2)6D2) € }
= P[((WZ>Z€D7 (T<7TZ1>7TZ2))(Z1,22)€D2) S ] )

n—oo
and similarly for the collection of downward paths. We argued there that
going to a subsequence if necessary and using Skorohod’s representation the-
orem, we can couple our random variables such that

m, — m,as. and T(m), 7)) — T(m., T2y) as.
n—oo n—oo
for all z, 21,29 € D, and likewise for downward paths. We can extend this

argument to obtain that moreover

0., UU) — (V,V) as.

n—oo
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in the topology on K(IT") x K(IT+) for some random compact sets V C II" and
V C IT*. We will show that for this particular coupling, (V,V) = (W, W)
a.s., where the latter is defined in terms of (7.).ep and (7.),.5. This shows
that all subsequential limit laws are the same and hence by Lemma that
the original sequence converges.

By symmetry between forward and dual webs, it suffices to prove that
YV = W. We will prove that W_ C V C W,, where W_ and W, are defined
as in Theorem Since W = W_ = W, , the claim then follows.

Since V is closed, to prove that W_ C V, it suffices to prove that 7, € V
for all z € D. Recalling Lemma [2.15] this is obvious since 7 € 6., (i) for all
n while 7 — 7, a.s. and 6., (U) = V as.

To prove that ¥V C W,, we need to show that paths m € VV do not enter
wedges of (7.),.p. By Lemma [2.15 for each 7 € V, there exist 7" € 6., (U)
such that 7" — 7. To see that m does not enter any wedge W(7,,,7.,)
of (7.,) we use that for each n, the path 7" does not enter the wedge

zeDs
W (w77 ). By our assumptions, the discrete paths 7 (i = 1,2) converge
a.s. to 7,, (i = 1,2) and moreover their meeting times converge a.s., so we
can use Lemma to conclude that 7 does not enter W (7.,,7,,). n

Exercise 3.19 (Shortened paths) Let W be a Brownian web. Show that
almost surely, for each m € W and s > o, the path 7' defined by o := s
and 7'(t) :=w(t) (t > s) satisfies 7' € W.

3.7 Continuous time random walks

In this section we return to the one-dimensional nearest-neighbour voter
model and its dual system of coalescing random walks, introduced in Sections
[I.IHI.3] We let w denote the graphical representation of a nearest-neighbour
voter model on Z, i.e., w is a Poisson point set with intensity measure as in
(1.2)), where A = Z and p(i, j) is the nearest-neighbour kernel defined in (L.9).
Elements of w are of the form (vot;;,t), where vot;; is a nearest-neighbour
voter map (i.e., |i — j| = 1) that has to be applied at time ¢. In pictures,
we draw space Z horizontally, time vertically, and we represent an element
(votj;,t) of the graphical representation w by an arrow from the space-time
point (j,t) to (i,t) of the form: —mm.
Slightly deviating from our conventions in Chapter [I| we define

wh = {(rwij,t) : (Votji,t) € w}, (3.22)

i.e., this is the graphical representation of the dual system of coalescing
random walks defined in ((1.11)), except that we have not reversed time. In
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pictures, we represent an element (rw;;,t) of the graphical representation w*
by an arrow from (i,t) to (j,t) of the form: mm——. In other words, w* is
obtained from w by reversing the direction of all arrows, but not turning the
picture upside down, as we did earlier.

Let Z+ % = {i+ 35 :i € Z}. We can define voter maps votj; and
coalescing random walk maps rw;; with ¢,j € Z + % in the same way as we
did for 2,5 € Z. The difference is that these maps now act on configurations
in {0,1}%*2 instead of {0,1}%. In pictures, we represent these maps by
arrows just as we are used to. With these conventions, we define

W= {(rwi_%ﬂ%,t) : (Voti_u,t) € w}

2
U{(rww%’i_%,t) : (votHLi,t) € w}. (3.23)

The reason behind this definition is that if we apply the voter map vot;_;;
to a configuration that has a boundary between the ones and zeros at the
position i — %, then this boundary moves to i + % Likewise, an application of
vot;;1; moves a boundary from ¢ 4 % to i — % In particular, if we start the
voter model with each site in a different colour, then the boundaries between
these colours evolve as coalescing random walks described by the graphical
representation w’.

We next define downward open paths in the graphical representation w*
and upward open paths in the graphical representation w'. A technical issue
that we have to deal with is that because we work in continuous time, these
open paths will have jumps. We use the formalism of cadlag paths described
in Section . Recall that ITg(RR), defined there, is the space of cadlag paths
in R, equipped with a topology that (at least for paths defined on fixed
domains) corresponds to the Skorohod topology. We let

I§ == {m € Ns(R) : 7 =00} and II§:= {m € s(R) : 0 = —00}

denote the spaces of cadlag half-infinite upward and downward paths. We
say that a path 7 € Hg is an open upward path if

(i) 7(t—),7(t+) € Z+ 3 for all t € I,
(ii) if 7w(t+) # 7(t—), then (TWr(—) (), t) € W',
(ili) if ¢ > o and (TWr(-) ,t) € w' for some j € Z + 3, then 7(t+) = j.
Similarly, we say that a path © € Hg is a open downward path if
(i) m(t—),m(t+) € Z for all t € I,

(ii) if w(t+) # 7(t—), then (rww(tﬂm(t_), t) € wi,
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(iil) if t < 7 and (TWr(py 5, t) € W' for some j € Z, then 7(t—) = j.

See Figure for an illustration. We let 4" and U* denote the sets of all
open upward and open downward paths, respectively. The reason for the
conditions t > o, and t < 7, in point (iii) of each definition is that we want
to work with compact sets of paths. If (rw;;,t) € w', then for each n > 1,
there exists an open upward path , in w' that starts at (i,¢ + n~!), and
these paths converge to a limit path 7 that starts at (i,t) but does not jump
at its starting time. Thus, if we would require (iii) also for ¢ = o, then the
set of open upward paths would not be closed. On the other hand, with our
present definition, one can prove the following statement, that is similar to
Proposition 3.1} For brevity, we skip its proof.

-

Figure 3.10: Open upward and downward paths in the graphical representa-
tion of a one-dimensional nearest-neighbour voter model.

Proposition 3.20 (Compact set of paths) The closure u' of the ran-
dom set of open upward paths U is almost surely a compact subset of Hg.

Moreover, almost surely, the set ZjT\Z/IT consists of all paths m™ € Hg with
either m(t) = —oo for allt € I, or w(t) = 400 for all t € I.. An analogue
statement holds for U*.

In the remainder of this section, we sketch the proof of the following
theorem, that is similar to Theorem [3.18

Theorem 3.21 (Convergence to the double Brownian web) Let U"
be the set of open upward paths in w' and let U be the set of open downward
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paths in w*. Then
Plo.U" 1) € -] = P[W,W) € -], (3.24)

e—0
where = denotes weak convergence of probability laws on the space IC(Hg) X
K(ITY), and (W, W) is the double Brownian web.

Proof (crude sketch) The proof is completely analogous to the proof of
Theorem [3.18 Convergence of rescaled continuous-time random walks to
Brownian motion is standard, so one obtains convergence of finite dimen-
sional distributions precisely as in the discrete time setting (Proposition.
Using Exercise|3.5|, one sees that this convergence can be strengthened so that
it also includes convergence of meeting times in the sense of . Adapting
the argument of Proposition (which itself is an adaptation of the proof
of Proposition , using also Lemma , one can moreover show that if
€, are positive constants tending to zero, then the laws

(P, @', U") € -]) (3.25)

n>1

on K(IT}) x KC(IT}) are tight. For brevity, we are rather sloppy on this part.
To fill in the details, one would need to work with Skorohod-equicontinuity
and Theorem to prove a tightness criterion for laws on K(Hg), which
is similar to Proposition but the conditions of which are weaker, since
Skorohod-equicontinuity is a weaker concept than the usual equicontinuity.

To complete the proof, one needs to show that if the laws in (3.25]) con-
verge weakly along a subsequence to a limit law on KC(IT) x K(TI}), then
this limit law must be the law of a double Brownian web. We fix a count-
able dense set D C R? and for each z € D, we choose z, € Z x R such
that 6., (z,) — z. Since the points z, are deterministic, at each z, there
almost surely start a unique upward and downward open path. By what
we have already proved, these paths converge in law to coalescing Brownian
motions, and also their meeting times converge in law. Using Skorohod’s
representation, we can find a coupling for which the convergence is almost
sure. Let (7,).ep and (7,),ep be the almost sure limits of the chosen upward
and downward open paths, respectively. Using the argument of Lemma [3.12]
we see that paths in (7,),ep do not enter wedges of (7,).ep. Theorem m
now tells us that the sets W_ and W, defined there satisty W_ = W, , and
both are distributed as a Brownian web. Letting V denote the almost sure
limit of 6., (UT), as in the proof of Theorem [3.18] it then suffices to show that
W_CVCWs,.

The inclusion W_ C V is straightforward. If we would know that V C II"
almost surely, then the inclusion ¥V C W, would follow by exactly the same
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argument as in the proof of Theorem [3.18], but for the moment we have only
indicated how one can obtain the weaker statement that V C Hg, where Hg
is the space of cadlag upward paths. Therefore, one way to complete the
argument is to show that ¥ C II" almost surely, which can probably be done
by using arguments similar to those used in the proof of Proposition An
alternative argument, that is probably easier, is to strengthen Theorem [3.15]
by showing that the set W, there can be replaced by the (a priori larger) set

W = {me IT} : 7 does not enter wedges of (72):ep}-

It seems this should follow from the same arguments as those used in the
proof of Theorem but because of time restrictions, we skip the details.

Though there is no doubt among experts in the field that Theorem [3.21]
holds, it seems nobody so far has bothered to write down a detailed proof. In
fact, the only published paper that I am aware of that shows convergence of
collections of cadlag paths is [EFS17], which however deals with the Brownian
net instead of the web and shows convergence for a different approximating
model. |

3.8 Some historical notes

The Brownian web originated from Arratia’s PhD thesis [Arr79] and a sub-
sequential unfinished manuscript [Arr81]. The topic remained dormant until
the work of Téth and Werner [TW98| who used the Brownian web to study
a form of one-dimensional self-repellent random walk. They classified all
types of special points. Together with Soucaliuc [STWO00] they also proved
that forward and dual paths interact through Skorohod reflection. Fontes,
Isopi, Newman and Stein got interested in the Brownian web motivated by a
one-dimensional model in mathematical physics [FINSO1], which led Fontes,
Isopi, Newman and Ravishankar [FINRO4| to study this object in more de-
tail. In particular, they were the first to give the Brownian web its name,
view it as a compact set of paths, and prove convergence with respect to
the Hausdorff topology. Wedges were first introduced in the framework of
the Brownian net in [SS08]. A more detailed account of the history of the
Brownian web can be found in [SSS16].
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Chapter 4

Properties of the Brownian web

4.1 The coalescing point set

Let (W, W) be a double Brownian web, i.e., a Brownian web and its dual.
For each s,t € R with s <t and closed A C R, we define

Xor(A):={z € R: It € W(x,t) s.t. 7(s) € A},
Vou(A):={rm(t) : m e WA x {s})}, (4.1)
X o(A) = {zeR:3r e W(z,s) s.t. 7(t) € A},
ytsA) {7T WGWAX{t})}

We can think of the maps (X;¢)s<; as a continuum analogue of the StO(ilaStiC
flow (X,:)s<¢ defined in Section . Let us fix closed sets A, B C R and
define, in analogy with (1.5]),

Ay =Xy (A) and By i=Yo,(B)  (t>0). (4.2)

Then we can think of the process (A;):>o as of some sort of continuum version
of the voter model and similarly, we can think of (B;);>¢ as a continuum
version of coalescing random walks, i.e., this process should correspond to
coalescing Brownian motions. We call (A4;)i>o the continuum voter model
and (Bt)t>o the coalescing point set. In Section below, we will prove that
(At)i>0 and (Bi)i>o are indeed Markov processes. In the present section,
we start by proving some elementary properties of the maps (Xs:)s<: and

(ys,t)s§t~

Lemma 4.1 (Additivity) One has X,;(A) € K(R) for each A € K(R) and
s <t. Moreover,

X, (AUB) = X,,(A)UX,(B) (A BeKk(R), s<t). (4.3)

81
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Analogue statements hold with X, replaced by Vs ;.

Proof If z,, € X;(A) satisty z, — x for some z € R, then there exist
Fn € W(xn,t) such that #,(s) € A. Since W is compact, by going to a
subsequence, we can assume that #,, — # for some # € W. Then # € W(x,t).
Since A is closed moreover 7(t) € A. Together, the last two observations
imply that z € X,;(A), proving that X;;(A) is closed. The proof for Y, is
the same. Formula follows immediately from the definitions of X, and
Vs t- L

The following lemma is the continuum analogue of the duality relation
, for the moment restricted to coalescing Brownian motions without
branching or deaths.

Lemma 4.2 (Continuum duality) For each A, B € K(R) and s,t € R
with s <'t, one has

M )nB#0} = Yany,.B) 40y
Proof This is a straightforward consequence of our definitions, since
X(ANB#£D & 3 e W(Bx {t})st. 7(s) €A & Y (B)NA#D.

Our next aim is to show that the coalescing point set (B;);>¢ defined in
“comes down from infinity” in the sense that regardless of the initial
state B, for each t > 0 the set B; is locally finite. Since clearly B C B’
implies Vo, (B) C Vo(B'), it suffices to prove the claim for B = R. Roughly
speaking, the following result says that if we start particles performing co-
alescing Brownian motions from each point on the real line, then at each
positive time there are only locally finitely many particles left.

Proposition 4.3 (Density of the coalescing point set) One has

b—a
Vit

Proof We first calculate the probability that Vo :(R) N [a,b] # 0. We con-
struct (W, W) from collections (. ).cp and (72) ,ep of forward and downward
coalescing Brownian motions, so that paths in (7,).ep do not enter wedges
of (72),ep and vice versa. We choose D such that (a,t), (b,t) € D. Let

E[| Vo (R) N[a,b]|] = (a,b€R, a<b, t>0).

Tap = T(T(at), T(ot))
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Figure 4.1: Illustration of formula (4.4). If 7,5, > 0, then no path in W
starting at time 0 can pass through (a,b) at time ¢. On the other hand, if
Tap < 0, then any path in W starting at time 0 between 7,4 (0) and 7,4 (0)
must pass through [a, b] at time ¢.

be the first meeting time of the downward paths started at (a,t) and (b, ).
We claim that (see Figure

YVoi(R)N(a,b) #0 implies 7,5, <0 implies YVo:(R)N[a,b] # 0. (4.4)

Indeed, if 7,5 > 0, then the paths 7, and 7, form a wedge that prevents
paths in W starting at time zero from passing between (a,t) and (b, t), prov-
ing the first implication. On the other hand, if 7,; < 0, then for each time
s > 0 we can find some x such that 7, (s) < x < Tpy(s). The web W
must contain a path 7 starting at (z, s) and since such a path cannot cross
the downward paths 7,4 and 7.y, it must satisfy a < 7(t) < b. We can
construct such a path 7° with starting time s for each s > 0, so using the
compactness of W, we see that YV must also contain a path 7° starting at
time zero such that a < 7 (t) < b, proving the second implication.

