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Preface

The earliest origins of large deviation theory lie in the work of Boltzmann on en-
tropy in the 1870ies and Cramér’s theorem from 1938 [Cra3g|. A unifying math-
ematical formalism was only developed starting with Varadhan’s definition of a
‘large deviation principle’ (LDP) in 1966 [Var66).

Basically, large deviation theory centers around the observation that suitable func-
tions F' of large numbers of i.i.d. random variables (Xi,...,X,,) often have the
property that

P[F(Xy,....X,) €dz] ~ e 5l asn 00, (LDP)

where s, are real contants such that lim,,,, s, = 0o (in most cases simply s,, = n).
In words, (LDP) says that the probability that F(X, ..., X,) takes values near a
point = decays exponentially fast, with speed s,, and rate function I.

Large deviation theory has two different aspects. On the one hand, there is the
question of how to formalize the intuitive formula (LDP). This leads to the al-
ready mentioned definition of ‘large deviation principles’ and involves quite a bit
of measure theory and real analysis. The most important basic results of the ab-
stract theory were proved more or less between 1966 and 1991, when O’Brian en
Verwaat [OV91] and Puhalskii [Puk91] proved that exponential tightness implies
a subsequential LDP. The abstract theory of large deviation principles plays more
or less the same role as measure theory in (usual) probability theory.

On the other hand, there is a much richer and much more important side of large
deviation theory, which tries to identify rate functions I for various functions F' of
independent random variables, and study their properties. This part of the theory
is as rich as the branch of probability theory that tries to prove limit theorems
for functions of large numbers of random variables, and has many relations to the
latter.

There exist a number of good books on large deviation theory. The oldest book
that I am aware of is the one by Ellis [EII85], which is still useful for applications
of large deviation theory in statistical mechanics and gives a good intuitive feeling
for the theory, but lacks some of the standard results. A modern book that gives a
statistical mechanics oriented view of large deviations is the book by Rassoul-Agha
and Seppéldinen [RS15].

The classical books on the topic are the ones of Deuschel and Stroock [DS89)
and especially Dembo and Zeitouni [DZ98], the latter originally published in 1993.



While these are very thorough introductions to the field, they can at places be a
bit hard to read due to the technicalities involved. Also, both books came a bit
too early to pick the full fruit of the developement of the abstract theory.

A very pleasant book to read as a first introduction to the field is the book by
Den Hollander [Hol00], which avoids many of the technicalities in favour of a clear
exposition of the intuitive ideas and a rich choice of applications. A disadvantage
of this book is that it gives little attention to the abstract theory, which means
many results are not proved in their strongest form.

Two modern books on the topic, which each try to stress certain aspects of the
theory, are the books by Dupuis and Ellis [DE97] and Puhalskii [Puh01]. These
books are very strong on the abstract theory, but, unfortunately, they indulge
rather heavily in the introduction of their own terminology and formalism (for
example, in [DE9T], replacing the large deviation principle by the almost equivalent
‘Laplace principle’) which makes them somewhat inaccessible, unless read from the
beginning to the end. The book by Rassoul-Agha and Seppéldinen [RS15] gives a
very readable account of the modern abstract theory.

A difficulty encountered by everyone who tries to teach large deviation theory
is that in order to do it properly, one first needs quite a bit of abstract theory,
which however is intuitively hard to grasp unless one has seen at least a few
examples. I have tried to remedy this by first stating, without proof, a number
of motivating examples. In the proofs, I have tried to make optimal use of some
of the more modern abstract theory, while sticking with the classical terminology
and formulations as much as possible.
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Chapter 0

Some motivating examples

0.1 Cramér’s theorem

Let (Xg)k>1 be a sequence of i.i.d. absolutely integrable (i.e., E[|X;|] < oco) real
random variables with mean p := E[X}], and let

1 n
T, = — .
k=1
be their empirical averages. Then the weak law of large numbers states that
—p| > .
P[|T, p|_€]n_>—0>00 (e >0)

In 1938, the Swedish statistician and probabilist Harald Cramér [Cra3§| studied
the question how fast this probability tends to zero. For laws with sufficiently light
tails (as stated in the condition (0.1]) below), he arrived at the following conclusion.

Theorem 0.1 (Cramér’s theorem) Assume that

Z\) =E[eM] <00 (AER). (0.1)
Then 1
(0 Jim —logP[T, >yl =~1I(y)  (y>p),
X (0.2)
(i) lim —logP[T, <y] = —I(y)  (y <p),
where I is defined by
I(y) == ilé.ﬂg Ay —log Z()\)] (y € R). (0.3)
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The function Z in is called the moment generating function or cumulant gen-
erating function, and its logarithm is consequently called the logarithmic moment
generating function (or logarithmic cumulant generating function of the law of Xj.
In the context of large deviation theory, log Z()) is also called the free energy
function, see [EII85, Section II.4].

The function I defined in is called the rate function. In order to see what
Cramér’s theorem tells us exactly, we need to know some elementary properties of
this function. Note that implies that E[|X;]?] < co. To avoid trivial cases,
we assume that the X are not a.s. constant, i.e., Var(X;) > 0.

Below, int(A) denotes the interior of a set A, i.e., the largest open set contained in
A. We recall that for any finite measure p on R, support(yu) is the smallest closed
set such that p is concentrated on support(u).

Lemma 0.2 (Properties of the rate function) Let u be the law of X, let
p:= (u) and o* := Var(u) denote its mean and variance, and assume that o > 0.
Let y_ := inf(support(u)), v := sup(support(u)). Let I be the function defined

in and set
Dr={yeR:I(y) <oo} and Uj:=int(Dy).

Then:

(i) I is convex.

(i) I is lower semi-continuous.

(iii) 0 < I(y) < oo for ally € R.

(iv) I(y) =0 if and only if y = p.

() Us = (g, ps).

(vi) I is infinitely differentiable on U;.

(vil) limy, I'(y) = —oo and limy,, I'(y) = oco.
(viii) I” >0 onUr and I"(p) = 1/0>.

(ix) If —oo <y_, then I(y_) = —logu({y_}), and
if y+ <00, then I(y4) = —log u({y+}).
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Figure 1: A typical example of a rate function.

See Figure [I| for a picture. Here, if F is any metric space (e.g. E = R), then we
say that a function f : E — [—o00,00] is lower semi-continuous if one (and hence
both) of the following equivalent conditions are satisfied:
(i) iminf, . f(x,) > f(z) whenever z, — .
(ii) For each —oco < a < o0, the level set {x € E : I[(x) < a} is a closed subset
of E.

In view of Lemma [0.2], Theorem [0.1] tells us that the probability that the empirical
average 1), deviates by any given constant from its mean decays exponentially fast
in n. More precisely, formula (0.2)) (i) says that

P[T,, > y| = e—nl(y) +o(n) as m— 0o (y > p),
were, as usual, o(n) denotes any function such that

o(n)/n—0 as n — oo.

Note that formulas (0.2)) (i) and (ii) only consider one-sided deviations of T;, from
its mean p. Nevertheless, the limiting behavior of two-sided deviations can easily
be derived from Theorem [0.1] Indeed, for any y_ < p <y,

P[Tn <y_orT1, > y+] = e_n](y—) + 0(") + e_n](y-i-) + O(n)

—e—nmin{l(y-), I(y)} +o(n) 5 1 5 00
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In particular,

lim LlogP[|T, — p| > & = min{I(p— ), I(p +2)} (= > 0).

n—oo N,

Exercise 0.3 Use Theorem[0.I]and Lemmal0.2]to deduce that, under the assump-
tions of Theorem [0.1]

!
lim —logP [T, > y] = —Lw(y) (v > p),

n—oo M

where I, is the upper semi-continuous modification of I, i.e., Iy,(y) = I(y) for
y # Y-, y+ and Lup(y-) = Lup(y4) 1= oo

0.2 Moderate deviations

As in the previous section, let (Xj)g>1 be a sequence of i.i.d. absolutely integrable
real random variables with mean p := E[|.X;|] and assume that (0.1) holds. Let

S, ::ZXk (n>1).
k=1

be the partial sums of the first n random variables. Then Theorem [0.1] says that
P[S, — pn > yn] —em(pFy)+o(n) un oo (y > 0).
On the other hand, by the central limit theorem, we know that
P[S, —pn = yvn| — ®(y/o)  (y€R),
where @ is the distribution function of the standard normal distribution and
o? = Var(X)),

which we assume to be positive. One may wonder what happens at in-between
scales, i.e., how does P[S, — pn > y,] decay to zero if \/n < y, < n? This is
the question of moderate deviations. We will only consider the case y,, = yn® with
% < a < 1, even though other timescales (for example in connection with the law
of the iterated logarithm) are also interesting.
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Theorem 0.4 (Moderate deviations) Let (Xj)r>1 be a sequence of i.i.d. ab-

solutely integrable real random variables with mean p := E[|X1|], variance 0* =
Var(X;) > 0, and E[e**1] < 0o (A € R). Then

1
lim ——logP[S, — pn > yn®] = —55y? (y>0, s <a<l). (0.4)

n—oo p2a—1

Remark Setting y,, := yn®~! and naively applying Cramér’s theorem, pretending
that y, is a constant, using Lemma [0.2] (viii), we obtain

log P[S,, — pn > yn®] = logP[S,, — pn > y,n]

~ —nl(y,) ~ —n#yi = —#gfnza*l.
Dividing both sides of this equation by n?*~! yields formula (0.4)) (although this
derivation is not correct). There does not seem to be a good basic reference

for moderate deviations. Some more or less helpful references are [DB81], [Led92)
Aco02), [ELO3].

0.3 Relative entropy

Imagine that we throw a dice n times, and keep record of how often each of the
possible outcomes 1, ..., 6 comes up. Let N, (z) be the number of times outcome x
has turned up in the first n throws, let M,,(z) := N, (x)/x be the relative frequency
of z, and set

A, = max M,(x) — min M,(z).

1<z<6 1<z<6

By the strong law of large numbers, we know that M, (z) — 1/6 a.s. as n — oo
for each x € {1,...,6}, and therefore P[A,, > €] — 0 as n — oo for each € > 0. It
turns out that this convergence happens exponentially fast.

Proposition 0.5 (Deviations from uniformity) There exists a continuous,
strictly increasing function I : [0,1] — R with I(0) = 0 and I(1) = log6, such that

lim llog]P’[An >e| =—1I(e) (0<e<1). (0.5)

n—oo N,

Proposition follows from a more general result that was already discovered by
the physicist Boltzmann in 1877. A much more general version of this result for
random variables that do not need to take values in a finite space was proved by
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the Russian mathematician Sanov [San61]. We will restrict ourselves to finite state
spaces for the moment. To state the theorem, we first need a few definitions.

Let S be a finite set and let M;(S) be the set of all probability measures on S.
Since S is finite, we may identify M;(S) with the set

M;(S) :={r eR®:m(z) > 0Vx €S, Zw(l) =1},

€S

where R¥ denotes the space of all functions 7 : S — R. Note that M, (S) is
compact, convex subset of the (|S| — 1)-dimensional space {r € R® : 3 _.7(1)

1}.
Let pu,v € M;y(S) and assume that p(z) > 0 for all x € S. Then we define the
relative entropy of v with respect to u by

H(v|p) ==Y v(x) log

zeSs zesS

a

Z“ v(r) v(x)

% (@)

where we use the conventions that log(0) := —oo and 0 - co := 0. Note that since
lim, o zlog z = 0, the second formula shows that H(v|u) is continuous in v. The
function H (v|p) is also known as the Kullback-Leibler distance or divergence.

Lemma 0.6 (Properties of the relative entropy) Assume that u € M;(S)
and assume that p(x) > 0 for all x € S. Then the function v — H(v|u) has the
following properties.

(i) 0 < H(v|p) < oo for allv € My(S).
(i) Hulu) = 0.

(i) () > 0 for all v # .
(iv) v H(v|p) is convex and continuous on My(S).

(V) v H(v|p) is infinitely differentiable on the interior of My (S).

Assume that p € M;(S) satisfies p(x) > 0 for all x € S and let (Xj)g>1 be an

i.i.d. sequence with common law P[X; = x] = p(z). As in the example of the dice
throws, we let

1 n
== Z Lix=2) (xe S, n>1). (0.6)
k=1

Note that M, is a M;(S)-valued random variable. We call M, the empirical
distribution.
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Theorem 0.7 (Boltzmann-Sanov) Let C be a closed subset of M1 (S) such that
C s the closure of its interior. Then

1
lim —logP[M,, € C] = —min H (v|p). (0.7)

n—oo N, veC

Note that (0.7) says that

P[M, € C] = e ™M™ agn — 0o where Io = mig H(v|p). (0.8)
ve

This is similar to what we have already seen in Cramér’s theorem: if I is the
rate function from Theorem[0.1} then I(y) = min, c,.o0) I(y) for y > p and I(y) =
Miny ooy I(y') for y < p. Likewise, as we have seen in , the probability that
T, € (—00,y-] U [y4,00) decays exponentially with rate miny c(—ooy_ jufy, 00 L (¥)-

The proof of Theorem will be delayed till later, but we will show here how
Theorem [0.7] implies Proposition [0.5

Proof of Proposition [0.5| We set S := {1,...,6}, u(z) :=1/6 for all z € S, and
apply Theorem [0.7] For each 0 < e < 1, the set

C. := {v € My(S) : maxv(z) — minv(z) >}

zeSs zeSsS

is a closed subset of M (.S) that is the closure of its interior. (Note that the last
statement fails for e = 1.) Therefore, Theorem implies that

lim llogIP’[An >e| = lim llog]P’[Mn € C.] = —min H(v|p) = —1(¢). (0.9)

n—oo N n—oo N veCe

The fact that I is continuous and satisfies I(0) = 0 follows easily from the
properties of H(v|u) listed in Lemma [0.60 To see that I is strictly increasing,
fix 0 < g1 < g9 < 1. Since H(-|p) is continuous and the C., are compact,
we can find a v, (not necessarily unique) such that H(-|u) assumes its mini-
mum over C., in v,. Now by the fact that H(-|u) is convex and assumes its
unique minimum in p, we see that v/ := Svs + (1— i—;)u € (., and therefore
1)) < H@'\) < Himlp) = 1(=2).

Finally, by the continuity of H( - |u), we see that

I(e) T min H(v|p) = H(61|p) = log 6 ase T 1.

veCh
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To see that (0.5 also holds for ¢ = 1 (which does not follow directly from
Theorem since C is not the closure of its interior), it suffices to note that
PlA, =1] = (g)" % |

Remark 1 It is quite tricky to calculate the function I from Proposition
explicitly. For e sufficiently small, it seems that the minimizers of the entropy
H(-|n) on the set C. are (up to permutations of the coordinates) of the form
v(l) = 3 — 36, v(2) = ¢ + 3¢, and v(3),...,v(6) = ;. For ¢ > g, this solution is
of course no longer well-defined and the minimizer must look differently.

Remark 2 I do not know whether the function [ is convex.

0.4 Non-exit probabilities

In this section we move away from the i.i.d. setting and formulate a large devi-
ation result for Markov processes. To keep the technicalities to a minimum, we
restrict ourselves to Markov processes with a finite state space. We recall that a
continuous-time, time-homogeneous Markov process X = (X;);>o taking value in
a finite set S is uniquely characterized (in law) by its initial law p(z) := P[Xy = z]
and its transition probabilities P;(z,y). Indeed, X has piecewise constant, right-
continuous sample paths and its finite-dimensional distributions are characterized

by
]P)I:Xh =T1y. .- 7th - wn:| - ZM(xO)Ptl (ZEOa xl)PtQ—tl (xlv ZL'Q) e Ptn—tn_l(xna xn)

o

(t1 < -+ <tp, x1,...,2, € S). The transition probabilities are continuous in ¢,
have Py(z,y) = 1=, and satisfy the Chapman-Kolmogorov equation

ZPS(x,y)Pt(y, z) = Pyyy(x, 2) (s,t >0, z,z €9).
y

As a result, they define a semigroup (P;);>o of linear operators P, : RS — R® by

Pf(e) =3 Pila,y)fy) = E7[F (X))

where E* denotes expectation with respect to the law P* of the Markov process
with initial state Xo = . One has
=1
Pt — th — _Gntn’

n!
n=0
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where G : R® — R called the generator of the semigroup (P;)¢>o, is an operator
of the form

Gf(z)= > rlxy)(fly) - flx) (feR’ zed),

Y y#z

where r(z,y) (z,y € S, x # y) are nonnegative contants. We call r(x,y) the rate
of jumps from x to y. Indeed, since P, = 1 +tG + O(t?) as t — 0, we have that

. tr(z,y) + O(t?) if x # v,

PPLX =y = { 1=t (@) +0()  ifr =y
Let U C S be some strict subset of S and assume that Xy, € U a.s. We will be
interested in the probability that X, stays in U for a long time. Let us say that
the transition rates r(x,y) are irreducible on U if for each z,z € U we can find
Yo, - - -, Yn such that yo = x, y, = 2z, and r(yx_1,yx) > 0 for each k = 1,...,n. Note
that this says that it is possible for the Markov process to go from any point in U
to any other point in U without leaving U.

Theorem 0.8 (Non-exit probability) Let X be a Markov process with finite
state space S, transition rates r(x,y) (x,y € S, © # y), and generator G. Let
U C S and assume that the transition rates are irreducible on U. Then there
exists a function f, unique up to a multiplicative constant, and a constant X > 0,

such that
(i) f>0onU,

(i) f=0 on S\U,
(i) Gf(x) =—=Af(z) (xeU).

Moreover, the process X started in any initial law such that Xy € U a.s. satisfies

1
lim —logP[X, e U V0 < s <t] =—A\ (0.10)
t—oo t

0.5 Outlook

Our aim will be to prove Theorems [0.1] and [0.8] as well as similar and
more general results in a unified framework. Therefore, in the next chapter, we
will give a formal definition of when a sequence of probability measures satisfies a
large deviation principle with a given rate function. This will allow us to formu-
late our theorems in a unified framework that is moreover powerful enough to deal
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with generalizations such as a multidimensional version of Theorem or a gen-
eralization of Theorem to continuous spaces. We will see that large deviation
principles satisfy a number of abstract principles such as the contraction principle
which we have already used when we derived Proposition [0.5] from Theorem [0.7]
Once we have set up the general framework in Chapter |1} in the following chapters,
we set out to prove Theorems[0.1] [0.7, and [0.8], as well as similar and more general
results, and show how these are related.



Chapter 1

Large deviation principles

1.1 Weak convergence on Polish spaces

Recall that a topological space is a set E equipped with a collection O of subsets
of E that are called open sets, such that

(i) If (Oy)qer is any collection of (possibly uncountably many) sets O, € O,
then |J. O, € O.

yel’

(11) If 01702 € O, then 01 N 02 € O
(iii) 0, E € O.

Any such collection of sets is called a topology. It is fairly standard to also assume
the Hausdorff property

(IV) For each x1, 20 € E, 21 7é X9 301,02 €cO0st.0.NOy = (Z), T € 01, To € Oy,

A sequence of points x,, € E converges to a limit x in a given topology O if for
each O € O such that x € O there is an n such that z,, € O for all m > n. (If
the topology is Hausdorff, then such a limit is unique, i.e., , — x and x,, — 2’
implies x = 2/.) A set C' C E is called closed if its complement is open.

Because of property (i) in the definition of a topology, for each A C E, the union
of all open sets contained in A is itself an open set. We call this the interior of A,
denoted as int(A) := (J{O : U C A, O open}. Then clearly int(A) is the smallest

17
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open set contained in A. Similarly, by taking complements, for each set A C F
there exists a smallest closed set containing A. We call this the closure of A,
denoted as A := ({C : C D A, C closed}. A topological space is called separable
if there exists a countable set D C E such that D is dense in F, where we say that
a set D C F is dense if its closure is F, or equivalently, if every nonempty open
subset of E has a nonempty intersection with D.

In particular, if d is a metric on F, and B.(z) := {y € E : d(z,y) < €}, then
O:={0OCE:Vz €0 I >0s.t. B.(zx) C O}

defines a Hausdorff topology on E such that convergence x,, — x in this topology
is equivalent to d(x,,x) — 0. We say that the metric d generates the topology O.
If for a given topology O there exists a metric d that generates O, then we say
that the topological space (E, Q) is metrizable.

Recall that a sequence z, in a metric space (E,d) is a Cauchy sequence if for all
e > 0 there is an n such that d(xg,x;) < e for all k,I > n. A metric space is
complete if every Cauchy sequence converges.

A Polish space is a separable topological space (E, Q) such that there exists a met-
ric d on E with the property that (E,d) is complete and d generates O. Warning:
there may be many different metrics on E that generate the same topology. It
may even happen that E is not complete in some of these metrics, and complete
in others (in which case FE is still Polish). Example: R is separable and com-
plete in the usual metric d(x,y) = |x — y|, and therefore R is a Polish space. But
d'(z,y) := | arctan(z) —arctan(y)| is another metric that generates the same topol-
ogy, while (R, d’) is not complete. (Indeed, the completion of R w.r.t. the metric
d' is [—o0,0].)

On any Polish space (E,Q) we let B(E) denote the Borel-o-algebra, i.e., the
smallest g-algebra containing the open sets O. We let B,(E) and C,(E) denote the
linear spaces of all bounded Borel-measurable and bounded continuous functions
f: E — R, respectively. Then C,(E) is complete in the supermumnorm || f|| :=
sup,ep | f(2)], ie., (Co(E), || - |l) is a Banach space [Dud02, Theorem 2.4.9]. We
let M(E) denote the space of all finite measures on (E,B(F)) and write M;(FE)
for the space of all probability measures. It is possible to equip M(FE) with a
metric dys such that [EK86, Theorem 3.1.7]

(i) (M(E),dy) is a separable complete metric space.

(i) dpsr(fin, ) — 0 if and only if [ fdp, — [ fdp for all f € Cy(E).
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The precise choice of dy; (there are several canonical ways to define such a metric)
is not important to us. We denote convergence in d,; as p, = p and call the
associated topology (which is uniquely determined by the requirements above) the
topology of weak convergence. By property (i), the space M(E) equipped with the
topology of weak convergence is a Polish space.

Proposition 1.1 (Weak convergence) Let E be a Polish space and let p,, j1 €
M(E). Then one has p, = u if and only if the following two conditions are
satisfied.

(i) limsup p,(C) < p(C) VC' closed,

n—oo

(i) liminf u,(0) > pu(O) YO open.

n—o0

If the p,, v are probability measures, then it suffices to check either (i) or (ii).

Before we give the proof of Proposition [I.1, we need a few preliminaries. Recall
the definition of lower semi-continuity from Section [0.1} Upper semi-continuity is
defined similarly: a function f : E — [—00,00) is upper semi-continuous if and
only if —f is lower semi-continuous. We set R := [—o00, 0] and define

UE):= {f :E — R : f upper semi—continuous},
U(E):={f eUE): sup| f(z)] < oo},
U (E):= {f CEUE): f> 0},

and Uy (E) = Uy(E) NUL(E). We define L(E), Ly(F), LL(E), Ly (E) respec-
tively C(F),Cy(E),C(E),Cpy 1 (E) similarly, with upper semi-continuity replaced
by lower semi-continuity and resp. continuity. We will also sometimes use the no-
tation B(E), By(E), B+(E), By+(FE) for the space of Borel measurable functions

f+ E — R and its subspaces of bounded, nonnegative, and bounded nonnegative
functions, respectively.

Exercise 1.2 (Topologies of semi-continuity) Let O, := {[—00,a) : —00 <
a < oo} U {0, R}. Show that O,, is a topology on R (albeit a non-Hausdorff
one!) and that a function f : £ — R is upper semi-continuous if and only if it is
continuous with respect to the topology O,,. The topology O, is known as the
Scott topology.
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The following lemma lists some elementary properties of upper and lower semi-
continuous functions. We set a V b := max{a, b} and a A b := min{a, b}.

Lemma 1.3 (Upper and lower semi-continuity)

(a) C(E)=U(E)NL(E).
(b) f €eU(E) (resp. f € L(E)) and A > 0 implies \f € U(E) (resp. A\f € L(E)).
(c) f,g eU(E) (resp. f,g € L(E)) implies f +g € U(E) (resp. f+ g € L(E)).

(d) f,g e U(E) (resp. f,g € L(E)) implies fV g € U(E) and f Ng € U(E) (resp.
fVvgeL(E) and fNg € L(E)).

(e) fn €eU(FE) and f, | f (resp. fn € L(E) and f, T f) implies f € U(E) (resp.
feL(E)).

(f) An upper (resp. lower) semi-continuous function assumes its mazimum (min-
imum) over a compact set.

Proof Part (a) is obvious from the fact that if z, — z, then f(x,) — f(z) if and
only if limsup,, f(z,) < f(z) and liminf, f(z,) > f(x). Since f is lower semi-
continuous iff —f is upper semi-continuous, it suffices to prove parts (b)—(f) for
upper semi-continuous functions. Parts (b) and (d) follow easily from the fact that
f is upper semi-continuous if and only if {z : f(z) > a} is closed for each a € R,
which is equivalent to {z : f(z) < a} being open for each a € R. Indeed, f € U(E)
implies that {z : A\f(z) < a} = {x : f(x) < A"'a} is open for each a € R, A > 0,
hence A\f € U(E) for each A\ > 0, while obviously also 0 - f € U(F). Likewise,
f,9 € U(E) implies that {z : f(x)Vg(x) <a} ={z: f(z) <a}n{x:g(x) <a}is
open for each a € R hence fV g € U(F) and similarly {z : f(z)Ag(z) < a} = {x:
f(z) <a}U{x: g(r) < a} is open implying that f Ag € U(FE). Part (e) is proved
in a similar way: since {z : f,(z) < a} T {2 : f(x) < a}, we conclude that the
latter set is open for all a € R hence f € U(FE). Part (c) follows by observing that
limsup,, oo (f (zn) +g(zn)) < limsup, ., f(zn) +limsup,, .o, 9(zm) < f(2)+g(z)
for all z, — z. To prove part (f), finally let f be upper semi-continuous, K
compact, and choose a,, T sup,cx f(x). Then A, :={z € K : f(z) > a,} is a
decreasing sequence of nonempty compact sets, hence (by [Eng89 Corollary 3.1.5])
there exists some x € (), A, and f assumes its maximum in x. n

We say that an upper or lower semi-continuous function is simple if it assumes
only finitely many values.

Lemma 1.4 (Approximation with simple functions) For each f € U(FE)
there exists simple f, € U(E) such that f, | f. Analogue statements hold for
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U(E), UL (E) and Up+(E). Likewise, lower semi-continuous functions can be
approximated from below with simple lower semi-continuous functions.

Proof Let r_ :=inf,cp f(z) and 7, := sup,cp f(z). Let D C (r_, 1) be countable
and dense and let A, be finite sets such that A, T D. Let A, = {ao, ..., Gnw)}
with ag < -+ < ap(n) and set

agp if f(.ﬁl,’) < ayp,
folx) =< ap  if a1 < f(x) < ag (k=1,...,m(n)),
ry if apm) < f(2).

Then the f, are upper semi-continuous, simple, and f,, | f. If f € Uy(E), U, (E)
or Uy +(E) then also the f, are in these spaces. The same arguments applied to
— f yield the statements for lower semi-continuous functions. |

For any set A C F and x € E, we let
d(z, A) == inf{d(z,y) : y € A}
denote the distance from x to A. Recall that A denotes the closure of A.

Lemma 1.5 (Distance to a set) For each A C E, the function v — d(z, A) is
continuous and satisfies d(z, A) =0 if and only if v € A.

Proof See [Eng89, Theorem 4.1.10 and Corollary 4.1.11]. |

Lemma 1.6 (Approximation of indicator functions) For each closed C C E
there exist continuous f, : E — [0,1] such that f,, | 1¢c. Likewise, for each open
O C E there exist continuous f, : E — [0,1] such that f, T 1¢.

Proof Set f,(z) := (1 —nd(z,C)) V0 resp. fn(x) :=nd(z, E\O) A 1. n

Proof of Proposition Let fin, 0 € M(E) and define the ‘good sets’

=1 € UnlE) tmsup [ fau, < [ ),

n—oo

glow::{f € Ly (B ):hggg}f [ s> [ rauy

We claim that
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(a) f € Gup (resp. f € Giow), A > 0 implies A\f € Gy (resp. Af € Giow).
(b) f,9 € Gup (resp. f,g € Giow) implies f + g € Gup (resp. f+ g € Giow).

(¢) fn € Gup and f, | f (vesp. fu € Giow and f,, T f) implies f € G, (vesp.
f € glow)'

The statements (a) and (b) are easy. To prove (c), let f, € Gup, fn 4 f. Then, for
each k,

lim sup / fdu, < limsup / Jedpin < / Jedp.
n—oo n—oo

Since [ frdp | [ fdp, the claim follows. An analogue argument works for functions

in glow-

We now show that p, = p implies the conditions (i) and (ii). Indeed, by
Lemma [1.6] for each closed C' C E we can find continuous f;, : E — [0, 1] such
that fr | 1l¢. Then f; € Gy, by the fact that p, = p and therefore, by our
claim (c) above, it follows that 1¢ € Gy, which proves condition (i). The proof of
condition (ii) is similar.

Conversely, if condition (i) is satisfied, then by our claims (a) and (b) above, every
simple nonnegative bounded upper semi-continuous function is in G,p, hence by
Lemma and claim (c), Up 4 (F) C Gup. Similarly, condition (ii) implies that
Ly, +(E) C Giow. In particular, this implies that for every f € Cy 1 (E) = U+ (E) N
Ly (E), lim, o0 [ fdp, = [ fdu, which by linearity implies that p, = p.

If the p,, p are probability measures, then conditions (i) and (ii) are equivalent,
by taking complements. |

1.2 Large deviation principles

A subset K of a topological space (E, Q) is called compact if every open covering
of K has a finite subcovering, i.e., if U'yGF O, D K implies that there exist finitely
many O,,,...,0,, with (J;_, O,, D K. If (E, O) is metrizable, then this is equiv-
alent to the statement that every sequence x, € K has a subsequence xy,) that
converges to a limit x € K [Eng89, Theorem 4.1.17]. If (E, Q) is Hausdorff, then
each compact subset of E is closed.
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Let E be a Polish space. We say that a function f : E — R has compact level sets
if
{r € E: f(x) <a} is compact for all a € R.

Note that since compact sets are closed, this is (a bit) stronger than the statement
that f is lower semi-continuous. We say that I is a good rate function if I has
compact level sets, —oo < I(x) for all x € E, and I(z) < oo for at least one
xr € E. We observe that:

e A good rate function assumes its minimum on closed sets.

