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Preface

The earliest origins of large deviation theory lie in the work of Boltzmann on en-
tropy in the 1870ies and Cramér’s theorem from 1938 [Cra3g|. A unifying math-
ematical formalism was only developed starting with Varadhan’s definition of a
‘large deviation principle’ (LDP) in 1966 [Var66).

Basically, large deviation theory centers around the observation that suitable func-
tions F' of large numbers of i.i.d. random variables (Xi,...,X,,) often have the
property that

P[F(Xy,....X,) €dz] ~ e 5l asn 00, (LDP)

where s,, are real contants such that lim,, ,, s, = 0o (in most cases simply s,, = n).
In words, (LDP) says that the probability that F(X, ..., X, ) takes values near a
point = decays exponentially fast, with speed s,, and rate function I.

Large deviation theory has two different aspects. On the one hand, there is the
question of how to formalize the intuitive formula (LDP). This leads to the al-
ready mentioned definition of ‘large deviation principles’ and involves quite a bit
of measure theory and real analysis. The most important basic results of the ab-
stract theory were proved more or less between 1966 and 1991, when O’Brian and
Verwaat [OV91] and Puhalskii [Puk91] proved that exponential tightness implies
a subsequential LDP. The abstract theory of large deviation principles plays more
or less the same role as measure theory in (usual) probability theory.

On the other hand, there is a much richer and much more important side of large
deviation theory, which tries to identify rate functions I for various functions F' of
independent random variables, and study their properties. This part of the theory
is as rich as the branch of probability theory that tries to prove limit theorems
for functions of large numbers of random variables, and has many relations to the
latter.

There exist a number of good books on large deviation theory. The oldest book
that I am aware of is the one by Ellis [EII85], which is still useful for applications
of large deviation theory in statistical mechanics and gives a good intuitive feeling
for the theory, but lacks some of the standard results.

The classical books on the topic are the ones of Deuschel and Stroock [DS89]
and especially Dembo and Zeitouni [DZ98], the latter originally published in 1993.
While these are very thorough introductions to the field, they can at places be a
bit hard to read due to the technicalities involved. Also, both books came a bit
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too early to pick the full fruit of the developement of the abstract theory.

A very pleasant book to read as a first introduction to the field is the book by
Den Hollander [Hol00], which avoids many of the technicalities in favour of a clear
exposition of the intuitive ideas and a rich choice of applications. A disadvantage
of this book is that it gives little attention to the abstract theory, which means
many results are not proved in their strongest form.

Two other relatively recent books on the topic, that each try to stress certain
aspects of the theory, are the books by Dupuis and Ellis [DE97] and Puhalskii
[Puh01]. These books are very strong on the abstract theory, but, unfortunately,
they indulge rather heavily in the introduction of their own terminology and for-
malism (for example, in [DE97], replacing the large deviation principle by the
almost equivalent ‘Laplace principle’) which makes them somewhat inaccessible,
unless read from the beginning to the end.

A modern book that gives a statistical mechanics oriented view of large deviations
and that includes a very readable account of the modern abstract theory is the
book by Rassoul-Agha and Seppélédinen [RS15].

A difficulty encountered by everyone who tries to teach large deviation theory is
that in order to do it properly, one first needs quite a bit of abstract theory, which
however is intuitively hard to grasp unless one has seen at least a few examples.
For this reason, the lecture notes start with a number of motivating examples
which will be proved in the later sections. Also, the development of the abstract
theory is at regular intervals interrupted in order to show how it can be applied to
concrete examples. I have tried to make optimal use of some of the more modern
abstract theory, while sticking with the classical terminology and formulations as
much as possible.



Chapter 0

Some motivating examples

0.1 Cramér’s theorem

Let (Xg)k>1 be a sequence of i.i.d. absolutely integrable (i.e., E[|X;|] < oco) real
random variables with mean p := E[X}], and let

1 n
T, = — .
k=1
be their empirical averages. Then the weak law of large numbers states that
—p| > .
P[|T, p|_€]n_>—0>00 (e >0)

In 1938, the Swedish statistician and probabilist Harald Cramér [Cra3§| studied
the question how fast this probability tends to zero. For laws with sufficiently light
tails (as stated in the condition (0.1]) below), he arrived at the following conclusion.

Theorem 0.1 (Cramér’s theorem) Assume that

Z\) =E[eM] <00 (AER). (0.1)
Then 1
(0 Jim —logP[T, >yl =~1I(y)  (y>p),
X (0.2)
(i) lim —logP[T, <y] = —I(y)  (y <p),
where I is defined by
I(y) == ilé.ﬂg Ay —log Z()\)] (y € R). (0.3)
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The function Z in is called the moment generating function or cumulant gen-
erating function, and its logarithm is consequently called the logarithmic moment
generating function (or logarithmic cumulant generating function of the law of Xj.
In the context of large deviation theory, log Z()) is also called the free energy
function, see [EII85, Section II.4].