The difference (B;(s) — Ba(s))s>o of two Brownian motions is equally
distributed with (v/2B(s))ss0, where (B(s));>0 is a single Brownian motion.
Therefore, using the reflection principle,

P(r.s < 0] = P[ sup (Ba(s) — Bi(s)) < b—ad]
0<s<t
b—a
b—a 1 2 2
:]P) su BS < = e_ZC /2tdx
[Oﬁsgt (s) < V2 | Vomt )t

In particular, this implies that

Plz € You(R)] = lig%P[yo,t(R) N(z—cx+e)#0] =0 (zeR, t>0),
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and hence
P[yo,t(R) N(a,b) # @} = P[yo,t(R) N a,b] # m = Plra < 0]

Now

27L

E[[Yo(R) N [0,1]]] = lim ZIP’[J)W(R) N[(i —1)27", 327" # 0]

1 VI 1
= lime~! / e % /2tdx:—.
e—0 V21t ) _e/v2 vVt

A similar formula holds for the expectation of ‘y07t(R) N [0, TH for any r > 0
and the general result follows by translation invariance. |

We conclude this section with some useful consequences of Proposition
. In the following lemma, we let IT* := IIT N II* denote the space of all
bi-infinite paths and we let IT*(R) := II* N TI(R) denote the space bi-infinite
paths with values in R (as opposed to R).

Lemma 4.4 (No bi-infinite paths) Let W be a Brownian web. Then
WNIHR) =0 a.s.

Proof We start by observing that

PWNIIHR) # 0] < lim P[3r € W s.t. 0, = —o0, 7(0) € [-n,n]],
n—oo
where by Lemma[3.§ the inequality is in fact an equality. Now Proposition[4.3]
gives

P[3r € W s.t. 0, = —o0, 7(0) € [—n,n]]
2n
<1l 1. < - — = lim — =
_}LI?OP[HTFGWS)C or < —t, m(0) € [-n,n]] tlgglo\/ﬁ 0,
Here again, with a bit of extra work, one can show that the inequality is in
fact an equality, but we do not presently need this. |

Lemma 4.5 (Coalescence of paths) Almost surely, for all paths m, 7' €
W, if w(t) = 7'(t) for somet > o, V o, then w(u) = 7' (u) for all u > t.

Proof By Lemma[3.8] it suffices to prove the statement under the additional
assumption that 7(¢) = 7'(t) € R. Let T C R be countable and dense. If
t > o, V oy, then there exist r,s € 7 with 0, Vo <1 < s <t and the
paths obtained from 7 and «’ by cutting off the piece before time r are also
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paths in the Brownian web. Therefore, it suffices to prove for deterministic
r < s that if two paths 7,7’ € W with o, = o = r satisfy n(t) = 7/(¢) for
some t > s, then 7(u) = 7'(u) for all u > t.

By Proposition the random set

A={n(s):meW, o, =r}NR

is locally finite. We claim that for each x € A, there exists a unique path
T(z,s) € W(z,s), and conditional on A, the collection of paths

(71—(:1:,3) )xeA

is distributed as coalescing Brownian motions. Indeed, this follows from the
fact (which can easily be proved using discrete approximation) that restric-
tions of the Brownian web to disjoint parts of space-time are independent.
As a result, the random set A is independent of W(R x [s,00)), so after
we condition on A, paths started from a countable collection of fixed points
(z,s) with z € R will be distributed as coalescing Brownian motions.

The statement we want to prove now follows from the fact that if two
coalescing Brownian motions meet at some random time, then they coalesce,
i.e., the two paths are equal from that time onwards. |

Lemma 4.6 (Minimal and maximal paths) Let W be a Brownian web.
Then almost surely, for each z = (z,s) € R?, there exist paths w75 € W(z)
such that 7 (t) < w(t) < 7 (t) for allm € W(z) and t > 0. Ifx, <z <z
satisfy = — x and 7T(j;) € W(zt), then

W(ﬂ;) — F (4.5)

n—o0
in the topology on TIT.

Proof By symmetry, it suffices to prove the statements for 7. Let z < 2
satisfy 27 — x and choose W(J;L) € W(z}). By the compactness of W, the

set {W(J;L) : n > 1} is precompact in the topology on II'. Let 7 be any

subsequential limit of the sequence (W(J;L))n>1. Then clearly 7 € W(z). By

Lemma , each m € W(z) satisfies m(t) < 7r(+n) (¢) for all m > 1 and t > 0,
so taking the limit, we see that 7(t) < 7 (¢) for all ¢ > 0. This proves that
the set W(z) has a maximal element 7. Such a maximal element is clearly

unique, so the sequence (W(J;))ml has a unique cluster point, which is 7.
Since {W(J;) : n > 1} is precompact, it follows that the sequence (W(J:z))ng
converges to 7. |

The following lemma says that if a sequence of paths in the web converges
(such as for example in (4.5))), then this convergence actually takes place in
a rather strong sense.
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Lemma 4.7 (Strong convergence of paths) Let W be a Brownian web.
Then almost surely, for all m,, 7@ € W such that 7, — m, there exist times
tn > oy, V o such that t, — o and m,(t) = w(t) for allt > t,.

Proof By Lemma|3.8] it suffices to prove the statement under the additional
assumption that 7 (t) € R. Proposition [4.3]tells us that for each deterministic
s < t, the set

Ay = {7r(t) meW, o, < s} NR

is a.s. a locally finite subset of R. Let 7 be a countable dense subset of R.
Then almost surely, A, is locally finite for all s,t € T with s < ¢t. Now
if m,,m € W satisfy m, — m, then for each s,t € T with o, < s < t, we
have for n sufficiently large that o,, < s and hence m,(t), 7(t) € Ass. Since
mn(t) — m(t) and since A, is locally finite, it follows that 7,(t) = 7(t) for n
sufficiently large. By Lemma [£.5 m,(f) = n(¢) implies m,(u) = m(u) for all
u > t. Since T is dense, we can choose t as close to o, as we wish, and hence
the statement of the lemma follows. |

Exercise 4.8 Show that formula can be strengthened (for deterministic
a,b, and t) in the sense that Yo (R)N[a,b] # O almost surely implies Yo (R)N
(a,b) # 0.

4.2 Brownian local time

In the next section, we will study the interaction between paths in the forward
and dual Brownian web. As a preparation, in the present section, we collect
some well-known facts about Skorohod reflection and Brownian local time.
Let C := Cjo,.0)(R) denote the space of continuous functions f : [0,00) — R.

We set
CQZ:{fEC:fOZO}v
C*t:={f €C: [ is nondecreasing},
Cpos::{feczf20}7

and we write Cj :=C*T N Cy. We set
my(f) :=0A Olgggt s (t>0, feC). (4.6)

In particular, if f € Cy, then this is the running minimum of the function f.
Assume that h € C satisfies hg > 0, and let

gt = hy — my(h) (t>0). (4.7)
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We observe that g; > 0 and that v, := —my(h) is a nondecreasing function
that increases only at times when g; = 0. The following definition makes this
precise. Let gy € [0,00) and f € Cy be given. By definition, a solution to the
Skorohod reflection equation

is a pair (g,7) of functions g € Cpes and ¢ € Cg such that

(i) gt =90+ fr +: (t 2 0),

(i) / Lysopdis = 0.
0

Here, the notation in point (ii) means that we integrate the function ¢
1g,>01 With respect to the measure whose distribution function is v, i.e.,
this is the unique measure g on [0,00) such that p([0,t]) = ¥ (¢t > 0).
Condition (ii) makes the intuitive concept precise that 1, increases only at
times when g; = 0. See Figure for an illustration. The following lemma

says that solutions to (4.8]) are unique and given by (4.7)).

Lemma 4.9 (Skorohod reflection) For each go € [0,00) and f € Cy, the
Skorohod reflection equation (@ has a unique solution (g,) with initial
condition go. This solution is given by

g =fe—mi(f) and y=—mi(f)  (t>0), (4.9)
where f, := go + fi (t >0).

Proof It is not hard to check that if we define g and ¢ by (4.9)), then (g, 1)
is a solution to the Skorohod reflection equation . To prove uniqueness,
assume, conversely, that has two solutions (g,) and (¢’,') that are
not equal but which satisfy gy = gj. Then, by condition (i) of the definition
of a solution to the Skorohod reflection equation, there must be a u > 0 such
that g, # ¢),. By symmetry, we can without loss of generality assume that
gu < g,,. Let s :=sup{t € [0,u] : g = g,}. By continuity, g; = ¢% and ¢; < g,
for all t € (s,u]. Setting fi = fi — fs and ¥y := 1, — b5, we observe that

~

(g,1) solves the Skorohod reflection equation
dgt = dft + d?[)t (t 2 S)

on the time interval [s,00), and an analogue statement holds for (¢’,¢’). In
view of this, shifting the time s to zero, if uniqueness does not hold, then we
can without loss of generality assume that we are in the following situation.
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Figure 4.2: Reflected Brownian motion: the functions f,g, and v from
Lemma [4.9|in the case that f is a Brownian path.

We have two solutions (g,1) and (¢’,¢") to the Skorohod reflection equation
(4.8) with initial states gy = g{ for which there exists a v > 0 such that
g < g, for all t € (0, ul.

Since 0 < ¢; < g, for all t € (0,u], condition (ii) of the definition of a
solution implies that ¢, = 0 for all ¢ € [0,u]. Together with the fact that
go = g, and condition (i) of the definition of a solution, this implies that
gt > g; for all t € [0,u], contradicting our assumption that ¢; < g; for all
0<t<u. [ |

Exercise 4.10 Let f € Cy be given and assume that (g,v) and (¢',9")
are solutions to the Skorohod reflection equation @ with possibly different
initial states go and g(. Show that

g0 < gy implies g <g, and g,— g < gy — 9o (t>0). (4.10)
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We will especially be interested in the case that the function f from
Lemma is Brownian motion. In this case, the function ¢ is reflected
Brownian motion, and 1 is its local time at the origin. To explain this in a
bit more detail, we need to take a small detour.

If (Bt)i>0 is a d-dimensional Brownian motion, then we can define a
stochastic process (£;)i>o taking values in the space M(RY) of finite mea-
sures on R? by

/Rdﬁt(d@f(:v) = / ds f(Bs) (t >0, f € By(RY).

0

The random measure ¢, is called the occupation local measure of the Brownian
motion (By);>o. In particular

0 (A) = /Otds 14(By) (A € B(RY))

is the amount of time the Brownian motion has spent inside a measurable
set A up to time ¢. In one dimension, it is well-known that ¢; has a density
with respect to the Lebesgue measure. The following theorem is originally
due to Trotter. The process (L;);>o below is called Brownian local time.

Theorem 4.11 (Brownian local time) Let (B;)i>o be a one-dimensional
Brownian motion. Then almost surely, there exists a random continuous
function L :[0,00) x R — [0,00) such that

/Rdx Li(z)f(x) = /Otds f(Bs) (t >0, f€ By(RY).

Modern proofs of Theorem [4.11] are based on Tanaka’s formula, which
says that

1B :/Otsgn(Bs)st+Lt(0) (t>0), (4.11)

where the integral is an [t0 stochastic integral. Tanaka’s formula can be used
as a definition of Brownian local time, for which one then proves the prop-
erties described in Theorem . For details, we refer to [McK69, Mey76,
RWST7]. In fact, in the remainder of this chapter, we will mostly work with
Tanaka’s formula as the definition of L;(0) and do not really need its inter-
pretation as local time in the sense of Theorem [4.11]

Proposition 4.12 (Reflected Brownian motion) Let B = (B;);>o be
a standard Brownian motion and let (L:(0))i>o be its local time at 0. Let
W = (Wi)i>o be another standard Brownian motion and let

Ay =Wy —my(W)  and Ly :== —my(W) (t>0). (4.12)
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Then
P[(|1B], Li(0)) 2o € -] = P[(As, Li)izo € - .

Proof (sketch) Let (B;):>o be a Brownian motion and let

¢
Wy = —/ sgn(B;) dBs (t>0).
0

It is not hard to show that W = (W;);>o is a Brownian motion. We will
show that A; = |B| and L; = L,(0) (¢ > 0). We apply Lemma [1.9] Tanaka’s
formula says that |By| = L,(0)—W, (t > 0). Clearly |B;| is nonnegative
and L;(0) is nondecreasing and increases only when |B;| = 0. For the details,
we refer to [KS91, Thm 3.6.17]. |

4.3 Law of a forward and dual path

Let (W, W) be a double Brownian web, let (z,s), (y,u) € R2, and let 7 €
W(z,s) and 7 € W(y, u) be the almost surely unique paths in the web and
dual web starting at these points. If s > u, then it is easy to see (for example
using discrete approximation) that the paths 7 and 7 are independent, but
this cannot be the case when s < u, since we have seen in Section [3.5| that 7
and 7 do not cross, which would have a positive probability for independent
forward and backward Brownian paths. In this section, we give a precise
description of the joint law of 7 and 7. This goes back to [STWO00].

Lemma 4.13 (Path reflected to the right off a dual path) Let m € IT"
and 7 € IV satisfy o < 7+ and 7t(0,) < w(o,). Then there exists a unique
path " € IIT and continuous function 1 : R — R such that

(1) 2z = 27 and @' (t) = w(t) + (L) (t > o),
(ii) w(t) < 7'(t) for all s <t < u,

(ili) v is nondecreasing with ¥ (o,) = 0 and the measure
dv is concentrated on {t € [0y, 2] : 7(t) = 7'(t)}.

Moreover, if m, € T and #, € IV satisfy m, — © and &, — 7 in the
topologies on 11" and 1%, with 0., < Tz, and 7,(0y,) < Tu(ox,) for each n,
and 7, and v, are defined in terms of m, and 7, in the same way as 7' and
Y are defined in terms of ™ and 7, then w) — 7 in the topology on 1T and
Un — Y uniformly.
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Proof (sketch) Let (z,s) := (w(0,),0.) and (y,u) := (#(7%),7#) denote
the starting points of m and 7. Define f : [s,u] — R by f; := n(t) — 7(¢).
Then Lemma tells us that there exists unique continuous functions g :
[s,u] — R and % : [s,u] — R such that

(1) ge = fe + b (t € [5,u]),
(i) g: >0 (t € [s,u]),
) ¥

(iii) 1 is nondecreasing with ¢ (s) = 0 and the measure

dh is concentrated on {¢ € [s,u] : g > 0}.