To see this, let C' be closed. The statement is trivial if inf,c () = co. Otherwise,
we can choose inf,ec I(z) < a < oco. Then the set K := {z € C : I(x) < a}
is compact and hence by Lemma (f), there is an y € K such that I(y) =
inf,ec I(x). In particular, applying this to C' = E, we see that good rate functions
and bounded from below.

Recall that By(E) denotes the space of all bounded Borel-measurable real functions
on E. If p is a finite measure on (F,B(F)) and p > 1 is a real constant, then we
define the LP-norm associated with u by

= [ ulsP)'™ (0 € Bl

Likewise, if I is a good rate function, then we can define a sort of ‘weighted
supremumnorm’ by

[ flloo.z = Slelgefl(‘”)\f(x)\ (f € By(E)). (1.1)

Note that [|f]|ccs < oo by the boundedness of f and the fact that I is bounded
from below. It is easy to check that || - || s is & seminorm | i.e.,

o M ller = IAIflloors

o f+9llces <N flloor + 1glloor-
If I < oo then || - ||oo,s is moreover a norm, i.e.,

e | flloco,r =0 implies f = 0.

Note that what we have just called LP-norm is in fact only a seminorm, since
| fllp,. = O only implies that f = 0 a.e. w.r.t. p. (This is usually resolved by
looking at equivalence classes of a.e. equal functions, but we won’t need this here.)
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(Large deviation principle) Let s,, be positive constants converging
to oo, let w, be finite measures on E, and let I be a good rate function
on E. We say that the p, satisfy the large deviation principle (LDP)
with speed (also called rate) s, and rate function I if

i [l = Wlles (€ o (B)). (1.2)

While this definition may look a bit strange at this point, the next proposition
looks already much more similar to things we have seen in Chapter [0}

Proposition 1.7 (Large Deviation Principle) A sequence of finite measures
Wy satisfies the large deviation principle with speed s, and rate function I if and
only if the following two conditions are satisfied.

1
(i) limsup — log 1, (C') < — inf I(x) VC' closed,

n—oo Sn zel

1
(ii) liminf — log i, (0) > — ing I(z) YO open.
Te

n—oo Sy

Remark 1 Recall that A and int(A) denote the closure and interior of a set

A C E, respectively. Since for any measurable set A, one has p,(A) < u,(A) and
tn(A) > p,(int(A)), conditions (i) and (ii) of Proposition (1.7 are equivalent to

1
(i)’ limsup — log pu,(A) < — inf I(z),

n—oo Sn €A

1
(ii)" liminf —log pu,(A) > — inf I(x),

n—oo S, z€int(A)

for all A € B(E). We say that a set A € B(F) is I-continuous if

inf I(x) = inf I(z)

z€int(A) €A

It is now easy to see that if u, satisfy the large deviation principle with speed s,
and good rate function I, then

1
lim — log p1,(A) = — inf I(x)

n—00 Sy TEA
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for each I-continuous set A. For example, if I is continuous and A = int(A),
then A is I-continuous. This is the reason, for example, why in our formulation of
the Boltzmann-Sanov Theorem [0.7 we looked at sets that are the closure of their
interior.

Remark 2 The two conditions of Proposition are the traditional definition
of a large deviation principle. Moreover, large deviation principles are often only
defined for the special case that the speed s,, equals n. However, as the example
of moderate deviations (Theorem showed, it is sometimes convenient to allow
more general speeds. Also parts of the abstract theory (in particular, connected
to the concept of exponential tightness) are more easy to formulate if one allows
general speeds. As we will see, allowing more general speeds will not cause any
technical complications so this generality comes basically ‘for free’.

To prepare for the proof of Proposition|l.7] we start with some preliminary lemmas.

Lemma 1.8 (Properties of the generalized supremumnorm) Let I be a
good rate function and let || - ||, be defined as in . Then

(@) 1V glloor = [fllcos VlIgllcos V9 € By (E).
(b) [[falloos T [ flloe,s Vi € Bot(E), fu T f-
(©) [ fallsos 4 I flloor Vfn € U (E), fr L f-

Proof Property (a) follows by writing

1V gl = sup e 'O (f(z)V g(x))

E
= (supe " f(2)) Vv (supe " Dg(y)) = | flloes V [1gllsos
zeE yer

To prove (b), we start by observing that the || f,,||oo.s form an increasing sequence
and || fullco.r < || flloo,r for each n. Moreover, for any € > 0 we can find y € E such
that e~ 1W) f(y) > sup,cp e~ 1@ f(z)—e¢, hence liminf,, || fu|loo.r > lim, e IW) £, (y) =
e T f(y) > || flloosr — €. Since € > 0 is arbitrary, this proves the claim.

To prove also (c), we start by observing that the || f,,||o.r form a decreasing sequence
and || fulloo.s > ||f|lco.r for each n. Since the f, are upper semi-continuous and 1
is lower semi-continuous, the functions e~!f, are upper semi-continuous. Since
the f, are bounded and I has compact level sets, the sets {x : e7 /@ f, (2) > a}
are compact for each @ > 0. In particular, for each a > sup,.; e 1@ f(z), the
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sets {z : e '@ f (x) > a} are compact and decrease to the empty set, hence {z :
e 1@ f.(z) > a} = () for n sufficiently large, which shows that limsup,, || fu|lee.r <
a. |

Lemma 1.9 (Good sets) Let u, € M(E), s, — oo, and let I be a good rate
function. Define the ‘good sets’
gup = {f S Z/{b,+(E) : hmsup Hf”smun S HfHOO,I}7
n—oQ
Guow = { € Lot (B) Bt |l > [ o}

Then

(a) f € Gup (resp. f € Giow), A >0 implies A\f € Gyp (1esp. Af € Giow ).
(b) f.9 € Gup (resp. f,g € Giow) implies fV g € Gup (Tesp. fV g € Giow)-

(¢) fn € Gup and fo, | f (resp. fu € Giow and f, T f) implies f € Gup (Tesp.
f S glow)-

The proof of Lemma makes use of the following elementary lemma.

Lemma 1.10 (The strongest growth wins) For any 0 < a,,b, < oo and
S, — 00, one has

lim sup () + bfl”)l/s" = (limsupa,) V (limsupb,). (1.3)

n—oo n—oo n—oo

Moreover, for any 0 < ¢,,d, < oo and s, — o0,

1 1 1
lim sup — log(c, + d,,) = (lim sup — log cn) Vv (lim sup — log dn). (1.4)

n—oo  Sp n—oo  Sp n—oo  Sp

Proof To see this, set ay := limsup,,_, ., a, and by, := limsup,,_, b,. Then, for
each € > 0, we can find an m such that a,, < as +¢ and b,, < by, +¢ for all n > m.
It follows that

limsup (ai" + bf{’)l/sn < lim ((aco +2)*" + (boo + 5>Sn)l/sn

n—o0 n—00

= (a0 +€) V (boo + ).

Since € > 0 is arbitrary, this shows that limsup,,_,., (a3 + bf{”)l/ " < oo V Do
Since a,, b, < (af{” + bf{‘)l/ °" the other inequality is trivial. This completes the

proof of (1.3]).
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We claim that 1} is just l) in another guise. Indeed, setting a,, := c/*" and
1.3),

b, := di/*" we see, using that

. 1
limsup,, oo s-log(cn +dn) _ i sup (a;" + dm) L/sn

= (Iim sup an) Vv (lim sup bn) o

_ e(lim SUD;, 00 ilog(cn)) V (limsup,,_, i log(dn))'

Proof of Lemma Part (a) follows from the fact that for any seminorm
IAfll = Al fIl (A > 0). To prove part (b), assume that f, g € Gup,. Then, by (1.3),

limsup || f V ¢lls,

n—oo

. s s 1/sn
—tmsp ([ g+ [ ) 0
nreo {z:f(z)29(2)} {z:f(z)<g(z)}

3 n n 1/8" _
< limsup AN o gl ) < M lloort VNIglloor = 1V glloo.r,
proving that fV g € G,,. Similarly, but easier, if f, g € Giow, then

hggg;)lf ||f \/g||5n7Mn - (1171;]2)101.}{‘ ||f||5nvli'n) \ (]'lgloglf ||g||5n7lln)
2 [ flloos Vllglloo.r = 15V glloors
which proves that fV g € Giow.

To prove part (c), finally, assume that f; € G, satisty fi | f. Then f is upper
semi-continuous and

hmsup ||f||3n7/in S hmsup ||ka5nuUfn S kaHOO,I

n—oo n—oo
for each k. Since || fglloos 4 ||f]lco,rs by Lemma (c), we conclude that f € Gp.
The proof for fi € Gioy is similar, using Lemma (b). |

Proof of Proposition If the pu, satisfy the large deviation principe with
speed s, and rate function I, then by Lemmas and (¢), 1l¢ € Gyp for each
closed C' C E and 1p € G, for each open O C E, which shows that conditions (i)
and (ii) are satisfied. Conversely, if conditions (i) and (ii) are satisfied, then by

Lemma [L.9] (a) and (b),
Gup D {f €U, (E) : f simple} and Gy D {f € Ly +(E) : f simple}.
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By Lemmas and (c), it follows that Gy, = Up +(E) and Giow = L+ (E). In
particular, this proves that

T (| fllsy = 1 flloor Y € Co i (E),

which shows that the pu, satisfy the large deviation principe with speed s, and
rate function 1. [

Exercise 1.11 (Robustness of LDP) Let (Xj),>1 be ii.d. random variables
with P[X), = 0] = P[X; = 1] = 3, let Z(\) := E[e*] (A € R) and let  : R —
[0, 00] be defined as in (0.3)). Let &, | 0 and set

1 & ) 1 &
T, ::EZXk and T ;:(1—5,1)5;)@.

k=1

In Theorem below, we will prove that the laws P[T,, € -| satisfy the large
deviation principle with speed n and rate function /. Using this fact, prove that
also the laws P[T] € -] satisfy the large deviation principle with speed n and rate
function /. Use Lemma [0.2] to conclude that

1
lim —logP[T) >y = —I(y) (

n—oo N,

<y<l),

N |+

but this formula does not hold for y = 1.

1.3 Varadhan’s lemma

The two conditions of Proposition are the traditional definition of the large
deviation principle, which is due to Varadhan [Var66]. Our alternative, equivalent
definition in terms of convergence of L,-norms is very similar to the road followed
in Puhalskii’s book [PuhOl]. A very similar definition is also given in [DE9T],
where this is called a ‘Laplace principle’ instead of a large deviation principle.

From a purely abstract point of view, our definition is frequently a bit easier to
work with. On the other hand, the two conditions of Proposition are closer
to the usual interpretation of large deviations in terms of exponentially small
probabilities. Also, when in some practical situation one wishes to prove a large
deviation principle, the two conditions of Proposition are often a very natural
way to do so. Here, condition (ii) is usually easier to check than condition (i).
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Condition (ii) says that certain rare events occur wih at least a certain probability.
To prove this, one needs to find one strategy by which a stochastic system can
make the desired event happen, with a certain small probability. Condition (i)
says that there are no other strategies that yield a higher probability for the same
event, which requires one to prove something about all possible ways in which a
certain event can happen.

In practically all applications, we will only be interested in the case that the
measures i, are probability measures and the rate function satisfies inf,cp I(x) =
0, but being slightly more general comes at virtually no cost.

Varadhan [Var66] was not only the first one who formulated large deviation prin-
ciples in the generality that is now standard, he also first proved the lemma that
is called after him, and that reads as follows.

Lemma 1.12 (Varadhan’s lemma) Let E be a Polish space and let pi, € M(E)
satisfy the large deviation principle with speed s, and good rate function I. Let
F : E — R be continuous and assume that sup,cp F(x) < co. Then

1
lim - log / e dp, = sup[F(z) — I(z)].

n—oo Sy el

Proof Applying the exponential function to both sides of our equation, this says
that

lim (/GS”Fd,un)l/S” = sup ef"@~ 1),

n—oo zcE

Setting f := ef’, this is equivalent to
Um | fll s, 0 = Il flloo,r:
n—oo

where our asumptions on F translate into f € Cp 4 (£). Thus, Varadhan’s lemma
is just a trivial reformulation of our definition of a large deviation principle. If we
take the traditional definition of a large deviation principle as our starting point,
then Varadhan’s lemma corresponds to the ‘if” part of Proposition [1.7] |

As we have just seen, Varadhan’s lemma is just the statement that the two condi-
tions of Proposition are sufficient for ((1.2). The fact that these conditions are
also necessary was only proved 24 years later, by Bryc [Bry90].

We conclude this section with a little lemma that says that a sequence of measures
satisfying a large deviation principle determines its rate function uniquely.
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Lemma 1.13 (Uniqueness of the rate function) Let E be a Polish space,
tn € M(E), and let s, be real constants converging to infinity. Assume that the
L satisfy the large deviation principle with speed s, and good rate function I and
also that the ., satisfy the large deviation principle with speed s, and good rate
function I'. Then I =1'.

Proof It follows immediately from our definition of the large deviation principle
that || fllso,r = ||flloc,r for all f € C,4(E). By Lemma[1.6] for each z € E, we can
find continuous f,, : £ — [0, 1] such that f, | 1g,;3. By Lemma (c), it follows
that

—I( —1'(z)

e =1y lloor = T [ fullsos = lm | fulloos = [Tl = €
n—oo n—oo

for each z € F. [ |

1.4 The contraction principle

As we have seen in Propositions [1.1] and there is a lot of similarity between
weak convergence and the large deviation principle. Elaborating on this analogy,
we recall that if X,, is a sequence of random variables, taking values in some
Polish space E, whose laws converge weakly to the law of a random variable X,
and ¥ : E — F is a continuous function from FE into some other Polish space,
then the laws of the random variables ¥(X,,) converge weakly to the law of ¢ (X).
As we will see, an analogue statement holds for sequences of measures satisfying
a large deviation principle.

Recall that if X is a random variable taking values in some measurable space
(E,€), with law P[X € -] = pu, and ¥ : E — F is a measurable function from
E into some other measurable space (F,F), then the law of ¢(X) is the image
measure

potp Y (A) (A€ F), where ¢ ' (A):={recE:y(x)ec A}

is the inverse image (or pre-image) of A under .

The next result shows that if X, are random variables whose laws satisfy a large
deviation principle, and v is a continuous function, then also the laws of the (X))
satify a large deviation principle. This fact is known a the contraction principle.
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Note that we have already seen this principle at work when we derived Propo-
sition from Theorem [0.7] As is clear from this example, it is in practice not
always easy to explicitly calculate the ‘image’ of a rate function under a continuous
map, as defined formally in below.

Proposition 1.14 (Contraction principle) Let E, F be Polish spaces and let
v E— F be continuous. Let u,, be finite measures on E satisfying a large devi-
ation principle with speed s, and good rate function I. Then the image measures
ot satisfying the large deviation principle with speed s, and good rate function
J given by

J(y) : mew{r}f{y})[(:v) (v € F), (1.6)
where inf,cg I(x) := 00.

Proof Recall that a function ¢ from one topological space E into another topo-
logical space F'is continuous if and only if the inverse image under v of any open
set is open, or equivalently, the inverse image of any closed set is closed (see, e.g.,
[Eng89| Proposition 1.4.1] or [Kel75, Theorem 3.1]). As a result, condition (i) of
Proposition [1.7] implies that

1
limsup — log i, o™ 1(C) < — inf I(z
msup = log 1 P (0) < e o) (z) a7
= —inf inf [I(x)= —inf J(y),
yeC zey=1({y}) (=) yed @)
where we have used that ¢~ (C') = U, ¢~ (y}). Condition (ii) of Proposition
carries over in the same way. We are left with the task of showing that J is a good
rate function. Indeed, for each a € R, we have that
eF:Jy) <a}=3yeF: inf I(z)<a
{y (y) <a}={y el @) < }
={yeF:qweEst Y(x)=y, I(z) <a}

={¥(@):z e B, I(z) <a} =P({z: [(z) <a}),
where in the second equality we have used that [ assumes its minimum on the
closed set ¢~ !({y}). Our calculation shows that the level set {y € F : J(y) <
a} is the image under ¢ of the level set {z : I(z) < a}. Since the continuous
image of a compact set is compact[Eng89, Theorem 3.1.10][| this proves that J

has compact level sets. Finally, we observe (compare (1.7))) that inf,cp J(y) =
inf,ep-1(pm I(x) = inf,ep I(x) < oo, proving that J is a good rate function. |

IThis is a well-known fact that can be found in any book on general topology. It is easy to
show by counterexample that the continuous image of a closed set needs in general not be closed!



32 CHAPTER 1. LARGE DEVIATION PRINCIPLES

1.5 Exponential tilts

It is not hard to see that if u, are measures satisfying a large deviation principle,
then we can transform these measures by weighting them with an exponential
density, in such a way that the new measures also satisfy a large deviation principle.
Recall that if pu is a measure and f is a nonnegative measurable function, then
setting

fut) = [ sau
defines a new measure fu which is p weighted with the density f.

Lemma 1.15 (Exponential weighting) Let E be a Polish space and let p,, €
M(E) satisfy the large deviation principle with speed s,, and good rate function I.
Let F : E — R be continuous and assume that —oo < sup,.p F'(r) < co. Then
the measures

fin = e

satisfy the large deviation principle with speed s, and good rate function I := I—F.
Proof Note that e’ € C,; (F). Therefore, for any f € Cy (F),

1 oz = / Py = e o

— |[fe" [loo,r = sup f(a)e" e = | f]l 1
n—oo zcE

Since F'is continuous, I — F' is lower semi-continuous. Since F' is bounded from
above, any level set of I — F' is contained in some level set of I, and therefore
compact. Since F' is not identically —oo, finally, inf,c;(I(z) — F(x)) < oo, proving
that I — F' is a good rate function. |

Lemma is not so useful yet, since in practice we are usually interested in
probability measures, while exponential weighting may spoil the normalization.
Likewise, we are usually interested in rate functions that are properly ‘normalized’.
Let us say that a function I is a normalized rate function if I is a good rate
function and inf,cp I(z) = 0. Note that if pu, are probability measures satisfying
a large deviation principle with speed s, and rate function I, then I must be
normalized, since F is both open and closed, and therefore by conditions (i) and

(ii) of Proposition

1
—inf I(x) = lim — log u,(E) = 0.

z€FE n—o00 Sy,
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Lemma 1.16 (Exponential tilting) Let E be a Polish space and let w, be
probability measures on E satisfy the large deviation principle with speed s, and
normalized rate function I. Let F : E — R be continuous and assume that
—00 < Sup,cp F(z) < co. Then the measures

[l = ;es"FMn
f€San,un

satisfy the large deviation principle with speed s, and normalized rate function

I(z) := I(z) — F(z) — infyep(I(y) — F(y)).

Proof Since e’ € C, , (E), much in the same way as in the proof of the previous
lemma, we see that

1 Sn S 1/Sn ||f€F||5na n
i = (g [ Fores ) = et

J ey TF o
erFHoo,I __ SUDyep f(x)eF(x)e—I(m)
n—o00 ”eFHoo,I - SUP,c eF(x)o—I(x)
= e_infyeE(I(y)_F(y)) sup f(x)e_(](x)—F(x)) _ ||f||Oo ;.
zelk ’

The fact that I is a good rate function follows from the same arguments as in the
proof of the previous lemma, and I is obviously normalized. |

1.6 Robustness

Often, when one wishes to prove that the laws P[X,, € -] of some random variables
X, satisfy a large deviation principle with a given speed and rate function, it is
convenient to replace the random variables X,, by some other random variables
Y, that are ‘sufficiently close’, so that the large deviation principle for the laws
P[Y,, € -] implies the LDP for P[X,, € -]. The next result (which we copy from
[IDE97, Thm 1.3.3]) gives sufficient conditions for this to be allowed.

Proposition 1.17 (Superexponential approximation) Let (X,,)n>1, (Y)n>1
be random wvariables taking values in a Polish space E and assume that the laws
P[Y,, € -] satisfy a large deviation principle with speed s,, and rate function I. Let
d be any metric generating the topology on E, and assume that

lim ilogIP[d(Xn,Yn) >¢e]l=—00 (e >0). (1.8)

n—oo Sn
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Then the laws P[X,, € -] satisfy the large deviation principle with speed s,, and rate
function 1.

Remark If holds, then we say that the random variables X, and Y, are
exponentially close. Note that condition is in particular satisfied if for each
e > 0 there is an N such that d(X,,,Y,) < ¢ a.s. for all n > N. We can even allow
for d(X,,,Y,) > ¢ with a small probability, but in this case these probabilities must
tend to zero faster than any exponential.

Proof of Proposition Let C C E be closed and let C. := {r € E :
d(z,C) < e}. Then

1
lim sup — log P[X,, € C]

n—o0 STL

1
< limsup — log (PY, € C., d(X,,Y,) <] +Pld(X,,Y,) > €])

n—oo S/I’L
1
< limsup — logP[Y,, € C.] = — inf I(z) — — inf I(x),

n—oo Sn xeCe €l0 xeC

where we have used ([1.4) and in the last step we have applied (the logarithmic
version of) Lemma (c). Similarly, if O C E is open and O, = {z € E :
d(x, E\O) > ¢}, then

1 1
lim inf — log P[X,, € O] > liminf — logP[Y,, € O, d(X,,Y,) <¢].

n—oo S?’L n—oo STL

The large deviations lower bound is trivial if inf,co I(x) = 0o, so without loss of
generality we may assume that inf,co [(z) < oco. Since inf,co. I(z) | inf,co I(z),
it follows that for ¢ sufficiently small, also inf,co, I(z) < co. By the fact that the
Y, satisfy the large deviation lower bound and by ,

PlY, € O, d(X,,Y,) <¢] > P[Y, € O] — Pld(X,,Y,) > €]
> ¢~ Sninfzeo. I(x) + o(sn) _ e—sn/o(sn)

as n — 0o, where o(s,,) is the usual small ‘0’ notation, i.e., o(s,) denotes any term
such that o(s,)/s, — 0. It follows that

1
liminf —logP[Y,, € O., d(X,,Y,) <¢] > — inf I(z) — — inf I(x),

n—oo S, €0, el0 €0

which proves the the large deviation lower bound for the X,,. |

Proposition |[1.17] shows that large deviation principles are ‘robust’, in a certain
sense, with repect to small perturbations. The next result is of a similar nature:
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we will prove that weighting measures with densities does not affect a large de-
viation principle, as long as these densities do not grow exponentially fast. This
complements the case of exponentialy growing densities which has been treated in

Section [5Gl

Lemma 1.18 (Subexponential weighting) Let E be a Polish space and let
tn € M(E) satisfy the large deviation principle with speed s, and good rate func-
tion I. Let F,, : E — R be measurable and assume that lim,_, ||Fy|lc = 0, where
| Foulloo := sup,ep | Fn(x)|. Then the measures

Y _ o snkbn

fin, = €7 11y,

satisfy the large deviation principle with speed s, and rate function I.

Proof We check the large deviations upper and lower bound from Proposition [1.7]
For any closed set C' C E, by the fact that the pu, satisfy the large deviation
principle, we have

1 1
lim sup — log /i, (C') = lim sup — log/ Ly (d)esn (@)
c

1 1
< timsup —log (¢4, (C)) = imsup (| Fyl| + — log un(C)).
n—oo n

n—oo Sn

which equals — inf, e [(z). Similarly, for any open O C E, we have

1 1
lim inf — log /i, (0) = lim inf — log / i ()o@
(@]

n—oo S, n—oo Sy,

1 1
> lim inf — log (e 1™l 1, (0)) = liminf ( — || .|| + — log 11,(0)),
n—00 S,

n—oo S

which yields —inf,.co I(x), as required. |

1.7 Tightness

In Sections and [I.2] we have stressed the similarity between weak convergence
of measures and large deviation principles. In the remainder of this chapter, we will
pursue this idea further. In the present section, we recall the concept of tightness
and Prohorov’s theorem. In particular, we will see that any tight sequence of
probability measures on a Polish space has a weakly convergent subsequence. In
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the next sections (to be precise, in Theorem [1.25)), we will prove an analogue of this
result, which says that every exponentially tight sequence of probability measures
on a Polish space has a subsequence that satisfies a large deviation principle.

A set A is called relatively compact if its closure A is compact. The next result
is known as Prohorov’s theorem (see, e.g., [Ste87, Theorems I11.3.3 and I11.3.4] or
[Bil99, Theorems 5.1 and 5.2]).

Proposition 1.19 (Prohorov) Let E be a Polish space and let My (E) be the
space of probability measures on (E,B(E)), equipped with the topology of weak
convergence. Then a subset C C M;(E) is relatively compact if and only if C is
tight, i.e.,

Ve >0 3K C E compact, s.t. sup u(E\K) < e.
nel

Note that since sets consisting of a single point are always compact, Proposi-
tion implies that every probability measure (and therefore also every finite
measure) on a Polish space E has the property that for all £ > 0 there exists
a compact K such that u(E\K) < e. This result, that is sometimes known as
Ulam’s theorem, is in itself already nontrivial, since Polish spaces need in general
not be locally compact.

By definition, a set of functions D C Cy(F) is called distribution determining if for
any pu,v € My(E),

/fdu:/fdy VfeD implies pu=uv.

We say that a sequence of probability measures (pi,),>1 is tight if the set {p, : n >
1} is tight, i.e., Ve > 0 there exists a compact K such that sup,, p,(E\K) < e. By
Prohorov’s theorem, each tight sequence of probability measures has a convergent
subsequence. This fact is often applied as in the following lemma.

Lemma 1.20 (Tight sequences) Let E be a Polish space and let pu,,, i be prob-

ability measures on E. Assume that D C Cy(E) is distribution determining. Then
one has p, = w if and only if the following two conditions are satisfied:

(1) The sequence (fy)n>1 1S tight.

(i) [ fdun, — [ fdu for all f € D.
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The proof of Lemma [1.20] uses a simple fact from general topology. Recall that
(@, )nen is a subsequence of (x,,)nen if there exist n(m) — oo such that x], = 2,(m)
(m € N).

Lemma 1.21 (Convergence along subsequences) Let E be a topological space
and let x,,x € E. Assume that each subsequence (x)) of (z,) contains a further

n
subsequence (z') such that x!! — x. Then z, — x.

Proof Assume that x,, /A x. Then there exists an open set O 3 x such that z,, € O
for infinitely many n, hence there exists a subsequence (/) such that =/, & O for
all n. But then no subsequence (z!7) of (x]) can converge to x, contradicting our

assumption. [

Proof of Lemma In any metrizable space, if (x,),>1 is a convergent se-
quence, then {z, : n > 1} is relatively compact. Thus, by Prohorov’s theorem,
conditions (i) and (ii) are clearly necessary.

To prove the sufficiency of conditions (i) and (ii) we apply Lemma By (i) and
Prohorov’s theorem, each subsequence () of (i,) contains a further subsequence
(1) that converges weakly to some limit p”. By (ii) [ fdu” = [ fdufor all f € D
so 1" = p and hence by Lemma we conclude that the original sequence ()
converges weakly to . |

1.8 LDP’s on compact spaces

Our aim is to prove an analogue of Lemma for large deviation principles. To
prepare for this, in the present section, we will study large deviation principles
on compact spaces. The results in this section will also shed some light on some
elements of the theory that have up to now not been very well motivated, such as
why rate functions are lower semi-continuous.

It is well-known that a compact metrizable space is separable, and complete in any
metric that generates the topology. In particular, all compact metrizabe spaces
are Polish. Note that if £ is a compact metrizable space, then C(E) = Cy(E),
i.e., continuous functions are automatically bounded. We equip C(F) with the
supremumnorm || - ||, under which it is a separable Banach spacef| Below, |f]|
denotes the absolute value of a function, i.e., the function x — | f(z)].

2The separability of C(E) is an easy consequence of the Stone-Weierstrass theorem [Dud02,
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Proposition 1.22 (Generalized supremumnorms) Let E be a compact met-
rizable space and let A : C(E) — [0,00) be a function such that

(i) A is a seminorm.

(ii) ACf) = A(f]) for all f € C(E).

(i) A(f) < A(g) forall f.g € CL(E), f <g.
(iv) A(fVg)=A(f)V Alg) for all f,g € Ci(E).
Then

(a) A:C(F)— [0,00) is continuous w.r.t. the supremumnorm.

Moreover, there exists a function I : E — (—o00, 00| such that

(b> A(fn) \l/ e_I(z) fOT’ any fn € C+(E) s.1. fn \l/ 1{1}

(c) I is lower semi-continuous.

(d) A(f) =sup,cpe”@|f ()] (f €C(E)).

Proof To prove part (a), we observe that by (ii), (iii) and (i)
ACF) = A < Al flloe - 1) = [ f loo A(D),

where 1 € C(F) denotes the function that is identically one. Using again that A
is a seminorm, we see that

[A(f) = A9 < Af —9) < ADIf = glle-

This shows that A is continuous w.r.t. the supremumnorm.

Next, define I : E — (—o00, 00] (or equivalently e™! : E — [0,00)) by

e 1@ = inf{A(f): f€CL(E), f(x)=1} (z€E).

Thm 2.4.11]. Let D C E be dense and let A := {¢,, : © € D, n > 1}, where ¢5,(y) :=
0V (1 —nd(z,y)). Let B be the set containing the function that is identically 1 and all functions
of the form f; - - f,, withm > 1 and f1,..., fin € A. Let C be the linear span of B and let C’ be
the set of functions of the form ay f1+- - -+ ap fr, withm > 1, a1,...,a, € Qand f1,..., fin € B.
Then C is an algebra that separates points, hence by the Stone-Weierstrass theorem, C is dense
in C(E). Since C’ is dense in C’ and C’ is countable, it follows that C(E) is separable.
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We claim that this function satisfies the properties (b)—(d). Indeed, if f,, € C, (F)
satisfy f, | 1y for some x € FE, then the A(f,) decrease to a limit by the
monotonicity of A. Since

A(fn) 2 A(fa/ fu(@)) = f{A(f) : [ € Co(B), flz) =1} = '@

we see that this limit is larger or equal than e~/(®). To prove the other inequality,

we note that by the definition of I, for each ¢ > 0 we can choose f € C,(F)
with f(z) = 1 and A(f) < e 1@ 4+ e, We claim that there exists an n such
that f, < (14 ¢)f. Indeed, this follows from the fact that the the sets C, :=
{y € E: fuly) > (1 +e)f(y)} are compact sets decreasing to the empty set,
hence C,, = 0 for some n [Eng89, Corollary 3.1.5]. As a result, we obtain that
A(f) < (14 8)A(f) < (1 +¢)(e '@ 4 ¢). Since e > 0 is arbitrary, this completes
the proof of property (b).

To prove part (c), consider the functions
Gsy(z) =0V (1 —d(y,z)/0) (x,y € E, 6 >0).