The function I defined in is called the rate function. In order to see what
Cramér’s theorem tells us exactly, we need to know some elementary properties of
this function. Note that implies that E[|X;]?] < co. To avoid trivial cases,
we assume that the X are not a.s. constant, i.e., Var(X;) > 0.

Below, int(A) denotes the interior of a set A, i.e., the largest open set contained in
A. We recall that for any finite measure p on R, support(yu) is the smallest closed
set such that p is concentrated on support(u).

Lemma 0.2 (Properties of the rate function) Let u be the law of X, let
p:= (u) and o* := Var(u) denote its mean and variance, and assume that o > 0.
Let y_ := inf(support(u)), v := sup(support(u)). Let I be the function defined

in and set
Dr={yeR:I(y) <oo} and Uj:=int(Dy).

Then:

(i) I is convex.

(i) I is lower semi-continuous.

(iii) 0 < I(y) < oo for ally € R.

(iv) I(y) =0 if and only if y = p.

() Us = (g, ps).

(vi) I is infinitely differentiable on U;.

(vil) limy, I'(y) = —oo and limy,, I'(y) = oco.
(viii) I” >0 onUr and I"(p) = 1/0>.

(ix) If —oo <y_, then I(y_) = —logu({y_}), and
if y+ <00, then I(y4) = —log u({y+}).
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Figure 1: A typical example of a rate function.

See Figure [I| for a picture. Here, if F is any metric space (e.g. E = R), then we
say that a function f : E — [—o00,00] is lower semi-continuous if one (and hence
both) of the following equivalent conditions are satisfied:
(i) iminf, . f(x,) > f(z) whenever z, — .
(ii) For each —oco < a < o0, the level set {x € E : I[(x) < a} is a closed subset
of E.

In view of Lemma [0.2], Theorem [0.1] tells us that the probability that the empirical
average 1), deviates by any given constant from its mean decays exponentially fast
in n. More precisely, formula (0.2)) (i) says that

P[T,, > y| = e—nl(y) +o(n) as m— 0o (y > p),
were, as usual, o(n) denotes any function such that

o(n)/n—0 as n — oo.

Note that formulas (0.2)) (i) and (ii) only consider one-sided deviations of T;, from
its mean p. Nevertheless, the limiting behavior of two-sided deviations can easily
be derived from Theorem [0.1] Indeed, for any y_ < p <y,

P[Tn <y_orT1, > y+] = e_n](y—) + 0(") + e_n](y-i-) + O(n)

—e—nmin{l(y-), I(y)} +o(n) 5 1 5 00
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In particular,

lim LlogP[|T, — p| > & = min{I(p— ), I(p +2)} (= > 0).

n—oo N,

Exercise 0.3 Use Theorem[0.I]and Lemmal0.2]to deduce that, under the assump-
tions of Theorem [0.1]

!
lim —logP [T, > y] = —Lw(y) (v > p),

n—oo M

where I, is the upper semi-continuous modification of I, i.e., Iy,(y) = I(y) for
y # Y-, y+ and Lup(y-) = Lup(y4) 1= oo

0.2 Moderate deviations

As in the previous section, let (Xj)g>1 be a sequence of i.i.d. absolutely integrable
real random variables with mean p := E[|.X;|] and assume that (0.1) holds. Let

S, ::ZXk (n>1).
k=1

be the partial sums of the first n random variables. Then Theorem [0.1] says that
P[S, — pn > yn] —em(pFy)+o(n) un oo (y > 0).
On the other hand, by the central limit theorem, we know that
P[S, —pn = yvn| — ®(y/o)  (y€R),
where @ is the distribution function of the standard normal distribution and
o? = Var(X)),

which we assume to be positive. One may wonder what happens at in-between
scales, i.e., how does P[S, — pn > y,] decay to zero if \/n < y, < n? This is
the question of moderate deviations. We will only consider the case y,, = yn® with
% < a < 1, even though other timescales (for example in connection with the law
of the iterated logarithm) are also interesting.
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Theorem 0.4 (Moderate deviations) Let (Xj)i>1 be a sequence of i.i.d. ab-

solutely integrable real random variables with mean p := E[|X1|], variance 0* =
Var(X;) > 0, and E[e**1] < 0o (A € R). Then

1
lim ——logP[S, — pn > yn®] = —55y° (y>0, s <a<l). (0.4)

n—oo p2a—1

Remark Setting y,, := yn®~! and naively applying Cramér’s theorem, pretending
that y,, is a constant, using Lemma [0.2f (viii), we obtain

log P[S, — pn = yn®] = log P[S, — pn > yn)
~ =l (yn) B —Ngay, = — 5y

Dividing both sides of this equation by n?*~! yields formula ((0.4) (although this

derivation is not correct). Moderate deviations are treated in [RS15, Section 11.2].

