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Cramér's theorem

Let (Xk)k>1 be i.i.d. real random variables with law .
Assume that

Z(\) = E[eM1] = /,u(dx) eM <o (AER).

and set p 1= (u) = E[X1].
Theorem (Harald Cramér, 1938)

(i) lim 1logIF”FZ:Xka} =—Ily) (yv>n)

n—oo n

(if) |.m,|ogp[ Zxk<y} -Ily)  (v<p),

n—oo N

where [ is defined by

I(y) = igﬂg [Ay — log Z()\)] (y € R).
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The upper bound

Proof We only prove (i). Since 1 )(z) < €7, we can estimate
fory e R and A > 0,

ZXk>y 1Z(Xk— )\Z X —y
E[e} Tha (X = HE A(Xi —y)] _ e—nAyE[eAxl]n
- e(logZ(A) Ay)n.
It follows that

flogIP’[ ZXk < y] < |nf0 [log Z(X) — Ay]

=—sup [Ay — log Z())].
A>0
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The upper bound

The function A — Ay — log Z(\) assumes its maximum in the
point A that is uniquely characterised by

Hlog Z(N) = y.
If y > p, then the maximum is achieved for A > 0 and hence

sup [Ay — log Z(\)] = sup [Ay — log Z(A\)] =: I(y).
A>0 AR

This completes the proof of the upper bound.
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The lower bound

To prove the lower bound, we first treat two trivial cases.
Recall that y, is the supremum of the support of the law of Xj.

If y > yi, then P[>0 1 X, > y] =0 for all n > 1 while
I(y) = oo so (i) holds trivially.

If y = yi, then P[E 371 X > y] = P[X1 = y;]" while
I(y;+) = —log P[X1 = y4] by, hence again (i) holds.

It remains to treat the case p < y < y,.
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The lower bound

Now /(y) = yAo — log Z(Xo), where is uniquely characterized by
the requirement that

(kro) = Olog Z(Ao) = y.

The idea of the proof is to replace the law y of the (Xi)k>1 by pa,
at an exponential cost of size /(y).

n

PLS X > y] =P~ ) > 0]
k=1

k=1
_/,u(dxl) .. ./M(dxn)l{zzzl(xk —y) >0}
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The lower bound

To complete the proof, we must show that

minf L log B[e e Zha (K )
liminf = logE[e ™" 2uk=1\""k = Y)1 o >0,
i el (i =0 2
where (Xk)k>1 are i.i.d. with law s, so E[X,] = y and
Var(Xk) > 0.

We estimate
Ao Y p_1 (K = y)
Ele k=1 1 n ~
[ n (i) 2 0)
v —oXoy/n
Pl0<> (X —y) <ovn]e :
k=1

where by the central limit theorem,

n A 1 1 2 2
IP’[OSE(X;(— <aﬂ—> /e z/dz::0>0.
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Use of the CLT

Remark Our proof shows that for p < y < y,,

e_nl(y)_o(ﬁ)SP[EZXka]Se_nI(y) as n — oo,
Lt
where the lower bound is based on the central limit theorem.

Alternatively, one can use the weak law of large numbers to deduce
that

o<2xk— )<e] — 1 (£>0)

n—o0

when )~<k have law ) with A > A..
Since € > 0 and X\ > A, are arbitrary, this is enough to derive the
LDP.
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Upper limit of the range

Remark We have proved a bit more than the LDP.
If y+ < oo and u({y+}) >0, then the LDP tells us that

limsup pin([ys,00)) < — inf I(y) = —I(y4),

n—00 YE[y+,00)

but as shown in Excercise 1.11, the complementary statement for
the limit inferior does not follow from the LDP since [y;, o0) is not
an open set.
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The multi-dimensional case

Remark The multi-dimensional Cramér’s theorem can be proved in
the same way, but we will give a different proof based on the
Gartner-Ellis theorem.

Remark Cramér’s theorem remains true if the assumption

Z(A\) = E[eM1] < oo for all A € R is weakened to Z()) < oo for
A in an open neighbourhood of the origin. Our proof in the
multi-dimensional case will partly cover this regime but not fully.
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Conditioning on rare events

Remark For p < y < y4, it can be shown that for fixed m > 1,

P[Xy € dx, ..., X € dxen | 2D X, > y]
k=1
= g (dxa) - g, (dxim)-

This means that conditioned on the rare event %22:1 Xk >y, in
the limit n — oo, the random variables Xy, ..., X, are
approximately distributed as if they are i.i.d. with common law g .
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