Observe that ¢s,(y) =1 and ¢, = 0 on Bs(y), and recall from Lemma [1.5] that
¢s,y : £ — [0,1] is continuous. Since

||¢57y - ¢6,z||oo S 5_1 SUIE) |d(ZE, y) - d(l’, Z>| S 5_1d(y7 2)7
xe

we see that the map = — ¢5, is continuous w.r.t. the supremumnorm. By part (a),
it follows that for each 0 > 0, the functions

T — A(gﬁg’z)

are continuous. Since by part (b) these functions decrease to e~! as § | 0, we con-
clude that e~! is upper semi-continuous or equivalently I is lower semi-continuous.

To prove part (d), by assumption (ii), it suffices to consider the case that f €
C.(FE). We start by observing that

IO <A(f)  Vee B, feCi(B), fz)=1,
hence, more generally, for any x € F and f € C,(F) such that f(z) > 0,

e <A(f/ f(2) = A/ [ (),
which implies that

O f(x) SA() Vo€ B, feCi(B),
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and therefore

A(f) 2 supe @ f(a)  (f €Ci(B)).

zelR

To prove the other inequality, we claim that for each f € C,(E) and § > 0 we
can find some # € FE and g € C,(F) supported on Bys(z) such that f > ¢ and
A(f) = A(g). To see this, consider the functions

Ysy(x) =0V (1 —d(Bs(y),x)/6) (r,y € E, 6 >0).

Note that 15, : E — [0,1] is continuous and equals one on Bs(y) and zero on
Bos(y)°. Since E is compact, for each 6 > 0 we can find a finite set A C E such
that (J,ca Bs(x) = E. By property (iv), it follows that

A=A vsaf) =\ AWsaf).

In particular, we may choose some x such that A(f) = A(¢s.f). Continuing this
process, we can find z, € E and f, € C.(E) supported on By () such that

f>f>fa>-and A(f) = A(f1) = A(f2) = ---. It is not hard to see that the
fn decrease to zero except possibly in one point z, i.e.,

fndcliny
for some 0 < ¢ < f(z) and x € E. By part (b), it follows that A(f) = A(f,) |
ce™ 1@ < f(x)e~!@ . This completes the proof of part (d). |

Recall the definition of a normalized rate function from page The following
proposition prepares for Theorem below.

Proposition 1.23 (LDP along a subsequence) Let E be a compact metrizable
space, let p, be probability measures on E and let s,, be positive constants converg-
ing to infinity. Then there exists n(m) — oo and a normalized rate function I
such that the p,m) satisfy the large deviation principle with speed sn(m) and rate
function I.

Proof Since C(FE), the space of continuous real functions on E, equipped with
the supremumnorm, is a separable Banach space, we can choose a countable dense
subset D = {fy : k > 1} C C(FE). Using the fact that the p, are probability
measures, we see that

1/sn 1/sn -
0w = ([ 11120) " < (1112) 7 = e (F € CCB)
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By Tychonoft’s theorem, the product space

e}

X = X [0, frllo]

k=1

equipped with the product topology is compact. Therefore, we can find n(m) — oo
such that

(||f||8n(m)vun(m)>k’21
converges as m — oo to some limit in X. In other words, this says that we can
find a subsequence such that

001 Lty =2 A

exists for each f € D. We claim that this implies that for the same subsequence,
this limit exists in fact for all f € C(E). To prove this, we observe that for each

f9€C(E),

[ s = 195l < NS = 9llssin < IF = 9l

Letting n(m) — oo we see that also

IACS) = A9 < 1S = gl (1.9)

for all f, g € D. Since a uniformly continuous function from one metric space into
another can uniquely be extended to a continuous function from the completion of
one space to the completion of the other, we see from that A can be uniquely
extended to a function A : C(E) — [0, 00) such that holds for all f,g € C(E).
Moreover, if f € C(F) is arbitrary and f; € D satisty || f — fi]l~c — 0, then

|Hf“sn(m)7un(m) - A(f)‘
< ‘Hf“sn(m)uun(m) - HfiHSn(m)JJ‘n(m)} + ‘HfiHsn(m)Mn(m) o A(fl)‘ + |A(f2) - A(f)‘
< “|f7:||5n(7n)n“‘n(m) - A(fl)‘ + 2Hf - fiHOO;

hence

for each i, which proves that || f]| — A(f).

Sn(m) Hn(m)
Our next aim is to show that the function A : C(E) — [0, 00) satisfies proper-
ties (i)—(iv) of Proposition Properties (i)—(iii) are satisfied by the norms

|+ sy stinmy fOT €aCh m, so by taking the limit m — oo we see that also A has
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these properties. To prove also property (iv), we use an argument similar to the
one used in the proof of Lemma (b). Arguing as in (|1.5), we obtain

Sn(m)

. . Sn(m 1/ n(m
m

- (hmjup ||f||5n(m)nu‘n(m)) \/ (hmjup ||g Sn(m)vun(m)) = A(f) \/ A('g)7

where we have used ([1.3)). Since f,g < fV g, it follows from property (iii) that
moreover A(f)V A(g) < A(f V g), completing the proof of property (iv).

By Proposition [1.22] it follows that there exists a lower semi-continuous function
I: E — (—o0,00] such that

AN =supe @ f@)] (f e C(B)).
Tre
Since E is compact, I has compact level sets, i.e., I is a good rate function, hence
the fin(m) satisfy the large deviation principle with speed s,,(,) and rate function
I. Since the fin(m) are probability measures, it follows that I is normalized. |

1.9 Exponential tightness

We wish to generalize Proposition to spaces that are not compact. To do this,
we need a condition whose role is similar to that of tightness in the theory of weak
convergence.

Let u, be a sequence of finite measures on a Polish space E and let s,, be positive
contants, converging to infinity. We say that the u,, are exponentially tight with
speed s, if

1
VM € R 3K C FE compact, s.t. limsup — log pu,,(E\K) < —M.

n—o0 n

Letting A° := E\ A denote the complement of a set A C F, it is easy to check that
exponential tightness is equivalent to the statement that

Ve > 0 3K C E compact, s.t. imsup ||1xe<||s, . < €.

n—oo

The next lemma says that exponential tightness is a necessary condition for a large
deviation principle.
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Lemma 1.24 (LDP implies exponential tightness) Let E be a Polish space
and let p, be finite measures on E satisfying a large deviation principle with speed
Sn and good rate function 1. Then the u, are exponentially tight with speed s, .

Proof This proof of this statement is more tricky than might be expected at first
sight. We follow [DZ93], Excercise 4.1.10]. If the space F is locally compact, then
an easier proof is possible, see [DZ93) 1.2.19].

Let d be a metric generating the topology on E such that (E,d) is complete, and
let B,.(z) denote the open ball (w.r.t. this metric) of radius r around z. Since E is
separable, we can choose a dense sequence (z)r>1 in E. Then, for every 6 > 0, the
open sets O;,,, 1= |, Bs(x,) increase to E. By Lemma (©); [[1og,, llso,r 4 0.
Thus, for each €, > 0 we can choose an m > 1 such that

lim sup ”103mHsn“un < HlOg,mHoo,I <e

n—o0

In particular, for any € > 0, we can choose (my)g>1 such that

limsup [|log, s <27 (k21).

n—o0

It follows that

limsup [ 1> o 05 i s < hmsupz ||101/k mkHS”’“"

n—oo n—oo

< thsup”lol/km srpin < 22 £=¢c.
k=1

n—o0

Here

e g C o0 Mk C

U O(lz/k,mk = < ﬂ Ol/k»mk> = ( ﬂ U Bl/k(@)) .

k=1 k=1 k=11=1
Let K be the closure of (),—; O1/k.m,. We claim that K is compact. Recall that a
subset A of a metric space (E,d) is totally bounded if for every ¢ > 0 there exist a
finite set A C A such that A C (J,cp Bs(z). It is well-known [Dud02, Thm 2.3.1]
that a subset A of a metric space (E,d) is compact if and only if it is complete
and totally bounded. In particular, if (F,d) is complete, then A is compact if and
only if A is closed and totally bounded. In light of this, it suffices to show that K
is totally bounded. But this is obvious from the fact that K C (J™ Boyk(z;) for
each k > 1. Since

lim sup || 1 5

st < SUD L3204y el i < €
n—oo
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and ¢ > 0 is arbitrary, this proves the exponential tightness of the p,,. |

The following theorem generalizes Proposition to non-compact spaces. This
result is due to O’'Brian and Verwaat [OV91] and Puhalskii [Puk91]; see also the
treatment in Dupuis and Ellis [DE97, Theorem 1.3.7].

Theorem 1.25 (Exponential tightness implies LDP along a subsequence)
Let E be a Polish space, let p,, be probability measures on E and let s, be positive
constants converging to infinity. Assume that the p, are exponentially tight with
speed s,. Then there exist n(m) — oo and a normalized rate function I such
that the pin,m) satisfy the large deviation principle with speed s,y and good rate
function 1.

We will derive Theorem from Proposition [1.23] using compactification tech-
niques. For this, we need to recall some general facts about compactifications of
metrizable spaces.

If (E,0) is a topological space (with O the collection of open subsets of E) and
E' C F is any subset of E, then E’ is also naturally equipped with a topology
given by the collection of open subsets O’ := {O N E’ : O € O}. This topology
is called the induced topology from E. If x,,x € E’, then x,, — x in the induced
topology on E’ if and only if x,, — x in E.

If (F,0) is a topological space, then a compactification of E is a compact topo-
logical space E such that E is a dense subset of E and the topology on E is the
induced topology from E. If E is metrizable, then we say that E is a metrizable
compactification of E. It turns out that each separable metrizable space E has a
metrizable compactification [Cho69, Theorem 6.3].

A topological space E is called locally compact if for every x € E there exists
an open set O and compact set C' such that © € O C C. We cite the following
proposition from [Eng89, Thms 3.3.8 and 3.3.9].

Proposition 1.26 (Compactification of locally compact spaces) Let E be
a metrizable topological space. Then the following statements are equivalent.

(i) E is locally compact and separable.

ii ere exists a metrizable compactification E o such tha is an open
ii) Th 5t trizabl tification E E h that E
subset of E.

(iii) For each metrizable compactification E of E, E is an open subset of E.
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A subset A C E of a topological space E is called a Gs-set if A is a countable
intersection of open sets (i.e., there exist O; € O such that A = ()2, 0;. The
following result can be found in [Bou58| §6 No. 1, Theorem. 1]. See also [Oxt80,
Thms 12.1 and 12.3].

Proposition 1.27 (Compactification of Polish spaces) Let E be a metrizable
topological space. Then the following statements are equivalent.

(i) E is Polish.

(ii) There exists a metrizable compactification E of E such that E is a Gs-subset
of E.

(iii) For each metrizable compactification E of E, E is a Gs-subset of E.

Moreover, a subset F' C E of a Polish space E is Polish in the induced topology if
and only if F' is a Gs-subset of E.

Lemma 1.28 (Restriction principle) Let E be a Polish space and let F C E
be a Gs-subset of E, equipped with the induced topology. Let (fin)n>1 be finite
measures on E such that p,(E\F) =0 for alln > 1, let s, be positive constants
converging to infinity and let I be a good rate function on E such that I(z) = oo for
all v € E\F. Let p,|r and I|p denote the restrictions of w, and I, respectively,
to F. Then I|r is a good rate function on F and the following statements are
equivalent.

(i) The p, satisfy the large deviation principle with speed s, and rate function I.

(ii) The w,|r satisfy the large deviation principle with speed s, and rate func-
tion I|p.

Proof Since the level sets of I are compact in £ and contained in F', they are
also compact in F, hence I|r is a good rate function. To complete the proof,
by Proposition [1.7], it suffices to show that the large deviations upper and lower
bounds for the yu, and p,|r are equivalent. A subset of F' is open (resp. closed) in
the induced topology if and only if it is of the form O N F' (resp. C' N F') with O
an open subset of E (resp. C' a closed subset of F). The equivalence of the upper
bounds now follows from the observation that for each closed C' C F,

1 1
lim sup — log ,un‘F(C’ N F) = limsup — log 1, (C)
Sn s

n—oo n—oo n
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and

inf I(x) = inf [ )

DEI@) = B 1@
In the same way, we see that the large deviations lower bounds for the yu,, and p,|r
are equivalent. |

Exercise 1.29 (Weak convergence and the induced topology) Let E be a
Polish space and let E be a metrizable compactification of E. Let d be a metric
generating the topology on E, and denote the restriction of this metric to £ also
by d. Let C,(FE) denote the class of functions f : E — R that are uniformly
continuous w.r.t. the metric d, i.e.,

Ve > 036 > 0s.t. d(z,y) <6 implies |[f(z)— f(y)| <e.

Let (tn)n>1 and p be probability measures on E. Show that the following state-
ments are equivalent:

(1) [ fdp, — [ fdp for all f € Cy(E),

(i) [ fdpn — [ fdu for all f € C,(E),

(iii) g, = p where = denotes weak convergence of probability measures on F,
)

(iv) ftn = p where = denotes weak convergence of probability measures on E.
Hint: Identify C,(F) = C(E) and apply Proposition

We note that compactifications are usually not unique, i.e., it is possible to con-
struct many different compactifications of one and the same space E. If F is locally
compact (but not compact), however, then we may take E such that E\E con-
sists one a single point (usually denoted by oo). This one-point compactification is
(up to homeomorphisms) unique. For example, the one-point compactification of
[0, 00) is [0, 0o] and the one-point compactification of R looks like a circle. Another
useful compactification of R is of course R := [—00, 00]. To see an example of a
compactification of a Polish space that is not locally compact, consider the space
E := M;(R) of probability measures on R, equipped with the topology of weak
convergence. A natural compactification of this space is the space E := M;(R) of
probability measures on R. Note that M;(R) is not an open subse of M;(R),

3Indeed (1 —n"1)6 +n"10s € M1(R)\M;(R) converge to g € M;(R) which show that the
complement of Mj(R) is not closed.
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which by Proposition [L.26| proves that M;(R) is not locally compact. On the other
hand, since by Excercise [1.29, M;(R) is Polish in the induced topology, we can
conclude by Proposition \% that M;(R) must be a Gs-subset M;(R). (Note
that in particular, this is a very quick way of proving that M;(R) is a measurable
subset of M;(R).)

Note that in all these examples, though the topology on E coincides with the
(induced) topology from E, the metrics on E and E may be different. Indeed, if
d is a metric generating the topology on E, then E will never be complete in this
metric (unless E is compact).

Proof of Theorem Let E be a metrizable compactification of E. By Propo-
sition [1.23] there exists n(m) — oo and a normalized rate function I : E — [0, o0]
such that the ji,m) (viewed as probability measures on E) satisfy the large devi-
ation principle with speed s,y and rate function 1.

We claim that for each a < oo, the level set L, := {z € E : I(x) < a} is a
compact subset of F (in the induced topology). To see this, choose a < b < 0.
By exponential tightness, there exists a compact K C E such that

1

lim sup
m—oo  Sn(m)

10g fin(m) (K©) < —b. (1.10)

Note that since the identity map from E into E is continuous, and the continuous
image of a compact set is compact, K is also a compact subset of E. We claim
that L, C K. Assume the converse. Then we can find some z € L,\ K and open
subset O of E such that z € O and O N K = (). Since the Hn(m) satisfy the LDP

on E, by Proposition (ii),

lim inf 10g fin(m)(O) > — inf I(x) > —a,

m—oo Sn(m) ze0O

contradicting . This shows that L, C K. Since L, is a closed subset of E, it
follows that L, is a compact subset of E (in the induced topology). In particular,
our arguments show that I(x) = oo for all # € F\E. The statement now follows
from the restriction principle (Lemma and the fact that the p, () viewed as
probability measures on F satisfy the large deviation principle with speed s,(m)
and rate function I. |

In the next section, we will look at applications of Theorem [1.25] As an appetizer,
we conclude the present section by proving two simple lemmas. The argument
used in the proof of Lemma [1.21] also applies to large deviation principles. In the
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following lemma, instead of saying that pu, satisfies the large deviation principle
with speed s, and rate function I, we say more briefly that (u,, s,) satisfies the
large deviation principle with rate function 1.

Lemma 1.30 (Large deviation principles along subsequences) Let E be
a Polish space, let p, be probability measures on E, let s, be positive constants
tending to infinity, and let I be a good rate function on E. Assume that each
subsequence (pi,, s!,) of (fn, Sn) contains a further subsequence (p, s) that satisfies

the large deviation principle with rate function I. Then (u,, S,) satisfies the large
deviation principle with rate function I.

Proof Assume that (u,,s,) does not satisfy the large deviation principle with

rate function /. Then there exists a function f € C(F) and an € > 0 such that

[ fllswsin = I fllscz| = € for infinitely many n, hence there exists a subsequence
/

(11, s5,) such that ||| flls, ., = [Iflloe,r| = € for all n. But then no subsequence
(. s") of (ul,s) can satisfy the large deviation principle with rate function I,

contradicting our assumption. |

The following lemma generalizes Lemmas and to unbounded functions.

Lemma 1.31 (Varadhan’s lemma for unbounded functions) Let E be a
Polish space and let p, € M(E) satisfy the large deviation principle with speed s,
and good rate function I. Let F': E — [—00,00) be continuous and assume that

the weighted measures v,(dx) := esnF@),un(dx) are exponentially tight. Then

lim 1 log/es”FdMn = sup [F(z) — I(z)]. (1.11)

n—00 Sy z€E

Moreover, the weighted measures v, satisfy the large deviation principle with speed
Sn and good rate function I — F.

Proof We start by proving the final claim of the lemma. By Lemmall.30] it suffices
to prove that I — F is a good rate function and that each subsequence (v}, s,) of
(Vn, Sp) contains a further subsequence (v, s”) that satisfies the large deviation

n’ n

principle with rate function I — F'. By our exponential tightness assumption and
Theorem [1.25] (v, s],) contains a further subsequence (v, s/!) that satisfies the

n» n n’Tn

large deviation principle for some good rate function J. It therefore suffices to
show that J =1 — F.
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Let G : E — [—00,00) be continuous and assume that both G and G + F' are
bounded from above. Then Varadhan’s lemma tells us that

sup [G(z) + F(z) — I(z)] = lim l/ e5n(G(2) +F(x))u;;(dx)

zcE n—oo §

In other words, setting g := e, f := e’ this says that if ¢ € C,,(F) has the
property that also fg € Cy+(E), then [|fgllo,r = llglloo,s-

We claim that for each € E, we can find g, € C, 1 (FE) such that fg, € Cp(F)
for each n and g, | 1. To prove this, we first use Lemma to construct
h, € Cbﬁ_(E) with h,, | 1{35}. Setting

_ flr)v1
Inly) = Whn(y) (y € E)

then does the job, since the inequality (f V 1)g, < (f(x) V 1)h, shows that both
fgn and g, are bounded.

By our earlier claim, Lemma (¢) now implies that

eF(x)—I(:c) = ”f(x)l{m}HooJ = nlggo ||fgnHoo7I = T}EEO ||gnHoo,J = ||1{x}||oo,J = 6_J(x)

for each x € E, which proves that J = I — F. This completes the proof that the
weighted measures v, satisfy the large deviation principle with speed s,, and good
rate function I — F'. Applying Varadhan’s lemma to the function that is constantly
zero and the measures v, then implies (1.11)). |

1.10 Applications of exponential tightness

In this section, we look at some applications of Theorem [I.25] By definition, if I
is a normalized good rate function, then we say that a set of functions D C Cp(F)
determines I if for any normalized good rate function J,

| fllor = | flloo,s VYf €D implies I =J.

We say that D is rate function determining if D determines any normalized good
rate function I. By combining Lemma and Theorem [1.25, we obtain the
following analogue of Lemma Note that by Lemma , the conditions (i)
and (ii) below are clearly necessary for the measures y, to satisfy a large deviation
principle.
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Proposition 1.32 (Conditions for LDP) Let E be a Polish space, let u, be
probability measures on E, and let s, be positive constants converging to infinity.
Assume that D C Cy(E) is rate function determining and that:

(1) The sequence (y)n>1 s exponentially tight with speed s,,.

(ii) The limit A(f) = limy_yoo || f||s,,n ezists for all f € D.

Then there exists a good rate function I on E which is uniquely characterized by
the requirement that A(f) = ||flleos for all f € D, and the w, satisfy the large
deviation principle with speed s,, and rate function I.

Proof By exponential tightness and Theorem there exist n(m) — oo and a
normalized rate function I such that the ji,,,) satisfy the large deviation principle
with speed s,(,) and good rate function I. It follows that

A(f) = h—{noo ||fH5n(m)7Hn(m) = ||f||00,f (f € D))

m

which characterizes I uniquely by the fact that D is rate function determining.
By the same argument, each subsequence (p,,s!) of (fin,s,) contains a further
subsequence (!, s”) such that the u” satisfy the large deviation principle with
speed s/ and rate function /. By Lemma [1.30] this implies that the i, satisfy the

large deviation principle with speed s,, and rate function I. |

A somewhat weaker version of Proposition where D is replaced by Cp +
is known as Bryc’s theorem [Bry90], which can also be found in [DZ93, Theo-
rem 4.4.2].

In view of Proposition we are interested in finding sufficient conditions for a
set D C Cp 4 to be rate function determining. The following simple observation is
useful.

Lemma 1.33 (Sufficient conditions to be rate function determining)

(a) Let E be a Polish space, D C Cy 1 (E), and assume that for each x € E there
exist fr € D such that fi | 1zy. Then D is rate function determining.

(b) Let E be a compact metrizable space, let C(E) be the Banach space of all
continuous real functions on E, equipped with the supremummnorm, and let D C
C(E) be dense. Then D is rate function determining.
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Proof If f | 1y;;, then, by Lemma , | frlloos 4 | 1a}lloo,r = e 1@ proving
part (a). Part (b) follows from the fact that the map f +— ||f||ocs is continuous
w.r.t. the supremumnorm, as proved in Proposition [1.22] |

Proposition [1.32] shows that in the presence of exponential tightness, it is possible
to prove large deviation principles by showing that the limit lim,, o || 1|5, 4., €Xists
for sufficiently many continuous functions f. Often, it is more convenient to prove
that the large deviations upper and lower bounds from Proposition hold for
suffiently many closed and open sets.

Let A be a collection of measurable subsets of some Polish space E. We say that A
is rate function determining if for any pair I, J of normalized good rate functions
on F, the condition
inf I(z) < inf J(z) VAe A (1.12)
€A x€int(A)
implies that I < J. A set O C O is a basis for the topology if every O € O can
be written as a (possibly uncountable) union of sets in O’. Equivalently, this says
that for each x € F and open set O > z, there exists some O' € O such that
x € O' C O. For example, in any metric space, the open balls form a basis for the
topology.

Lemma 1.34 (Rate function determining sets) Let A be a collection of mea-
surable subsets of a Polish space E. Assume that {int(A) : A € A} is a basis for
the topology. Then A is rate function determining.

Proof Choose ¢, | 0. Since {int(A) : A € A} is a basis for the topology, for each
z € E and k there exists some A € A such that z € int(Ay) C B., (2). Since [ is
a good rate function, it assumes its minimum over Ay, so implies that there
exist z; € Ay, such that I(z,) < infycine(a,) J(2) < J(2). Since z, — 2, the lower
semi-continuity of I implies that I(z) < liminf, . I(2x) < J(2). n

Theorem 1.35 (Conditions for LDP) Let E be a Polish space, let i, be prob-
ability measures on E, let s, be positive constants converging to infinity, let I be
a normalized good rate function on E, and let Ay, Aiow be collections of measur-
able subsets of E that are rate function determining. Then the w, satisfy the large
deviation principle with speed s, and rate function I if and only if the following
three conditions are satisfied.

(i) limsup 1 log pi,(A) < —inf I(z) VA€ Ay,

n—oo Sn €A
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(i) lim infilog pn(A) > — inf [I(x) VAE Aoy,

n—oo S, z€int(A)

(iii) the u, are exponentially tight.

Proof The necessity of the conditions (i)—(iii) follows from Remark 1 below Propo-
sition [1.7) and Lemma [1.24] To prove sufficiency, we use Lemma [1.30, By Theo-
rem |1.25] exponential tightness implies that each subsequence (!, s!) of (n, sn)
contains a further subsequence (u,s”) of such that the u satisfy a large devia-
tions principle with speed s!! and some good rate function J. By Lemma m, if
we can show that for each such subsequence, J = I, then it follows that the u,

satisfy the large deviations principle with speed s, and rate function I.

In view of this, it suffices to show that if the u, satisfy a large deviations princi-
ple with speed s, and some good rate function J and conditions (i) and (ii) are
satisfied, then J = I. Indeed, condition (i) and the large deviation principle for .J
imply that for any A € Ay,

— inf J(z) <liminf 1 log 1, (int(A)) < lim sup 1 log (1, (A) < — inf I(x),

z€int(A) n—oo S, n—oo Sp €A
which by the assumption that A, is rate function determining implies that 7 < J.
Similarly, using (ii) instead of (i), we find that for any A € Ay,

1 1 —
— inf I(z) <liminf — log u,(A) < limsup — log u,(A) < — inf J(x),

z€int(A) n—oo S, n—oo Sp z€A

which by the assumption that A, is rate function determining implies that J < I.
[ |

Remark In Theorem [1.35] instead of assuming that A, is rate function deter-
mining, it suffices to assume that

Ve >0and z € E s.t. I(2) < oo, JA € Aoy 8.t. 2z € A C B.(2). (1.13)

Indeed, the proof of Lemma 1.34: shows that if (1.12]) holds with I and J inter-
changed, and we moreover have (L.13), then J(z) < I(z) for all z € E such that
I(z) < oo. Trivially, this also holds if I(z) = oo, and the proof proceeds as before.l

The next lemma shows that in Theorem instead of assuming that A, is rate
function determining, we can also take for A, the set of all compact subsets of E.
If E is locally compact, then {int(K) : K compact} is a basis for the topology, so
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in view of Lemma|[I.34] this does not add anything new. However, if F is not locally
compact, then {int(K) : K compact} is never a basis for the topology. In fact,
there exist Polish spaces in which every compact set has empty interior. Clearly,
in such spaces, the compact sets are not rate function determining and hence the
lemma below does add something new.

Lemma 1.36 (Upper bound for compact sets) Let E be a Polish space, let
iy be finite measures on E, let s, be positive constants converging to infinity, and
let I be a good rate function on E. Assume that

(i) The sequence (fin)n>1 1S exponentially tight with speed s,.

1
(ii) limsup — log u,(K) < — in}f{](m) VK compact.
Te

n—oo sn

Then

1
lim sup — log ., (C') < — 122[(33) VC' closed.

n—oo STL

Remark If / : £ — (—o0,00] is lower semi-continuous and not identically oo,
but not necessarily has compact level sets, and if u, are measures and s, — oo
constants such that

1
(i) limsup — log p1,,(K) < — inf I(x) VK compact.

n—oo Sn reK

1
(ii) liminf —log i, (0) < — inf I(z) VO open,

n—oo S, z€0

then one says that the pu, satisfy the weak large deviation principle with speed
s, and rate function I. Thus, a weak large deviation principle is basically a
large deviation principle without exponential tightness. The theory of weak large
deviation principles is much less elegant than for large deviation principles. For
example, the contraction principle (Proposition below) may fail for measures
satisfying a weak large deviation principle.

Proof of Lemma By exponential tightness, for each M < oo we can find a
compact K C E such that

1
lim sup — log ., (F\K) < —M.

n—0o0 n
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By (1.4), it follows that, for any closed C' C E,

lim sup 1 log 11,(C') = lim sup 1 log (1n(C N K) + pn (C\K))

n—oo Sn n—oo Sn

1 1
= <lim sup — log ., (C'N K)) Y (1im sup — log ,un(C\K))>
n—oo  Sp n—oo Sn
- : - . .
< (A B J@) <~ Bl 1) o = et 1)

Let E and F be sets and let (f,),er be a collection of functions f : £ — F. By
definition, we say that (f,)er separates points if for each z,y € E with z # y,
there exists a 7 € I' such that f,(z) # f,(y). The following theorem is a sort of
‘inverse’ of the contraction principle, in the sense that a large deviation principle for
sufficiently many image measures implies a large deviation principle for the original
measures. For weak convergence, the analogous statement is that if we have a
sequence X (™ of discrete-time processes (XZ'(n))ieN, then weak convergence of the
finite dimensional distributions implies weak convergence in law of the processes.

Theorem 1.37 (Projective limit) Let E and F' be Polish spaces, let i, be prob-
ability measures on E, and let s, be positive constants converging to infinity. Let
(¢3)ien, be continuous functions; : E — F. For eachm > 1, let by, : E — F™ be

defined as U (z) = (V1(x), ..., Um(2)) (x € E). Assume that ({;)ien, separates
points and that:

(1) The sequence (y)n>1 1S exponentially tight with speed s,,.

(ii) For each finite m > 1, there exists a good rate function I, on F™, equipped
with the product topology, such that the measures p, o1 satisfy the large
deviation principle with speed s,, and rate function I,,.

Then there exists a good rate function I on E which is uniquely characterized by
the requirement that

L,(y) = inf I(x) (m>1, ye F™).

€T "Z’;n (z)=y

Moreover, the measures p, satisfy the large deviation principle with speed s, and
rate function I.
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Proof Our assumptions imply that for each f € Cy (F™),

1F 0 Bonllawsin = 1ot = 1l
We claim that the set
D = {fOIEm m>1, f ECbHr(Fm)}

is rate function determining. To see this, fix z € E and define f;, € D by

fin(x) = (1= kd(¢i(2),¢3(2))) VO (i,k>1, y € E),

where d is any metric generating the topology on F'. We claim that

DB/\fi,mil{z} as m T oo.

i=1

Indeed, since the (1););en, separate points, for each x # z there is an ¢ > 1 such
that 1;(x) # ;(2) and hence f;,,(y) = 0 for m large enough. By Lemma [1.33] (a),
it follows that D is rate function determining.

Proposition [1.32] now implies that there exists a good rate function I on F such
that the p, satisfy the large deviation principle with speed s,, and rate function I.
Moreover, I is uniquely characterized by the requirement that

1f © Prmlloos = || flloostm (m>1, feCi(F™). (1.14)
Set
L(y):= inf I(x) (yeF™),
x: P (2)=Yy

which by the contraction principle (Proposition |1.14]) is a good rate function on
F™. Since

17 0 Ginllcr = sup e 1@ (i, ()

—inf -~ . I(z
= sup e P = T p) =

yeFm™
formula (1.14) implies that || f|/co,;z, = ||flloc,z,, for all f € Cp(F™), which is in
turn implies that I, = I . |

The following lemma gives a more explicit expression for the rate function I from
Theorem in terms of the rate functions 1,,.
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Lemma 1.38 (Formula for high-level rate function) In the set-up of Theo-

rem [1.377, .
L (¢ (@) T 1(2) as m T oo.