Define x : R — R by x(t) = ¢ (t € [s,u]), x(t) := s (t < s) and x(t) = 1y

(t > u), and define 7 € ' (z,s) by 7'(t) = 7(t) +g: (t € [s,u]) and

7'(t) = 7'(u) + (7(t) — 7(u)) (¢ > u). Then 7’ and x satisfy conditions

(i)—(iii) of the lemma if and only if g and v satisfy conditions (i)—(iii) above.

Thus, existence and uniqueness of 7’ and x follow directly from Lemma [4.9]
Lemma [4.9] tells us moreover that

gt :ft—t,ief[lfﬂ fv and ¢y =— inf fy (t € [s,u]).

t'els,t]

Since these functions are continuous with respect to uniform convergence,
the convergence statement of Lemma follows readily. |

By symmetry, we can also define paths that are reflected to the left off
a dual path. To be precise, if 7 € II" and & € II* satisfy o, < 7+ and
7(0x) < @(0r) (not the different order compared to Lemma[4.13), then there
exists a unique path 7’ € II" and continuous function 1 : R — R such that

(i) 2o = zpr and 7' (t) = w(t) — Y(t) (t > ox),
(i) 7'(t) < 7(t) for all s <t < w,

(iii) 1 is nondecreasing with ¢ (o,) = 0 and the measure
dip is concentrated on {¢ € [ox, 7] : 7' (t) = 7(t) }.

Let C(R) denote the space of all continuous functions ¢ : R — R, equipped
with the topology of uniform convergence. Then we can define a map ¢ by

M x T 3 (7, 7) 25 () € T x C(R), (4.13)
where 7" and ¢ are as in Lemma if o, < 7+ and 7(0,) < 7w(o,), they
are defined symmetrically, with reflection to the left, if o, < 73 and 7r(<77r)
7(0x), and in the remaining case 7: < o, we just put 7’ := 7 and ¥(t) :=
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for all t € R. By Lemma [4.13] if (7,,, #,) — (7, #) in IIT x IT¥, and the limit
(m, ) does not satisfy o, < 7z and 7(0,) = m(0,), then it will be true that
O (7, 71n) — @(m, 7). However, the map @ is not continuous in points of the
form (7, 7) with o, < 77 and 7(0,) = 7(0y).

Theorem 4.14 (Interaction between forward and dual paths) Let
(W,VV) be a double Brownian web, let (x,s),(y,u) € R?, and let m, & be
the almost surely unique paths such that T € W(z, s) and # € W(y,u). Let
B = (Bt)t>s be a Brownian motion started at Bs = x, independent of 7, and
let (7',v) := ®(B, %), where ® is the map in (4.13). Then (m,7) is equal in
law to (7', 7).

Proof We use discrete approximation. We first prove an analogue statement
for paths in an arrow configuration and then take the limit, using Skorohod’s
representation theorem and the continuity properties of the map ® defined
in (4.13)).

Let U be the set of paths in an arrow configuration and let &* be the set of
downward paths in the associated dual arrow configuration. Let (z,s) € Z2,,,
and (y,u) € 7%,y and let P and P be the unique elements of U(z, s) and
U*(y, u), respectively. Let (Xg)g>s+1 beii.d. uniformly distributed {—1, +1}-
valued random variables, independent of P and let R = (Rt)i>s be the sym-
metric nearest-neighbour random walk started at Ry = x defined for integer
times by

t
Rt::x+ZXk (t > s),
k=1

and then for general t > s by linear interpolation. Similarly, let R’ = (R})¢>s
be the reflected random walk started at R, = x defined for integer times by

R -1 ift<w, P(t) =R, ,, and P(t—1)=R,_, +1,
Ri:=¢ R _,+1 ift<w, P(t) =R, ,, and P(t—1) =R, |, — 1,
R, ,+X;  otherwise,
and then for general t > s by linear interpolation. Then it is easy to see that
(P, P) and (R, P) are equal in law.
If u < s, then clearly R = R'. In the opposite case, we claim that R’ is
a reflected version of R, very similar to the construction in Lemma To

see this, let us for the moment concentrate on the event that P(s) < 2. On
this event, we define ¥ : [s,t] — R by

Ht) = /0 BPO = GRO py sy o (€ [,
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Figure 4.3: A random walk reflected to the right off a dual random walk path
P. The reflected path is R'(t) = R(t) + U(t), where R is an independent
random walk and ¥ is a reflection term. The steps where reflection takes
place are indicated in red.

with the convention that the derivatives are zero at integer times. We extend
U to R by setting W(t) := 0 for t < s and V() := H(u) for ¢ > u. Then it is
straightforward to check (see Figure that:

(i) ’(t) = R(t) + ¥(t) (t = s),

(i) P(t) < R'(t) for all s <t <,

(iii) W is nondecreasing with W(s) = 0 and the measure
dH is concentrated on {t € [s,u] : P(t)+1=R'(t)}.

In other words, this says that R’ is precisely the random walk path R, re-
flected to the right off the path (P(t)+ 1) tefsn] 1D the sense of Lemma {4.13

In a similar way, we see that on the event that x <A]5(s), the path R’ is the
random walk R, reflected to the left off the path (P(t) — 1)

te[s,u]”
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We can now prove the statement of the theorem. We first treat the case
that s < u. We choose positive constants ¢,, tending to zero, and points
(T, $n) € 22, and (y,,u,) € Z244 such that

even

0., (T, 8,) — (x,8) and 0., (yn,u,) — (y,u).
n—oo n—oo

Note that s, < wu, for all n large gnough. We define paths P,, R,, and
R, starting in (z,,s,), dual paths P, starting in (y,,u,), and a reflection
function ¥,, as above, and we also define modified dual paths P, starting in

(Z/n, un) by

Bt ::{ P,(t)+1  if Py(s) < xy,

(t € (—o0,u)).

A

P,(t)—1 ifz, < Py(s)
We denote the corresponding diffusively rescaled paths and functions by
(s 7oy By Bl bn) = 0., (Py, P, Ry, R, 0,,).

Note that we rescale the reflection function in the same way as the paths.
The properties (i)—(iii) above are preserved under rescaling, so on the event
that 7,(s,) # =, we have that

(Brs ¥n) = (B, ), (4.14)

where ® is the map in (4.13).

The rest of the proof is now easy. It follows from Theorem that
the rescaled paths (m,,T,, B,) converge in law to a triple (m, 7, B), where
(m,7) are the forward and dual Brownian web paths from the theorem and
B is an independent Brownian motion started at (z,s). Using Skorhod’s
representation theorem, we can couple our random variables such that this
convergence is almost sure. Since the event 7(s) # x has probability one, we
can use the continuity properties of the map ®, proved in Lemma to
conclude from that almost surely (B, 1,) — (7', 1), where (7', ) =
®(B, 7). We have see that (m,, 7,) is equal in law to (B}, 7,,), so taking the
limit, the statement of the theorem follows.

The proof in the case that u < s is similar, but easier, since now we can
choose the approximating points (z,,s,) € Z2., and (Y, u,) € Z244 such
that u,, < s, for each n. The discrete paths P, and f’n are then independent
for each n, so the claim follows trivially by taking the scaling limit. |

Figure [4.4] shows a numerical simulation of the set of all Brownian web
paths started at a fixed time s, together with the set of all dual Brownian web
paths started at a fixed time ¢ > s, where one can (with a bit of imagination)
see the forward path being reflected off the dual paths, and vice versa.
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Figure 4.4: The sets of all Brownian web paths and dual Brownian web paths
started at two fixed times s < t.

4.4 Special points

We have defined the Brownian web W as the closure of {r, : z € D}, where
(7.).ep is a collection of coalescing Brownian motions started from a count-
able dense set D C R?. Here {r, : 2 € D} is precompact by Proposition
and hence W is a compact subset of II". Using compactness and the fact
that D is dense, we see that for each z € R?, there exists at least one path
7 € W that starts at z. For each z € R?, we let

Mout(2) = |[W(2)]

denote the number of paths in W that start at z. In Theorem [3.7, we have
proved that mey(z) = 1 a.s. for each deterministic z € R2. In this section,
we will prove that in spite of this, almost surely, there exist points z with
Mout(2) = 2 and even mey(z) = 3. The key to understanding this is (again)
duality:.

We say that a path 7 € W enters a point z = (z,t) € R* if 0, < ¢
and 7(t) = x. We call two paths 7, 7’ entering z equivalent if there exists a
0x Vo < s < tsuch that w(r) = 7'(r) for all s < r < t¢. This obviously
defines an equivalence relation on the set of all paths 7 € W entering z. We
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let my,(z) denote the number of equivalence classes of paths in W entering
z. We call (my,(2), mout(2)) the type of a point z € R

Theorem 4.15 (Special points of the Brownian web) Let W be a
Brownian web. Then almost surely, all points in R? are of one of the following

types:
0,1), (0,2), (0,3), (1,1), (1,2), (2,1),

and all these types occur. For each deterministic t € R, almost surely, all
points in R x {t} are of one of the following types:

0,1), (0,2), (L,1),

and all these types occur. A deterministic point (x,t) € R? is almost surely
of type (0,1).

Points of type (1,2) are further distinguished into points of type (1,2),
and (1, 2),, depending on whether the incoming path is the left or right of the
two outgoing paths. The proof of Theorem needs a few preparations.

Recall that in Section , we defined paths 7 € TI(R) as subsets 7 C R(R)
with certain special properties. Our definitions excluded the case that ™ = (),
but for some purposes it is convenient to allow the empty paths, so we define

[o(R) :=TI(R) U {0}. If [s,u] C R is a compact nonempty interval, then we

define the restriction of a path m € II(R) to the interval [s, u] as

7| o] T {(z,t) em:telsul}.

[

Note that 7 € My(R) for all 7 € TI(R). If A C TI(R) is a set of paths,

[s,u]
then we define

A’[SM = {Fl[syu] TE A}\{@},

where now we remove the empty path so that A}[s u C II(R).

Lemma 4.16 (Independent increments) Let —oo <ty <--- <t, < oo.
Then the restricted Brownian webs

W| W

[to,t1]” "

are independent.

Proof (sketch) We use discrete approximation. Let —oo < s < u < o0,
choose positive constants ¢,, tending to zero, and let s,,u, € Z satisfy
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e2s, — s and €2u,, — u. Let U be the set of paths in an arrow configuration.
Then we claim that

P[efn(m[sn,un]) = ] — P[th,u] € '}v (4.15)

n—oo

where = denotes weak convergence of probability laws on II(R). This would
quite easily follow from Theorem [3.18|if the map A +— A| (o) VETE continuous,

but that is not the case (Exercise 4.17| below). Nevertheless, can be
proved by adapting the proof of Theorem [3.18|in a straightforward manner.
For brevity, we skip the details.

Now let —oo <ty < --- <t,, < co. Then we can find t7,...,t" € Z with
t7 <-.- <7, such that 5%75? — t; for each 0 < ¢ < m. Since the restricted
discrete webs

u U
R R | CAIR3Y

are independent, taking the limit, we see that the same is true for the re-
stricted Brownian webs. |

Exercise 4.17 Show that the map A — A‘ (o] is not continuous with respect
to the topology on K(II(R)).

The following lemma shows how the type of a point in the dual Brownian
web can be derived from its type in the Brownian web. This lemma will also
be key in understanding why certain types of points must exist, or on the
other hand do not exist; see Figure [4.5]

Lemma 4.18 (Types of points in dual web) Let (1in(2), Mo (2)) denote
the type of a point z € R? in the dual Brownian web W. Then for each z € R?,

Mout(2) = Min(2) + 1 and  1hew(2) = min(2) + 1.

Proof (sketch) By symmetry, it suffices to prove that mou(2) = M (2) +
1. If there is an incoming path in W at z, then forward paths started on
either side of such a dual path cannot coalesce until the starting time of
the dual path, since otherwise the dual path would enter the wedge defined
by these forward paths. As a result, since the incoming paths divide the
area just above z into 7y,(z) + 1 regions, approaching the point z from
different directions, using the compactness of W, we see that there are at
least M, (2) + 1 distinct paths in W starting at z. On the other hand, if
there are two outgoing paths in W at z, then any dual path that is started
between these paths must stay between these forward paths and pass through
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N IN S

A

Figure 4.5: Possibe types of points in the Brownian web and its dual.

z. Therefore, M, > Moy — 1. Together with our earlier claim that mgu(2) >
in(2) + 1, this proves the claim. |

Proof of Theorem (sketch) Let D C R? be countable and dense,
let (m,).ep be coalescing Brownian motions started from every point in D,
and let W be the closure of {m, : = € D}. Then W is a Brownian web by
Theorem [3.7 Recall that W(IR?) denotes the set of all 7 € W whose starting
point satisfies z, € R%. By Lemmas [3.§ and [£.4] the complement W\W(R?)
is the set of trivial paths that are constantly —oo or +o00. Since W is the
closure of {m, : z € D}, we deduce from Lemma[4.7] that for each = € W(R?)
and for each s > o, there exists a z € D such that 7(t) = w,(t) for all
t > s. It follows that if for some (z,t) € R? there exists a path = € W that
enters (z,t), then there exists a z € D such that 7 and 7, are two equivalent
paths entering (z,t). Thus, for each (z,t) € R?, we have that my,(z,t) is also
the number of non-equivalent paths in (7,).cp entering (z,t). A completely
analogue statement holds for paths in the dual web.

If = € R? is a deterministic point, then Theoremtells us that mey(z) =
1 and Moy (2) = 1. By Lemma this implies that z is almost surely of
type (0, 1).

If t € R is a deterministic time, then clearly there exist (random) z € R
such that my,(z,t) = 1, while by our previous argument there also exist
x € R such that my,(z,t) = 0. We claim there exist no z € R such that
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min(x,t) > 2. Indeed, by the remarks at the beginning of our proof, for this
to be true there would have to exist 7,7’ € {7, : 2 € D} with 0,0 < t and
7(t) = «'(t) while 7(s) # 7'(s) for all o, V o < s < t. For any two paths
in {m, : z € D}, this event clearly has probability zero. Since {r, : z € D}
is countable, we can conclude such paths 7, 7" do not exist. By a similar
argument, we see that there exist no x € R such that my,(z,t) = 1 and
min(x,t) = 1. Indeed, for this to be true, a path in {r, : 2 € D} started
below time ¢ and a dual path in {7, : 2z € D} started above time ¢ would
have to be at the same location at time ¢. By Lemma [£.16], what happens
below time ¢ is independent of what happens above time ¢, and therefore such
an event has probability zero. We conclude that if ¢ € R is a deterministic
time, then for each x € R, one of the following statements must be true: 1.
Min(x,t) = Myn(x,t) = 0 (which is true for deterministic x), 2. mi,(z,t) =0
and My, (z,t) = 1, and 3. my,(z,t) = 1 and my,(x,t) = 0, and all these cases
occur. By Lemma [4.18] it follows that all points on R x {t} are of the types
(0,1), (0,2), (1,1), and all these types occur.