Proof We observe that

L (U () = Jinf I(z").
' €E: hm (y)=vYm(x)

The sets Cp, = {2’ € E : Un(y) = ()} are closed and decrease to {z} as
m 1T oo by the fact that the v); separate points. Therefore, by Lemma (c),
infyec, I(2') 1 1(x) as 1 oc. |



Chapter 2

Convex analysis

2.1 Convex sets

In the rather long Chapter [} we developed the abstract theory of large deviation
principles. It may seem that we are we are now finally ready to turn to applications
and prove some concrete large deviation principles like Cramér’s theorem, the
moderate deviations theorem, or the Boltzmann-Sanov theorem. This impression
is not correct. Large deviation theory, as it turns out, is built on two abstract
pillars. One of these, the abstract theory of large deviation principles, we have
just seen in the previous chapter. The second one, that we are still missing, is
convex analysis, and in particular the theory of the Legendre transform. In view
of this, we ask the reader to be patient and bear with us during the present chapter
which, while less voluminous than the previous one, still contains a sizable bit of
theory. Luckily, the theory of convex functions is quite interesting in itself and
also has many applications outside the theory of large deviations.

By definition, a set C' C R? is conver if (1 — p)x + py € C for all 2,y € C and
p € [0,1]. The convex hull C(A) of a set A C R? is the smallest convex set that
contains it, which is given by

C(A): {Zpk’xk’:ajlw--axneAa plv"'7pn207 Zpk‘:l}
k=1 k=1

In particular, A is convex if and only if C(A) = A. The closed convex hull C(A)
of A is the closure of C'(A). A set C C R is a conver cone if pix + poy € C for all
x,y € C and p,py > 0. A set A C R?is affine if (1 —p)z+py € Aforallz,y € A

57
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and p € R. The affine hull of a set A C R? is the set

{Zpkxk CTpy e, Tp € A> P15 Pns Zpk = 1}7
k=1 k=1

where this time we do not require that the real constants py, ..., p, are nonnegative.
Each affine set A C R? is of the form A = {z +y : y € V} where V is a linear
subspace of R?. In particular, affine sets are always closed.

Recall that the interior int(A) of a set A is the largest open set contained in A.
The relative interior of a closed convex set C' C R? is the interior of C' when viewed
as a subset of its affine hull. Each nonempty convex set C' C R? has a nonempty
relative interio and each closed convex set C' C R? is the closure of its relative
interior.

We denote a vector in R? as « = (z(1),...,2(d)) and let

(w,y) =Y (i)  (z,y €RY)
i=1
denote the usual inner product. Each z* € R¥\ {0} and ¢* € R define two closed
half-spaces by
ch* ={z eR?: (a*,2) < '},
H?c* ={z eR": (2*,2) > c*}.

We let Hy» o+ = Hf*’c* N HIZ*’C* denote the (d — 1)-dimensional hyperplane that
separates the half-spaces Hé’c* and H, fc One can prove that the closed convex
hull of a set A is equal to the intersection of all closed half-spaces that contain it:

CA) =({Hz . 2" eRA\{0}, ¢ €R, ACHZ . }. (2.1)

A formal proof may easily be deduced from [Roc70, Theorem 11.5] or [Dud02)
Thm 6.2.9]. The basic ingredient in the proof of is the following separa-
tion theorem, which we cite from |[Roc70, Theorem 11.3]. See Figure for an
illustration.

Theorem 2.1 (Separating hyperplane Let C;,Cy C R? be convex sets with
relative interiors ri(C;) (i = 1,2). Assume that 1i(Cy) Nri(Cy) = (. Then there
ezists a x* € RN\{0} and c* € R such that C; € Hf*p* and Cy € Héc*.

The following lemma is a simple consequence of Theorem [2.1].

!This is true even when C consists of s single point 2. In this case, the relative interior of C
is {z}, which is both open and closed as a subset of the affine hull of C, which is also {z}.
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Figure 2.1: A hyperplane H separating the convex sets C and Cj.

Lemma 2.2 (Supporting hyperplane) Let C C R? be a closed conver set.
Assume that the interior int(C') is nonempty and let x € C\int(C) be a point on
the boundary of C. Then there exists an x* € RN\{0} and ¢* € R such that

CCH:, and z€H.,. (2.2)
Proof Apply Theorem [2.1] to the convex sets C and {z}, using the fact that the

relative interior of C' is int(C') and the relative interior of {z} is {z}, and these are
disjoint. |

If (2.2)) holds, then we say that H,« is a supporting hyperplane at x.

2.2 Convex functions

For any function f : R? — (—o00,00], we call
Dy :={z eR’: f(z) <oo} and U;:=int(Dy).
the domain of f and the interior of the domain, respectively, and we call
E(f)={(z,c):z €Dy, ceR, fz)<c}
the epigraph of f.

Recall that a function f : R? — (—o00,00] is convez if f(pry + (1 — p)ze) <
pf(z1) + (1 —p)f(zg) for all 0 < p < 1 and z1, 7, € RY We say that a function
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f is strictly convex on an convex set U if f(pzr + (1 —p)y) < pf(z) + (1 —p)f(y)
for all 0 < p < 1 and x,y € U with z # y. We let Conv(R?) denote the space of
functions f : R? — (—o0, 0o] such that:

(i) f is convex,
(ii) f is not identically oo,

(iii) f is lower semi-continuous.

In view of the following two exercises, a function f : RY — (—o0,00] satisfies
f € Conv(RY) if and only if the epigraph £(f) is a nonempty, closed, and convex
subset of R4*L,

Exercise 2.3 (Epigraph of a lower semi-continuous function) Show that a
function f : R? — (—o0, 0] is lower semi-continuous if and only if its epigraph
E(f) is a closed subset of R4*L,

Exercise 2.4 (Epigraph of a convex function) Show that a function f : RY —
(—00, 0] is convex if and only if its epigraph £(f) is a convex subset of R4*L.

We note that if f is convex, then Dy is a convex subset of R%. For a proof of the
following well-known fact we refer to [Roc70, Thm 10.2].

Lemma 2.5 (Continuity of convex functions) If f € Conv(RY), then its re-
striction to Dy is a continuous function.

Assume that f € Conv(R?) and that Uy # 0. We will be interested in the sup-
porting hyperplanes of the epigraph &£. For each x € Dy, we let H f(z) denote
the set of all (z*,a*) € R¥*! such that

(,y—z)+a*(z— f(z)) <0 VyeDyandz> f(y). (2.3)

Note that this implies a* < 0, since otherwise ([2.3) is violated for z large enough.
As we will see shortly, H f(x) roughly corresponds to the set of all supporting
hyperplanes for £(f) at (:E, f(x)) We also let

Hf = {(z,(z%,a") 12 € Dy, (z*,a*) € Hf(z)} (2.4)
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denote the space of all pairs (z, (z*,a*)) such that = € Dy and (z*,a*) € H f(z).
For z € Dy, we moreover set

H'f(z):={(z*,a*) € Hf : (z*,a*) # 0},
H'f(z):={(z*,a*) € Hf : a* <0},

and we define H'f and H”f as in (2.4) but with H f(z) replaced by H'f(z) or
H" f(x), respectively. Hyperplanes H« 4+ with a* = 0 are called vertical, for
obvious reasons.

Proposition 2.6 (Supporting hyperplanes) Assume that f € Conv(R?) and
that Uy # 0. Then,

f(x) is a closed convex cone in R,

(a
(b

) H
) H'f(x) # 0 for each x € Dy,
(c) H'f(z) # 0 for cach x € Uy,
(d) H"f is a closed subset of R? x R% x (R\{0}).
(e) H"f is a connected subset of R x R% x (R\{0}).

Proof Part (a) is immediate from (2.3). Since Uy # 0, the interior of £(f) is
nonempty and for each x € Dy, the point (ZL‘, f(a:)) lies on the boundary of £(f).
We can therefore apply Lemma to conclude that for each x € Dy, there exist
(z*,a*) € R1\{0} and ¢* € R such that

E(f) CH(E*W) and x € HZ

*
,C

(z*,a*),c*
In other words, this says that

(" y) +a"z <c" (y €Dy, 2> f(y)) and (z*,z) +a"f(x) >

Since this implies that (z*,z) + a* f(x) = ¢*, we can simplify this to (2.3). This
proves part (b).

To prove part (c), we use part (b) and observe that by (2.3), (z*,0) € H'f(x)
implies
(#%,y —2) <0 VyeDy,

so setting ¢* = (z*, ), we see that Dy C ch and © € HZ ., which is only

possible if z lies on the boundary of Dy.

K
¢
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To prove part (d), assume that (z,, (z},a})) € H” f converge to a limit (z, (z*, a*))

n»'n

in R? x R? x (R\{0}). Then, taking the limit in (2.3), we see that (z,, (z},a})) €

Hf. Since af < 0, formula (2.3) moreover implies that f(z) < oo and hence
x € Dy, so we see that (z,, (z},a;)) € H"f.

n'n

It remains to prove part (e). We recall that a closed set A is connected if it
cannot be written as the union A = A; U Ay of two disjoint nonempty closed sets
Ay, Ay, Since H f(z) is convex by part (a), we see that H” f(x) is convex too and
therefore connected. If H” f is not connected, then H” f = A;UA, where Ay, Ay are
disjoint nonempty closed subsets of Dy x R? x (R\{0}). Since the sets H” f(z) are
connected, for each x € Dy, the set {x} x H” f(x) must be either entirely contained
in A;, or in Ay. It follows that setting B; := {x € Dy : {a} x H"f(z) C A;}
(¢ = 1,2) defines disjoint nonempty closed subsets By, By of D whose union is Dy.
But Dy is convex and hence connected, so we arrive at a contradiction. |

2.3 The generalized gradient

A function f : R? — R is affine if

f(A=pz+py) =1 -p)f(x)+pfly) (z,y R’ peR).

Each affine function is the sum of a linear function and a constant, and can there-
fore be written in the form

flx)= (2", x) — " (z € RY)

for some z* € R? and ¢* € R. We say that an affine function y — z*y — ¢* is
supporting at a point x € Dy if
(t,2) — " = f(a) and a'y—c < fy) (y€RY.

We call z* the slope of the supporting affine function y — x*y — ¢*. For any
f € Conv(R?) and x € Dy, we write

Df(z):= {x* eERY: fx)+ (", y —2) < fy) Vy € Rd},
(2.5)
Df:={(z,2%): 2 € Dy, 2* € Df(x)}.

D f is the collection of all slopes of supporting affine functions at . The gradient
of a continuously differentiably function f is defined as

0f () = (251 (), -, 595 f (@) (2.6)
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We note that for any y € R,
(5,0F(@)) = i =" (f(o + ) — (@)

is the directional derivative of f at x in the direction y. If f € Conv(RY) is
differentiable in x € Dy, then there is a unique supporting afﬁne function at =z,
whose slope is given by the gradient of f, so in this case D f(z { of (x } Thus,
we can view D f(z) as a possibly multi-valued generalization of the gradient of f.

As the reader may already have guessed, there is a one-to-one correpondence be-
tween the set of all supporting affine functions of f and the set of all supporting
hyperplanes that are not vertical. We will use this to derive the following propo-
sition from Proposition [2.6]

Proposition 2.7 (Generalized gradient) Assume that f € Conv(R?) and that
Uy # 0. Then:

(a) Df(x) #0 for all x € Uy,
(

b

) D

) Df(x) is a closed convex set for all v € Dy,
(c) Df is a closed subset of R*¢,

)

(d) Df is a connected subset of R,

Proof Let x € Dy. If (2%,a¢*) € H"f(z) and r > 0, then (rz*,ra*) € H" f(x).
Therefore, Proposition (c) implies that for each x € Uy, there exists an 2* € R?
such that (z*, —1) € H” f(x). Then (2.3) tels us that

(x*,y —a) — (f(y) — f(x)) <0 VyeDy,

which shows that x € Df(x). In view of this, part (a) follows from Proposi—
tion [2.6) - . Part (b) is immediate from the definition of D f(x) in . Parts (

and (d) follow frorn Proposition (d) and (e) and our earlier observation that
each (z*,a*) € H” f(x) can be normalized so that a* = —1. |

We have already argued that we can view D f(z) as a generalization of the gradient.
The following lemma makes this observation more precise.

Lemma 2.8 (Uniqueness of the slope) Let f € Conv(R?). Then the following
conditions are equivalent:
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(1) f is continuously differentiable on Uy,

(ii) for each x € Uy, the set D f(x) consists of a single element.

Moreover, under these conditions, Df(x) = {0f(x)} (x € Uy), where Of is the
gradient of f, defined in @

Proof If f is differentiable at z, then there is a unique supporting affine function
at x, so the implication (i)=-(ii) is trivial. For the converse, we refer to [Roc70
Thm 25.1]. To make this implication at least a bit plausible, we observe that (ii)
implies that there exists a function g : Uy — R such that

Df(x) ={g(=)} (v ely),

Now Proposition (b) says that the graph of g is a closed subset of Uy x R?, so
the closed graph theorem implies that ¢ is continuous. The technical part of the
proof is showing that ¢ is indeed the gradient of f. |

2.4 The convex hull of a function

The convezx hull f of a function f : RY — (—00,00] is the pointwise supremum of
all affine functions that lie below f| i.e.,

flx) = sup { (z*,2) — " 1 2" € RY, ¢ € R, (a*,y) —c* < fly) Vy € R}.

It can be shown that f is the largest lower semi-continuous convex function such
that f < f. We cite the following lemma from [Roc70, Thm 12.1].

Lemma 2.9 (Convex hull of a function) Assume that f : R? — (—o0,00] is
not identically co. Then f € Conv(R?) and f < f. Moreover, if g € ConX(Rd)
satisfies g < f, then g < f. In particular, f € Conv(R?) if and only if f = f.

Sometimes, to know a function, it suffices to know only its convex hull. Recall the
definition of strict convexity from Section [2.2]

Lemma 2.10 (Function determined by its convex hull) Assume that f :
R? — (—o00,00] is lower semi-continuous and assume that its convexr hull f is
strictly convex on Uy and that Uy # (). Then f = f.
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Proof Let us say that x € D; is an ezposed point of a function h € Conv(R?) if
there exists a supporting affine function y — h(z) + (2*,y — x) at x such that
h(z) + (z*,y — x) < h(y) Yy e RN\{z}. (2.7)

We claim that f(z) = f(z) for each exposed point = of f. To see this, let z*
be as in (2.7) with f in place of h and let ¢, be positive constants converging to
zero. For each n, there must be an y, such that f(z) + e, + z*(y, — x) > f(yn)
since otherwise, the affine function y — f(x) + ¢, + (z*,y — x) would lie below f
contradicting the maximality of f. Since f < f it follows that

?(yn) < f(yn) < 7(13) +ént x*<yn - x)
It is not hard to see that the closed convex sets
C, = {y eRY: f(y) < f(x) +en+ (z*,y — x)}

are in fact compact. Since the sets C,, decrease to {x}, we see that y, — z and
hence, by the lower semi-continuity of f, it follows that

f(x) < lminf f(y,) < liminf [J(2) + e, + 27 (90 — 2)] = (@),

Since f < f, the other inequality is trivial and we conclude that f(x) = f(z) as
claimed.

If f is strictly convex on Uz, then each point in U5 is exposed. By what we have

just proved, it follows that f = f on Up. Since each convex set is the closure of its
relative interior and since Uy = (), for each x € D?\LIT, we can choose Uz 2z, — .

Since f is lower semi-continuous and f is continuous on Dy, it follows that
f(z) <liminf f(z,) < lim f(z,) = f(z).
n—oo n—oo

This proves that f(z) < f(x) for all 2 € Dy. Trivially also f(z) < oo = f(2)
for z ¢ Dy and f < f on R% since f is the convex hull of f, so we conclude that

f=1r ]
2.5 The Legendre transform
The Legendre tmnsfor of a function f : R? — (—o00, 00] is defined as

f(z") := sup [(x*,x> — f(m)] (x* € ]Rd).

z€R4

2Sometimes also called Legendre-Fenchel transform or Fenchel-Legendre transform, to honor
Fenchel who first studied the transformation for non-smooth functions.
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slope x* slope x

Y y*
Figure 2.2: The Legendre transform.
This definition is demonstrated in Figure
Exercise 2.11 For a € RY, let I, denote the linear function l,(x) := (a,z), and

for any function f : RY — [—o0,00], define T, f(z) := f(z — a) (x € R?). Show
that:

(&) f[<g = fr>yg
b) (f+o)=f—c
(c) (f +l) =Tuf*
(d) (Tuf) =1"+la

Exercise 2.12 Let a > 0. Show that the Legendre transform of the function
f(x) = 3a2” (z € R) is given by f*(y) = 5=4* (y € R).

The following lemma implies that the Legendre transform maps Conv(R?) into
itself and that (f*)* = f for each f € Conv(R?).

Lemma 2.13 (Legendre transform) Assume that f : RY — (—o0, 0] is not
identically oo. Then f* € Conv(R?). One has

(i) f*(z*) = sup [(x*,z) — c], (ii) f(z) = sup [(x,x*) — c*], (2.8)

(z,0)€E(S) (z*,c*)EE(f*)
and .
(i) E(f)={(z,0): (z*,2) —c < f*(z*) Va* € R}, (2.9)
(ii) E(f*) ={(a*, ") : (x,2") — ¢* < f(z) Vo € R}.

Moreover, f*= (f)* and f** = f.
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Proof Since f is not identically oo, the function f* takes values in (—oo, 00]. Since
the supremum of a collection of convex functions is convex and the supremum of a
collection of lower semi-continuous functions is lower semi-continuous, we see that
f*, being the supremum of a collection of affine functions, is convex and lower
semi-continuous. This proves that f* € Conv(R?).

Since (z*,x) — f(x) > (x*,z) — ¢ for each (x,c) € E(f), it is clear that

f(z") := sup [(m*,x} - f(a;)} = sup [(x*,x) — c],
z€ER4 (z,c)€E(S)

which proves (i). We next observe that
&) =) e > sup [(o"a) = S(0)]}
={(z",¢"): (z",2) — " < f(z) Vo € R},
which proves (ii). This in turn implies

(x) = sup [(x*, x) — c*},
(z*,c*)eE(f*)

which proves (2.8) (ii). We postpone the proof of (2.9)) (i) and first prove the

remaining statements.

Since (¢*,2) — ¢* < f(z) Vo € R? if and only if (2%, 2) — ¢* < f(x) Vo € RY,
formula (2.9) (ii) shows that £(f*) = £((f)*) and hence f* = (f)*.

If f € Conv(R?) or equivalently f = f, then shows that f is defined in terms
of f* by exactly the same formula that defines f* in terms of f, which proves that
f** = f. More generally, if f: RY — (—o0, 00] is not identically oo, then we can
apply what we have just proved to f to conclude that f** = ((f)*)* = f. Formula
(2.9) (i) now follows by applying (i) to f*. |

The following lemma says that the generalized gradient of f* is the inverse of the
gradient of f. The relation (z*,z) = f(z) + f*(z*) is demonstrated in Figure 2.2]
See also Figure for an illustration of the Legendre transform of a non-smooth
function.

Lemma 2.14 (Slope of the Legendre transform) For any f € Conv(R?) and
z,z* € R, one has
(7, x) < f(x) + [7(27) (2.10)

Moreover,

(x,z*) e Df < (z%z)=f(z)+ f"(2") < (z%2)e Df".



68 CHAPTER 2. CONVEX ANALYSIS

f(x) fr(z)
‘ > T » x*
AT AL
Df
- Df*
/ & K

Figure 2.3: Legendre transform of a non-smooth function.

Proof The inequality follows immediately from the definition f*(z*) =
SUP,epa [(2*,2) — f(z)]. Assume that (z,2*) € Df. Then there exists a ¢* € R
such that (z*,2) — ¢* = f(x) and 2%y — ¢* < f(y) for all y € R%. By i),
this implies that (z*,¢*) € £(f*). On the other hand, since (z*,z) — ¢* = f(x),
for each & > 0 it is not true that x*y — ¢* + ¢ < f(y) for all y € RY, which again
by (ii) implies that (x*,¢* —¢) &€ E(f*) for all € > 0 and hence ¢* = f*(z*)
and (z*,z) = f(x) + f*(z*).

Assume, conversely, that (z*,z) = f(z) + f*(z*). Trivially (z*, f*(z*)) € E(f*)
SO (ii) implies that z*y — f*(z*) < f(y) for all y € RY Since moreover
(x*,x) — f*(x*) = f(x), this proves that the affine function = — (z*,z) — f*(z*)
is supporting at x and hence (z,2*) € Df.

This proves that (z,2*) € Df if and only if (z*,z) = f(x)+ f*(z*). By symmetry,
reversing the roles of z and x* and of f and f*, this is in turn equivalent to
(x*,z) € Df*. |
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2.6 Extensions of convex functions

For any g € Conv(R?) and closed convex set D C RY, setting f(x) := g(z) for
x € D and := oo otherwise defines a function f € Conv(R?). In such a situation,
we that f is the restriction of g to D and that g extends f. We say that f is a
restriction of g if there exists a closed convex D such that f is the restriction of ¢
to D.

Lemma 2.15 (Restriction of a convex function) Let f,g € Conv(R?) and
assume that Uy is nonempty. Then f is a restriction of g if and only if f(x) = g(x)
for all x € Uy.

Proof The condition is clearly necessary. To prove sufficiency, we observe that
since Uy is nonempty, Dy C Uys. Let x € U \Uf and Uy > z, — z. If f(x) < o0,
then the lower semi-continuity of g and the fact that f is continuous on D imply
that

g(x) < lim () = f(z),

and this inequality also trivially holds if f(x) = oco. The inequality g(z) < f(z)
cannot be strict since this would contradict the fact that g is continuous on Dy,
so we conclude that f(z) = g(x) for all z € U;. Setting D := Uy, it follows that
f(z) = g(x) for all z € D and = co otherwise, i.e., f is a restriction of g. |

Let f € Conv(R?Y) and assume that U; # (. By definition, we say that a f is on
mazximal domain if it satisfies the equivalent conditions (i) and (ii) of the following
lemma.

Lemma 2.16 (Convex functions on maximal domain) Let f € Conv(R?)
and assume that Uy # 0. Let Dof = {(z,z*) € Df : © € Us}. Then of the

following conditions, (i) and (i) are equivalent and imply (iii).

(i) Dof is a closed subset of R*?,
(11) Dof - Df;
(iii) f =g for all g € Conv(R?) that extend f.

Proof The implication (ii)=(i) follows from the fact that by Proposition (c),
Df is a closed subset of R??. Assume, conversely, that D, f is a closed subset of R2?.
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Then D, f is a closed subset of D f. On the other hand, since D, f = D fN(U; xR%),
it is also open as a subset of D f. By Proposition (d), Df is connected so aso
using the fact that D, f # () by Proposition (a) we see that D.f = Df. This
proves the implication (i)=-(ii).

To complete the proof, we need to show that (ii)=-(iii). Assume that f satisfies
(ii) and that there exists a g € Conv(R?) with g # f that extends f. Then U,\D
is nonempty and hence there exists an « € U, that lies on the boundary of D. By
Proposition (a), there exists a supporting affine function for ¢ at z. Since this
is also a supporting affine function for f at x, we conclude that there exists an
(x,x*) € Df for which = ¢ Uy, contradicting (ii). |

Remark [ conjecture that the conditions (i)-(iii) are in fact all equivalent, but
I have not found a reference (though the claim, if it is true, is probably known).
The conjecture is certainly true and quite easy to verify in one dimension, but the
higher-dimensional case is more tricky. For any f € Conv(R?) one can define

h(y) == oy [f(@)+ (z*,y—=x)]  (yeR?).

Since h is the supremum of all affine functions that support f in some point x € Uy,
we see that h is lower semi-continuous and convex and that h(z) = f(z) for all
x € Uy, which by Lemma implies that h extends f. In fact, it is easy to see
that each extension g of f must satisfy h < g < f, so (iii) is equivalent to the
statement that f = h. To prove the conjecture, one would have to show that if (i)
and (ii) fail, then h # f. Since this is not completely straightforward and we will
not need this in what follows, we will skip this.

2.7 Well-behaved convex functions

Recall the definition of strict convexity from Section and the definition of
“maximal domain” just above Lemma [2.16 For each n € Ny U {oo}, we let
Conv,,(R%) denote the class of functions f € Conv(R?) such that

(i) Uy # 0,
(ii) f is n times continuously differentiable on U,

(ili) f is strictly convex on Uy,
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(iv) f is on maximal domain.

For a twice continuously differentiable function f, we let 9% f(z) defined as

2 o 92
aijf(m) = 8ac(i)8az(j)f(x)
denote the matrix of its second derivatives. Then

d d

L@ tey)]._y = > v)555 (X vi)sis @)

i=1 j=

d
=y f(@)y(h) = (v, 0 f(z)y).

For the spaces Conv, (RY) with n > 2, an equivalent formulation of condition (iii)
1s

(i)’ (y, 0*f(z)y) > 0 for all z € Uy and y € R*\{0},

which says that the symmetric matrix 92 f(z) is strictly positive definite for all x €
Uys. The condition that f is on maximal domain can alternatively be formulated
as

(iv)” |0f(zn)| —> oo whenever U; >z, — x € R\U;,.

n—oo n—oo

Indeed, if (iv)’ holds, then {(z,2*) € Df : © € Uy} is a closed subset of Df and
hence, by Proposition (c), also of R?¢, On the other hand, if (iv)’ fails, then
by going to a subsequence we can find U; > x, — = € R:\U; such that df(x,)
converges to a finite limit #* € R?. Since Df is closed by Proposition (c), it
follows that (z,2*) € Df which contradicts condition (ii) of Lemma [2.16]

The following proposition links the spaces Conv,,(R?) to the Legendre transform.
There does not seem to exist established terminology for these spaces but we will
sometimes call elements of Conv, (R?) well-behaved. Recall that a homeomorphism
is a bijection ¢ such that both ¢ and ¢! are continuous functions.

Proposition 2.17 (Well-behaved functions) Let f € Conv,(R?) for some 1 <
n < oo. Then:

(a) f* € Conv,(RY).



72 CHAPTER 2. CONVEX ANALYSIS

b) Of : Ur — Us- is a homeomorphism, and (Of)~1 = Of*.
( ;= Uy

(c) For each x* € Up~, the function y — (z*,y) — f(y) assumes its mazimum in
the unique point v = 0f*(z*).

Proof We start by proving (b). Using Lemma and the assumptions that f is
on maximal domain and continuously differentiable, we see that

Df = {(x,x*) eDf:xGZ/lf} = {(x,af(x)) EDf:xEUf}.

Since f is strictly convex, the function df is one-to-one. Since Df is closed by
Proposition (c), the closed graph theorem tells us that df is a homeomorphism
from U; to some open set O C RY. By Proposition (a) and Lemma ,
Up« C O C Dy« and hence O = Uy« since O is open. Lemma now tells us that

Df*={(",(0f)"(z")) : 2" € Up-},

so Lemma [2.8 allows us to conclude that f* is continuously differentiable and
(0f)~' = 0f*, concluding the proof of part (b).

We next prove (a). Since Of : Uy — Uy~ is a bijection, clearly Uy # 0 implies
Up« # 0. Since Of is strictly increasing and n — 1 times continuously differentiable,
its inverse (Of)~! = Of* has the same properties and hence f* is strictly convex
and n times continuously differentiable on U-. By Lemma the fact that f is
continuously differentiable and on maximal domain, and part (b), we see that

Df = {(a".2): (r.4%) € Df)
={(0f(z),z) :x €Uy} = { (=", 0f*(z%)) : 2" €Uy},

which proves that f* is on maximal domain.

It remains to prove (c). Since Of : Uy — U+ is a bijection, Uy- is the range of
values that 0f(x) can take. Since Uy~ is an open convex set, it follows that the
strictly concave function y — (x*,y) — f(y) is increasing for small values of y,
decreasing for large values of y, and assumes its maximum in the point x that is
uniquely characterized by the condition that z* = df(x). Since Of* is the inverse
of f, this proves (c). |



Chapter 3

Sums of 1.1.d. random variables

3.1 Cramér’s rate function

After two chapters of abstract real analysis we are now slowly returning to proba-
bility theory and preparing to prove our first large deviation principles. We start
by studying the rate function in Cramér’s theorem (Theorem . Because we
will need this in what follows, we will generalize somewhat and immediately state
our results in the multi-dimensional case.

For any probability measure 1 on R? which has at least finite first, respectively
second moments, we let

()i)i= [ ntde)o(i),
Covi()i= [ n(@ya(ifelq) ~ ([ n(do)z(@) ( [ utde)s(s)

(i, = 1,...,d) denote the mean and covariance matriz of . The class Conv, (R?)
mentioned below is defined in Section 2.7

Lemma 3.1 (Smoothness of logarithmic moment generating function)
Let pu be a probability measure on RY and let Z be given by

Z0\) = / e udz) (e RY). (3.1)
Assume that Z(\) < oo for all X € R? and for A € R, let uy denote the tilted law

() = ﬁe%@ u(de) (A eRY). (3.2)

73
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Then A — log Z(\) is infinitely differentiable and

(1) aap log Z(A) = (i) (0),

.. 2
(i) ax(gax(j) log Z(A) = Covij(pn)

} ANERY 4,j=1,...,d).
In particular, if {(y,Cov(u)y) > 0 for all y € RIN\{0}, then log Z € Conv,(RY).

Proof We only give the proof in the one-dimensional case. The proof in the multi-
dimensional case is basically the same but notationally more complicated. We
claim that A — Z(\) is infinitely differentiable and

(Z)"z(\) = /x”e’\ru(dx).

To justify this, we must show that the interchanging of differentiation and integral
is allowed. By symmetry, it suffices to prove this for A > 0. We observe that

% I’nekxu(dl‘) _ }:IL% In€_1(€(>\+5)x _ e)xx)lu(dx)’

where

Ate
Ae)z e)\a:’ _ 81/ xe/{xdﬁ‘ < ’x‘n+1e()\+1)x (33' c R, e < 1)
A

2]~ |e |z

It follows from the existence of all exponential moments that this function is in-
tegrable, hence we may use dominated convergence to interchange the limit and
integral.

It follows that

) Frioe 200 = o [ utaa) = LTS — ),
(i) Zlogz(n) =2 “"ZGMM(dZJf()A)—Q (J ze* p(dx))? (3.3)

= [ #untan) = [ ans(da))” = V(o)

Since log Z(A) is finite for all A € R it satisfies conditions (i) and (iv) of the
definition of Conv, and since it is infinitely differentiable it satisfies condition (ii)
too. If Var(u) > 0, then Var(uy) > 0 for all A and hence 88—/\22 log Z(A) > 0, showing
that log Z is strictly convex. In the multidimensional case, the condition Var(u) >
0 must be replaced by strict positive definiteness of the covariance matrix. |
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YA
O——00
Jog Z(\) I(y) |
I(y) ‘
- A ‘ E i Y+ i Y
A 8% log Z(\) A a%j(y) |
oo &
P/ |
A //') 3 Y+ v

Figure 3.1: Definition of the rate function in Cramér’s theorem. The functions
below are derivatives of the functions above, and inverses of each other.

Exercise 3.2 (Maximal and minimal mean of tilted law) Let u be a prob-
ability law on R such that [e**p(dz) < oo for all A € R and let uy be defined as
in Lemma .1l Show that

lm (uy) =y- and  lim () =y,
A——o00

A——+o00

where y_ := inf(support(u)), y, := sup(support(u)).

We next turn our attention to the Legendre transform I of log Z, which plays
the role of the rate function in Cramér’s theorem. The following lemma lists some
properties of the function I that is the Legendre transform of log Z. See Figure|3.1
for an illustration.

Lemma 3.3 (Properties of the rate function) Let i be a probability measure
on RY. Assume that the moment generating function Z defined in is finite



76 CHAPTER 3. SUMS OF I.1.D. RANDOM VARIABLES

for all X € R and that
(y,Cov(p)y) >0 (0#yeRY).

For A € R?, define uy as in and let (u) resp. (ux) be the mean of 1 and py.
Let I : RY — (—o00, 00| be the Legendre transform of log Z. Then:

(i) I € Convy,(RY),

(i) I({i)) =0 and I(y) > 0 for all y # (u).

(iii) I is a good rate function.

)
)
)
) Up={{m\) : A e R}
)
)

~

(iv
(v) Uy is the closed convex hull of support ().

(vi) For each y, € Ur, the function RY 5 X\ — (yo,\) — log Z()\) assumes its
mazimum in a unique point Ao € R, which is uniquely characterized by the
requirement that (i) = Yo.

Proof The fact that I € Conv,(R?) follows from Proposition (a) and the
fact that log Z € Conv(R?), which follows from Lemma and the assumption
that the matrix Cov(u) is strictly positive.

It is immediate from the definition of Z(\) that Z(0) = 1 and hence log Z(0) = 0.
Since [ is the Legendre transform of log Z, Lemma tells us that log Z is the
Legendre transform of I. In particular, this shows that

0 = log Z(0) = sup [(0,y) — I(y)] = — inf I(y),

yER yeR

proving that I > 0. By Lemma Olog Z(0) = (u) =: p, which means that
A+ (p,\) is a supporting affine function to log Z at the point A = 0 and hence

I(p) = sup [{p,\) —log Z(\)] = 0.

A€R
Since I € Conv(R), it is strictly convex, so I(y) > 0 for all y # p, proving
part (ii).

Since I € Convy,(RY), it is lower semi-continuous, while part (ii) and the convexity
of I imply that the level sets of I are bounded, hence [ is a good rate function.
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Property (iv) is immediate from Proposition 2.17] (b) and Lemma [3.1 Proposi-
tion m (c) moreover tells us that for each y, € Uy, the function RY > \
(Yo, A} — log Z(\) assumes its maximum in a unique point A\, € R%, which is given
by Ao = 01 (y.). By Proposition[2.17 (b), the function A — dlog Z(A) is the inverse
of y — 01(y), so the condition A\, = 91(y,) is equivalent to dlog Z(\s) = yo. By
Lemma [3.1] this says that (uy.) = o, proving (vi).

It remains to prove (v). Since support(jy) = support(u) for all A € R?, it is easy
to see that if H is an open half-space such that HNsupport(u) = 0, then (u,) & H.
Since by , the complement of C(support(z)) is the union of all open half-spaces
that do not intersect support(y), this proves the inclusion ; C C(support(u)).

On the other hand, if H = {y € R?: (\,y) > ¢} is an open half-space such that
H N support(u) # 0, then, in the same way as in Exercise , one can check
that there exists some r > 0 large enough such that (u,,) € H. This proves
that C(U;) D C(support(y)). Since I is convex, so is Uy, and therefore the closed
convex hull of U; is just the closure of ;. Thus, we have U; O C(support(u)),
completing our proof. |

We also provide the proof of Lemma from the introduction, which gives a bit
more detail than Lemma [3.3]in the one-dimensional case.

Proof of Lemma Properties (i), (ii), (vi) follow from Lemma (i), prop-
erties (iii) and (iv) follow from Lemma (ii), and property (v) follows from

Lemma (3.3 (vi).
Property (vii) follows from the fact that, by Proposition (b),0I : (y_,y+) > R
is a bijection. The fact that I” > 0 on U; follows from the fact that I € Conv.

We recall that if f is smooth and strictly increasing and f(x) = y, then %f(x) =
1/(8%f*1(y)). Therefore, Proposition [2.17| (b), the fact that dlog Z(0) = p, and

Lemma [3.1] imply that 0*I(p) = 1/(8?log Z(0)) = 1/0?, proving part (viii).

To prove part (ix), finally, by symmetry it suffices to prove the statement for y. .
If y; < oo, then

@—I(y+) — inf [elog Z(A) = y+>\] — inf e—y+>\2(/\)

AER AER
=i —Y+A AY =i My —yy)
inf ¢ / e pu(dy) = inf / e p(dy)
= }Lrgo/ MY =Y u(dy) = p({n, ),

which completes our proof. |
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3.2 Cramér’s theorem

We are finally ready to leave the abstract theory and prove our first “real” large
deviations result, which is Cramér’s theorem. We could (as Cramér did in 1938)
have proved this result by more elementary means and indeed the proof below does
by far not use all the abstract theory that we have developed so far, but we will
soon move on to the Gartner-Ellis theorem, for which we will be able to give a very
short and elegant proof that however essentially depends on exponential tightness
and fairly subtle results from convex analysis like Lemmas and

Proof of Theorem |0.1| By symmetry, it suffices to prove (0.2)) (i). In view of the
fact that 1p ) (2) < €, we have, for each y € R and A > 0,

If y > p, then, by Lemma , a%[log Z(A) — Mllazo = p —y < 0, so, by the
convexity of the function A — [log Z(\) — Ay,

inf[log Z(\) — \y] = /i\lglf&[log Z(N\) = Ny = —1(y).

A>0

Together with our previous formula, this shows that
P[l iXk >y) < e ™MW (y> ),
gyt -

and hence, in particular,

1
limsup —logP[T}, > y] < —I(y)  (y > p).

n—oo T

To estimate the limit inferior from below, we distinguish three cases. If y > y.,
then P[T,, > y] = 0 for all n > 1 while I(y) = oo by Lemma (v), so (i)
is trivially fulfilled. If y = yy, then P[T;, > y] = P[X; = y,|* while I(yy) =
—logP[X; = y4] by Lemma [0.2] (ix), hence again (0.2)) (i) holds.

If y < yy, finally, then by Proposition (b) and (c), I(y) = supcr|yA —
log Z(A\)] = yA, — log Z(\), where A\, = (0log Z)~'(y). In other words, recalling
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Lemma 3.1} this says that A, is uniquely characterized by the requirement that

(1r,) = 0log Z(A,) = y.

We observe that if ()2' k)k>1 are i.i.d. random variables with common law i, and
T, = %22:1 X, then hfnn_}oo P[T, > y] = % by the central limit theorem and
therefore lim,, o % log P[T,, > y|] = 0. The idea of the proof is to replace the law
p of the (Xy)g>1 by ua, at an exponential cost of size I(y). More precisely, we

estimate

n

PIT, 2 4] = B[ 3 (6~ )2 0] = [utdon) -+ [udea)lsa oy 0)

k=1

_ Z(>\O>n/e/\ox1/1’/\o (diCl) ce /erngAo (da]n)l{ZZ:1<xk _ y> > O}

=20 e [ (o) [ s ()

A (ke —
xe e L y)l{Zzzl(xk—y)ZO}

~

— nl (y) 77,)\0 (7n y) A
€ E [6 1{Tn y > 0}} .
By the central limit theorem,
]P’[ < [ <— 1/2} /—1 1 € Z2/2d =:0>0
7n +on — Z : .
S Yy " 5 0

Since

E[e~As(Tn = v) ] > Py < T, <y+on V2] e VoA

Y —y>0

this implies that

mint Log E[e—mAo(Es ~ 9
hgr_l)g()lfﬁlogE[e 1{Tn N 0}}

> liminf © log (ee—\/ﬁ“o) = —liminf l(loge +V/nol,) = 0.

n—oo M n—oo 1

Inserting this into (3.4)) we find that

1
liminf — log P[T}, > y] > —1(y) (y > p).

n—oo 1
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Remark Our proof of Cramér’s theorem actually shows that for any p <y < y.,
e—nI(y) — O(vn) <P[T, >y] < e—n[(y) as n — 00.

Here the term of order y/n in the lower bound comes from the central limit theorem.
A simpler method to obtain a more crude lower bound is to use the weak law of
large numbers instead. For each A\, > \,, the calculation in (3.4]) shows that

P[T, > 4] = e~ N[Ay —log Z(A*)]E[e—n/\*(Tn - y)l{Tn . 0}},

where 7! » now denotes the mean of n i.i.d. random variables with common law
., instead of uy,. Let € := (uy,) — (1r,) = (pa.) — y. By the weak law of large
numbers

Ply<T, <y+2] — 1.

n—o0

Inserting this into our previous formula yields
P[T, > y] > e Ay —log Z(A)] o —n2ed.

and hence
liminf P[T,, > y] > Ay —log Z(A\.) — 2e ..

n—oo

Since € | 0 as A, | Ao, taking the limit, we obtain that

liminf P[T,, > y] > Aoy —log Z(Xo) = I(y).

n—oo

Remark Using Theorem [0.1] it is not hard to show that indeed, the laws P[T,, € -]
satisfy a large deviation principle with speed n and good rate function 7. We will
postpone this until we treat the multi-dimensional case in Theorem [3.5] Theo-
rem is in fact a bit stronger than the large deviation principle. Indeed, if
yy+ < oo and p({y+}) > 0, then the large deviation principle tells us that

limsup pa([y4,00)) < — inf  I(y) = —I(y+),
n—o00 YE[y+,00)
but, as we have seen in Excercise [1.11], the complementary statement for the limit
inferior does not follow from the large deviation principle since [y;, 00) is not an
open set.
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Remark Let Uz be the interior of the interval {\A € R : Z(\) < oo}. Theorem
remains true if the assumption that Uz = R is replaced by the weaker condition
that 0 € Uy, see [DZ98, Section 2.2.1]. When we treat the multi-dimensional case
in Theorem below, we will prove Cramér’s theorem under the assumptions that
0 € Uz and log Z € Convy(R). This is more general than Theorem but does
not cover all cases where 0 € U5.

Remark For p < y < y,, it can be shown that for fixed m > 1,

IP’[Xl edry,...., X, € dxm‘%ZXk Zy} 7j?ou%(dxl)'--u,\o(dyz:m),
k=1

where ) denotes a tilted law as in Lemmal3.1}and ), is defined by the requirement
that (u,) = y. This means that conditioned on the rare event = 37 | X >y, in
the limit n — oo, the random variables X4, ..., X, are approximately distributed
as if they are i.i.d. with common law .

3.3 The Gartner-Ellis theorem

In Theorem [3.5| below, we will see that Cramér’s theorem generalizes to the multi-
dimensional case in a more or less straightforward manner. We will also prove
Theorem about moderate deviations from the introduction. As preparation
for both proofs, we will prove a theorem that is considerably more general and
can also often be applied to dependent random variables. Below is a version of
the Gértner-Ellis theorem. The class Conv;(R?) mentioned below is defined in
Section 2.7

Theorem 3.4 (Gartner-Ellis) Let p,, be probability measures on R? and let s,
be positive constants such that s, — co. Assume that for each X € R?, the limit

['(A) := lim llog/6‘9”<)"3€>,un(dx) (3.5)

n—o0 S,

exists in [0, 00] and that ' € Convy(R?) and 0 € Ur. Then the measures p, satisfy
the large deviation principle with speed s, and good rate function I given by

I(z) == sup [(A\,z) — T(\)] (z € RY).

AER4
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Proof We start by proving exponential tightness. For each 0 # A\ € R? and ¢ > 0,
let H) . denote the half-space

Hy.:={zeR": (\z) > c}.
Then we can estimate

ilogun(fh,c) < Llog / eSn (A2 =)y (dar)

n n

= ilog/ €S”<)"w>,un(dx) —c— T\ —c

n n—oo

Since 0 € Ur, we can choose vectors Aq, ..., \, € Ur such that

is compact for each ¢ > 0. The minimum number of vectors we need is n = d + 1
but it is simpler to choose two vectors, one positive and one negative, in each
basis direction, so that K, . .. has the shape of a hyperrectangle and n = 2d.
Applying our previous estimate with ¢ large enough, using also Lemma [1.10] then
yields exponential tightness.

We claim that in fact, for each \ € Ur, the measures
pi(da) = 50T, (da)

are exponentially tight. Indeed, for these measures, the limit

1

Ty(V) = lim —log/ e5nN T A (dg) = T+ )
n—oo S,

exists in [0, 00] for all \' € R? and T’y satisfies the same properties as I', so the

claim follows from our previous argument.

We now prove the large deviation principle. We aim to apply Lemma(l.30, By The-
orem [1.25] exponential tightness implies that each subsequence (u,, s,) of (tn, sn)
contains a further subsequence (u,s”) of such that the u” satisfy a large devia-

tion principle with speed s/ and some good rate function J. By Lemma [1.30, to
complete the proof, it suffices to prove that J = I.

Using the exponential tightness of the y and Varadhan’s lemma for unbounded
functions (Lemma |1.31)), we see that for each A\ € Ur

['(A\) = lim %log/ esﬁ(A’xM;;(dx) = sup [(\,z) — J(z)]. (3.6)

n—oo Sy, xER4



3.3. THE GARTNER-ELLIS THEOREM 83

Let g(\) be defined by the right-hand side of (3.6). Then Lemma tells us that
[ is a restriction of g. Since by assumption I' € Conv;(R?), the function I is on
maximal domain and hence by Lemma we conclude that (3.6)) holds for all
A € RY

Taking the Legendre transform on both sides of , applying Lemma , we
see that I = .J, where J denotes the convex hull of J. Since I' € Conv,(R?),
Proposition m (a) tells us that I € Conv;(R%). In particular, I is strictly convex
on Ur and Uy # (), so we can apply Lemma to conclude that I = J. |

As an application of the Gartner-Ellis theorem, we can give a quick proof of a
multi-dimensional version of Cramér’s theorem.

Theorem 3.5 (Multi-dimensional Cramér’s theorem) Let (Xj)r>1 be i.i.d.
Re-valued random variables with common law . Assume that the moment gener-

ating function Z(\) defined in is finite for all X € RY. Then the probability

measures

1 n
=P . >
k=1
satisfy the large deviation principle with speed n and rate function I given by

I(y) := sup [()\,y) — log Z()\)}.

AER4

Proof We apply the Gértner-Ellis theorem with s,, = n and I'(A) = Z(\). Indeed,
by the independence of the random variables (Xj)g>1, we have

%ng[eZZMaXQ] = Z())

for each n, so the right-hand side of (3.5)) is constant as a function of n.

Let p denote the law of X;. Then the covariance matrix Cov(u) is a symmetric,
nonnegative definite matrix, which can be diagonalized with respect to a suit-
able orthonormal basis. Therefore, we can without loss of generality assume that
Cov(p) is a diagonal matrix and that d = d; 4+ dy where Covy; () > 0 for 1 <i < d;
and Cov(u) =0 for dy +1 < i < dy + dy. For y € R we write y = (y1,y2) with
y; € R% (i = 1,2). Since Covy(u) =0 for dy +1 < i < d; + dy, there exists some
Uy € R% so that p is of the form py = py ® §5,. Now

Z(Ms Ne) :/60\1,1’1) + (2 22) () = e<)‘2752>/e<)‘1’$1>u1(dx1),
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so that log Z(\) = log Zi(\1) + (Aa,T) with Z(A;) == [ eAu@1)y(day). Tt
follows that

I(y) = sup [<A1,y1> + (A2, y2) — log Z1(\1) — <)\2,§2>}-

AER4

From this, we see that

sup [()\1, y1) — log Zl()\l)} if yo = 7o,
I(y1,y2) = § MeRh

00 otherwise.

Lemma tells us that Z; € Conv,(RY) and hence we can apply the Gértner-
Ellis theorem to conclude that the measures p,, satisfy the large deviation principle
with speed n and rate function I. |

Remark We recall that elementary properties of the rate function I are listed in

Lemma [3.3]

Remark Our proof of Theorem shows that the condition that Z(\) is finite
for all A € R? can be replaced by the weaker assumption that log Z € Conv, (R?).
In fact, it suffices if Z(\) < oo for A in some open environment of the origin, see
[DZ98] Section 2.2.1], but this strongest version of Cramér’s theorem cannot be
derived from the Géartner-Ellis theorem.

We next turn our attention to moderate deviations. The following theorem im-
plies Theorem For notational simplicity, we only state and prove the one-
dimensional case. The multi-dimensional case is similar, with I(y) = 1(y, Cov™'y),
where Cov is the covariance matrix of X; and Cov™! is its inverse.

Theorem 3.6 (Moderate deviations) Let (Xj)r>1 be a sequence of i.i.d. ab-
solutely integrable real random wvariables with mean E[|Xi|] = 0 and variance
0? = Var(X;) > 0. Assume that there exists an ¢ > 0 such that E[e**'] < oo
for all [\ < e. Then, for each % < «a < 1, the probability measures

1 n
L, ::P[EZXICG'} (n>1)
k=1

1

satisfy the large deviation principle with speed n**~1 and rate function I given by

I(y) = T;?f (y € R).
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Proof We apply the Girtner-Ellis theorem with s, = n?*71. Let Z(\) := E[e*]

(A € R). Then, as in the proof of Theorem , log [ 6<>"x>un(d$) = nlog Z(\).
It follows that

2c0—1 a—1 n
pl—2a log/ el )‘z,un(dx) = ! 2 og B [e" AD iy Xk}
a—1
S R log]E[en )‘Xl} =n*"log Z(n* '\).

It follows from Lemma that log Z is infinitely differentiable with log Z(0)

0, (log Z)'(0) = 0, and (log Z)"(0) = 30?, so approximately logZ(n®~'))

%0’27120472/\2 when n is large and in this way we see that 1’ is satisfied with

&l

I(A) =30°X (AeR).

Then clearly I' € Conv,(R), so to complete the proof, it suffices to notice that by
Exercise the Legendre transform of I' is the function I defined above. |

3.4 The Boltzmann-Sanov theorem

Our next aim is to prove the Boltzmann-Sanov theorem (Theorem from the
introduction). As in Section , S is a finite set and p is a probability measure
on S such that p(z) > 0 for all z € S. We let (X)g>1 be i.i.d. with common law
p and define the empirical distributions (M,,),>; as in (0.6, i.e.,

1 n
Mn = E;(SXM

where 0, denotes the delta-measure at x € S. Let p, be the law of M,,. Note that
pn € M1(M;1(S)), i.e., p, is a probability law on the space M;(S) of probability
laws on S. We will prove the following theorem.

Theorem 3.7 (Boltzmann-Sanov) The probability laws p, satisfy the large de-
viation principle with speed n and good rate function H(-|u).

Together with Lemma (that we also still need to prove) this then implies
Theorem from the introduction. Indeed, by Lemma (iv), the rate function
v — H(v|p) is continuous, and so each closed set C' C M, (.S) that is the closure of
its interior is a continuity set for the rate function. Therefore, the large deviation
principle implies (0.7), see Remark 1 below Proposition [1.7]
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We can naturally view M (S) as a subset of R¥, the space of all functions v : S —
R. Then (dx, )k>o is a collection of i.i.d. random variables with values in the finite
dimensional space R®. Applying the multidimensional Cramér’s theorem to these
random variables, we immediately obtain the following result.

Proposition 3.8 (A large deviation principle) The probability laws p, sat-
1sfy the large deviation principle with speed n and good rate function I given by

I(v) = sup [(v,0) =T(¢)] (v eR?), (3.7)
where
—log > u(@)e®®) (g cR). (3.8)

Proof This follows from applying Theorem [3.5] with

2(¢) =E[e{®0x)] = 3" u(@)e®®) (4 RS).

z€S

Since the measures p, are concentrated on M;(S), Proposition implies that
the rate function defined in (3.7) satisfies I(v) = oo for each v € R¥ that is not
a probability measure. Theorem follows immediately from Proposition 3.8
formula , and the following proposition.

Proposition 3.9 (Variational formula for relative entropy) Let S be a fi-
nite set and let y be a probability law on S such that p(x) > 0 for all z € S. Then
for each probability law v on S, one has

H(v|p) = sup [{v,¢) —T(¢)],

pERS

where T(¢) :=log > o e?@p(z).

Proof For each ¢ : § — R, we define a probability law pu, on S by

() = %u(m)ew@) (x€S) with Z(¢):= Z,u(z)ew(z). (3.9)
z€8S
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Then
1) = = () (@) b(r) _ pol)
us(o) = pmlale ) o 2()
o (T
= ) =log (" 5) tloeZ()  (we8)
which by the fact that I'(¢)) = log Z(¢)) implies that
(g, ) = T()) = > gz log( (x)) = H(pyln).

z€eS ( )

Using this, we see that more generally

(b 0 + &) = T( + ) = (u¢!u)+r(¢) <u ,0) =T +9)

= Hlpglpe) + (o 6) — { 1083 @ T 00 p0) —10g 2(1)}
z€S
= H(pylp) + (pp, 8) —log > ey, (x).
€S

Applying Jensen’s inequality to the exponential function, which is convex, we see

that
Z €¢ /WJ > €<:U“¢ ¢>
z€S

which by our previous formula tells us that

(g, 0+ &) = T(¥ + @) > H(puy|p)

with equality if ¢ = 0. Since for any v € M;(S), we can choose 1) such that
v = 1y (indeed, ¥(z) := log (v(z)/p(z)) will do), setting ¢’ := ¢ + ¢, we see that

H(v|p) = sup [(v,¢') —T(¢')],

¢’ERS

where in fact the supremum is attained for ¢’ = 1. |
To complete this section, we give the proof of Lemma from the introduction.

Proof of Lemma Let x be any fixed probability measure on S and let
Vi={neR: Y _¢n(z) =0} We claim that the function I(n) := H(x + n|u)
(n € V) satisfies I € Conve. (V). This follows from Lemma and the fact that
H(-|p) is the Legendre transform of log Z, where as in the proof of Theorem
we must reduce the dimension to take care of the fact that the covariance matrix
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of the law of the random variables (dx, )x>1 is not strictly positive definite but has
one eigenvalue that is zero.

It is straightforward to check that H(v|u) < oo for all v € M;(S), so the fact
that I € Convy, (V) tells us that v — H(v|u) is convex on M;(S), and infinitely
differentiable and strictly convex on the interior of M;(S). Since the measures p,
in Theorem [3.7| are probability measures, H( -|u) is a normalized rate function so
inf, e, sy H(v|p) = 0. The weak law of large numbers implies that

1 —
inf H(v|p) > lim —logP[M,, € O] =0
n—o0o N,

veO

for each open set O that contains p, so we must have H(u|n) = 0. On the other
hand, since H(-|p) is strictly convex on the interior of M;(S), we must have
H(v|p) > 0 for all v # p. |

Remark We have based our proof of Theorem on the multi-dimensional
Cramér’s theorem, which gives important additional insight in the relative en-
tropy function in the form of the variational formula of Proposition [3.90 Den
Hollander [Hol00, Thm II.2] gives a much more elementary proof of Theorem
that goes as follows. Let N, (S) be the set of all functions x : S — N on S such
that ) ¢ x(z) = n. Then

P[M, =n"'k] = nl H ﬁ(i)!u(x)”(’”) =: ®(n, k).
z€S

Let O C M;(S) be open and let
Qn(0) := max {®(n, k) : k € No(S), n 'k € O},

Then
Qn(o) < P[Mn = n_ll"?} < |Nn(5)|Qn<O)

and hence
1 1 a1 1
~log Qu(0) < ~logP[M, = n""'r] < ~log Qu(0) + — log [N (S5)].
n n n n

Now |V, (S)| < nl and hence the error term satisfies

1 1
—log INL(S)] < —|S|logn — 0.
n n n—00
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Stirling’s formula says that logn! = nlogn — n + O(log n), which gives

log<I>(n,/<;)%(nlogn—n)—Z( (x)log k(x —|—Z ) log p(x
z€eS z€eS
:nlogn—z )log k(x —1—2 ) log p(x
€S €S

Dividing by n, this gives

%log O(n, k) ~ — Z KE;E) log ( wlz) ) = —H(n_lfﬁ | M)-

ERTE

Using the continuity of H(-|u) and the fact that the sets {n™'x : K € N,,(S)} are
dense in M;(S) in the limit n — oo, it is now easy to derive the large deviation
lower and upper bounds.

Exercise 3.10 (Joint continuity of relative entropy) Let S be a finite set
and let M;(S) :== {u € My(S) : u(x) > 0 Vo € S}. Prove the continuity of the
map

M (S) x Mi(S) 3 (v, ) = H(v|p).

Exercise 3.11 (Convexity of relative entropy) Let S be a finite set and let
€ My(S). Give a direct proof of the fact that

My (S) > v— H(v|p)

is a lower semi-continuous, convex function.

3.5 Relative entropy

In the final section of this chapter, we will prove Sanov’s theorem, which generalizes
the Boltzmann-Sanov theorem to Polish spaces. To prepare for this, in the present
section, we study the rate function, which is the relative entropy.

Let E be a Polish space and let M;(E) be the space of probability measures
on E, equipped with the topology of weak convergence, under which M;(FE) is
Polish. Recall that by the Radon-Nikodym theorem, if v, u € M;(FE), then v has
a density w.r.t. p if and only if v is absolutely continuous w.r.t. p, i.e., v(A) =0
for all A € B(E) such that pu(A) = 0. We denote this as v < p and let S_Z denote
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the density of v w.r.t. i, which is uniquely defined up to a.s. equality w.r.t. u. For
any v, i € My(FE), we define the relative entropy H(v|u) of v w.r.t. p as

/log (—)dv = / m log (@)du if v < p,

00 otherwise.

H(v|p) =

Note that if v < pu, then a.s. equality w.r.t. p implies a.s. equality w.r.t. v, which
shows that the first formula for H(v|u) is unambiguous.

The following property of the relative entropy is well-known, and easy to prove.

Lemma 3.12 (Unique minimizer) For u,v € My(E), one has H(v|u) > 0
with equality if and only if v = p

Proof Define @ : [0,00) — R by
zlogz—z+1  (2>0),
/dy/ dz { (z=0). (3.10)
Then & is continuous at 0 and
1
P'(z) =logz and @"(z) = B (2 >0).

We observe that

/dm (3:) - /dl/log (j—:) —/dy+ 1= H(v|n).

Since @ is strictly convex, Jensen’s inequality gives

o) = [ () zo(fanf) =0

with equality if and only if dv/dpu =1 a.s. w.r.t. p. n

Our next aim is to prove a generalization of Proposition [3.9] As before, we let
By(E) and Cy(E) denote the linear spaces of all bounded Borel-measurable and
bounded continuous functions f : E — R, respectively. For each u € M;(E), we
define '), : By(E) — R by

Tu(¢) i=log Z,(¢) with Z,(¢):= /E (@) u(dz). (3.11)



3.5. RELATIVE ENTROPY 91

Proposition 3.13 (Variational formula) Let E be a Polish space and let i, v €
M, (E). Then

Hv|p) = sup [(v,¢) —Tu(¢)] = sup [(v,6) —Tu(¢)]. (3.12)

$EBy(E) ¢€Cy(E)

The proof of Proposition [3.13| will be split into a number of steps. For each
¢ € By(E), we let p14 denote the probability measure

po(da) = %eqﬁ(%(dx).

The following lemma says that the functions H(-|x) and I', are dual in a sense
that is reminiscent of Lemma [2.14]

Lemma 3.14 (Duality relation) One has

(v,¢) < Hv|p) +Tu(¢) (v € My(E), ¢ € By(E)), (3.13)

with equality if and only if v = pi4.

Proof We trivially have a strict inequality if H(v|u) = oo so we may assume that
v < pand H(v|p) = [log(dv/dp)dry < co. We can split the measure p in an
absolutely continuous and singular part w.r.t. v, i.e., we can find a measurable set
A and nonnegative measurable function h such that v(A) = 0 and

p(dr) = 1a(z)p(dz) + h(z)v(dz).

Weighting the measures on both sides of this equation with the density dv/dpu,
which is zero on A a.s. w.r.t. u, we see that

which shows that h(z) = (dv/du)~! a.s. with respect to v. Since r +— log(r) is a
strictly concave function, Jensen’s inequality gives

/I/(dx)¢(a:) — H(vlp) = /V(dx)(log (6¢(x)) — log (j—;(@))
— / v(dz) log<€¢(x)(g—:)_l(:x)) < 1og( / y(dx)e¢<fc>h(x))

<tog ([ n(ane®) =1,(0).
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This proves (3.13]). Since the logarithm is a strictly concave function, the first
inequality here (which is an application of Jensen’s inequality) is an equality if
and only if the function e¢(x)(§—:)_1 is a.s. constant w.r.t. v. Since the logarithm

is a strictly increasing function and e? is strictly positive, the second inequality is
an equality if and only if = hv, i.e., if 4 < v. Thus, we have equality in (3.13])
if and only if © < v and

(dr) = e u(dr),

where Z is some constant. Since v is a probability measure, we must have Z =

Z(9). |
Lemma 3.15 (First variational formula) One has
H(vlp) = sup [(v,¢) —Tu(o)] (3.14)
$EBy(E)

Proof Lemma [3.14] implies that
Hol > swp [16)-Tu0)] (v Mi(B)).

PEBy(E)

We need to show that this is in fact an equality. We first treat the case that v < p.
Let ¢ := log(dv/du), so that

H(vlu) = / dpety.

Note that the function z +— e?z is bounded from below. We set ¢, := m A ¢ and
Ypm = —n V Y, and consider the expression

<V7 7wbn,m> - Fu(wn,m> — /d,u €¢¢n,m — log /d/JJ 6¢”vm.

Letting first n — oo and then m — oo, using first dominated convergence and then
monotone convergence, we see that our expression converges to H (jiy|p). Since
Ynm € By(E), this shows that

H(vlp) < sup [(v,¢) —Tu(9)] (v e Mi(E), v < p).