To complete the proof, we must show that (at random times), points
of type (0,3), (1,2), and (2,1) also occur, but no other types of points can
occur. It is clear that there exist points z € R? with my,(z) = 2, but by
the remarks at the beginning of our proof, there exist no points z € R? with
min(2) > 3, because for that to occur, three Brownian motions started from
deterministic points would have to coalesce in one and the same point, which
has probability zero. There are in fact only countably many points z with
min(2) = 2, since these are the coalescence points of the countable collection
of coalescing Brownian motions {r, : z € D}. Each point z with ms,(z) = 2
satisfies mi,(z) = 0. Indeed, if we run two Brownian motions started at
deterministic points until their first meeting time, and then conditional on
the paths of these Brownian motions up to their first meeting time, one
starts an independent downward Brownian motion at some later time, then
this Brownian motion almost surely does not hit the meeting point of the
two upwards Brownian motions. One can show that two upward paths in
the Brownian web, observed till their meeting time, and one dual path, all
started from deterministic points, are distributed in the way we have just
described (we are a bit sloppy here). By Lemma , these arguments show
that there exist points of type (2,1), and by duality also of type (0, 3), but
no points of type (n,m) with n > 3, orn = 2 and m > 2, or n = 1 and
m > 3.

By Lemma [£.18, and our previous remarks, to complete the proof and
show that there exist points of type (1, 2), it suffices to prove that there exist
point z € R? with mi,(2) = 1 and 7,(2) = 1. This follows from the fact
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that forward paths reflect off dual paths, proved in Theorem [4.14] |

Exercise 4.19 Let W be a Brownian web. Recall the definition of the
mazimal path 75 € W(2) (2 € R?) from Lemmal4.6. Say that a point z € R?
is a point of continuity of the map z — =t if

71';: — 7r;Ir for all z, € R? s.t. z, — 2.
Show that the set of points of continuity of the map z — ) is given by
{z € R* : thy(2) = 0}.

Exercise 4.20 Let x € R be deterministic. Try to determine which types of
points almost surely occur, or do not occur, in the set {x} xR. Note: there is
one type of point for which this question is not so easy to answer rigorously
(although you may guess the correct answer).

4.5 The continuum voter model

In this section, we return to the processes (A;)i>o and (By)i>o defined in (4.2).
We will show that they are indeed Markov processes, which can be thought
of as the continuum limits of the voter model and coalescing random walks,
respectively.

Lemma 4.21 (Stochastic flow property) Let t € R be deterministic.
Then almost surely,

Xt,u o Xs,t = Xs,u and yt,u o ys,t = ys,u (5 <t< U)

Proof We first prove the inclusion A}, o Xs¢(A) D X; ., (A) for each closed
ACR. If z € X, ,(A), then there exists a # € W(x, u) such that 7(s) € A.
Set ' := 7(t). By Excercise , there exists a 7’ € W(a’,t) that coincides
with 7 on (—oo,t]. It follows that 2’ € X ;(A), which by the fact that
7(t) = 2/ implies that x € &}, o X (A).

If ¢ is deterministic, then the opposite conclusion can also almost surely
be draw. If z € X, 0 X,;(A), then there exists an 2/ € R, 7 € W(z, 1), and
#' € W(2/,t) such that #(t) = 2’ and #'(s) € A. Since t is deterministic and
in(2’,t) = 1, Theorem [4.15 allows us to conclude that (2/,¢) is of type (1,1).
But then 7’ must coincide with 7 on (—o0, t], which implies that = € X ,(A).

This concludes the proof that if ¢t € R is deterministic, then X;, o X5, =
X, as. forall s <t, u>t, and closed A C R. The proof that ViuwoVsr =
Vs is basically the same. [ |
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Proposition 4.22 (Continuum voter model) Let K(R) be the space of
all compact subsets of R, equipped with the Hausdorff topology. Then setting

Pt(A7 . ) ::P[X()’t(A) € ’},
Qu(A, -):=P[Voi(A) € -]
defines transition kernels on IC(R) such that for each A, B € K(R), the pro-

cesses (Ap)i>o0 and (By)i>o defined in are Markov processes with transi-
tion kernels (P;)i>0 and (Qy)i>0, respectively.

} (Ae K(R), t>0),

Proof We need to show that for each deterministic 0 <t < u,
P[Au e - | (AS)OSSSJ = Pu—t(At; ) a.s.

Since A is deterministic and A; = Ay (A) (0 < s < t), where X, is a
function of W|[0 g We see that (As)o<s<: is a function of W Lemma |4.21

0.¢]

tells us moreover that

Au = XO,u(A> = Xt,u o XO,t<A> = Xt,u(At)-

Since &}, is a function of W‘ ] by Lemma [4.16| it is independent of W‘ 0.4

and hence also of (Ag)o<s<¢- This implies that
P[Xt,u(At) € - | (As)o<s<t = (as)OSSSt} = ]P[Xt,u<at) € ] = Py_i(ay, -)

for almost every (as)o<s<: with respect to the law of (As)o<s<:. It follows
that

P[Au c - | (As>0§s§t] = P[Xt,u(At) c - | (As)(]gsgt] = Pu—t(At; ) a.s.

The proof for (B;);>o is completely the same. |

Exercise 4.23 Let W be a Brownian web. Show that the set T := {x eR:
Mmin(x,0) = 1} is a.s. countable. Conditional on W, let <X(x>)x€I be i.i.d.
uniformly distributed {0, 1}-valued random variables, and define (A)iso by

Show that for deterministic 0 < s < t, one has
At = Xs,t(AS) a.s.

Sketch a proof that the process (Ay)iso 1S the scaling limit of voter mod-
els started in i.i.d. uniformly distributed initial laws (compare the picture in

Section .
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4.6 The Arratia flow

Let (W, VV) be a double Brownian web. Recall the definition of the minimal
and maximal paths 7% starting at a point z € R? in Lemma [4.6] For z =
(y,t) € R?, we similarly let 74 and 7 denote the unique elements of W(z)
such that 7 (s) < 7(s) < 7f(s) for all s < t. For each s,t € R with s < ¢,
we define a map P : R — R by

D, 4(x) = 7T(—;78)<t> (s <t, z€R). (4.16)
Similarly, we set

byo(y) =7k, (s)  (s<t yeR) (4.17)

We say that a function f : R — R is monotone if it is nondecreasing, i.e.,
x <y implies f(z) < f(y). If f: R — R is monotone and right-continuous
with lim, 4 f(z) = £oo, then we define its generalised inverse as

fy) :=sup {3: eR: f(x) < y} (y € R). (4.18)

Then f~! is monotone and right-continuous with lim, .+ f~!(y) = +o0, and
its generalised inverse is the function f. See Figure .6 for an illustration.

Figure 4.6: The generalised inverse f~'(y) :=sup{z € R: f(z) < y} of a
monotone right-continuous function f: R — R.

Proposition 4.24 (Arratia flow) Almost surely, the functions @, are
monotone and right-continuous for each s,t € R with s <t, and O, is the
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wdentity map for each s € R. Moreover, for each deterministic s,t,u € R
with s <t < wu, one has

O, 0P, =P, as. (4.19)
For each deterministic to < --- < t,,
the maps @y, 4y, ..., Py, 1, are independent. (4.20)

Finally, almost surely for all s,t € R with s <t, the random map (i)t,s 1s the
generalised inverse of ;.

Property , together with the fact that @, is the identity map for
each s € R, say that (®,+)s<; is a stochastic flow, and property says
that (®,,)s<; has independent increments. One has to be careful with the
order of the “for all” and “almost sure” statements. We will see in the proof
of Proposition that while property holds almost surely at deter-
ministic times, it fails to hold simultaneously for all times, since there almost
surely exist random times s < t < w such that does not hold. By
contrast, all other statements of the proposition hold almost surely simulta-
neously for all times (deterministic or random).

Proof of Proposition It is clear from the definition that @ is the
identity map for each s € R. Also, since paths in the Brownian web coalesce
as soon as they meet (Lemma, the maps @, are clearly monotone for all
s < t, and right-continuity follows immediately from Lemma [£.6] We next
prove . Since @, ; is the identity map for each s € R, it suffices to prove
the statement for s < t < u. Thus, we need to show that for deterministic
times s < t < u, one almost surely has

+ "
Tt @00 (u) =7, o (w) (x € R). (4.21)

Since t is deterministic, by Theorem [4.15] almost surely for all x € R, the
point (W(Z &(t),1) is of one of the types (0,1), (0,2), or (1,1). Since the
path 7T(+ , enters this point, we must have min(m" (t),t) > 1, which allows

x,s (93,5)

us to conclude that the point (77(+ (t),t) must be of type (1,1). It follows

z,s)
+
that W(“(Z,s)(t)»t)

however, that this argument essentially uses that ¢ is deterministic. There
exist random times ¢ such that for a suitable choice of s < t and x € R, the

point (Wa 9 (t),t) is of type (1,2);. In such cases, the path 7T(+ 0.0 is the
; T (,5)\*)

continuation of 7, ., and (4.21) fails.

must be the continuation of ’/TE; 9 and (4.21)) holds. Note,
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We will be a bit sloppy with the proof of the independent increment prop-
erty . Basically, this follows from an analogue property of the Brownian
web, which can be proved easily by discrete approximation. To formulate this
properly, we would have to define the “restriction” of a Brownian web to a
space-time region of the form R x (tg—1,1t). Such restrictions can be defined
more generally and one can show that the Brownian web has the property
that disjoint parts of space-time are independent, but for brevity, we skip
the details.

To complete the proof, we must show that for all s,t € R with s <, the
random map <i>t7s defined in is the generalised inverse of ®,,. We first
make some general observations. Let F denote the space of all monotone
and right-continuous functions with lim, .+, f(x) = +o0o. We adopt the
notation

f(z—) :=lim f(z) (x eR, feF).

'tz
Then x — f(z—) is the left-continuous modification of f. It is not hard to
check that
fle)<y & x<f'y-) (ryeR feF) (4.22)

where y — f~(y—) is the left-continuous modification of the generalised
inverse of f. The same argument that showed that @, is right-continuous
shows that ®,; is right-continuous too, and

~

Coi(y—) =7, pn(s)  (s<t yeR)

is its left-continuous modification. Therefore, to show that <i>t7s is the gener-
alised inverse of ®,,, it suffices to show that

O(r)<y & z< i)tvs(y—) (s <t, =,y € R).

Recalling the definition of the map j)t,s in 1) and applying Lemma as
well as Lemma below, we observe that

(r) <y & wL,)<y & Xy([-oo,a])N[y,00] =0

And [—OO,[E] N j)t,s([yv OO]) - Q) ~ T < 7%(_yﬂf) (t) <~ T < (i)t,s(y_)7
completing the proof. [ |

Remark Our proof actually shows that for each deterministic ¢ € R, almost
surely, (4.19) holds for all s,u € R such that s <t < u.

In our proof of Proposition 4.24] we have already used the following
lemma, that we still need to prove.
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Lemma 4.25 (Evolution of halflines) The maps X, defined in

almost surely satisfy
X ([—00,2]) = [—oo,w(;s)(u)] (s <u, z€R).

Proof By definition, y € X, ,([—o0,]) if and only if there exists a & €
W(y, u) such that 7(s) < z. We need to show that y € X;.u([—00,2]) if and
only if y < 7r(Jr o). Ify < 7r(+ o(u), then there exists a & € Wi(y,u) such
that 7(t) < ( o(t) for all ¢ € [s,u]. In particular, 7(s) < z, so we conclude
that y € Xsu( ) Conversely, if y € Xsu([—oo, x]), then there exists
a 7 € W(y,u) such that 7(s) < x. It follows that there exists a m € W(x, s)
such that 7(t) < 7(¢) for all ¢t € [s,u]. This implies y = 7(u) < w(u) <
Ty (). N

z,8)

We extend the maps ®,; to R by setting @, ;(£00) := £00, and similarly
for ®;,. For any set A C R, we let ®,,(A ) = {®4(z) : * € A} denote
the image of A under ®,;. We also let ®,;(A4) := {z € R: ®,4(z) € A}
denote the inverse image of a set A C R under the map ®,,. Note that in
view of Proposition 4.3| for s < t, the maps ®,, are very much not one-
to-one. Therefore, there is a big difference between the inverse image of a
set under ®,,, and the image of the same set under the generalised inverse
(th,s. The following lemmas link these images and inverse images to the maps
Xt Vs, /ifms, j)t,s defined in . Below, for obvious notational reasons, we
let

clos(A) == A

denote the closure of a set A C R.

Lemma 4.26 (Images) For each deterministic t € R and deterministic
closed set A C R, one has almost surely

Viu(A) = 00 (4) (E<u) and Y (A) = b (4) (s <)

Lemma 4.27 (Inverse images) For each deterministic t € R, one has
almost surely

Xsi(A) = CIOS(CD . (A)) and Xo1(A) = clos(®;,(A))

tu

for all s <t and u >t and for all closed sets A C R.

Proof of Lemma [4.26| By the symmetry between the Brownian web and
the dual Brownian web, it suffices to prove only the statement for ), ;. Filling
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in the definitions, we see that

Vsi(A {7T WGWAX{S})}
CIDS,t( = {W(Ls)( )z € A}

This immediately implies that the inclusion ®,;(A) C Vs:(A) holds almost
surely for all s < ¢t and for all closed A C R. We will show that if s and A
are deterministic, then the opposite inclusion also holds almost surely. Since
s is deterministic, Theorem tells us that almost surely mgy(z,s) < 2
for all z € R, so

yS t {ﬂ— (z,s) 1S € A}

Thus, if the inclusion t( ) C yst( ) is strict, then there exist x € A and
y € R such that 7 (¢) =y but 7rm o(t) #yforallz’ € A By Lemmas
and [4.7] this implies that there exists an € > 0 such that (z —e,z) N A = 0.
It is not hard to see that the set

0_A:= {xEA:E|5>OS.t. (x—s,a:)ﬂA:@}

of “left boundary points” of A is countable. Since A is deterministic, Theo-
rem tells us that each point (z, s) with € 0_A is almost surely of type
(0,1). This contradicts the fact that 7 (¢) =y but 7TZ;, o(t) # y, so we

conclude that the inclusion ®,,(A) C Vs+(A) is in fact an equality. |
Proof of Lemma By the symmetry between the Brownian web and

the dual Brownian web, it suffices to prove only the statement for & ;. Filling
in the deﬁnitions, we see that

X,i(A)={yeR:37 € W(y,t) s.t. #(s) € A},
<i>ts —{yeR:a} ,(s) € A}.
It follows from Lemma m that
a— . ~ 2
s = lylerr; Tl and Tl = }Jlrf; LA ((y,s) € R?). (4.23)

Since y € clos(fi)_i (A)) if and only if it is the limit of y, € é;sl(A), using
moreover Lemma [£.7] it follows that

clos(CD1 ) {yER 7T(yt EA}U{yGR:fT’

(yvt)(

s)ye A}, (4.24)

It follows that ClOS((I); +(A)) C X,4(A), and this inclusion is strict if and only
if there exists any € R such that 7, ,(s) & 4, ﬁa’t)(s) ¢ A, but 7(s) € A
for some m € W(y,t). This is possible only if (y,t) is of type (2,1) (see
Figure , but by Theorem such points almost surely do not occur at
deterministic times ¢. [
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Exercise 4.28 Recall the definition of points of types (1,2), and (1,2),. For
each z € R, define

R { T, if z is of type (1,2),,
+

) otherwise.