PEBY(E)

If v is not absolutely continuous w.r.t. u, then we can find a measurable set A such
that v(A) > 0 but pu(A) = 0. Then

(v,cly) —T'y(cla) = cv(A).
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Since c is arbitrary, it follows that H(v|p) = oo = sup [(v,¢) — Tu(e)]. n
PEBy(E)

To also prove the second variational formula in Proposition [3.13] we will need
an abstract result from measure theory. Let E be a metrizable space and let
On, @ € By(E). We write ¢, bp, ¢ if the ¢, converge in a bounded pointwise way
to ¢, i.e., ¢n(x) = ¢(x) for each x € E and moreover sup,, sup,cp |¢n(z)| < o0o.
We say that a set A C By(FE) is closed under bounded pointwise convergence if
A > ¢, LN ¢ implies ¢ € A. The bounded pointwise closure of a set B C By(FE)
is defined as

bpclos(B) := ﬂ { A: AD B, Ais closed under bounded pointwise convergence}.

It is easy to see that bpclos(B) is closed under bounded pointwise convergence and
that it is in fact the smallest set containing B with this property. We note that in
general, bpclos(B) is not the same as

bp(B) := {6 € By(E) : 3 ¢, € Bs.t. ¢y - ¢},

nor is bpclos(B) equal to bp*(B) := bp(bp(B)), or even to (J°°, bp"(B). This
is similar to the o-field generated by a given collection of sets, which can also
not be defined in a constructive way. We cite the following lemma from [EKS86,
Prop. 3.4.2].

Lemma 3.16 (Bounded pointwise closure) Let E be a metrizable space. Then
bpclos(Cy(E)) = By(E).

Proof of Proposition The first equality in (3.12)) has already been proved
in Lemma [3.15] so it remains to prove the second equality. We define

)= seBy(B) [ @) = Tu(9)].
I'(v):= sup [{v,¢) — Tu(0)], (v € My(E)).

#eCy(E)

Since the supremum over a smaller set is smaller, we see immediately that I’ < I.
Let us define

G:={¢ € By(E): (v,¢) —T.(¢) < I'(v) Vv € My(E)}.

Trivially Co(E) C G. Our aim is to show that G = B,(FE), which implies I < I’ and
hence I = I'. It follows from (3.11]) and the dominated convergence theorem that
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bn P, % implies Lu(¢n) = Tu(@). Also, for each v € My (E), ¢, LN ¢ implies
(v, 0n) — (v,0). Tt follows that the set G is closed under bounded pointwise
convergence, so G = By(E) by Lemma [3.16] |

Lemma 3.17 (Good rate function) For each p € My(FE), the function H( - |p)
is a good rate function.

Proof We must show that for each » < oo, the level set
L,:={veM(E): Hv|p) <r}

is a compact subset of M;(E). We observe that for each ¢ € Cy(E), the function
v = (v, $)—TI,(¢) is continuous with respect to the topology on M;(E). Therefore,
since the supremum of a collection of continuous functions is lower semi-continuous,
Proposition implies that H(-|u) is lower semi-continuous and hence L, is
closed. It therefore suffices to show that L, is relatively compact.

Let L'(u) be the Banach space consisting of all equivalence classes of w.r.t. u a.e.
equal, absolutely integrable functions, equipped with the norm || f|; := [ |f|dpu.
Then, identifying a measure with its density, we have

{ve M(E):v<ut={feLl(n:f=0},

and we may identify L, with the set
L= {fetiw:r=0. [fan=1, [ flogfausr},

Recall that a set C' C L*(u) is uniformly integrable if for each &€ > 0 there exists a
K < oo such that

sup/1{|f|ZK}|f|d,u <e.
fec

A sufficient condition for uniform integrability is the existence of a nonnegative,
increasing, convex function v : [0, 00) — [0, 00) such that lim, ., ¥(r)/r = co and

fcgg/ib(lf\)du < oo.

(In fact, by the De la Vallée-Poussin theorem, this condition is also necessary, but
we will not need this deeper converse.) Applying this to 1 = ¢ + 1, we see that
the set L is uniformly integrable.
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By Prohorov’s theorem (Proposition [1.19)), to show that L, is relatively compact,
it suffices to show that for each € > 0 there exists a compact set D C E such
that sup,¢;, V(E\D) < €. Since L/ is uniformly integrable, we can find a K < oo
such that sup ey, i Ly fdu < %5. Moreover, since E is Polish, for each § > 0,
we can find a compact set D C E such that u(E\D) < §. Applying this with
0 =¢/(2K), we see that

SuLp v(E\D) = fu]f) {/1{f<K}\Dfd,u + l{fZK}\DfdM} < Ku(E\D) + 3¢ <,
VELy €L

proving the relative compactness of L,. |

Remark We have used the variational formula for H(v | u) (Proposition 3.13) to
prove that v +— H(v | ) is lower semi-continuous with respect to the topology on
M (E). Tt is possible to give a direct proof of this fact, see [DZ93 Lemma 6.2.16],
but this is quite involved.

3.6 Sanov’s theorem

The aim of this section is to prove the following result, which (at least in the case
E =) goes back to Sanov [San61].

Theorem 3.18 (Sanov’s theorem) Let (Xj)g>o be i.i.d. random variables tak-
1ng values in a Polish space E, with common law p, and let

1 n
M, = —§ Ox, (n>1)
n
k=1

be the empirical laws of the (Xi)k>0. Then the laws p, = P[M, € -], viewed as
probability laws on the Polish space My (E) of probability measures on E, equipped
with the topology of weak convergence, satisfy the large deviation principle with
speed n and rate function H(-|p).

Let ¢1,..., 04 € By(E) and define ¢ : E — R by ¢(z) := (¢1(),..., da(z)).
Then (gzg(X k) 4o are i.i.d. R%-valued random variables to which we can apply the

multi-dimensional Cramér’s theorem (Theorem [3.5). We will use this together
with Theorem [1.37] about projective limits to derive Theorem [3.18 We first verify
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that this procedure yields a large deviation principle with the relative entropy as
the rate function, i.e., we check that the rate function of Cramér’s theorem is
related, via the contraction principle, to the relative entropy. For each A\ € RY, let
A-(a) = S Ai¢s(x). Then the rate function of Cramér’s theorem is

I(y) == sup [(y,\) —log Z,(A-¢)]  (y €RY), (3.15)

AER4

where Z,(\ - ¢) is defined as in (3.11). The following lemma says that this is
the rate function one obtains by applying the contraction principle to the relative
entropy.

Proposition 3.19 (Contracted rate function) Let E be a Polish space, let

i be a probability measure on E, and let gz_g : B — RY be a bounded measurable
function. Then the rate function I defined in s given by

I(y) =inf {H(|p) : v € My(E), (v,¢;) =y; Vi=1,...,d}. (3.16)

Proof We use the method of Lagrange multipliers: we first try to find the maxi-
mum of the function (v, \-¢) — H(v | i) for general A € R, and then try to choose
A in such a way that the maximizer satisfies the constraints. By Lemma |3.14]

T.(6) = S [(A-¢) —H|w)]  (AeR?),

where the supremum is assumed in the unique point v = p, 3 If we can show that
it is possible to choose A(y) € R such that

sy 0 =i (=1,
then it will follow that
inf {H(v|p) : v € My(E), (v,¢s) =y; Vi=1,...,d} ) (317)
= (a5 ANY) - 0) — Lu(9).

Let n:=po (5—1 denote the image of the measure p under the map gz; B — R
Then for each A € R¢,

208 = [ X Oa = [ e 2lyaz).
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In line with (3.2)), let us write

o) = ——— e 2n(da),
nA(d) H()\(g)e U(d)

Then Lemma (vi) tells us that for each y € R% the supremum in (3.15) is
assumed in the point A(y) € R? that is uniquely characterised by the condition
that

/"A(y)(dfc‘)zi:yz- (i=1,...,d),

where .
_ AMy) - ¢ _
M) (dz)zi = ————- / e Gi dp = (5.5 i)
/ Z,(\(y) - 9) e
Thus,
I(y) = (y,A(y)) — log Z,.(A(y) - ¢),
which agrees with the right-hand side of (3.17)). n

Proof of Theorem We apply Theorem [1.37] about projective limits. We
first consider the case that E is compact. In this case, M;(FE) is also compact so
exponential tightness comes for free.

Since C(E) is separable, we may choose a countable dense set {¢; : i € N, } C C(FE).
For each i € Ny, we define ¥; : My (E) — R by U;(v) := [ ¢dv. The (¥;)en, are
continuous by the definition of weak convergence of measures. We claim that they
also separate points. To see this, imagine that v,/ € M;(F) and V;(v) = ¥, (V)
for all t > 1. Then [ ¢dv = [ ¢dv/ for all ¢ € C(E) by the fact that {¢; : i € N.}

is dense, and therefore v = /.

Let .
¢d(l‘) = (¢1($), . ,¢d($)) (33 € E, d > 1),

and

—

Ua(v) == (U1 (v),..., Ua(v)) = /ggd dv (v € Mi(E)).

By Theorem , for each d > 1, the laws p, o \1_1;1 satisfy the large deviation
principle with a good rate function I;. By Proposition this rate function is
given by
Lly)= inf H(vlp) (yeR’).
I/E_‘Ml(E)
S ¢adv=y
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Theorem [1.37|now implies that the measures p,, satisfy the large deviation principle
with rate function H(-|u). This completes the proof for compact E.

To prove the general statement, let E be a metrizable compactification of E. By
Proposition [1.27] such a compactification exists and E is a Ggs-subset of E. By
what we have already proved, the laws p,,, viewed as probability laws on the Polish
space M (E) of probability measures on E, equipped with the topology of weak
convergence, satisfy the large deviation principle with speed n and rate function

H(-|1).

We view M (E) as a subset of M,(E). By Exercise m, the topology on M (F)
is the induced topology from M;(E). Since M;(E) is Polish in this topology,
it must be a Gs-subset of M;(E). By the restriction principle (Lemma ,
using the fact that H(-|u) is a good rate function (which has been proved in
Lemma and the fact that H(-|u) = oo on M;(E)\M,(E), we conclude
that the laws p,,, viewed as probability laws on M (FE), satisfy the large deviation
principle with speed n and rate function H( - |u). |

Remark For some purposes, the topology of weak convergence on M (F) is too
weak. With some extra work, it is possible to improve Theorem by show-
ing that the emperical measures satisfy the large deviation principle with respect
to the (much stronger) topology of strong convergence of measures; see [DS89,
Section 3.2].



Chapter 4

Markov chains

4.1 Basic notions

Let S be a finite set and let P be a probability kernelon S, ie., P: S xS — R is
a function such that

(i) P(z,y) >0 (z,y €9),
(ii) ZyES P(z,y) =1 (x €9).

For any function f : S — R, we put

Pf(x):=>_ Plx,y)f({y),

yeSs

which defines a linear operator P : R® — R®. For any measure ;. on S we write
p(z) == p({x}) and for f: S — R, we let

pf(y) =Y (@) f(z)

€S

denote the expectation of f w.r.t. u. Viewing a measure u as a linear operator
p: R — R, we see that the composition of a probability kernel P : RS — R® and
a probability measure ;1 : R® — R is an operator uP : R® — R that corresponds
to the probability measure uP(y) = > . p(z)P(z,y).

A Markov chain with state space S, transition kernel P and initial law p is a collec-
tion of S-valued random variables (X} )x>o whose finite-dimensional distributions

99
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are characterized by
P[Xo = xq, ..., Xy, = ) = p(xo) Pz, 1) - - P(xy_1, )

(n > 1, xo,...,x, € S). Note that in particular, the law of X, is given by
wP", where P" is the n-th power of the linear operator P. We also introduce the
notation

1 ® P(xo,21) := p(w0) ® P(x0,71)
to denote the probability measure on S? that is the law of (Xg, X1).

Write x~%5y if there exist n > 0 such that P"(x,y) > 0 or equivalently, there exist
r = Zg,...,o, = y such that P(xy_q,x;) > 0 for each k = 1,...,n. Then P is
called irreducible if x5y for all z,y € S. An invariant law of P is a probability
measure g on S such that P = pu. Equivalently, p is invariant if the Markov
chain (Xj)r>o with transition kernel P and initial law p is stationary, i.e. (Xg)k>o0
is equal in law to (Yj)g>o defined as Yy := Xj1 (K > 0). The period of a state
xr € S is the greatest common divisor of the set {n > 1 : P"(x,z) > 0}. If P
is irreducible, then all states have the same period. If all states have period one,
then we say that P is aperiodic. Basic results of Markov chain theory tell us that
an irreducible Markov chain with a finite state space S has a unique invariant law
i, which has the property that p(z) > 0 for all x € S. If P is moreover aperiodic,
then v P™ converges to i as n — oo, for each initial law v.

For any Markov chain X = (Xj)g>o, we let

1 n
2 . —N©@ @) () -—
Mn = nNn s where Nn (ZL’) = kz:; 1{<Xk—17Xk) _ (1'1712)} (41)
(r € S?, n > 1) be the pair empirical distribution of the first n + 1 random
variables. The M\? are random variables taking values in the space M;(S?) of
probability measures on S? := {x = (z1,79) : 7; € S Vi = 1,2}. If X is irreducible,
then the M. satisfy a strong law of large numbers.

Proposition 4.1 (SLLN for Markov chains) Let X = (Xj)k>o be an irre-
ducible Markov chain with finite state space S, transition kernel P, and arbitrary
initial law. Let (M,?))nzl be the pair empirical distributions of X and let pu be its
mwvariant law. Then

M? — y®P as. (4.2)

n—oo

Proof (sketch) It suffices to prove the statement for deterministic starting points
Xo = z. Let 7o := 0 and 7y := inf{k > 7y_; : Xy = 2z} (N > 1) be the return
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times of X to z and define random variables (Yy)y>1 by

YN(I) = Z 1{(Xk—1,Xk) _ (ZE1,I2)} (:1: c 82).

k=tn_1+1

It is not hard to check that the (Yy)y>1 are i.i.d. with finite mean E[Y;(z1, x2)] =
E[r] v ® P(x1,29) ((x1,22) € S?), and the (7y — 7y_1)n>1 are i.i.d. with mean
E[r]. Therefore, by the ordinary strong law of large numbers

N
2)— ZYM—>V®P a.s.

N—oo

The final part of the proof is a bit technical. For each n > 0, let N(n) := inf{N >
1 : 7y > n}. Using Borel-Cantelli, one can check that for each € > 0, the event

{|M(2) M@ | >5}

TN(n)

: . . (2)
occurs only for finitely many n. Using this and the a.s. convergence of the M7y,

one obtains the a.s. convergence of the M. |

We will be interested in large deviations away from (4.2)).

4.2 A LDP for Markov chains

In this section, we prove a basic large deviation result for the empirical pair distri-
bution of irreducible Markov chains. For concreteness, for any finite set S, we equip
the space M (.S) of probability measures on S with the total variation distance

d(p,v) := sup |u(A) Z u(x

AcCS eS

where for simplicity we write pu(x) := u({z}). Note that since S is finite, con-
vergence in total variation norm is equivalent to weak convergence or pointwise
convergence (and in fact any reasonable form of convergence one can think of).

For any v € M;(S?), we let

vi(xy) = Z v(r1,25) and v (x9) := Z v(xy, xs)

T9ES r1ES
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denote the first and second marginals of v, respectively, and we let
Vi={veM(S?) v =17}

denote the space of all probability measures on S? whose first and second marginals
agree. The main result of this section is the following theorem.

Theorem 4.2 (LDP for Markov chains) Let X = (Xj)r>0 be a Markov chain
with finite state space S, wrreducible transition kernel P, and arbitrary initial law.
Let (Méz))nzl be the pair empirical distributions of X. Then the laws IP’[MT?) €]
satisfy the large deviation principle with speed n and rate function I® given by

I?w) = .
00 otherwise,

{ Hvp'e@P) ifve,

where H(-|-) denotes the relative entropy of one measure w.r.t. another.

Remark By the contraction principle, Theorem also gives us a large deviation
principle for the ‘usual” empirical distributions

1{Xk:x} (mES,nZl).

In this case, however, it is in genera]r'_-] not possible to write down a nice, explicit
formula for the rate function. This is because pairs are the ‘natural’ object to look
at for Markov processes.

The proof of Theorem needs some preparations.

Lemma 4.3 (Characterization as invariant measures) One has

Y = {yl ® P :v' € M(S), P a probability kernel on S, v'P = 1/1}.

Proof If P is a probability kernel on S, and 1! € M, (S) satisfies v' P = v! (i.e., v!
is an invariant law for the Markov chain with kernel P), then (v!'®P)? = V' P = v},
which shows that v! ® P € V. On the other hand, for any v € V, we may define a
kernel P by setting

v(xy, )

P(xy,x9) == o)

L An exception are continuous-time reversible Markov chains. See [Hol00, Thm. IV.14(b)].
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whenever the denominator is nonzero, and choosing P(xy, -) in some arbitrary
way if v*(z1) = 0. Then v* ® P(x1,29) = v(x1,25) and v'P = (V' @ P)* = v? = /!
by the fact that v € V. |

For any z € 9, let us define

Ry.:={r ¢ N5 . I(zo, ..., 2n) € ™ML, 3o = 2,
_ 2
s.t. T(ylayQ) - Z 1{(1'1671’1"6) = (ybyQ)} vy €S }
k=1

and R,, := UZe s Rnz. Then the random variables Nf) from 1D take values in
R,. For the pair empirical distributions Mr(f), the relevant spaces are

Voi={n'r:reR,} and Ve 1= {n_lr T € Rzt

For any U C S?, we identify the space M, (U) of probability laws on U with the
space

{ve Mi(S?) :v(z),22) =0V €U},

and we define
VU)=vnMU), V,(U)=V,NnM;U), and V,.(U):=V,.NM;{U).

We will need a lemma that says that for suitable U C S?, the spaces V,(U)
approximate V(U) as n — oco. The typical example we have in mind is U =
{(xy,22) € S? : P(x1,79) > 0} where P is an irreducible probability kernel on S
or some subset of S. For any U C S?, let us write

U:={x, €8 : (x1,22) € U for some x5 € S} (4.3)
U{zy € S : (21,25) € U for some x; € S}. '

We will say that U is irreducible if for every x,y € U there exist n > 0 and
T =Tp,...,T, =y such that (xy_y,z;) € U forall k =1,... n.

Lemma 4.4 (Limiting space of pair empirical distribution) One has

lim sup d(v,V) =0. (4.4)
n—o0 I/EVn
Moreover, for each z € S and v € V there exist v, € V, . such that d(v,,v) — 0

asn — oo. If U C S? is irreducible, then moreover, for each z € U and v € V(U)
there ezist v, € V,,,(U) such that d(v,,v) — 0 as n — oo.
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Proof We leave formula as an excercise to the reader (Excercise below).
To prove that for any z € S we can approximate arbitrary v € V with v,, € V,, ., by
a simple diagonal argument (Exercise below), we can without loss of generality
assume that v(z) > 0 for all z € S%. By Lemma [£.3] there must exist some
probability kernel P on S such that v = v' ® P and v' P = v'. Since v(x) > 0 for
all z € S?%, we must have P(xy,x) > 0 for all z € S%. In particular, this implies
that P is irreducible and v! is the unique invariant law of P. Let X = (X})i>0
be a Markov chain with transition kernel P and initial state X, = z, and let
(M7§2))nz1 be its pair empirical measures. Then MP e V.. for all n > 1 while
MP - '@ P = v as. by Proposition . Since the empty set cannot have
probability one, it follows that there must exist v, € V), , such that d(v,,v) — 0
as n — oQ.

The same argument shows that if U is irreducible, then for any z € U, an arbitrary
v € V(U) can be approximated with v, € V,.(U). In this case, by a diagonal
argument, we may assume without loss of generality that v(x) > 0 for all z € U.
By Lemma , there exists some probability kernel P on U such that v = v' ® P
and v!'P = v!'. Since v(z) > 0 for all z € U, we must have P(zy,79) > 0 for
all x € U, hence P is irreducible. Using the strong law of large numbers for the
Markov chain with transition kernel P, the argument then proceeds as before. 1

Exercise 4.5 (Marginals almost agree) Prove formula (4.4)).

Exercise 4.6 (Diagonal argument) Let (E, d) be a metric space, let z,,z € E
satisfy x,, — x and for each n, let z,,,, € F satisfy x,,, — 2, as m — oo. Then
there exist m(n) — oo such that x, ,,/(») — @ for all m’(n) > m(n).

Exercise 4.7 (Continuity of rate function) Let P be a probability kernel on
S and let U := {(y1,y2) € S? : P(y1,y2) > 0}. Prove the continuity of the map

M (U)>v— Hv|v' ® P).

Show that if U # S?, then the map M;(S?) > v — H(v|v' ® P) is not continuous.

Proof of Theorem If g, ), both satisfy a large deviation principle with the
same speed and rate function, then any convex combination of pu,, , also satisfies
this large deviation principle. In view of this, it suffices to prove the claim for
Markov chains started in a deterministic initial state Xy = z.
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We observe that for any r : S? — N, the pair counting process defined in (4.1
satisfies
PIN® =] =Con(r) []  Plar,zo) @1%2), (4.5)
(w1,22)€8?
where

Chn(r) = |{x e S gy =2, Z 1{(%_1’%) — (y, )} = r(y1,y2) Yy € 52}‘

is the number of different sequences Xj,..., X, that give rise to the same pair
frequencies NP = 7. In order to estimate Cn(r), for a given r € R,, ., we draw a
directed graph whose vertex set is S and that has r(z1,z5) arrows pointing from
x1 to x9. Let W, .(r) be the number of distinct walks in this graph that start at
z and that use each arrow exactly once, where we distinguish between different
arrows, i.e., if there are more arrows pointing from z; to z,, then we do care about
which arrow is used first, which arrow next, and so on. Then

(S
" H($17$2)652 7“(1]1,1‘2)!'

(4.6)

A simple combinatorical argument (see Lemma below) shows that

II ') -Dr<wa.o) < J[r'@)! (reRw). (4.7)

z1:71(x1)>0 x1€S
Combining (4.6)), (4.7) and (4.5), we obtain the bounds

Hzl:r($1)>0(/r1(x1) - 1)' P T(.Tl,«TQ)
H 27"(1'1 $2)| | | (-Il)xQ)
(@1,z2)€s ’ (e122)e8? (4.8)
' :
< PIN® =y < —Admes” (00! [I Play e

|
(z1,2)€5? T(wl’ xQ)’ (z1,22)€S?

(r € Rn..). We recall that Stirling’s formulcﬂ implies that
log(n!) = nlogn —n+ H(n) as n — 00,

where we use the convention that 0log0 = 0, and the error term H(n) is of order
logn and can in fact uniformly be estimated as

|H(n)| < Clogn (n>0),

2Recall that Stirling’s formula says that n! ~ v/27n(n/e)™.
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with C' < oo some constant. It follows that the logarithm of the right-hand side

of is given by
Z (r'(z1)logr! (z1) — r'(z1) + H(r'(z1)))

T1ES
— Z (r(xl,:@)logr(xl,mg)—7"(3:1,332)+H(7"(331,x2)))
(z1,72)€S2
+ Z r(xy1, z2) log Pz, xs)
(z1,72)€S?
= Y r(z1,m2)(logr!(z1) + log P(z1, 29) — log (w1, 72)) + H'(r,n),
(z1,2)€S52

where we have used that Y°_ 7'(z1) =n = > (eran)es? T(T1,22) and H'(r,n) is an
error term that can be estimated uniformly in r as

|H'(r,n)| < Z Clog(r'(z1)) + Z Clogr(zy, )

r1E€S (xl,IQ)ESQ

§0(|S\+\Sl2)logn (n>1,reR,.),

with the same constant C' as before. Dividing by n, we find that

1 r(z1,x2) r(zy,x2) 1
—log PN = 1] < — — 1o ’ +—H'(r,n
D P A A R

1
=—H(vly, ® P) + —H'(r,n),
n

where v(z1,23) := n~'r(xy, 15). Treating the left-hand side of (4.8)) in much the

same way, we find that
1
—logP[M® = v] = —H(v|v' @ P) + O(n""logn) (4.9)
n

for all v € V, ,, where the error term is of order n=* logn uniformly for allv € V), .

We are now almost done. Let U := {(x1,23) € S? : P(z1,79) > 0}. Then obviously
MP e M;(U) for all n > 1, hence by the restriction principle (Lemma ) and
the fact that H(v|v! ® P) = oo for all v ¢ M;(U), instead of proving the large

deviation principle on M;(S?), we may equivalently prove the large deviation
principle on M;(U). By Excercise the map

M (U)>v— H(v|v' @ P)
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is continuous. (Note that we need the space M;(U) since the same is not true for
M;(5?) 3 v H(v|v' ® P).) Using the continuity of this map and Lemmas [L.15]
and [1.18) we see that it suffices to show that the counting measures on V, .(U)

Pn = Z 0,

vEVn, - (U)

satisfy the large deviation principle on M;(U) with speed n and trivial rate func-

tion
) ::{ 0 if v e V(U),

00 otherwise.

We will prove the large deviations upper and lower bounds from Proposition [I.7]
For the upper bound, we observe that if C' C M;(U) is closed and CNV(U) = 0,
then, since V(U) is a compact subset of M;(U), the distance d(C,V(U)) must be
strictly positive. By Lemma [4.4] it follows that C'NV,(U) = 0 for n sufficiently
large and hence limsup,,_, ., +log ]P’[MT(LZ) € C] =o0. HCNV{U) # 0, then we

may use the fact that [V,| < n5, to obtain the crude estimate

1 1 1
lim sup — log p,,(C') < limsup — log p,,(V) < lim — log (n|5|2) =0,
n n

n—00 n—00 n—o0o N,

which completes our proof of the large deviations upper bound. To prove also
the large deviations lower bound, let O C M;(U) be open and let O NV(U) # 0
(otherwise the statement is trivial). Pick any v € ONV(U). By Lemma we
can choose v, € V, .(U) such that v, — v. It follows that v, € O for n sufficiently
large, and hence

1 1
lim inf —log p,,(O) > lim —log p,({v,}) =0,
n—oo M

n—oo M
as required. [
We still need to prove the estimates (4.7). Let G = (V, E) be a finite directed
graph with vertex set V' and set of directed edges E. For each edge e € F there

is defined a starting vertex e~ € V and endvertex et € V. We allow for the case
that e = e™ (in this case, e is called a loop). We write

E,e:={c€FE:e =z}, F,,:={e€FE:e" =y}, and E,,:=FE,.NE,,

for the sets of all edges with a specified starting vertex, or endvertex, or both. We
allow for the case that r(z,y) := |E,,| is larger than one.
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By definition, a walk is an ordered collection of edges (e1,...,e,) such that e =
eppq for k=1,...,n—1. We call e] and e the starting vertex and endvertex
of the walk. For any subset of edges F' C F, we write x ~>p y if x = y or there
exists a walk using only edges from F' with starting vertex x and endvertex y.
By definition, a (directed) spanning tree rooted at z € V is a collection of edges
T C E such that [TNE,. =1 and z ~»p 2z for all z € V, i.e., from each vertex
there is a unique directed path to the root.

Lemma 4.8 (Walks that use all edges) Let G = (V, E) be a finite directed
graph and let y, z € V.. Write r(x1, %) := |Ey, 1|, 7 (21) := | By, o, and r*(xq) :=
|Fe | (x1,22 € S). Assume that r*(z) > 0 for each x € V and that

(@) — (@) = Ly — Lipen (xeV). (4.10)

Let W denote the number of walks in G that end in z and use each edge exactly
once. Let T denote the number of spanning trees rooted at z. Then

W=Tr'(z) [] (r'(z) - 1)! (4.11)

zeV

In particular, one has the estimates .

Proof Let W denote the set of all walks w in GG that end in z and use each edge
exactly once. It follows from that each w € W must start in y. We can
encode such a walk by numbering, for each z € V, the set of outgoing edges E, .,
at x according to which edges is used first, second etc. Let Il be the collection of
all functions 7 : £ — N, such that 7 : E,« — {1,...,7'(2)} is a bijection for each
x € V. We say that such a function 7 encodes a walk w € W if for each x € V
and e € F,,, one has m(e) = k iff w leaves x for the k-th time using the edge e.
Clearly, W = |W| < |II| which yields the upper bound in (4.7)). For any 7 € IL, let
Tr = U,ev 1€ € B i m(e) = r'(z)}. In particular, if 7 encodes a walk w € W,
then these are the arrows used when the walk leaves a vertex # z for the last time.
We claim that:

e A function 7 € II encodes a walk w € W if and only if T} is a spanning tree
rooted at z.

Indeed, given a walk w € W if for a vertex # z, we follow the arrow used when w
last leaves this vertex, and so on for the next vertex, then we end up in z, proving
that T is a spanning tree rooted at z. Conversely, if a function 7 € II has the
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property that 7). is a spanning tree rooted at z, then, starting at y, we can walk
around through the graph in such a way that if at a given moment we are in a
vertex z, then we leave x using the outgoing edge e € E, , with the lowest number
7(e) that has not yet been used. This process stops when we arrive at a vertex
such that all outgoing edges at this vertex have been used. By , it follows
that all incoming arrows have also been used, which is possible only if we are in
2. We observe that if e € T has been used, then all arrows in F,.- , have been
used and hence by also all arrows in F, .- have been used. Since all arrows
in F, , have been used and 77 is a spanning tree rooted at z, it follows that all
arrows in T have been used, which implies that all arrows in E have been used,
ie,weW.

This completes the proof of . In particular, fixing one spanning tree rooted
at z, in each vertex x # z we have (r'(z) — 1)! ways to choose the order of the
outgoing edges except for the one that is used last, which yields the lower bound
in (4.7). (Note that in , we apply Lemma to the subgraph consisting of

all vertices of G that have been visited at least once.) n

The proof of Theorem yields a useful corollary. Below, we use the notation

HOvlu) = 3 v(a)log 2 = 3 )2 1o 2

T€S €S

even if p is not a probability measure. Note that below, the transition kernel P
need not be irreducible!

Corollary 4.9 (Restricted Markov process) Let X = (Xg)r>0 be a Markov
chain with finite state space S, transition kernel P, and arbitrary initial law. Let

U C {(I‘l,(EQ) € 82 : P(ZL’l,ZL’Q) > 0}

be irreducible and let Xo € U a.s. Let (M,Sz))nzl be the pair empirical distributions
of X and let P denote the restriction of P to U. Then the restricted measures

P[M? € 'H/\Al(U)

satisfy the large deviation principle with speed n and rate function I® given by

otherwise.

() { Hylv' @ P) ifve V),
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Proof The restricted measures P[M? € Sl Ma(O)

sures, but we have never used this in the proof of Theorem In fact, a careful
inspection reveals that the proof carries over without a change, where we only need
the irreducibility of U (but not of P). In particular, formula also holds for
the restricted measures and the arguments below there work for any irreducible
U C {(1'1,1'2) € S5?: P(ZL‘l,Ig) > 0} [ |

are no longer probability mea-

Exercise 4.10 (Relative entropy and conditional laws) Let S be a finite
space, let v, u be probability measures on S and let (), P be probability kernels on
S. Show that

Hy®QueP)=H|p) + > v(@)H(Qx|Py),

r1ES

where Q,, (72) := Q(x1, z2) and Py, (z2) := P(x1,13) ((x1,79) € S?). In particular,
if Q is a probability kernel such that v = v! ® Q, then

Hp' @ P)= ) v (x)H(Qun|P:).

T1ES

Exercise 4.11 (Minimizer of the rate function) Let P be irreducible. Show
that the unique minimizer of the function ¥V 3 v — H(v|v' ® P) is given by
v =pu® P, where p is the invariant law of P.

By definition, a cycle in S is an ordered collection C' = (xy, ..., x,) of points in S
such that x,...,z, are all different. We call two cycles equal if they differ only
by a cyclic permutation of their points and we call |C| = n > 1 the length of a
cycle C' = (x1,...,2,). We write (y1,y2) € C if (y1,y2) = (xg_1,2x) for some
k=1,...,n, where xy := z,.

Recall that an element x of a convex set K is an extremal element if x cannot be
written as a nontrivial convex combination of other elements of K, i.e., there do
not exist y,2 € K, y # z and 0 < p < 1 such that z = py + (1 —p)z. If K C R% is
convex and compact, then it is known that for each element = € K there exists a
unique probability measure p on the set K, of extremal elements of K such that

z = [yp(dy).

Exercise 4.12 (Cycle decomposition) Prove that the extremal elements of the
space V are the probability measures of the form

1
ve(yr,y2) == |_g|1{(y1,y2) eCp
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where C' = (xy,...,2,) is a cycle in S. Hint: show that for each v € V and
(y1,92) € S? such that v(y;,y2) > 0, one can find a cycle C € C(S?) and a
constant ¢ > 0 such that (y;,y) € C and cve < v. Use this to show that for each
v € V, there exists a cycle C' such that v(y1,y2) = 0 for all (y1,y2) & C.

Note Since V is a finite dimensional, compact, convex set, Excercise [4.12| shows
that for each v € V, there exists a unique probability law p on the set of all cycles
in S such that

v(y1, y2) = Z p(C)ve(yr, ya),
C

where the sum rums over al cycles in S. Note that in Excercise you are not
asked to give an explicit formula for p.

Exercise 4.13 (Convexity of rate function (!)) Let P be a probability kernel
on S. Prove that
M (S*) v Hvjv' ® P)

is a convex, lower semi-continuous function.

Important note I do not know an elegant solution to this exercise. I originally
copied this from [Hol00], who first gives the special case that P(x,y) = u(y) does
not depend on x as Exercise 11.12, and then in his Lemma IV.5 shows that the
general case can easily be derived from this special case. Den Hollander probably
based himself on Problems IX 6.1 and 6.2 from [EII85]. These problems, however,
are meant to be solved using deep theory from Chapter IX of [EII85] that is not
available here or in [Hol00].

Recall that if (Xj)r>0 is a Markov chain with initial law p and transition kernel
P, then p ® P is the joint law of (Xo, X;). More generally, let © ®™ P denote the
joint law of (Xo,..., X,—1). Let u, v be invariant laws of probability kernels P, Q,
respectively. It seems that if P is irreducible, then

1
H(v& Qv P) = lim —H(v&" Que" P).

Now if v/ is an invariant law of @', and p € [0, 1], then

pH(r®Q|lveP)+(1-pH(V ©Q |V @ P)
4.12
-t laeroramprerguern. Y
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On the other hand, writing
I/”®Q” :pl/®Q+ (1 —p)V/®Q/,

we have that

o1
H (pr@Q+(1-p/'@Q’ | (pr+(1-p) )@ P) = lim EH(V”@”Q” | p@™P). (4.13)
Q" #pre™@Q+(1—p)®"Q', then it seems that the expression in (4.13))
is strictly smaller than the expression in (4.12]).

Results in this spirit are proved in Chapter IX of [EII85]. In particular, it is
shown there that if one wishes to minimize the relative entropy density of a sta-
tionary measure with respect to a product measure, under the condition that the
two-dimensional marginals are given by some v € M;(S5?), then the minimum
is attained by the Markov chain that has these two-dimensional marginals. In
Problem IX 6.1 of [EII85], this and the contraction principle are used to prove the
convexity and lower semi-continuity of of v — H(v|v' & P).

Exercise 4.14 (Not strictly convex) Let P be any probability kernel on S =
{1,2}. Define pu,v € M;(S?) by

(o) ) =0 o) ot (o) o) =0 1)
Define v, := pu + (1 — p)v. Show that

0,1] 3 p— H(v|v, ® P)

is an affine function. Prove the same statement for

004310 0000
(o000 4,000 3
F=1L 000 ™ "7 looo0o0

0000 0400

These examples show that M;(S5?%) 2 v — H(v|v! ® P) is not strictly convex. Do
you see a general pattern how to create such examples? Hint: Excercise |4.10]

Exercise 4.15 (Probability to stay inside a set) Let P be a probability kernel
on {0,1,...,n} (n > 1) such that P(z,y) >0foralll <z <nand 0 <y <n



4.3. THE EMPIRICAL PROCESS 113

but P(0,y) =0 for all 1 <y < n. (In particular, 0 is a trap of the Markov chain
with transition kernel P.) Show that there exists a constant 0 < A\ < oo such that
the Markov chain (Xj)g>o with transition kernel P and initial state Xo = 2z > 1
satisfies

1
lim —logP[X,, > 1] = —\.

n—oo N

Give a (formal) expression for A and show that A does not depend on z. Hint:

Corollary

4.3 The empirical process

In this section, we return to the i.i.d. setting, but rather than looking at the
(standard) empirical distributions as we did in Section [3.5] we will look at pair
empirical distributions and more general at empirical distributions of k-tuples.
Since i.i.d. sequences are a special case of Markov processes, our results from the
previous section immediately give us the following theorem.

Theorem 4.16 (Sanov for pair empirical distributions)
(a) Let S be a finite set and let u be a probability measure on S such that p(z) > 0

or all x € S. Let (X})r>0 be i.1.d. with common law 1 and let M,(LQ) be their pair
> %

empirical distributions as defined in (m Then the laws ]P’[MT(LZ) € -| satisfy the
large deviation principle with speed n and rate function I® given by

120 Hyp'@up)  ifv' =07
V)=
%) otherwise,

where v' and v* denote the first and second marginal of v, respectively, and H(-|-)
denotes the relative entropy of one measure w.r.t. another.

(b) More generally, if U C S? is irreducible, then the restricted measures

P[M"(?) < ']’Ml(U)

satisfy the large deviation principle with speed n and rate function I® given by

1?(v) = H(v| V' @uly) ifv' =12
' o0 otherwise,

where (V' @ uly denotes the restriction of the product measure v* @ u to U.
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Proof Immediate from Theorem [£.2] and Corollary [4.9] |

Exercise 4.17 (Sanov’s theorem) Show that through the contraction principle,
Theorem [4.16] (a) implies Sanov’s theorem (Theorem [3.18) for finite state spaces.

Although Theorem [4.16] which is a statement about i.i.d. sequences only, looks
more special that Theorem and Corollary which apply to general Markov
chains, the two results are in fact more or less equivalent.

Derivation of Theorem from Theorem We first consider the special
case that P(z1,x9) > 0 for all (z1,79) € S% Let p be the initial law of X, let
ft be any probability measure on S satisfying p(z ) > 0 for all z € S, and let
X = (Xk) k>0 be independent random variables such that Xo has law p and Xk
has law p for all £ > 1. For any = = (z%)r>0 with 2 € S (kK > 0), let us define

M (z) € M;(S?) by

M£L2)($)<ylay2> = %Z 1{(@4,%) = (y1,92) }

k=1
We observe that
P Xy =x0,...,Xn =2, = p(xg)GZZZI log P (w1, 1)

2
:p(l'o)en Z(th)ese IOg P<y17y2)M7(L )(-75)(9171/2)

while
IP’[XO = Zo,... ,Xn =z, = p(:cg)eZZ:1 log pu()

= p(o) e Z(yl,y2)€52 log 'u(y2)M7(12) () (1, y2).

It follows that the Radon-Nikodym derivative of P[M\”(X) € -] with respect to
P[M?(X) € -] is given by

PV (X) =] _ o mes? (108 P(y1, 1) —log p(ys) ) vy, )
P[MP (X) = v]

By Theorem m (a), the laws P[My ®)(X) € -] satisfy the large deviation principle
with speed n and rate function I given by

2(2) Hyprop) ifv =12
IPw) = 00 if 1 #£v2
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Applying Lemma to the function

Fv) = Z (log P(y1,92) — 10gﬂ(y2))V(?/1,92),

(y1,y2)€S52

which is continuous by our assumption that P(y;,y2) > 0 for all y;,y2 € S, we

find that the laws ]P’[M,(f) (X) € -] satisfy the large deviation principle with speed
s, and rate function I = [ — F. Since

H(vlv' @ p) — F(v)
= ) V(yl,yz)(logf(Lyﬁ) + log p1(y2) — log P(y1, 1))

(y1,y2) €S2 v (y1) (2
I/ b
= Y s G e ),
( 2 v (y1) P(y1, y2)
y1,Y2)€S

this proves the theorem.

In the general case, when P is irreducible but not everywhere positive, the argu-
ment is the same but we need to apply Theorem m (b) to U := {(z1,22) € S*:
P(z1,124) > 0}, and we use that the function F restricted to M;(U) is continuous,
hence Lemma |1.15]is applicable. |

Exercise 4.18 (Periodic boundary conditions) Let (Xj)g>o be i.i.d. with
common law g € M;(S). Let M be the pair empirical distributions defined

in (4.1)) and set

(4.14)

Show that the random variables M\? and M\ are exponentially close in the sense
of 1} hence by Proposition , proving a large deviation principle for the MP
is equivalent to proving one for the M,(f).

Remark Den Hollander [Hol00, Thm II.8] who again follows [EII85, Sect. 1.5], gives
a very nice and short proof of Sanov’s theorem for the pair empirical distributions
using periodic boundary conditions. The advantage of this approach is that the
pair empirical distributions M? defined in automatically have the property



116 CHAPTER 4. MARKOV CHAINS

that their first and second marginals agree, which means that one does not need
to prove formula (4.4]).

Based on this, along the lines of the proof above, Den Hollander [Hol00, Thm IV.3]
then derives Theorem |4.2| in the special case that the transition kernel P is ev-
erywhere positive. In [Hol00, Comment (4) from Section IV.3], it is then claimed
that the theorem still applies when P is not everywhere positive but irreducible
and S? is replaced by U := {(z1,72) € S? : P(x1,72) > 0}, and ‘the proof is easily
adapted’. This last comment seems to be quite far from the truth. At least, I do
not see any easy way to adapt his proof. The reason is that periodic boundary
conditions do not work well anymore if S? is replaced by a more general subset
U C S?. As a result, the technicalities needed to prove the analogue of Lemma
in a set-up with periodic boundary conditions become very unpleasant. Although
a proof along these lines is possible, this seems to be more complicated than the
approach used in these lecture notes.

The fact that Theorem [£.2] can rather easily be derived from Theorem shows
that the point of view that Chapter |3| is about large deviations of independent
random variables while the present chapter is about large deviations of Markov
chains is naive. With equal right, we might say that both chapters are concerned
with large deviations of functions of i.i.d. random variables. The essential difference
is in what kind of functions we consider. In Chapter 3] we considered the empirical
distributions and functions thereof (such as the mean), while in the present chapter
we consider the pair empirical distributions. By looking at yet different functions
of i.i.d. random variables one can obtain a lot of very different, often difficult, but
interesting large deviation principles.

There is no need to restrict ourselves to pairs. In fact, once we have a theorem for
pairs, the step to general m-tuples is easy. (In contrast, there seems to be no easy
way to derive the result for pairs from the large deviation principle for singletons.)

Theorem 4.19 (Sanov for empirical distributions of m-tuples) Let S be a
finite set and let u be a probability measure on S such that p(x) > 0 for allz € S.
Let (Xy)g>1 be i.i.d. with common law p and for fized m > 1, define

i
L

MT(lm) () =

SRS

01{(Xk+17’Xk+m):x} (ZEES ,nZ]_)

B
Il

Then the laws P[Mr(bm) € -| satisfy the large deviation principle with speed n and
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rate function I given by

H(v|pit-m—1} ® if pLom=1} — {2, m}
](m)(y) ::{ ( ’ ,u) f

— 1 coordinates, respectively.

Proof The statement for m = 1,2 has already been proved in Theorems
and respectively, so we may assume that m > 3. Define a probability kernel
P:Smt— §ml by

P m—1
P@y) =Yy, o ama) = (1, o) Pt (@ €577,
and set .
Xi = (Xpsts -+, Xpmo1) (k>0).

Then X = )?k)k>0 is a Markov chain with irreducible transition kernel P. By

Theorem {4 . the pair empirical distributions MP of X satisfy a large deviation
principle. Here the M\” take values in the space M;(S™1 x S™=1) and the rate
function is given by

H(plp* @ P)  if p = p?,
7(,) ::{ (plo* @ Py if p' = p
o0

otherwise,

where p! and p? denote the first and second marginals of p, respectively. (Note
that p is a probability measure on S™ 1 x S™~! hence p! and p* are probability
measures on S™71))

Define a map v : S™ — ™t x §S™~! by
V(@ ) = (21, Te), (2,0, T))-
The image of S™ under v is the set

Ui={(z,y) € ™' x S" " (@, 1) = (Y1, Ym2) }
— {(z.) € S x 71 Pla.g) > 0).

It follows that I (p) = oo unless p € M, (U). Since ¢ : S™ — U is a bijection,
each p € M;(U) is the image under ¢ of a unique v € M;(S™). Moreover,
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p' = p? if and only if pil-m=1b = pA2m} = Thus, by the contraction principle
(Proposition [1.14)), our claim will follow provided we show that if v € M;(S™)
satisfies pl-m=1h = p{2m} and p = v oy~ is the image of v under p, then

H(y[pt " @ p) = H(plp' @ P).
Here

H(plp' @ P)=" Y pla1, . Tne1, Y15 Y1)

X <logp(a;1, e T 1y YLy ey Y1) — logpl(:vl, ey Tn1)
—log P(x1,...,&Tm-1,Y1,--- ,ym,1)>,

where
p(xla ey Tm—1, Y15 - - - 7ym—1) - 1{(ac2 ..... Tm—1)=(Y1,-.., ym_z)}y(xb co oy Tm—1, ym—1)7
pl(xla"wxm—l) :V{l ..... m_l}(xla"wxm—l)?
and

P(ZEh ooy Tm—1,Y1,y - - - 7ym—1) - 1{(x2 ,,,,, Tm—1)=(Y1,-.., ym_z)},u(ym—l)-
It follows that

H(p|p1®P): Z V(xlu"')xm—bym—l)
Llyeeey Tm—1,Ym—1
x(log (w1, ., Tty Yme1) — log vt (@, o 2y y) — log M(ym71)>

It is even possible to go one step further than Theorem and prove a large
deviations result for ‘m-tuples’ with m = oco. Let SV be the space of all infinite
sequence = (ry)r>o with # € S. Note that SV, equipped with the product
topology, is a compact metrizable space. Define a shift operator 6 : SY — SN by

(Gx)k = Tk+1 (k 2 0)

Let X = (Xi)r>o be i.i.d. random variables with values in S and common law pu
satisfying p(z) > 0 for all x € S. For each n > 1, we define a random measure

M on SN by

n—1
1
(00) . =
Mn o— n kz(sekX,
=0
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where 9, denotes the delta measure at a point z. We call MT(ZOO) the empirical
process.

Exercise 4.20 (Empirical process) Sketch a proof of the fact that the laws
IF’[MT(LOO) € -] satisfy a large deviation principle. Hint: projective limit.

Exercise 4.21 (First occurrence of a pattern) Let (Xj)i>o be i.i.d. random
variables with P[X), = 0] = P[X}, = 1] = . Give a formal expression for the limits

.1
)\001 = nh—{{olo H logP[(Xk‘7 Xk+17 Xk+2) 7& (Oa 07 1) Vk = 17 B 7n:|

and

.1
)\000 = JL%ElogP[(Xk,Xk+1,Xk+2) 7& (0,0,0) Vk = 1, ce ,TL].

4.4 Perron-Frobenius eigenvalues

In excercises such as Excercise [£.21] we need an explicit way to determine the
exponential rates associated with certain events or expectations of exponential
functions in the spirit of Varadhan’s lemma. In this section, we will see that such
rates are given by the Perron-Frobenius eigenvalue of a suitably chosen irreducible,
nonnegative matrix.

We start by recalling the classical Perron-Frobenius theorem. Let S be a finite set
(S = {1,...,n} in the traditional formulation of the Perron-Frobenius theorem)
and let A : S xS — R be a function. We view such functions a matrices,
equipped with the usual matrix product, or equivalently we identify A with the
linear operator A : R¥ — R® given by Af(z) := > yes A@,y) f(y). We say that
A is nonnegative if A(xz,y) > 0 for all z,y € S. A nonnegative matrix A is
called irreducible if for each x,y € S there exists an n > 1 such that A™(x,y) >
0. Note that for probability kernels, this coincides with our earlier definition of
irreducibility. We let 0(A) denote the spectrum of A, i.e., the collection of (possibly
complex) eigenvalues of A, and we let p(A) denote its spectral radius

p(A) :=sup{|\| : A€ a(A)}.

If || - || is any norm on R®, then we define the associated operator norm || Al| of A
as

1Al := sup{||Af]| : f € RE, | f]] = 1}.
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It is well-known that for any such operator norm
p(A) = lim || A" (4.15)
n—oo

We cite the following version of the Perron-Frobenius theorem from [Gan00, Sec-
tion 8.3] (see also, e.g., [Sen73, Chapter 1]).

Theorem 4.22 (Perron-Frobenius) Let S be a finite set and let A : RS — R
be a linear operator whose matriz is nonnegative and irreducible. Then

(i) There exist an f: S — R, unique up to multiplication by positive constants,
and a unique o € R such that Af = af and f(z) > 0.

(ii) f(z) >0 forallxz € S.
(iii) o= p(A) > 0.

(iv) The algebraic multiplicity of « is one. In particular, if A is written in its
Jordan normal form, then a corresponds to a block of size 1 x 1.

Remark If A is moreover aperiodic, then there exists some n > 1 such that
A™(z,y) > 0 for all z,y € S. Now Perron’s theorem |Gan00, Section 8.2] implies
that all other eigenvalues A of A satisfy |\| < a. If A is not aperiodic, then it
is easy to see that this statement fails in general. (This is stated incorrectly in
[DZ98, Thm 3.1.1 (b)].)

We call the constant a and function f from Theorem the Perron-Frobenius
eigenvalue and eigenfunction of A, respectively. We note that if Af(z,y) := A(y, x)
denotes the transpose of A, then A is also nonnegative and irreducible. It is well-
known that the spectra of a matrix and its transpose agree: o(A) = o(A"), and
therefore also p(A) = p(AT), which implies that the Perron-Frobenius eigenvalues
of A and AT are the same. The same is usually not true for the corresponding
Perron-Frobenius eigenvectors. We call eigenvectors of A and A" also right and
left eigenvectors, respectively.

The main aim of the present section is to prove the following result.

Theorem 4.23 (Exponential rate as eigenvalue) Let X = (Xj)i>o be a
Markov chain with finite state space S, irreducible transition kernel P, and ar-
bitrary initial law. Let ¢ : S* — [—00,00) be a function such that

U:={(z,y) € S*: ¢(x,y) > —o0} C {(x,y) € S* : P(z,y) > 0}
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is irreducible, and let U be as in . Then, provided that Xy € U a.s., one has

1 n
lim — logE[eZkzl ¢(Xk:—17Xk)] =r,

n—oo M

where e is the Perron-Frobenius eigenvalue of the nonnegative, irreducible matrix

A defined by
A(z,y) := P(x, y)e¢<x>y) (z,y € U). (4.16)

We start with some preparatory lemmas. The next lemma shows that there is a
close connection between Perron-Frobenius theory and Markov chains.

Lemma 4.24 (Perron-Frobenius Markov chain) Let S be a finite set and let
A :R% — R® be a linear operator whose matriz is nonnegative and irreducible. Let
a,n and h be its associated Perron-Frobenius eigenvalue and left and right eigen-
vectors, respectively, i.e., nA = an, Ah = ah, n,h > 0. Choose any normalization
such that Y _h(z)n(z) = 1. Then the matric

Alz, y)h(y)

Ap(x,y) = “oh(n) (x,y € 5) (4.17)

is an irreducible probability kernel on S and hn is its unique invariant law.

Proof Recall from Theorem that h is strictly positive, hence A, is well-
defined. Since

> o) = YA S 1 aes)

yeS y€Ss

we see that Ay, is a probability kernel. Since Ay (z,y) > 0 if and only if A(x,y) > 0,
the kernel A, is irreducible. Since

5 Ha)nte) (o) = S hlapnta) I
€S €S
T€S

we see that hn is an invariant law for Ay, and the only such invariant law by the
irreducibility of the latter. |

The following lemma is not only the key to proving Theorem [4.23] it also provides
a link between Perron-Frobenius eigenvectors and entropy. In particular, in some
special cases (such as Excercise , the following lemma can actually be used
to obtain Perron-Frobenius eigenvectors by minimizing a suitable functional.
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Lemma 4.25 (Minimizer of weighted entropy) Let S be a finite set, let P be
a probability kernel on S and let ¢ : S* — [—00,0) be a function such that

U:={(x,y) € S%: ¢(z,y) > —oc} C {(z,y) € S* : P(x,y) > 0}

is irreducible. Let U be as in , define A as in , let a = € be its Perron-
Frobenius eigenvalue and let n, h > 0 be the associated left and right eigenvectors,
nOTmalzzed such that )" . h(x)n(x) = 1. Let Ay, be the probability kernel defined
in and let © := hn be its unique invariant law. Let V := {v € M(S5?) :
vt = V2}. Then the function

Gs(v) :=vp — Hv|v' @ P)
satisfies Gy(v) <1 (v € V), with equality if and only if v =7 @ Ay,

Proof We have Gy(v) = —o0 if v(x1,22) > 0 for some (x1,22) ¢ U. On the other
hand, for v € V(U), we observe that

vp — Hv|v' @ P)
V(xl)xQ)
v(ry, 22)d (21, T9) — Z v(ry,72)log —
(x1,22)€U (z1,22)€U v (x1>P<I17$2)
(1, T2 <¢ T1,%2) — logv(zy, 22) + log v’ (1) + log P(q;l,@))

MM

(z1,22)€U

—log v(z1, 2) + log ' (21) +10gA($1,$2))

M

xlu'rQ

(z1,2)€U

M

v(zy, T2 < log v(zq, x2) +10g1/ (1) + log Ap(x1, x2)

ac1 xz)EU

+loga +log h(xy) — log h(ﬂf2)>

=loga — H(v|v' ® Ay),

where in the last step we have used that v' = v?. Now the statement follows from
Excercise 4111 |

Proof of Theorem We will deduce the claim from our basic large deviations
results for Markov chains (Theorem [£.2] and Corollary [1.9). A direct proof (using
a bit of matrix theory) is also possible, but our aim is to exhibit the links with our
earlier results. In fact, the calculations below can be reversed, i.e., a direct proof
of Theorem [4.23] can be used as the basis for an alternative proof of Theorem [4.2}
see [Hol00), Section V.4].
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Let M? be the pair empirical distributions associated with X, defined in 1)
Let
Mi(U)sv— F(v) € [—00,00)

be the continuous and bounded from above. Then, by Varadhan’s lemma (Lemma

1.12) and Corollary [£.9

W) = sup [F(v) - TP,

HMI(U) veMy(U)

n—oo N,

1
lim — log / P[M? € dv

where I® is the rate function from Corollary A simpler way of writing this
formula is

lim llog/IE[@”F(‘M’(LQ))} = sup [F(v)— [(2)(1/)}, (4.18)

n—00 1} VEM,(S2)
where I® is the rate function from Theorem m and we have extended F to a
function on M;(S?) by setting F'(v) := —oo if v € M;(5?)\M(U).
Applying this to the ‘linear’ function F' defined by
F(v)=vp=>» v(x)p(z) (veM(S?),

€S

formula (4.18)) tells us that

lim llogIE[eZZ:l ¢(Xk—1an)} = sup [V¢_1(2)(V)]

n—0o0 1 veEM1(52?)

= sup [l/gb - 1(2)(1/)] =,

vey

where we have used that I®(v) = H(y|v' ® P) for v € ¥V and I®(v) = o0
otherwise, and the final equality follows from Lemma |4.25] |

Exercise 4.26 (First occurrence of a pattern: part 2) Let (Xj)r>o be i.i.d.
random variables with P[X; = 0] = P[X; = 1] = % Let A\gg; be defined as in
Excercise [4.21] and let

1
Ao = lim —log]P’[(Xk,XkH) #(0,0) Vk=1,... ,n}

n—oo N,

Prove that )\001 = )\00.
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Exercise 4.27 (First occurrence of a pattern: part 3) Consider a Markov
chain Z = (Zy)r>o taking values in the space

S :={1,10, 10,100, 100, 100, },
that evolves according to the following rules:

10 — 10

100 — 100 — 100 } with probability one,

and
with probability 271,
1 with probability 272,
10 0 with probability 273,

with probability 273,
i.e., from each of the states 1,10,100, we jump with probability % to 1, with
probability % to 10, with probability % to 100, and with probability % to 1. The
state T, finally, is a trap:

T+ 1 with probability one.
Define ¢ : S x S — [—00,00) by

_Jo if P(xz,y) >0 and y # T,
o(w,y) = { —oo  otherwise.
Let 6 be the unique solution in the interval [0, 1] of the equation
0+6%+6° =1,

and let Z = (Z;)r>0 be a Markov chain with state space S\{f} that evolves in the
same way as Z, except that

1 1 with probability 6,
10 » — < 10 with probability 62,
100 100  with probability 3.

Let P and @ be the transition kernels of Z and Z, respectively. Set U := {(x,y) €
S%: ¢(z,y) > —oo}. Prove that for any v € V(U)

vo — H(v|v' @ P) =log() —logh — H(v|v' @ Q). (4.19)

Hint: Do a calculation as in the proof of Lemma 4.25] and observe that for any
ve V()
(11) =v'(11) and »'(111) = v*(111) = ! (111),

v
hence v'(1) + 20! (11) + 3v*(111) = 1.
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Exercise 4.28 (First occurrence of a pattern: part 4) Let (Xj)r>o be i.i.d.
random variables with P[X} = 0] = P[X; = 1] = % and let Ao be defined as in
Excercise |4.21] Prove that Aggo = log(5) — log(d), where 6 is the unique root of

the equation 6 + 62 4+ 63 = 1 in the interval [0,1]. Hint: use formula (4.19).

Exercise 4.29 (Percolation on a ladder) Consider an infinite graph with ver-
tex set {1,2} x N. For each k& > 1, draw an edges between (1,k — 1) and (1, k),
between (2,k — 1) and (2,k), and between (1,k) and (2,k). Let 0 < p < 1. If
edges are independently open with probability p and closed otherwise, then how
far can we walk into this graph along open edges? To investigate this question,
let (Yix)iz123 k>1 be i.i.d. Bernoulli random variables with P[Y;; = 1] = p and
P[Y;x = 0] = 1 — p. Define inductively a Markov chain (Xj),>o with state space
{0,1}? and initial state (Xo(1), Xo(2)) = (1,1) by first setting, for each k > 1,

Xi(1) ==Y  Xp (1) and  Xi(2) := Yio X 1(2),
and then
Xi(1) == Xp(1) V Y3, Xi(2) and  X4(2) := Xi(2) V Vs, Xp(1).
Calculate the limit )
r= nlggo ElogJP’[Xn #(0,0)].

Hint: find the transition kernel of X and calculate the relevant Perron-Frobenius
eigenvalue. You can reduce the dimensionality of the problem by exploiting the
symmetry between (1,0) and (0,1). Don’t worry if the formula for r looks some-
what complicated.

4.5 Continuous time

Recall from Section the definition of a continuous-time Markov process X =
(X¢)i>0 with finite state space S, initial law p, transition probabilities Pi(x,y),
semigroup (F;);>0, generator G, and transition rates r(z,y) (z # y). To simplify
notation, we set r(z,z) := 0.

By definition, an invariant law is a probability measure p on S such that pP, = p
for all ¢ > 0, or, equivalently, pG = 0. This latter formula can be written more
explicitly in terms of the rates r(z,y) as

> pwry.x) =p(x) Y rlxy) (e S),

yeSsS yeSs
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i.e., in equilibrium, the frequency of jumps to x equals the frequency of jumps
from x. Basic results about Markov processes with finite state spaces tell us
that if the transition rates r(x,y) are irreducible, then the corresponding Markov
process has a unique invariant law p, and uP;, = p as t — oo for every initial law
. (For continuous-time processes, there is no such concept as (a)periodicity.)

We let

My(z) ::%/O Ly, — gyt (T>0)

denote the empirical distribution of X up to time T. We denote the set of times
when X makes a jump up to time 7' by

Ar:={te (0,7T]: X;_ # X;}

and we set

Wr(z,y) == % Z Lex, =2, X, =4 (T > 0),

teEAT

i.e., Wr(z,y) is the empirical frequency of jumps from z to y. If the transition rates
r(z,y) are irreducible, then, for large T', we expect M7 to be close to the (unique)
invariant law p of X and we expect Wr(z,y) to be close to p(x)r(z,y). We observe

that (Mp, Wr) is a random variable taking values in the space M;(S) x [0, oo)SQ.
For any w € [0, oo)SQ, we let

w(zy) = Z w(zy,15) and  w?(my) i= Z w(xy, o)

T2ES 1 €S

denote the first and second marginal of w, and we set

W = {(p, w):p € My(S), we [O,oo)SZ, w' = w?,
w(z,y) = 0 whenever p(z)r(z,y) = 0}.

The aim of the present section is to prove the following analogue of Theorem [4.2]
Note that the function ¢ below satisfies 1/'(z) = log z and ¥ (z) = 1/z, is strictly
convex and assumes its minimum in the point z = 1 where ¢ (1) = 0.