Modify the definition of the Arratia flow in by replacing 7T;;S by 7r;8.
Show that with this modified definition, ®5; may fail to be right-continuous
for some s,t, but on the other hand the stochastic flow property now
holds almost surely for all s <t < wu simultaneously.
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Chapter 5

The Brownian net

5.1 Adding branching and deaths

As in Chapter , we let Z2 ., and Z2,, denote the even and odd sublattices
of Z?. Generalising the set-up of Chapter 3] let w = (w.),ezz. be an iid.
collection of random variables that take values in the subsets of {—1,+1}.
We can use w to define a random directed graph with vertex set Z2 . and

set of oriented edges
E:={((z,t), (@ +y,t + 1)) : (x,t) € Lo, Y € Wap) -

Generalising our earlier definition, we will call the random directed graph
(Z2,, E) an arrow configuration. In particular, when w, takes the values
{—1} and {+1} with equal probabilities, this is an arrow configuration as
defined in Section [3.1] In the present chapter, we look at sequences w™ of
arrow configurations where w" = (w7).ezz2, , for each n > 1, is a an i.i.d.

collection with common law
Plo! = {-1}] =1,, Pwl={+1}] =1,

Plw? = {~1,41}] =b,, Plul=0] = d,. (5.1)

Here 1, is the probability that at a given point z € Z?2 , there starts (only)

an arrow to the left, r, is the probability of an arrow to the right, b, is the
branching probability, i.e., the probability that both arrows are present, and
d, is the death probability, i.e., the probability that no arrows are present.
Recall that ¢, and 7, denote the starting time and final time of a path
7 € II(R). Generalising our definition from Section , we say that 7 is a

path in the arrow configuration w™ if € TI(R) has following properties:

(1) (ﬂ'(t)ﬂf) S ngen (t € Z7 2> aﬂ')a

109
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(11) 7T<lf + 1) — 7T(If) € Wr(e)t) (t c Z, t> O'W),
(iti) 7(t+s) =1 —s)m(t) +sm(t+1) (0<s<1, t€Z, t > 0,).

We let V,, denote the set of all paths in w™. Note that even in the special
case when [, = r, = % and b, = d, = 0, this is not quite the same object
as the set U defined in Section [3.1], since we allow paths to end at some final
time 7, < co. We let V,, denote the closure of V, in II(R). In this chapter,
we will sketch a proof of the following theorem. Recall that 6. denotes the

diffusive scaling map defined in (3.2)).

Theorem 5.1 (The Brownian net with killing) Let ¢, be positive con-
stants tending to zero and let « € R and ,§ € [0,00). Let w, be arrow
configurations with probabilities l,,, 1y, by, d, satisfying
etrn—1,) — o, &b, — B, and &,%d, — 0. (5.2)
n—oo n—oo

n—oo

Let V), be the set of paths in the arrow configuration w,. Then

Plo.,(Va) € -] = P[N. € -], (5.3)

where = denotes weak convergence of probability laws on the space K(II(R))
of compact sets of paths, equipped with the Hausdorff topology, and N, is a
random compact subset of II(R), whose law only depends on the parameters

a, 8,9.
Exercise 5.2 Show that the conditions are equivalent to
l,= % — (B4 a)ep + o(ey),
ra=1 = (8= a)en +ole),
b, = Pen, + o(en),
dp =02 + o(e?),

In Theorem [5.1] the Brownian net with killing is obtained as the limit
of branching-coalescing random walks in discrete time. A similar result is
expected to hold for the collections of open paths in the graphical represen-
tations of biased voter models, though the details have nowhere been written
down. This is similar to what we saw in Section

For most of the chapter, we will be concerned with the case that d, =0
for all n, and hence also § = 0. This will allow us to work with the space II"
of upward paths as we are used to from Chapter 5 In Section [5.8 we will
briefly indicate how the arguments can be generalised to allow for a positive
death probability. For simplicity, in what follows, we will moreover focus on
the case that = 0 and § = 1. In this case, the limiting object in is
known as the standard Brownian net.

as n — oQ.
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Figure 5.1: An arrow configuration with branching and deaths.

5.2 Left and right paths

We consider a sequence w” of arrow configurations as in the previous section
with
d, =0, e'(rn—1,) — 0 and &, 'b, — 1. (5.4)

n—0o0 n—oo

We define V,, as in the previous section and set U, := V, NIIT. Since the
death probability is zero, V), can simply be recovered from U, by adding
all shortened paths, that are cut off at an arbitrary time in Z. Thus, all
information is contained in the set i/, and we can continue to work with the
space IIT that we are used to from the previous chapter.

We define collections of {—1, +1}-valued random variables

ILn

w'" = (wl’"

) r,n
z ) zeZ2
even

rm o__
and w"" = (wz )Z cz2,

: —1 if —1ew?l, +1 it +1¢ew?,
w," = and w)" =
+1 otherwise, +1 otherwise.

Then w"™ and w™" correspond to arrow configurations of the type we used

in Chapter |3 to approximate the Brownian web. They are constructed from
w™ by making a choice at each branching point z, in such a way that at each
such point, w’™ only contains the left arrow and w™® only contains the right
arrow. We let U and U~ denote the sets of all paths in IIT that are open in
the arrow configurations w'™ and w™", respectively. We call 4} and U~ the
collections of left and right open paths.
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Figure 5.2: A left and a right path in an arrow configuration with branching.

We also define dual arrow configurations

~Ln

W= (wz )Zezgdd 0"

and """ = (wZ )Z ez2,,

in terms of wh® and w"™ as in (3.17). Then &' is equally distributed with w'®
after a rotation over 180 degrees (but not after mirroring in the horizontal

axis!) and a shift to the odd sublattice, and the same is true for @"" and
w"™. We define @" = (@) __,, by
2€L5 44

o= {obm oy,

Finally, we let
u:, U¥, and U

denote all paths in II¥ that are open in the arrow configurations @", &',

and w"", respectively. Figure shows a left and right path in an arrow
configuration with branching, and Figure shows the corresponding left
and right arrow configurations and their duals.

We define a Brownian web with drift @ in the same way as the standard
Brownian web, except that the coalescing Brownian motions now have drift
a. If W is a standard Brownian web, then we can construct a Brownian web
with drift « by setting W' := {#' : # € W} with 7" := {(x+at,t) : (z,t) € 7}.

Theorem 5.3 (Scaling limit of left and right paths) Let ¢, be positive
constants, tending to zero, let UL, U~ be the collections of left and right paths
n arrow configurations w" satisfying , and U¥ U be the associated
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Figure 5.3: A left arrow configuration (blue) and a right arrow configuration
(red), together with their dual arrow configurations.

dual left and right paths. Then

P[0, @, Uy) € -] = B[(W W) € -],
Plo., U, U, ) € -] = P[W' W) € -],

n—o0

where = denotes weak convergence of probability laws on the space K(ITT) x
K(I¥), and WL WY and (WF, W*) are double Brownian webs with drift —1
and +1, respectively.

Proof The proof of Theorem [3.18|carries over with only a very minor change:
when we prove convergence of finite dimensional distributions as in Proposi-
tion [3.3] the limit is a system of coalescing Brownian motions with drift —1



114 CHAPTER 5. THE BROWNIAN NET

or +1, respectively. Indeed, letting L7 and R} denote the unique left and
right paths in U, starting from a point z € Z2__, we observe that

E[LI(t+1) = LI(t)] =10 — Ly — by ~ —¢y,
E[RIt+1) — LL(t)] =rp — o+ by ~ +en

as n — 00, which is easily seen to imply that L7 and R} converge after
diffusive rescaling to Brownian motions with drift —1 and +1, respectively.
|

Theorem does not tell us anything about the limit of the joint law of
Zjlln and . Tt turns out that in the limit, the interacting between left and
right paths is a form of sticky reflection. In view of this, in the next section,
we will study sticky reflection. This will then be used to prove a result about
the scaling limit of the joint law of Hln and U, which in the end will be used
to prove Theorem [5.1} first under the more restrictive assumptions , and
then generally.

5.3 Sticky reflection

In this section, we study sticky reflection. This is similar to Skorohod re-
flection (Lemma , but a bit more complicated. Recall the definition of
the function spaces C,Co,Cy, and Cpos in Section Let ¢(0) € [0,00),
f € Co, and h € Cf be given. By definition, a solution to the sticky reflection
equatiowﬂ

dg(t) = df(Ty) + dn(Sy)  (t=0) (5.5)

is a triple (g, 9,T) of functions g € Cpos and S, T € Cq such that
(i) g(t) = g(0) + f(T3) + h(Sy) (t=0),

(ii)/ 1{g(t)>0}dh(st):07
0

(iii) S, + Ty =t (t>0).

If we replace the condition g € Cpos by the weaker condition g € C, then we
say that (g,5,7T) is a signed solution to the sticky reflection equation ({5.5)).
Our first result says that sticky reflection equations have solutions, and that
under mild conditions, such solutions are unique. Note that if A is strictly
increasing, then the set H defined below is empty and hence the condition
HN M = is trivially fulfilled.

IThis is my terminology. I do not know if this precise definition has been invented
before, although there is an extensive literature on diffusion processes with sticky reflection.
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Figure 5.4: Sticky reflected Brownian motion: the solution (g, S,T) to the
sticky reflection equation ({5.5)) in the case that f is a Brownian path and
h(t) :==t (t > 0) is the identity function.

Proposition 5.4 (Sticky reflection) For each ¢g(0) € [0,00), f € Cy, and
h € Cj, there ezists a solution (g, S,T) to the sticky reflection equation .
Let f(t) :==g(0) + f(t) (t > 0) and set

H:={r>0:3s<t st h(s)=r=h(t)},

M:={r>0:3s <t s.t. ms(f) = —r = mt(f)},
where mt(f) is defined in . Then solutions to the sticky reflection equa-
tion are unique if and only if H N M = ().

Proof (sketch) Let f(t) := g(0)+ f(¢) (t > 0). We claim that (g, S, T) with
g € Cpos and S, T € C solves the sticky reflection equation (5.5 if and only
if

(i) g(t) = f(T) = mz,(f) (t>0),
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(i) S,+T, =t (t>0),

To prove this, assume that (g, S, T') solves the sticky reflection equation ((5.5)).
Set F(t) := f(13) and ¥(t) := h(S;) (¢ > 0). Conditions (i) and (ii) of the
definition of a solution to the sticky reflection equation then say that (g, )
solves the Skorohod reflection equation

dg(t) = dF(t) + dy(t) (¢ >0). (5.6)

Applying Lemma [4.9[to ((5.6]), we see that any solution (g, .S,T") to the sticky
reflection equation satisfies (i)’. Combining (i) and (i)’, we see that
moreover (ii)’ holds. Assume, conversely, that (g, 5,7) with g € C,os and
S, T € C; satisfy conditions (i)', (ii)’, and (iii). Set F(t) := f(T;) and

¥(t) == h(Sy) (t > 0). Then (ii)’ implies ¥(t) = —mg(f) (¢t > 0) and
therefore (i)’ and Lemma [4.9]imply that (g, ) solves the Skorohod reflection
equation , which implies that (g, S,T") satisfies conditions (i) and (ii) of
the definition of a solution to the sticky reflection equation.

Let us write

Co={feCT:0<f(t)— f(s) <t—sV0O<s <t}
We see immediately from (i)’ (ii)’, and (iii) that if S € C} satisfies

h(S;) +mu_g,(f) =0 (t>0), (5.7)

then setting

T,:=t—5, and g(t):=f(T,) —mp(f)  (t>0)

yields a solution (g,S,T) to the sticky reflection equation (5.5, and each
solution is of this form. This motivates us to define

Sy :=inf {s € [0,¢] : h(s) +my_s(f) = 0},
S;Fi=sup {s € [0,t] : h(s) + mi—s(f) = 0}.

We claim that
(a) S7,5" € Cé.

(b) A function S € C} satisfies (5.7)) if and only if S; < S < S (t > 0).



5.3. STICKY REFLECTION 117

From this, it is not hard to see that solutions to the sticky reflection equation
(5.5) always exist (since we can take S = S~ or = ST), and that they are
unique if and only if S; = S; for all ¢+ > 0, which is easily seen to be
equivalent to the condition H N M = (). |

Exercise 5.5 Prove the claims (a) and (b) in the proof of Proposition[5.]]

Our next result says that under suitable conditions, the solution (g, S, T)
of a sticky reflection equation of the form depends continuously on the
initial state g(0) and the driving processes f and h. In what follows, we will
see that in applications of this proposition, it will be important that we allow
the approximating solutions to be only signed solutions, i.e., the g, may take
negative values.

Proposition 5.6 (Continuous parameter dependence) Assume that
fn, [ €Co and h,,h € C satisfy f,, — f and h, — h locally uniformly. For
each n, let (gn, S™, T™) be a signed solution to the sticky reflection equation

dg,(t) = df. (1)) + dh,(S}) (t>0).
Assume that

gn(0) — (0) and liminfg,(t) >0 (t>0).

g—00 n—00

Assume moreover that the sticky reflection equation
dg(t) = df(T;) + dhr(S;)  (t>0)

has a unique solution (g,S,T) with initial state g(0). Then one has
gn—> g, S"—S, and T" —-T

locally uniformly.

The proof of Proposition depends on two lemmas. We first state the
lemmas, then show how they imply Proposition [5.6] and finally prove the
lemmas.

Lemma 5.7 (Precompactness of solutions) Let A C [0,00) x Cy x Cy .
Define B C C x Cf x Cf to be the set of all triples (g, S,T) that are a signed
solution of a sticky reflection equation of the form

dg(t) = df(T) +dh(S,) (¢ >0)

with (g(0), f,h) € A. If A is a precompact subset of [0,00) x C? (equipped
with the product topology), then B is a precompact subset of C3.
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Lemma 5.8 (Limits of solutions) Assume that f,, f € Co and h,, h € Cf
satisfy fn, — f and h, — h locally uniformly. For each n, let (g,, S™,T™) be
a signed solution to the sticky reflection equation

dgn(t) = dfu(Ty") + dha(S7) (12 0),

and assume that g, — g, S™ — S, and T™ — T locally uniformly for some
9,5, T €C. Then(g,S,T) is a signed solution to the sticky reflection equation

dg(t) = df(T) + dh(S) (£ >0).

Proof of Proposition [5.6] By Lemma 2.2 our assumptions imply that the
set

{(9n(0), fu, hn) : m € N}

is a precompact subset of [0,00) x C?. By Lemma , this implies that the
set

{(gn, 8", T") : n € N}

is a precompact subset of C3. Lemma implies that each subsequential
limit of the sequence (g, S™, T™)nen is a signed solution to the limiting sticky
reflection equation

dg(t) = df(T;) + dh(S,) (¢ >0),

Our condition liminf, . g,(t) > 0 (¢ > 0) implies that g € Cpes, S0 oOur
signed solution is in fact a true, nonnegative solution. By assumption, the
limiting sticky reflection equation has a unique solution (g, S, T"). Therefore,

we can apply Lemma to conclude that (g,,S™,T") — (g,S,T). |

Recall from ([2.16)) that for each T' < oo, the modulus of continuity of a
function f € Cpoc)(R) is given by

mics(f) =sup {[f(s) = f)] : 0< s <t <K, t—5 <0},
and that a set D C Coo0)(R) is equicontinuous if

limsupmgs(f) =0 (K < o0).
6—0 feD

By the Arzela-Ascoli theorem (see Theorem and Lemma [2.27)), a subset
D C Cjp,00)(R) is precompact if and only if

(a) D is equicontinuous,

(b) For each K < oo, there exists a C' < oo such that |f(¢)| < C for all
t €0, K].
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Proof of Lemma [5.7] It suffices to show that each of the sets
{S:(9,9,T)eB}, {T:(9,8,T)€B}, and {g:(g9,5,T) € B}

is equicontinuous and satisfies the compact containment condition (b) above.

For each (g,S,T) € B, we have that S,T € Cf and S; +T; =t (t > 0).
This implies 0 < S; — 5y < t — s for all n, and likewise for T, so it is clear
that {S : (¢,5,7) € B} and {T : (¢9,5,T) € B} are equicontinuous. Since
So = Ty = 0, we moreover have 0 < S; < t and likewise for T', so the
compact containment condition (b) also holds for {S : (¢,5,T) € B} and
{T: (9,5, T) € B}.

Using our previous observations about the functions S and 7', we see that
if0<s<t< Ksatisfyt—s<d,then0 <5, <85, <K and S; — 5 <9,
and likewise with S replaced by T. By the definition of a signed solution,
each (g,5,T) € B solves an equation of the form

9(t) = g(0) + f(T) + h(S)  (t=0), (5-8)

for some (g(0), f,h) € A. Using (5.8) and our previous observations about
S and T, we see that

mrs(g) <mrs(f)+mrs(h) (K < o0, 6 >0). (5.9)

In view of this, the equicontinuity of {g : (¢,S,T) € B} follows from the
equicontinuity of {f : (z, f,g) € A} and {h : (z, f,g) € A}, which is a result
of the Arzela-Ascoli theorem and our assumption that A is precompact.
Using once more, we can estimate

l9(t)] < [9(0)] s [f(]+]r@®]  E=0).

The precompactness of A implies that {x : (z, f,h) € A} is bounded. By the
Arzela-Ascoli theorem, the precompactness of A also implies that the sets
{f:(x,f,h) € A} and {h : (z, f,h) € A} satisfy the compact containment
condition (b) above. Using this and our estimate, we see that {g : (¢9,5,7T) €
B} satisfies the compact containment condition (b). |

Proof of Lemma Since S™,T™ € C; for each n, taking the limit, we see
that S,T € Cj . Since

gn(t) = gn(0) + fu(T"(1)) + hn(S™ (1)) (£ = 0)

for all n, taking the limit, we see that (g, S,T') satisfies condition (i) of the
definition of a signed solution to the sticky reflection equation. Similarly,
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since S™(t)+T"(t) =t (¢t > 0) for all n, taking the limit, we see that condi-
tion (iii) is satisfied. It remains to prove that (g, S, T) satisfies condition (ii).

For each € > 0, we can find a continuous function p. : [0,00) — [0, 1] such
that p.(0) = 0 and p.(x) = 1 for all t > . Then

t [e'e)
/ pe(gn(s))dSy < / Liga(s)>0ydSg =0
0 0

for all t € [0,00), € > 0, and n. Using Lemma [5.9] below, it follows that

t

t t
/ Lyt dS, < / po(g(s))dS, = Tim | po(gn(s))dS™ = 0
0 0 0

n—oo

for all ¢ € [0,00) and ¢ > 0. Letting first ¢ | 0 and then ¢ 1 oo, using
dominated convergence and monotone convergence, we see that g and S
satisfy condition (ii) of the definition of a solution to the sticky reflection
equation. [ |

Lemma 5.9 (Convergence of integrals) Let t > 0, let F,,,G,,F,G €
Cpo (R) satisfy F,, = F and G,, — G uniformly, and assume that F,, F are
nondecreasing. Then

t

/OGn(s)an(s) — [ G(s)dF(s).

n—oo 0

Proof Let p, = dF, and u = dF, i.e., p is the unique finite measure on [0, t]
such that u([0,s]) = F(s) (s € [0,t]), and similarly F), is the “distribution
function” of p,. It is well-known that a sequence of finite measures p, on
0,¢] converge to a limit p if and only if their distribution functions satisfy
F,(t) — F(t) for each continuity point ¢ of F. In particular, our condition
that F,, — F uniformly implies that p,, = u. It follows that

/0 G(s)dFu(s) — | G(s)dF(s).

t
n—oo [

Since
t

| GEARE) - 16~ GullFalt) < [ Guls)dEL (o)

/0 Gols) dFu(s) < / G(5) A, (3) + |G — GullooFalh)

we see that

[e=]

/O t G(s)dF(s) < liminf /0 t G(s)dF,(s),

n— 00
t

imsup [ G)ar(s) < [ () dF(s).

n—o00 0
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5.4 Sticky reflected random walk

In the next section, we will show that pairs of random walks, consisting of one
left path and one right path in arrow configurations satisfying , converge
in the diffusive scaling limit to pairs of drifted Brownian motions with a form
of sticky reflection. In the present section, we give a simpler application of
Propositions [5.4] and This will not be needed in what follows, but serves
as a useful illustration of the main ideas and a warm-up for the next section.

Fix positive constants ¢, tending to zero, and for each n, let (X}')r>0 be
a Markov chain on {—1,0,1,2,...} with transition kernel P, given by

P, (—1,0):=¢,, P.(-1,—-1):=1—¢,,
P,(k,k—1)=P(k,k+1) = % (k> 0).

We extend X" to all real times ¢ > 0 by linear interpolation and define a
diffusively rescaled process X ™ by

XMW (E2t) =, X"(t)  (t>0).

We will prove the following theorem. Note that (5.10) is a special case of
(5.5)) where the function A from (j5.5)) is the identity function h(t) =t (¢t > 0).

Theorem 5.10 (Scaling limit of sticky reflected random walk) As-
sume that X" > 0 is deterministic and X" — o as n — oo. Let
(X¢, St, Ty)e>0 be the a.s. unique solution with initial condition Xy = o of
the sticky reflection equation

dX; = dBp, + dS; (t >0), (5.10)
where (By)i>o is a standard Brownian motion. Then one has
P[(‘X(n)(t))tzo € } Tj; ]P)[(Xt)tzo < '}7
where = denotes weak convergence of probability measures on Cjg o) (R),
equipped with the topology of locally uniform convergence.

Our proof strategy will be to relate X to a solution of a sticky reflection
equation driven by processes F' and H" that have as diffusive scaling limits
Brownian motion and the identity function h(t) =t (¢t > 0). Theorem [5.10)
will then follow as an application of Propositions [5.4] and [5.6]

Let (w;)i>1 be i.i.d. uniformly distributed on {—1,+1} and let (Fj)x>0 be
the random walk defined by

k
Fy ::Zwi (k e N).
i=1
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Fix positive constants ¢,, tending to zero, and for each n, let (H})r>o be a
Markov chain with initial state Hj := 0 and transition kernel )" given by

Q"(k,k+1):=¢, and Q"(k,k):=1—¢, (k € N).
We inductively define a process (X}, Sp, T} k>0 with S = 0 =T by

Xii = Xy + (F(T) = F(TY) + (H™(Si) — H'(S)))
S]?+1 = SZ' + ]-{X,?z—l} and Tl?—l—l = T]? + 1{XI?20}

(k > 0). These definitions are illustrated in Figure [5.5] It is not hard to see
that (X7)k>o is the Markov chain with transition kernel P, defined above.

F(t)

N t t
X"(t)

SNe e N N

Figure 5.5: A sticky reflected random walk X" constructed from a random
walk F' and a reflection process H™.

We interpolate the processes F, H" and X", S™, T™ linearly between inte-
ger times. Then it is easy to see that

(i) X"(t) = X"(0)+ F(T") + H"(S;')  (t>0),
(ii) /0°° Lixn(>0ydH"(S;) = 0,

(iii) Sp+1 =t (t >0),
e, (X" 8™ T") is a signed solution to the sticky reflection equation

AX"(t) = dF(T") + dH™(ST) (£ > 0).
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We define rescaled processes X ™, S 70 () and H™ by

XMW (E2t) = g, X™(t), F™(2t) =, F"(t), H™(2t) := e, H"(1),
SG) =28, TG = 217

ezt * n e2t n
(t > 0). Note that we rescale the processes diffusively: time is rescaled by
2 and space is rescaled by &,. Here X ) F®M_ and H™ are functions from
time to space, but S™ T™ are functions that map times into times (hence
the at first sight different scaling). It is straightforward to check that the
rescaled processes (X (™, S T™) is a signed solution to the sticky reflection
equation

AXM () = dF(T™) + dH™(S™) (£ > 0).
Proof of Theorem It follows from Donsker’s invariance principle that

P[(F™(®) 5 € -] =2 PI(BY) 2 € -],

t>0 n—00

where = denotes weak convergence of probability measures on Cjy ) (R),
equipped with the topology of locally uniform convergence, and (B;);>q is a
standard Brownian motion. Using the weak law of large numbers, it is not
hard to show that moreover

P[ sup [H™(t)—t|>6] — 0  (C < oo, §>0).

t€[0,K] n—ro0

In other words, the process (H™(t));>o converges to the identity function
in probability with respect to the topology of locally uniform convergence.
Equivalently, this says that the law of (H™(t));so converges weakly to the
delta-measure on the identity function I, :=¢ (¢ > 0).

By Skorohod’s representation theorem, we can couple our random vari-
ables such that

(FO0) iz 72 By and (HOO) g =2 (B 2

n—00 120 oo

Using moreover that Xén) — xp, we can apply Proposition to conclude
that almost surely

XM 5B SM 58 and TW T

locally uniformly, where (X,S,T) is the unique solution of (5.10)). Since
almost sure convergence implies convergence in law, the claim of the theorem
follows. |
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5.5 The interaction of left and right paths

In this section, we return to the left and right paths introduced in Section [5.2]
Our aim is to describe the joint law of one left and one right path. We fix a
sequence &, of positive constants, tending to zero, and let w™ be a sequence of
arrow configurations satisfying (5.4)). We let U} and &% denote the collections
of left and right open paths in w"” and for each z € ngen, we let L7 and R?

denote the unique elements of Z/l,ll( ) and U:(z), respectively. We fix two
sequences of even integers x!, and 2!, with z!, < 2%, for each n such that

entl, — o' and e,2%, — 2 (5.11)

n—o0 n—o0

r some T, . wri
for some 2!, 2" € R. We write

Ln(t> = ?:1:1,0) (t)7 Rn(t) = R?zr,O) (t)u

L0 (e2t) =g, L"(t), R™(eht) =, R"(1). } (t=0). (12

Our aim is to determine the limit as n — oo of the joint law of the diffusively
rescaled left and right paths L and R™,
To this aim, we define processes (S}')r>o and (1T}")r>0 by

S]TCL = Z 1{[1;1:3;1} and T]? = Z 1{Lf<R?} (/{7 > O),
=0 =0

and we inductively define processes (V, Vi, W W)k with initial states
Vg = Vg = Wy = Wy =0 by

Vn<TI?+1) =V"(T}) + 1{L"<R” (Lk+1 LZ)v
VUSE =TS0 + g (e — 1) |
WSk +1):=W"(Sy) + Lizp—rry (R — RY), -
W™(T 4+ 1) :=W"(T}") + Lp<rpy (Ripy — RY),

These definitions are illustrated in Figure Note that our definitions are
consistent in the sense that in the first line we get V(1)) = V*(TI}) if
Ty, =T}, and likewise in the other three lines. We observe that

(VM s0, (V& W)so, and  (W)iso are independent.

Recall from (5.1)) that ,,7,, b, are the probabilities that at a point z € Z2,
there starts only left arrow, only a right arrow, or both types of arrows,
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<

N

wr

Figure 5.6: Decomposition of a left path and a right path (middle picture)
into four random walks V™, V) W™ and W™ . Here V™ and V™ have
a drift to the left while W and W have a drift to the right. The random
walks V™ and W are highly correlated, but V™ and W are independent
of each other and of the pair (V™ W),

respectively. We observe that (V;*)zso and (V;*)i=o are random walks with
transition kernel

Plz,x—1)=1,+b, and Pl(z,x+1)=r,,
while (W;? k>0 and (W]')g>o are random walks with transition kernel
P;;(Slf,l‘—l):ln and Pé(a},x‘—i—l):'rn—’—bn

We interpolate the processes V™, V™, W" W™ and L™, R", S™, T" linearly be-
tween integer times. Then it is easy to see that

(i) L*(t) = L"(0) + V™(T}") + V™(S)) (1 20),

(i) R"(t) = R"(0) + W"(T}") + W"(Sy)  (¢=0),
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(111) / 1{L”(t)+l<R”(t)}dSZL - O,
0
(iv) Sp+ 1T =t (t>0).
We define rescaled processes V™, W™ and S™,T" by

VO(2t) i= g,V (t), WW(2t) ==, Wn(t),
s =g2gr T .= 2T

2 2
ezt ezt

(t > 0), and we similarly define V@ W™ in terms of V", W™. The rescaled
processes satisfy conditions similar to (i)—(iv) above, except that in (iii) the
indicator of the set {t > 0: L"(t) + 1 < R"(t)} should of course be replaced
by the indicator of {t > 0: L™ (¢)+¢, < R™(t)}. The following proposition
follows easily from and Donsker’s invariance principle, so we omit the
proof.

Proposition 5.11 (Convergence of the driving noise) Let B!, B%, and
B" be three independent Brownian motions. Then one has

B[V (1), VO (1), W (), WO (1)) .., -]
— P[(Bl—t,B; —t,B; +1t, B} +1)

n—00 t20:| )

where = denotes weak convergence of probability measures on C[O,OO)(RZL),
equipped with the topology of locally uniform convergence.