Theorem 4.30 (LDP for Markov processes) Let (X;)i>0 be a continuous-time
Markov process with finite state space S, irreducible transition rates r(z,y), and
arbitrary initial law. Let My and Wrp (T > 0) denote its empirical distributions
and empirical frequencies of jumps, respectively, as defined above. Then the laws
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P[(Mr, Wr) € -] satisfy the large deviation principle on M;(S) X [0,00)52 with
speed T and good rate function I given by

_wiz,y) —_—
I(p,w) := Z@ZESP(JC)T(JC’y>¢(,0(x)7“(x,y)) f (p,w) €W,

00 otherwise,

where P(z) :=1—z+ zlogz (z > 0) and ¥(0) := 1 and we set 0¢(a/b) := 0,
regardless of the values of a,b > 0.

Remark So far, we have only considered large deviation principles for sequences
of measures p,. The theory for families of measures (ur)rso depending on a
continuous parameter is completely analogous. Indeed, if the pr are finite measures
on a Polish space F and [ is a good rate function, then one has

Jim [ fllrgr = fller (f € Coa(E))
if and only if for each T,, — oo,

T [Flr, = W lor (f € Coa(B)).

A similar statement holds for the two conditions in Proposition [I.7] In other
words: measures pur depending on a continuous parameter 7' > 0 satisfy a large
deviation principle with speed T" and good rate function I if and only if for each
T,, — o0, the measures pr, satisfy the large deviation principle with speed T;, and
rate function /.

Exercise 4.31 (Properties of the rate function) Show that the function /
from Theorem is a good rate function and that I(p,w) > 0 with equality if
and only if p is the unique invariant law of the Markov process X and w(z,y) =

p(z)r(z,y) (z,y € 9).

Our strategy is to derive Theorem from Theorem [£.2] using approximation.
We start with an abstract lemma.

Lemma 4.32 (Diagonal argument) Let (fyn)mn>1 be finite measures on a
Polish space E, let s, be positive constants, tending to infinity, and let I,,,I be
good rate functions on E. Assume that for each fized m > 1, the fi,, satisfy the
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large deviation principle with speed s, and rate function I,,. Assume moreover
that

Til_l};o HfHooJ’m = Hf”OO,I (f S Cb7+<E)>.
Then there exist n(m) — oo such that for all n'(m) > n(m), the measures fim n'(m)

satisfy the large deviation principle with speed s,y and rate function I.

Pro_of Let E be a metr_izable compactification of . We view the 1, , as measures
on E such that p,,(E\E) = 0 and we extend the rate fuctions I,,,I to E by
setting I,,,, I := oo on E\E. Then

T [ flloos = fllos (F €C(E)).

Let {fi : i > 1} be a countable dense subset of the separable Banach space C(E)
of continuous real functions on FE, equipped with the supremumnorm. Choose
n(m) — oo such that

1 Fills st = Mfilloosn| <1/m- (0 > n(m), i <m).

Then, for any n’(m) > n(m), one has

lim sup |Hf7:H5n/(m)7um,n'(m) - ||fZHOOaI‘
S hmsup ‘Hfi”sn/(m)vﬂmml(m) - Hfz”ooylm} + hmsup ‘Hfz“oo,[m o HleOOJ‘ - 0
m—co m-—r00

for all i > 1. By Lemma [1.33] (b), the functions |f;| are rate function determin-
ing, hence by Proposition , the measures i, ,/(m) satisfy the large deviation
principle on E with speed Sp/(m) and rate function I. By the restriction principle
(Lemma , they also satisfy the large deviation principle on F. |

Proposition 4.33 (Approximation of LDP’s) Let E be a Polish space and let
X, Xmn (m,n > 1) be random variables taking values in E. Assume that for each
fized m > 1, the laws P[X,,,, € -] satisfy a large deviation principle with speed s,
and good rate function I,,. Assume moreover that there exists a good rate function
I such that

B (floon, = 1flser (f € CoilE)), (4.20)

and that there exists a metric d generating the topology on E such that for each
n(m) — oo,

lim
m—r0o0 Sn(m)

log P{d( Xy (m)s Xmn(m)) = €] = —00 (e > 0), (4.21)
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€., Xym) and Xy, nom) are exponentially close in the sense of @ Then the
laws P[X,, € -] satisfy the large deviation principle with speed s, and good rate
function 1.

Proof By the argument used in the proof of Proposition [1.32], it suffices to show
that each subsequence n(m) — oo contains a further subsequence n’(m) — oo such
that the laws P[X,/(, € -| satisfy the large deviation principle with speed s,/(m)
and good rate function /. By and Lemma [4.32] we can choose n’(m) — oo
such that the laws P[X,, v (m) € -] satisfy the large deviation principle with speed
Spm) and good rate function I. By (4.21), the random variables X, () and
Xonn(m) are exponentially close in the sense of Proposition , hence the large
deviation principle for the laws of the X, ,/ () implies the large deviation principle
for the laws of the X,/(,). |

The following lemma gives sufficient conditions for the type of convergence in
(14.20)).

Lemma 4.34 (Convergence of rate functions) Let E be a Polish space and
let 1,1, be good rate functions on E such that

(i) For each a € R, there exists a compact set K C E such that {vr € E :
In(z) <a} C K forallm > 1.

(i) Y,z € E with z,, — x, one has liminf,, . I,(x,,) > I(z).

(iii) Vo € E 3z, € E such that x,, — x and limsup,,_, . In(zm) < I(z).

Then the I, converge to I in the sense of .

Proof Formula (4.20)) is equivalent to the statement that

inf [I,,(x) — F(z)] — inf[I(z) — F(z)]

zeE m—oo x€EFE

for any continuous F': E — [—o00, 00) that is bounded from above. If I,,, I satisfy
conditions (i)—(iii), then the same is true for I' := I — F, I/ = I,, — F, so it
suffices to show that conditions (i)—(iii) imply that

inf 1,,,(z) — inf I(z).

zelR m—oo ze€F
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Since I is a good rate function, it achieves its minimum, i.e., there exists some
T, € E such that I(z,) = inf,cp [(z). By condition (iii), there exist x,, € E such
that x,, — = and

limsup inf I,,,(x) < limsup I, (z,,) < I(x,) = inf I(x).

m—oo TEE m—00 zek

To prove the other inequality, assume that

liminf inf 7,,(x) < inf I(x).

m—oo x€EFE el

Then, by going to a subsequence if necessary, we can find z,, € FE such that

lim I, (xy,) < inf I(z),

m—00 zeFE

where the limit on the left-hand side exists and may be —oo. By condition (i),
there exists a compact set K C E such that z,, € K for all m, hence by going to a
further subsequence if necessary, we may assume that z,, — x, for some z, € F.
Condition (ii) now tells us that

lim I,,(xy,) > I(z.) > inf I(z),

m—00 el

which leads to a contradiction. [ ]

Proof of Theorem [4.30] We set

) 1 LT/¢]
MT<$) = |_T/€J 2 1{<Xs(k71)aX€k) _ (:L‘,aﬁ)} (JT S S),
LT/¢]

&€ . 1
Wile) = 7] 2 X Xa) = ()} (V€S 27 0)

and we let W5 (z,x) := 0 (z € S). By Proposition 4.33| the statements of the
theorem will follow provided we prove the following three claims:

1. For each ¢ > 0, the laws P[(M5, W£) € -] satisfy a large deviation principle
with speed T" and good rate function I..

2. The function [ from Theorem is a good rate function and the rate
functions /. converge to I in the sense of (4.20)) as ¢ | 0.

3. For each T,, — oo and e, | 0, the random variables (M;", W;™) and
(Mr,,,Wr, ) are exponentially close with speed T},,.
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Proof of Claim 1. For each € > 0, let (X} )r>0 be the Markov chain given by
Xi = X (k> 0),
and let M?¢ be its empirical pair distributions. Then
< 2)e
Mi(e) =M} (@.0)  (r€5),
Wi(z,y) ="' MP: (x,y) (1, €S, v #y).
For each € > 0 and v € M;(S?), let us define p. € [0,00)° and w.(v) € [0, 00)52
by
p5<V)(.Z') Z:l/(l'7l') (CCGS),
we(V)(@) 1= Lapgye™ (2, y) (z,y €9).
Then, by Theorem [4.2] for each € > 0 the laws P[(M5, W5) € -] satisfy a large
2
deviation principle on [0, oo)s x [0, oo)S with speed T" and good rate function I,
given by
L(p.(v),w.(v)) := e *H(v|v' ® P.) (v evy), (4.22)
while I.(p, w) := oo if there exists no v € V such that (p,w) = (p:(v), w.(v)). Note

the overall factor e~ which is due to the fact that the speed T differs a factor e~*
from the speed n of the embedded Markov chain.

Proof of Claim 2. By Lemma {4.34} it suffices to prove, for any ¢, | 0, the following
three statements.

(i) If pn € [0,00)% and w, € [0,00)°" satisty w,(z,y) — oo for some z,y € S,
then I, (py,w,) — oo.

(i) If p, € [0,00)° and w, € [O,oo)s2 satisfy (pn,w,) — (p,w) for some p €
[0,00)° and w € [0, 00)32, then liminf,, . Ic, (pn, wn) > I(p,w).

(i) For each p € [0,00)° and w € [0, 00)52 there exist p, € [0,00)° and w, €
[0, oo)sz such that limsup,,_, . Ic, (pn, wn) < I(p,w).

Obviously, it suffices to check conditions (i), (ii) for (p,, wy) such that I, (pn, w,) <
oo and condition (iii) for (p,w) such that I(p,w) < oo. Therefore, taking into
account our definition of 7., Claim 2 will follow provided we prove the following
three subclaims.
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2.1 If v, € V satisfy ¢, 'v,(z,y) — oo for some x # y, then

e ' H(vylv, @ P.,) — oo.

n—o0

2.1I. If v, € V satisty

L%(x,x)-——>p(x) (I < S)?
-1 e ) (4.23)
8n 1{x¢y}vn(x,y)7g>ow(x,y) (x7y € S )7

for some (p, w) € [0,00)° x [O,oo)sz, then
liminfe,"H(v,|v, @ P.,) > I(p,w).

n—o0

2.II1. For each (p,w) € W, we can find v,, € V satisfying (4.23]) such that
lim e, ' H(v,|v} @ P.,) = I(p,w).

n—oo

We start by writing H(v|v! ® P) in a suitable way. Let 1 be as defined in the
theorem. We observe that if v, u are probability measures on a finite set S and

p(z) >0 for all z € S, then
ZW( ) Sl ey % (i)
2 = Hivl),

€S
w(x

ZZ[ +Z log<

TE€S TeS

~—

where we use the convention that 0log0 := 0. By Excercise [4.10} it follows that
for any probability measure p on S and probability kernels P, () on S such that
PRIQ KL pR P,

H(p®Qlp® P) = ZP VH(Qa| )
_ Y\ pr)Q(x,y)
— szp(w) zy: P(z, y)@D(m) = %P(:ﬁ)P(m,y)@/}(W),

where the sum runs over all z,y € S such that p(z)P(z,y) > 0. In particular, if v
is a probability measure on S? and P is a probability kernel on S, then

Z v (2)P(x, y)gb(%) ifv<vleP,

o0 otherwise,

H(v|v' @ P) =
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where we define 0 (a/b) := 0, irrespective of the values of a,b > 0.

To prove Claim 2.1, now, we observe that if e 'v,(z,y) — oo for some x # y, then

e H(unlvy ® P.,) > e vy () P, (2, yW(%)

> eglvn(fv,y)(log (%) — 1>,

where ( ) ( ) ( )
Un(2,y Un(x,y Un(x,y
> —= — OQ.
V(@) P, (z,y) — Pe(z,y)  enr(z,y) + O(3) nroo

To prove Claim 2.1I, we observe that if v, p, w satisfy (4.23)), then, as n — oo,

vy (@)P., (2,0) = pl) + O(ea), } (v €9),

while

It follows that

en H(vnlv, ® P.,) =e,! Z V() P, (, y)d’(

)

o (x.1)
5y En)-
z;p@)r(x,y)w(p(x)r(w)) +0(e)
(4.24)

To prove Claim 2.I1I, finally, we observe that for each (p,w) € W, we can find
v, € V satisfying such that moreover v,(x,x) = 0 whenever p(z) = 0 and
vn(z,y) = 0 whenever p(x)r(z,y) = 0 for some z # y. It follows that v} (x) =0
whenever p(z) = 0, so for each z,y such that p(x) = 0, we have

eglvM:c)Pen(x?yw(%) -0,



134 CHAPTER 4. MARKOV CHAINS

while for x # y such that p(z) > 0 but r(z,y) = 0, we have
(@) P, @) o p).
2 va@) e 0 (s s ) = Ol (1)
Note also that if p(x) > 0, then
p(x) + O(en) 2
) =9 (1 +0(g,)) = O(e;).
$ (e 0pen) = (1 0e) = 0ED)
It follows that in (4.24), only the terms where p(z)r(z,y) > 0 contribute, and
w(z, y)

 HOu @ Pu) = 3 plor(a i (s

zFy

) + O(ey).

Proof of Claim 3. Set eN := {ek : k € N} and observe that ¢|T/e] = sup{T’ €
eN:T" < T}. It is not hard to show that for any 7,,, — oo and &, | 0, the random
variables

(MTm Y WTm) and (ManL LTWL/677LJ Y WE’"L \_T’"L/aﬂbj ) (425)

are exponentially close. Therefore, by Excercise below and the fact that
(Mg, Wgr) are functions of [T, /€] only, it suffices to prove the statement
for times T,, € ¢,,N.

Recall that Ap :={t € (0,T] : X;— # X;} is the set of times, up to time 7', when
X makes a jump. For any T € N, let

T/e

Ji(e, T) = ; Ylarn etk —1),ek)] =y =12)

denote the number of time intervals of the form (e(k—1), k], up to time 7', during
which X makes at least ¢ jumps. We observe that for any T" € N,

>~ [Mi (@) = Mr(a)] < 2 (e, T),

1
Z {W;(l‘ay) - WT('r7y)| < T‘]2<€7T)'
z,yeS

Thus, it suffices to show that for any 6 > 0, ¢,, { 0 and T,, € ¢,,N such that
T, — o0 )
lim T logIP’[emjl(em,Tm)/Tm > (5} = —00,

m—r0o0

lim —logIF’[JQ(am,Tm)/Tm > (5} = —00.

m—o0 T},
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We observe that Ji(e,T) < |Ar|, which can in turn be estimated from above by a
Poisson distributed random variable Ngpr with mean

T sup Z r(z,y) = RT.

zeS yes

By Excercise below, it follows that for any 0 < ¢ < §/R,

1
lim sup T logP[emJl(em, Tn)/Tm > (5}

m—ro0 m

1
< lim sup jTlogP[aNRTm/Tm > 6] < (6/Re) o %%

m— 00 m

where 9(z) :== 1 — z + zlogz. To also prove the statement for .J;, we observe
that Az can be estimated from above by a Poisson point process with intensity R,
hence

P[|Ar N (e(k —1),ek]| > 2] <1 —e " — Ree™ ™.

and Jy(e,T) can be estimated from above by a binomially distributed random
variable with parameters (n,p) = (T/e,1 — e % — Ree f). For small ¢, this
binomal distribution approximates a Poisson distribution. To turn this into a
rigorous estimate, define A, by

1—e?:=1—¢ e Ree T,

In other words, if M and N are Poisson distributed random variables with mean
A. and Re, respectively, then this says that P[N > 1] = P[M > 2|. Since the
right-hand side of this equation is of order 1 R%? + O(e?) as £ | 0, we see that

A = 3R*+0(%) ase 0.

Then Jy(e, T') can be estimated from above by a Poisson disributed random variable
with mean (T'/e)A. = R*Te+0(e?). By the same argument as for J;, we conclude
that )

lim sup T logP[emJg(ém,Tm)/Tm > (5} = —00.

m—0o0 m

Exercise 4.35 (Large deviations for Poisson process) Let N = (IV;);>0 be
a Poisson process with intensity one, i.e., N has independent increments where
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N; — N is Poisson distributed with mean ¢ — s. Show that the laws P[Np/T € -|
satisfy the large deviation principle with speed T" and good rate function

| 1—=2z+4~zlog=z if 2z >0,
I(z) = { 00 otherwise.

Hint: first consider the process at integer times and use that this is a sum of i.i.d.
random variables. Then generalize to nontinteger times.

Exercise 4.36 (Rounded times) Prove that the random variables in (4.25) are
exponentially close.

Exercise 4.37 (Triangle inequality for exponential closeness) Let (X,,)n>1,
(Yo)n>1 and (Z,)n>1 be random variables taking values in a Polish space E and
let d be a metric generating the topology on E. Let s, be positive constants,
converging to infinity, and assume that

lim, o0 = log P[d(X,, Y,) >
lim, oo o logP{d(Ye, Z,) > €] = =00 (> 0).

Prove that )
lim —logP[d(X,,Z,) > ¢] = —c0 (e >0).

n—oo S?’L

4.6 Excercises

Exercise 4.38 (Testing the fairness of a dice) Imagine that we want to test
if a dice is fair, i.e., if all sides come up with equal probabilities. To test this
hypothesis, we throw the dice n times. General statistical theory tells us that
any test on the distribution with which each side comes up can be based on the
relative freqencies M, (z) of the sides x = 1,...,6 in these n throws. Let pg be
the uniform distribution on S := {1,...,6} and imagine that sides the dice come
up according to some other, unknown distribution p;. We are looking for a test
function T' : My(S) — {0, 1} such that if T'(M,,) = 1, we reject the hypothesis
that the dice is fair. Let P, denote the distribution of M,, when in a single throw,
the sides of the dice come up with law u. Then

=P [T(M,) =1] and B, =P, [T(M,) = 0]
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are the probability that we incorrectly reject the hypothesis that the dice is fair and
the probability that we do not reckognize the non-fairness of the dice, respectively.
A good test minimalizes (3, when «,, is subject to a bound of the form a, < ¢,
with € > 0 small and fixed. Consider a test of the form

TMn) = L (M, o) > A}

where A > 0 is fixed and small enough such that {u € M1(S) : H(u|puo) > A} # 0.
Prove that

1
lim —loga,, = —A,
n—oo N,

and, for any i 7# po,
.1 :
lim —logfB, =— inf  H(ulu).

n—oo 1 i H(ppo)<A

Let T : My(S) — {0,1} be any other test such that {u € My(S) : T(p) =1} is
the closure of its interior and let &, 8, be the corresponding error probabilities.
Assume that

1
limsup —log &, < —A.
n

n—oo

Show that for any u, # uo,

1 ~
n

n—00 pe H(ppo) <A

This shows that the test 7' is, in a sense, optimal.

Exercise 4.39 (Reducible Markov chains) Let X = (Xj)>o be a Markov
chain with finite state space S and transition kernel P. Assume that S = AUBU{c}
where

(i) Va,a’ € A In > 0 s.t. P"(a,d’) > 0,
(ii) Wb, € B In >0 s.t. P*(b, V) > 0,

)
)
(iii) Ja € A, b€ B s.t. P(a,b) > 0,
(iv) 3b € B s.t. P(b,c) > 0,

)

(v) Pla,c) =0Va € A,
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(vi) P(b,a)=0Va € A, be B.
Assume that Xy € A a.s. Give an expression for

1
lim —logP[X,, # c|.

n—oo 1,

Hint: set 75 := inf{k > 0: X € B} and consider the process before and after 75.

Exercise 4.40 (Sampling without replacement) For each n > 1, consider
an urn with n balls that have colors taken from some finite set S. Let ¢,(z) be
the number of balls of color x € S. Imagine that we draw m,, balls from the urn
without replacement. We assume that the numbers ¢, (x) and m,, are deterministic
(i.e., non-random), and that

1 n

—cp(r) — p(z) (re€S) and LI K,

n n—o00 n n—oo
where (1 is a probability measure on S and 0 < k < 1. Let M, (x) be the (random)
number of balls of color x that we have drawn. Let k,(x) satisfy

Eal® @) and @@ TEE@ 0 wes),

m, n—oo n—my n—00

where vy, 5 are probability measures on S such that vy;(z) > 0 for all z € S,
1 = 1,2. Prove that

lim ~ log P{M, = ky] = —wH(m|u) — (1 — k) H(va ). (4.26)

n—oo 1M

Sketch a proof, similar to the arguments following (4.9)), that the laws P[M,, € -]
satisfy a large deviation principle with speed n and rate function given by the
right-hand side of (4.26)). Hint: use Stirling’s formula to show that

Liog (”) ~ (™),

n m

where
H(z):=—zlogz— (1 —z)log(l — z).
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Exercise 4.41 (Conditioned Markov chain) Let S be a finite set and let P
be a probability kernel on S. Let

UcC{(x,y) €S*: P(x,y) > 0}

be irreducible, let U be as in , and let A be the restriction of P to U, i.e., A is
the linear operator on RU whose matrix is given by A(z,y) := P(z,y) (z,y € ).
Let a;,n and h denote its Perron-Frobenius eigenvalue and associated left and right
eigenvectors, respectively, normalized such that ) 7 h(z)n(x) = 1, and let Ay be
the irreducible probability kernel on U defined as in .

Fix 79 € U, let X = (Xj)x>0 be the Markov chain in S with transition kernel
P started in Xy = g, and let X" = (X!");>0 be the Markov chain in U with
transition kernel A;, started in XSL = xg. Show that

PXi=w1,..., X, =2, | (X1, Xp) €UVE=1,....n]
B[ (X)) Bl yn — o xn = XD,

n

where A~! denotes the function h~'(x) = 1/h(z). Assuming moreover that Ay, is
aperiodic, prove that

P[X1=a1,..., X =5 | (X1, Xp) €U VE=1,...,n]

— P[X} =a1,..., X} = 2]

n—oo
for each fixed m > 1 and x4, ..., 2, € U. Hint:
PX1=a1,..., Xy =2n| (X1, Xp) €EUVE=1,... 1]
(AR o) "Bl L xcn g o gy (AR X)),



140 CHAPTER 4. MARKOV CHAINS



Bibliography

[Aco02]

[Bil99]

[Boub§]

[Bry90]

[Cho69]

[Cra38]

[Csi06]

IDBS1]

[DE97]

A. de Acosta. Moderate deviations and associated Laplace transfor-
mations for sums of independent random vectors. Trans. Am. Math.
Soc. 329(1), 357-375, 2002.

P. Billingsley. Convergence of Probability Measures. 2nd ed. Wiley, New
York, 1999.

N. Bourbaki. Eléments de Mathématique. VIII. Part. 1: Les Structures
Fondamentales de I’Analyse. Livre II1: Topologie Générale. Chap. 9: Util-
isation des Nombres Réels en Topologie Générale. 2iéme éd. Actualités
Scientifiques et Industrielles 1045. Hermann & Cie, Paris, 1958.

W. Bryc. Large deviations by the asymptotic value method. Pages 447
472 in: Diffusion Processes and Related Problems in Analysis Vol. 1 (ed.
M. Pinsky), Birkhauser, Boston, 1990.

G. Choquet. Lectures on Analysis. Volume I. Integration and Topological
Vector Spaces. Benjamin, London, 1969.

H. Cramér. Sur un nouveau théoreme-limite de la théorie des probabilités.
Actualités Scientifiques et Industrielles 736, 5—23, 1938.

I. Csiszar. A simple proof of Sanov’s theorem. Bull. Braz. Math. Soc.
(N.S.) 37(4), 453-459, 2006.

C.M. Deo and G.J. Babu. Probabilities of moderate deviations in Banach
spaces. Proc. Am. Math. Soc. 83(2), 392-397, 1981.

P. Dupuis and R.S. Ellis. A Weak Convergence Approach to the Theory
of Large Deviations. Wiley Series in Probability and Statistics. Wiley,
Chichester, 1997.

141



142 BIBLIOGRAPHY

[DS89] J.-D. Deuschel and D.W. Stroock. Large Deviations. Academic Press,
Boston, 1989.

[Dud02] R.M. Dudley. Real Analysis and Probability. Reprint of the 1989 edition.
Camebridge University Press, Camebridge, 2002.

[DZ93] A. Dembo and O. Zeitouni. Large deviations techniques and applications.
Jones and Bartlett Publishers, Boston, 1993.

[DZ98] A. Dembo and O. Zeitouni. Large deviations techniques and applications
2nd edition. Applications of Mathematics 38. Springer, New York, 1998.

[EL03] P. Eichelsbacher and M. Lowe. Moderate deviations for i.i.d. random vari-
ables. ESAIM, Probab. Stat. 7, 209-218, 2003.

[ENI85] R.S. Ellis. Entropy, Large Deviations, and Statistical Mechanics. Grund-
lehren der Mathematischen Wissenschaften 271. Springer, New York,
1985.

[Eng89] R. Engelking. General Topology. Heldermann, Berlin, 1989.

[EK86] S.N. Ethier and T.G. Kurtz. Markov Processes; Characterization and Con-
vergence. John Wiley & Sons, New York, 1986.

[Gan00] F.R. Gantmacher. The Theory of Matrices, Vol. 2. AMS, Providence RI,
2000.

[Hol00] F.den Hollander. Large Deviations. Fields Institute Monographs 14. AMS,
Providence, 2000.

[Kel75] J.L. Kelley. General Topology. Reprint of the 1955 edition printed by Van
Nostrand. Springer, New York, 1975.

[Led92] M. Ledoux. Sur les déviations modérés des sommes de variables aléatoires
vectorielles indépendantes de meéme loi. Ann. Inst. Henri Poincaré,
Probab. Stat., 28(2), 267-280, 1992.

[OV91] G.L. O'Brien and W. Verwaat. Capacities, large deviations and loglog
laws. Page 43-83 in: Stable Processes and Related Topics Progress in Prob-
ability 25, Birkhauser, Boston, 1991.

[Oxt80] J.C. Oxtoby. Measure and Category. Second Edition. Springer, New York,
1980.



BIBLIOGRAPHY 143

[Puk91]

[Puh01]

[RS15]

[Roc70]

[San61]

[Sen73]

[Ste87]
[Var66|

A.A. Pukhalski. On functional principle of large deviations. Pages 198
218 in: New Trends in Probability and Statistics (eds. V. Sazonov and
T. Shervashidze) VSP-Mokslas, 1991.

A. Puhalskii. Large Deviations and Idempotent Probability. Monographs
and Surveys in Pure and Applied Mathematics 119. Chapman & Hall,
Boca Raton, 2001.

F. Rassoul-Agha and Timo Seppélainen. A Course on Large Deviations
with an Introduction to Gibbs Measures. Graduate studies in Mathe-
mematics 162, AMS, 2015.

R.T. Rockafellar. Convex Analysis. Princeton, New Jersey, 1970.

[LN. Sanov. On the probability of large deviations of random variables.
Mat. Sb. 42 (in Russian). English translation in: Selected Translations in
Mathematical Statistics and Probability I, 213-244, 1961.

E. Seneta. Non-Negative Matrices: An Introduction to Theory and Appli-
cations. George Allen & Unwin, London, 1973.

J. Stépan. Teorie Pravépodobnosti. Academia, Prague, 1987.

S.R.S. Varadhan. Asymptotic probabilities and differential equations.
Comm. Pure Appl. Math. 19, 261-286, 1966.



A [47 Uy, B9

B(E) U (E),

B,(E), Conv(RY), [0

By(E), Conv,, (R?),

B, (x), |18, A,

By (E), int(4),

Gs-set, |4

H(ff, affine hull,

I-continuous set, [24] affine set,

int(A), 24 aperiodic Markov chain, [100]
?” bounded pointwise convergence,
R, central limit theorem,
of, closed convex hull,

V. B0 closure,

/\; 20 compact

f7 level sets,

Co(E), compactification, [44]

B(E), contraction principle,
(L), convex, [57]

C+(E), convex cone, [57]

Co(E), convex function,

Co.+(B), convex hull,

Dy, B9 of a function, [64]

E(f), cumulant generating function
£(E), ’
L. (E), dense set,

Ly(E), diagonal argument,

Ly (E), distribution determining, [36]
UE),

U (F), eigenvector

Uy(E), left or right,

144



INDEX

empirical average, [7]
empirical distribution

finite space,

for pairs, [LOO

of Markov process, [126
empirical process,
epigraph,
exponential tightness,
exponentially close,

exposed point,

Fenchel-Legendre transform,
free energy function,

good rate function,
gradient,

half-space,
Hausdorff topological space,

image measure, [30]
induced topology, [44]
initial law,
interior, [I7] [5§]
invariant law, [100]
of Markov process, [125
inverse image, [30]
irreducibility, [T5], 100}
irreducible
Markov chain, 100
Markov process,
set U,

kernel

probability,
Kullback-Leibler distance,

large deviation principle,
weak,

law of large numbers
weak,

LDP,

Legendre transform,

Legendre-Fenchel transform,

level set, [9]

compact, 23]

logarithmic cumulant generating
function,

logarithmic moment generating
function,

lower semi-continuous, [J]

Markov chain,
maximal domain

of convex function,
moderate deviations,
moment generating function,

nonnegative matrix, [I19]

norm, 23]

normalized rate function,

one-point compactification, [46]
operator norm, [I19]

partial sum,
period of a state, [100)

Perron-Frobenius theorem, [120
probability kernel,
projective limit,

rate, [24]

rate function
normalized,

rate function,
Cramér’s theorem,

good,
rate function determining, [49]
relative entropy,
finite space,
relative interior,
restriction

145



146

of a convex function,
restriction principle,

Scott topology,
seminorm, 23]

separable,
separation of points,
simple function,
spectral radius, [I19

spectrum, [I19]
speed,
stationary process, @
Stirling’s formula, [105
strictly convex function,
supporting
affine function,
hyperplane,

tightness,

exponential,
tilted probability law,
total variation, [101
totally bounded,
transition kernel,
transition rate, [I5]
transposed matrix, [120]

trap, [I13]

Ulam’s theorem,
uniform integrability,

vertical hyperplane,

INDEX



	Some motivating examples
	Cramér's theorem
	Moderate deviations
	Relative entropy
	Non-exit probabilities
	Outlook

	Large deviation principles
	Weak convergence on Polish spaces
	Large deviation principles
	Varadhan's lemma
	The contraction principle
	Exponential tilts
	Robustness
	Tightness
	LDP's on compact spaces
	Exponential tightness
	Applications of exponential tightness

	Convex analysis
	Convex sets
	Convex functions
	The generalized gradient
	The convex hull of a function
	The Legendre transform
	Extensions of convex functions
	Well-behaved convex functions

	Sums of i.i.d. random variables
	Cramér's rate function
	Cramér's theorem
	The Gärtner-Ellis theorem
	The Boltzmann-Sanov theorem
	Relative entropy
	Sanov's theorem

	Markov chains
	Basic notions
	A LDP for Markov chains
	The empirical process
	Perron-Frobenius eigenvalues
	Continuous time
	Excercises