Our calculations and observations so far motivate the following definition.
Let 1(0),r(0) € R with 1(0) < r(0) be given, together with v, o, w,w € Cy
which satisfy @ — © € Cg . By definition, a solution to the left-right equation

di(t) =dov(T}) + do(S;),
=@+ ds(s), | 519
dr(t) =dw(T}) + dw(S,),
is a quadruple (I,7,S,T) where I,r € C and S,T € Cj satisfy [ < r and
(i) 1(t) = 1(0) +v(T}) + 9(Sy) (t>0),

(ii) r(t) = r(0) + w(Ti) + w(S;) (t >0),

o
(111) / 1{l(t)<7‘(t)}d8t - 0,
0

(v) S+ Ti=t  (t>0).
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In analogy with our earlier terminology for sticky reflection equations, if we
drop the condition that | < r, then we say that (I,r,S,T) is a signed solution
to the left-right equation ((5.13)).

Proposition 5.12 (Left-right equation) Assume that [(0),7(0) € R and
v,0, 4,9 € Cy satisfy 1(0) < 7(0) and g—v € C. Then the left-right equation
has a solution (1,7, S,T). If g — v is strictly increasing, then this

solution s unique.

Proof Let

fr=w—v and h:=w— 0.
We observe that if (g, S, T) solves the sticky reflection equation
dg(t) = df(T) +dh($) (1 >0) (5.14)
with initial state g(0)

r(t) =r(0) + w(T,) + (5)

yields a solution to the left-right equation . In view of this, existence
of solutions to the sticky reflection equation follows from Proposition [5.4]
We observe that if (I,r,S,T) solves the left-right equation , then
setting g := r — [ yields a solution to the sticky reflection equation ([5.14)).
Proposition [5.4] tells us that solutions to the latter are unique if g—o is strictly
increasing. In particular, in this case, S and T" are uniquely determined, and
hence, by conditions (i) and (ii) of the definition of a solution to left-right
equation, so are [ and 7. |

In view of Proposition we are interested in solutions (L, R, S,T) to
the left-right equation ({5.13])

AL(H) =dV(T;) +dV($)) } (t>0)
dR(t) =dW(T;) + dW (Sy),

(0) —1(0), then setting

(5.15)

where | ~
V(t) .= B, —t, V(t) .= B; —t,
W =Bt V=B -
Wi(t):=B,+t, V(t):=B;+t,

and B!, B%, B* are three independent Brownian motions. Using the fact that
Sy + T, = t, we can write

d(By, — T;) + d(By, — S;) = dBj, — dT, + dBy, — dS,,= dBj, + dBY, — dt,

which motivates us to rewrite (5.15]) in the simpler form (5.16)) below. Below
is the main result of this section.
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Theorem 5.13 (Scaling limit of a left and right path) Let w" be a
sequence of arrow configurations satisfying . Assume and let
(L™ (t))s0 and (R™(t));>0 be defined as in . Let B', BS, B* be three
independent Brownian motions and let (L, R, S,T) be the a.s. unique solution
to the left-right equation

1 s

dL(t)=dB}, + dBg, — dt, } t>0) (5.16)
dR(t) =dBy, +dBg, — dt,

Then one has

P[(L™(t), R™(t)),., - | = P[(L(t), R(?))

n—o0 "20} ’

>0
where = denotes weak convergence of probability measures on C[O,Oo)(R2),
equipped with the topology of locally uniform convergence.

Proof (sketch) The proof is almost identical to the proof of Theorem [5.10)
so we only sketch the main line of the argument. Lemmas and [5.8] that
were formulated for signed solutions to sticky reflection equations, generalise
in a straightforward way to signed solutions to left-right equations, and hence
so does Proposition 5.6 If we slightly change our definition of L™(¢) in (5.12)
by putting L'(t) := L, ,(t) + 1 instead of := L, ;,(t) (¢ = 0), then for each
n we have that (L™ R™ S (M) is a signed solution to the left-right
equation

AL () =av (T + dV ™ (S),
(t) (T2™) (5:") > 0)

AR (1) =dW(T™) + AW ™ (5™,

By Proposition and Skorohod’s representation theorem, we can couple
our random variables such that almost surely

(V&) 150 =2 (B = 1) (V) 159,52 (B 1)

n—00 >0’ ~ —00 t>0’
W) 1m0 =2 Bi+8) e (W) g =2 (B +1) g

where — denotes locally uniform convergence. Using the analogon of Propo-
sition for left-right equations, it follows that for this coupling almost
surely

(L) o =2 (E0) e and (R™(1)) 5 —

n—oo =Y n—oo

(R(t))tzo'



5.6. THE LEFT-RIGHT BROWNIAN WEB 129

Of course, for this last statement it does not matter whether we have defined
Li(t) := L?x170)(t) +1lor:= L?x170)(t) (t > 0). Since almost sure convergence
implies weak convergence in law, this completes the proof of the theorem. B
Remark Our proof of Theorem is an adaptation of the proof of [SS08,
Prop. 5.2]. Instead of using a left-right equation that is based on the random
time transformations (S;);>0 and (73);>0 as we did, one can also give a char-
acterisation of the joint law of the limit process (L, Rt);>o more in the spirit
of stochastic analysis, by specifying the drift and the quadratic variations
and cross-variation of L and R; see [SS19, Prop. 3.2].

Exercise 5.14 (Positive Lebesgue time) Let (L, R, S,T) be a solution of
the left-right equation started in an initial state such that L(0) = R(0).
Prove that

]P[/ L{Le)=r@)ydt > O] > 0.
0

Exercise 5.15 (Right-left pair) Let w" be a sequence of arrow configura-
tions satisfying (5.4)), and let (wi™).ezz and (WS™).ez2  be the collections of
{—1, +1}-valued random variables defined in Section . For each n, define
paths (T}, yp k>0 starting in xy = 0 = y§ by the inductive formulas

r,n

n IL,n P mo_.m

n Tp o YL =yr,
xp =

k+1 n R . n n

Ty + w(xz,k) Zf T < Yg,

and . ‘
. Yt Wiyn k) if T = vy,
Ye41 = n Ln o n n
Yo T Wiy n) if w <y
Note that this says that when there is a choice, x™ takes the left arrow if
x™ and y" are at the same position, but the right arrow otherwise, and the
other way round for the path y". As a consequence, (x})r>0 on its own is
not a Markov chain and neither is (Y )r>0. Nevertheless, the joint process
(2, yP)k>0 is a Markov chain. Describe the diffusive scaling limit of this
Markov chain by means of a left-right equation.

5.6 The left-right Brownian web

Let ¢, be positive constants, tending to zero, let w™ be a sequence of arrow
configurations satisfying (5.4), and let &} and U* be the collections of left
and right paths in w", respectively. In Theorem [5.3] we have shown that the

diffusivelt rescaled collection of paths 6., (U,,) converges in law to a Brownian
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web W' with drift —1, and likewise 6., (i, converges in law to a Brownian
web WT with drift +1. In this section, we will show that also the joint law

of 0., (HL,HL) converges, and characterise the joint law of the limit object
(WL Wr). We will call this limit object a left-right Brownian web, and we
will call W' and W the associated left Brownian web and right Brownian
web, respectively.

Recall that IT = II(R) denotes the space of all paths, which may have
finite starting and final times, and II" is the subspace of upward paths, which
have infinite final times. Let A C II" be a collection of upward paths, let
A C R(R) be a closed set, and let int(A) denote its interior. Then we define
the restriction of A to A as

A‘A = {rell: 7 Cint(4), I’ € As.t. 7 C 7'},

where the overbar means that we take the closure in the topology on II. It
is easy to see that if A is compact, then so is A| 4+ In particular, if W is a
Brownian web, then W| 4 1s a random variable taking values in the Polish
space K(II). Below is a conjecture that is so far unproven.

Conjecture 5.16 (Left-right Brownian web) There ezists a random
variable (W', W¥) with values in K(IIT) x K(II1), whose law is uniquely char-
acterised by the following properties.

(i) W' is distributed as a Brownian web with drift —1 and W* is distributed
as a Brownian web with drift +1.

(ii) For each z € R2, the joint law of a.s. unique paths 7. € W'(z) and

z

7L € W¥(2) is described by the left-right equation .

(iii) If Ay,..., A, C R? are disjoint closed sets, then the random variables
(WI‘AI,Wr|A1), e (W1|A ,Wr|A ) are independent.

The difficult part of Conjecture is the claim that properties (i)—(iii)
uniquely characterise the joint law of (W' Wr). If Conjecture were
proved, then by combining Theorems and [5.13] it would be possible to

give a very short proof of the following result.

Theorem 5.17 (Convergence to the left-right Brownian web) Let
w™ be a sequence of arrow configurations satisfying , and let U and U~
be the collections of left and right paths in W™, respectively. There exists a
random variable W', W*) with values in K(IIT) x K(II"), called a left-right
Brownian web, such that

Plo., (U, U,) € -] — P[W, W)€ -],

n—oo
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where = denotes weak convergence of probability laws on the space KC(IIT) x

K(IT).

Theorem has been proved in [SSO8]. In the remainder of this sec-
tion, we will sketch its proof. In the absence of Conjecture |5.16] we will
need another characterisation of the limit object, the left-right Brownian
web (WL, Wr). The characterisation will be a bit more complicated than
Conjecture but nevertheless very similar in spirit. Since W' and W*
are Brownian webs, for each deterministic z € R?, there almost surely exist
unique paths 7, and 77 such that 7. € W'(z) and 7% € W*(2). In view of the
characterisation of the Brownian web (Theorem [3.7), in order to characterise
the joint law of W' and W, it suffices to describe the joint law of

q1
7TZI,.

A (5.17)

for any deterministic finite collection of points 21, ..., z, € R? and sequence
A1y -« Gm With gq; € {1,1} for all 1 <7 < m. Without loss of generality, we
can assume that the time coordinates of z; = (x;,t;) (1 < i < 'm) are ordered
ast; < --- <t,,. Then it suffices to describe during each of the time intervals
[t1,ta], .-, [tn_1, tm] and [t,,, 00) the joint evolution (which is Markovian) of
the paths whose starting time lies before the initial time of the interval. In
view of this, we can without loss of generality assume that t; = ... =t¢,, = 0.

We assume now that t; = ... = t,, = 0. Without loss of generality, we
also assume that xy < --- < x,,,. We can also assume that x; < x;;1 whenever
i = i1, since paths of the same type (left or right) coalesce as soon as they
meet. We can then group left and right paths that immediately follow after
each other (in this order), leaving the remaining paths as singletons. For
example, if at time zero we have a collection of left and right paths that
ordered from left to right, looks like this LRLLRLRRRLR, then we group
them as follows:

{LRHLHLEHLEH RH RHLE}.

Let 71 denote the first time when a path from one group meets a path from
another group. It may be that multiple paths meet at such a time. However,
it is not hard to see that with probability one, at the time 7y, there exist two
consecutive groups so that all paths that meet at time 7, belong to these two
groups.

If at the the time 7y, two left paths meet, then they coalesce, so the total
number of left paths that we have to follow decreases by one. Likewise, if two
right paths meet, they also coalesce. We are now in a similar situation as at
time zero and can again group the remaining paths into singletons and pairs
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consisting of one left path and one right path (in this order). We then let
denote the first time when a path of these newly created groups meets a path
of another group. Inductively, we define 73, 74, ... in the same fashion. Then
during each of the random time intervals [0, 7], [r1, T2, ..., we can specify
the joint law of our paths by saying that the groups evolve independently in
such a way that:

e cach group consisting of a single left path evolves as a Brownian motion
with drift —1,

e cach group consisting of a single right path evolves as a Brownian mo-
tion with drift +1,

e cach group consisting of a left and a right path evolves as a solution to
the left-right equation ({5.16]).

Note that at each of the times 7, 7, ..., either two left paths coalesce, or
two right paths coalesce, or a right and left path change their order, in the
sense that the right path was on the left of the left path before, but has to
stay on the right after. This means that there are only finitely many times

Ti,...,7Tn, and we can specify the evolution of the left and right paths on
each of the intervals [0, 7], ..., [Tn_1,7n]| and [Ty, 00) according to the rules
above.

Filling in the technical details is a bit cumbersome, especially since we
are working with stopping times, but the description above gives the main
idea. Using this idea, one can give a rigorous definition of a collection of left-
right coalescing Brownian motions. We cite the following result from [SSO§|,
Prop. 5.2]. (This reference is, admittedly, also a bit sketchy on the technical
details.)

Proposition 5.18 (Convergence of finite dimensional distributions)
Let €,, be positive constants, tending to zero and let W™ be a sequence of arrow
configurations satisfying . Fiz z1,..., 2y, € R? and 2 € 72, such that
0., (2") = ziasn — oo (1 <i <m). Fixq,...,qn with q; € {l,r} and
depending on whether q; =1 or =1, let w*" denote the unique left or right
path in W™ starting at z'. Then

P[Gek (o™, wdm) } — P[(qu

z10°
k—o0 b

LT € ~},

where = denotes weak convergence of probability measures on (IIN™, and

(mdn, ..., @dm) ds a collection of left-right coalescing Brownian motions start-

ng from zy, ..., Zm.
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It is clear that left and right random paths in an arrow configuration
are consistent in the sense of Kolmogorov’s extension theorem, and hence by
Proposition the same must be true for left-right coalescing Brownian
motions. In view of this, if D C R? is a deterministic countable dense
set, then we can construct a collection (7l,7!).cp of left-right coalescing

Brownian motions started from D. By Theorem [3.7], setting
W={rl:2e€D} and W':={rl:2¢€D}

then defines two Brownian webs W' and W* with drift —1 and +1, respec-
tively. By definition, we call (W', W*) the left-right Brownian web. We
let W', Wr denote the dual Brownian webs associated with W', W*. Theo-
rem [5.17] is implied by the following theorem, that gives a somewhat more
complete picture.

Theorem 5.19 (Convergence to the left-right Brownian web) Let
en be positive constants tending to zero and let w™ be a sequence of arrow
configurations satisfying . Let UL and U~ be the collections of left and
right paths in W™, respectively, and let U and UE* be the collections of dual
left and right paths. Then one has

(6., U, U, U, U) € -] — P[(W W W V) € -],

n—oo

where = denotes weak convergence of probability laws on the space K(ITM)% x
K(ITH2, (WL WE) is a left-right Brownian web, and W' and W* are the

associated dual webs.

Proof Convergence of (HL,H:) to (W', W) and of (U, U, ) to (W, W)
follows from Theorem |3.18, Using Lemma [3.14] it follows that the laws of
the random variables 6. (UL,H:L,U:,H:) are tight, so by going to a subse-
quence, we may assume that they converge in law to some random variable
VL, Ve,V V). In view of Lemma , it suffices to show that (V', V', V!, V")
is equal in law to (W', W*, W, Wr) Since a web is a.s. uniquely determined
by its dual, it suffices to show that (V!, V") is equal in law to W, W*). By
Theorem , V!is a Brownian web with drift —1 and V* is a Brownian web
with drift +1. Therefore, by Theorem 3.7, we know that at each determinis-
tic z € R?, the sets V!(z) and V*(z) almost surely contain a single path. To
show that (V!, V") is equal in law to (W', WF), by Theorem it suffices
to show that (V!, V") has the right finite dimensional distributions, i.e., we
must show that the left and right paths started from finitely many points
are distributed as left-right coalescing Brownian motions. This follows from
Proposition [5.18] so the proof is complete. |

Recall that —7 := {(—x,—t) : (z,t) € 7} is our notation for a path m,
rotated over 180 degrees, and that —W := {—7 : 7 € W}. It is not hard to
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see that —W! is equally distributed with W! (both are Brownian webs with
drift —1) and —W" is equally distributed with W"*. In fact, one can check

(this is most easily seen using finite approximation, using Theorem 5.19)) that
(=W! —WF) is equally distributed with (W! Wr).

5.7 The hopping and wedge constructions

We continue to assume that ¢, are positive constants tending to zero and
that w™ is a sequence of arrow configurations satisfying . Ultimately,
we are not interested in left and right paths only, but in the scaling limit
of the set U,, of all paths in the arrow configuration w”. In this section, we
describe a random compact set of paths N that we will call the Brownian
net and that will turn out to be the scaling limit of the sets U,,. We will
obtain N as a function of a left-right Brownian web (W' W*). In fact, we
will describe two different ways to construct A" from (W', W*). The fact that
both constructions yield the same object will be important when we prove
the convergence in law of the collection 6., (U,,) of rescaled discrete paths to
the Brownian net N

The two constructions we will use are called the hopping construction and
the wedge construction of the Brownian net. They will yield two sets of paths
N_ and N, that will later be shown to be equal, similar to the statement of
Theorem [3.15] In fact, the wedge construction, which yields NV, is extremely
similar to the definition of W, in Theorem [3.15] We start with the hopping
construction, however, which is a bit more complicated than the construction
of W_ in Theorem [3.15] since it requires a new concept: hopping.

Let (W', WF) be a left-right Brownian web and let 7}, w5, 7, . . . be a finite
sequence of paths that are alternatively taken from W' and W, such that

0W11<07T5<07T13<-~

and
(o) < 7711(0'7r§), ﬂg(aﬂé) < Wé(aﬂg), .
i.e., the second path, which is a right path, is started on the left of the first
path, which is a left path, and then the third path, which is a left path, is
started on the right of the second path and so on; see Figure [5.7]
Recall that

T(m1, me) == inf{t > 0. Vo, : mi(t) = ma(t)} (71, m € I17)

denotes the first meeting time of two upward paths 7, 7. Let us assume
that
(7, mh) < Orl (75, T) < O, ...
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Figure 5.7: A path 7 constructed by hopping between left and right paths

1 r 1
T, Mo, T3

i.e., we start the third path only after the first meeting time of the first two
paths and so on. Then we can define a path 7w with starting time o, := )
by

7 (t) (07r11 <t< T(ﬂ,ﬂg)),
n(t):=q m)  (r(rm) <t < r(w, 7)),
my(t)  (r(my,my) <t < 7(mg,m)),

and so on, i.e., we start by following the path 7}, then “hop” onto the path
7} at the first time when 7} meets 7%, and so on, until we arrive at the last
path in our finite sequence, which we follow till time +o00. We fix a countable
dense set D C R? and let

N_ := the closure of {r :7 is obtained by hopping
between paths in (7}).ep and (7%).ep}.

This completes the description of the hopping construction of the Brownian
net. We make one simple observation.

Lemma 5.20 (Compactness of the Brownian net) Almost surely, N_
is a compact subset of IIT.

Proof Let us write N = N _, where A" is the set of paths that can be
constructed by hopping between paths in (7!).cp and (7%).cp. Since N_ is
closed by construction, by the Arzela-Ascola theorem (see Theorem and
in particular the closely related Lemma , it suffices to show that N’ is
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equicontinuous. But the equicontinuity of N’ is a simple consequence of the
equicontinuity of W' and W*. |

We next describe the wedge construction. Let (W' W) be a left-right
Brownian web and let VVI,WT be the associated dual webs. Recall from
Section [3.5]that W (7, 72) denotes the wedge defined by two downward paths
m and 7. In the same section, we also defined what it means for a forward

path 7 to enter a wedge W (7, m2). We again fix a countable dense set
D C R? and define

N,y = {7r € II" :  does not enter wedges
of the form W (a% ,@.,) with 2,2 € D}.

z17) "z

This construction is known as the wedge construction of the Brownian net.
See Figure for an illustration. Note that here the left boundary of the
wedge is formed by a dual right path and the right boundary is a dual left
path. Because of the drift, these paths may fail to meet so the wedge may
be infinite in size. In particular, the fact that paths do not enter wedges of
this form implies that paths in A, do not cross dual left paths from right to
left, or dual right paths from left to right.

Figure 5.8: Illustration of the wedge construction of the Brownian net. Paths
7 € N cannot enter wedges W (7%, ') defined by a dual right and left path.

The following theorem, first proved in [SSO8, Lemmas 4.5 and 4.7], is
similar to Theorem (and in fact historically predates it). We call the
compact set N := N_ = N, from the following theorem the Brownian net.

Theorem 5.21 (Characterisation of the Brownian net) Let D be a
countable dense subset of R? and let N_ and N be defined in terms of a
left-right Brownian web (W', W¥) and its dual as above. Then N_ = N.
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Figure 5.9: Construction showing that each path 7 that does not enter wedges
of the dual left-right Brownian web can be approximated by hopping between
paths in the forward left-right Brownian web. The structure of dual paths

that capture the forward paths is reminiscent of a fish trap (Figure [5.10)).

Proof (partial) Here we only prove the inclusion Ny € N_. The proof of

the other inclusion will be combined with the proof of Theorem below.
The argument is similar to the proof of Theorem We fix 7 € N,
0r <ty <---<ty,, and € > 0. We claim that we can construct a path 7"°P
by hopping finitely often between paths in (7l).cp and (7%).ep, such that
Or < Onop <ty and |7PP(¢;) —7(t;)| < eforalli=1,...,m. To see this, for
each i =1,...,m, we choose 2, = (2'_,t'.) € D such that ¢, > t; and

W(tz) —&e< 7AT£_ (t,L) < W(tz) < 7¢l'lz+ (tl) < 7T(t1> + €.

See Figure . Since m does not enter the wedge W (7, , 7., ), the meeting

1
+
time of i and Wii must satisfy

- +

T(ﬁ-;_ ) ﬁ-,lzz_) < O,

and we have 77, (t) < w(t) < @l, (t) for all t € [0,,t;]. We can now choose
- +
z = (z,s) € D such that o, < s < t; and

AT 1 : Al
Sup T (1) <m.(tr) < Inf 7, (t).
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Figure 5.10: A fish trap. Picture reused from:
https://commons.wikimedia.org/wiki/File:Stellnetzfischerei_(Reusen).jpg.

The forward left path 7. cannot cross any of the left downward paths ﬁl , but
+
it can cross the right downward paths 77; . Just before it does so, however,

we can hop onto a cleverly chosen forward right path and continue until it
threatens to cross one of the left downward paths ﬁi . Just before it does,
+

we can again hop onto a left path, and so on.

We claim that in this way, we can construct a hopping path that after
a finite number of steps arrives at the last time t,,. Indeed, since the dual
left paths on the right of 7 cannot meet the dual right paths on the left of =
(since otherwise m would enter a wedge created by two of these paths), there
is some positive ¢ such that the distance between the closest dual left path
on the right of 7 and the closest dual right path on the left of 7 is at least
0 at any time between the time when we started our hopping path and the
last time ¢,,,. We can construct a hopping path so that the position where we
hop from a left to a right path is always less than 6/3 from the closest dual
right path on the left, and similarly, the position where we hop from a right
to a left path is always less than 6/3 from the closest dual left path to the
right. The times when we hop are increasing, so either we reach ¢,, in a finite
number of steps, or the times when we hop increase to a limit that is < ¢,,.
But then our hopping path comes infinitely often in the neighbourhood of
two points that lie at least a distance §/3 apart. This clearly violates the
equicontinuity of the left and right webs.
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Let us write N = N_, where N” is the set of paths that can be con-
structed by hopping between paths in (7}).ep and (78).ep. Since our hopping
construction terminates after a finite number of steps, we have shown that
for each m € N, e > 0, and t; < --- < t,,, there exists a path ©’ € N such
that |7 (t) — /()| < e. Using the fact that N_ is compact (Lemmal[5.20), we
can now repeat the arguments at the end of the proof of Theorem [3.15 - to
show that A/, C N_. |

5.8 Convergence to the Brownian net

We are finally ready to state and prove the main result of this section.

Theorem 5.22 (Convergence to the Brownian net) Let ¢, be posi-
tive constants tending to zero, let W™ be a sequence of arrow configurations
satisfying , and let U, be the set of all open upward paths in w"™. Then

P[f.,(U,) € -] = PN € -],

n—oo

where N := N_ = N is defined as in Theorem [5.21]

Proof This is very similar to the proof of Theorem We start by showing
that the laws -
{Plb.,U,) € -] :neN}

are tight. We apply Proposition We observe that if 7(t) — 7(t) > ¢
for some w € 6., (U,), s < t, and € > 0, then there must exist a right path
" € 0., (U)) such that 7'(t) — 7"(t) > e. Similarly, if 7(t) — 7(t) < —e,
then there must exist a left path 7' such that 7'(t) — 7!(t) < —e. Therefore,
tightness of the laws of 0. (U,) follows from the tightness of the laws of

6. (Z/l ) and 6., (U,,) (Proposition [3.16)).

With tightness proved, in view of Prohorov’s theorem (Theorem [2.12)) and
Lemma [2.2] to prove the theorem, it suffices to prove that if a Subsequence
of the 0., (U,) converges in law to a limit A/, then N is a Brownian net. We
assume therefore, from now on, that we are given a subsequence such that
the 0., (U,) converges in law to a limit A/. By Skorohod’s representation
theorem, we can couple our random variables such that this convergence is
almost sure:

0., (U, — N. (5.18)

n—oo
Similar to what we did in the proof of Theorem [3.18| we can extend this to
include also the almost sure convergence of a number of other objects, that
we already know converge in law.
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We fix a deterministic countable dense set D C R2. For each z € D, we

ChooseznGZ and 2" € Z?244 such that 6. (z,) — z and 6., (2") — 2. We

let m(L and 7Tn denote the dlffuswely rescaled left and right paths started

from z, and we let # M and 7" denote the diffusively rescaled left and

right paths started from 2". Then, for a suitable coupling, we have

even

(n)a q (n) ar (n)az a1 d2
W — rlas. and (VN w0 R) — (7l TE) as.
n—00 n—00

for all z, 21,20 € D and q,q1,q2 € {l,r}, and likewise for downward paths.
In view of Theorem [5.19, we can extend our coupling so that moreover
0., U, U, U, U ) — (W W W W),
n—oo

where (W', W", W, Wr) is a left-right Brownian web together with its dual.
With all this set up, we will show that the limit in (5.18)) satisfies

N_CN C Ny, (5.19)

where N and N, are defined in terms of (W', W', W', W") and the countable
dense set D. In particular, this then proves that N_ C N, which was the
missing part of the proof of Theorem [5.21] Since the inclusion N C N_ has
altready been proved with the fish trap argument from Section [5.7] this then
concludes the proofs of both Theorem - and [5.22]

It therefore remains to prove . We start by proving the inclusion
N_ C N. Since N is closed, it sufﬁces to prove N C N where N is the set
of paths that can be constructed by hopping between paths in (7l).cp and

(Ml _(n)ra

(7%).ep. The statement now follows from the fact that (w2, ", 72" %) —
n—oo

T(Wil ,m%,) for each 21, 2, € D, and the fact tat in an arrow configuration, any
path constructed by hopping between left and right paths is an open upward
path.

The inclusion NV C N, follows on the other hand from the fact that

T(wﬁ?) bz ) — 7(7L,,7%,) for each z1, 2, € D, the fact that in an arrow
n—oo

configuration, open paths cannot enter wedges, and Lemma [3.12] [
We conclude this chapter with a sketch of the proof of Theorem [5.1]

Proof of Theorem (crude idea) We first consider the special case
that « = 0, = 1, and d,, = 0 for all n. In this case, Theorem tells
us that the set 0., (V,,) NIIT converges in law to the Brownian net A. Since
d, = 0, each open path in an arrow configuration w,, can be extended to an
upward path, so

Vn:{neH:HW/GVnOHT s.t.7TC7T’}.



5.8. CONVERGENCE TO THE BROWNIAN NET 141

Using this, Theorem is easily seen to imply (5.3), where the limit is
No={rell:3r' e Nst.mCr'}.

It is not hard to generalise this to arbitrary a € R and > 0. We just need
to generalise our earlier definition of a left-right Brownian web in such a way
that the left Brownian web W! has drift o — 3 and the right Brownian web
W' has drift a + £, and all arguments go through in a trivial way. We can
even allow for the case § = 0, where now the limit is the Brownian web.
Indeed, if g = 0, then Theorem m (convergence to the left-right Brownian
web) remains true, where now the left and right Brownian webs are a.s. equal.
This can be seen by adapting Theorem (scaling limit of a left and right
path), where now one does not need the left-right equation but simply uses
that L (t) < R™(t) while E[R™(t) — L™(t)] — 0 as n — oo, for each
t > 0.

In view of this, the real challenge is to prove Theorem when the death
probability d,, may be positive. Clearly, in this case we can no longer work
with half-infinite paths. Nevertheless, in each arrow configuration w,, at each
z € 72, there start a unique mazimal left path 77! and right path 7%,
which are defined by the fact that at branching points, they always choose the
left or right arrow, respectively, and they only stop once they reach a death
point, i.e., a point with no outgoing arrows. It is easy to check that under
the conditions , diffusively rescaled left (resp. right) paths converge to
Brownian motions with drift o — 8 (resp. a+ ) and an exponential life time
with parameter 3 (i.e., with mean 71).

In view of this, one can still prove an analogon of Theorem m (con-
vergence to the left-right Brownian web). Using the hopping construction,
one can also still prove a lower bound N_ on the scaling limit of the set of
all open paths. The most difficult part of the proof is to get a matching
upper bound. We can naturally couple our arrow configurations to arrow
configurations that have no deaths. These then give rise to a limiting left-
right Brownian web that can be used to define wedges. Naturally, even with
deaths, open paths cannot enter these wedges. To get a good upper bound,
one needs to add one more condition that takes into account the deaths. It
turns out that the right condition is that paths cannot pass through points
where other paths have died. Proving this requires a better understanding of
the Brownian net (such as density calculations and the concept of meshes).
We cite [NRS15] for those who want to know more. |
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