Some other more or less helpful references are [DB8I, Led92, [Aco02) [ELO3].

0.3 Relative entropy

Imagine that we throw a dice n times, and keep record of how often each of the
possible outcomes 1, ..., 6 comes up. Let N,(z) be the number of times outcome x
has turned up in the first n throws, let M,,(x) := N, (x)/n be the relative frequency
of z, and set
A, = max M,(x) — min M,(z).
1<z<6 1<2<6

By the strong law of large numbers, we know that M, (x) — 1/6 a.s. as n — oo
for each x € {1,...,6}, and therefore P[A,, > €] — 0 as n — oo for each € > 0. It
turns out that this convergence happens exponentially fast.

Proposition 0.5 (Deviations from uniformity) There exists a continuous,
strictly increasing function I : [0,1] — R with 1(0) = 0 and I(1) = log6, such that

lim llogIP’[An >e] =—1(e) (0<e<1). (0.5)

n—oo 1

Proposition follows from a more general result that was already discovered by
the physicist Boltzmann in 1877. A much more general version of this result for
random variables that do not need to take values in a finite space was proved by
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the Russian mathematician Sanov [San61]. We will restrict ourselves to finite state
spaces for the moment. To state the theorem, we first need a few definitions.

Let S be a finite set and let M;(S) be the set of all probability measures on S.
Since S is finite, we may identify M;(S) with the set

M;(S) :={r eR":m(z) > 0Vzx €S, Zw(l) =1},
zeS

where R® denotes the space of all functions 7 : S — R. Note that M;(S) is a
compact, convex subset of the (|S| — 1)-dimensional space {m € R®: Y _ . 7(1) =

1}.
Let p,v € My(S) and assume that p(z) > 0 for all x € S. Then we define the
relative entropy of v with respect to u by

Hv|p) = Z v(z)log v(z) _ Zﬂ(x)y(x) log v(x)

gy ple) L= ple)

zeSs

where we use the conventions that log(0) := —oo and 0 - oo := 0. The function
H(v|p) is also known as the Kullback-Leibler distance or divergence.

Lemma 0.6 (Properties of the relative entropy) Assume that u € M;(S)
and assume that p(x) > 0 for all x € S. Then the function v — H(v|u) has the
following properties.

(i) 0 < H(v|p) < oo for allv € My(S).
(i) H(plp) = 0.

(i) H(v|u) > 0 for all v # pu.

(iv) v — H(v|p) is convex and continuous on M (S).

(v) v H(v|p) is infinitely differentiable on the interior of My (S).

Assume that p € M;(S) satisfies p(x) > 0 for all x € S and let (Xj)g>1 be an

i.i.d. sequence with common law P[X; = z] = u(x). As in the example of the dice
throws, we let

1 n
M, (x) := - Z Lixy=a} (x €S, n>1). (0.6)
k=1

Note that M, is a M;(S)-valued random variable. We call M, the empirical
distribution.
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Theorem 0.7 (Boltzmann-Sanov) Let C be a closed subset of M1 (S) such that
C s the closure of its interior. Then

1
lim —logP[M,, € C] = —min H(v|p). (0.7)

n—o0o 1 veC

Note that (0.7) says that

P[M, € C] = e ™M™ agn — 00 where Io = mig H(v|p). (0.8)
ve

This is similar to what we have already seen in Cramér’s theorem: if I is the
rate function from Theorem[0.1} then I(y) = min, cp,.o0) I(y) for y > p and I(y) =
Miny ooy I(y') for y < p. Likewise, as we have seen in , the probability that
T, € (—00,y-] U [y4,00) decays exponentially with rate miny c(—ooy_ jufy, 00 L (¥)-

The proof of Theorem will be delayed till later, but we will show here how
Theorem [0.7] implies Proposition [0.5

Proof of Proposition [0.5| We set S := {1,...,6}, u(z) :=1/6 for all z € S, and
apply Theorem [0.7] For each 0 < e < 1, the set

C. := {v € My(S) : maxv(z) — minv(z) >}

zeSs zeSsS

is a closed subset of M (.S) that is the closure of its interior. (Note that the last
statement fails for e = 1.) Therefore, Theorem implies that

lim llog]P’[An >e| = lim llogIP’[Mn € C.] = —min H(v|p) = —1(e). (0.9)

n—oo N n—oo N veCe

The fact that I is continuous and satisfies 1(0) = 0 follows easily from the
properties of H(v|u) listed in Lemma [0.60 To see that I is strictly increasing,
fix 0 < g1 < g9 < 1. Since H(-|p) is continuous and the C., are compact,
we can find a v, (not necessarily unique) such that H(-|u) assumes its mini-
mum over C., in v,. Now by the fact that H(-|u) is convex and assumes its
unique minimum in g, we see that v/ := Svs + (1— i—;)u € (., and therefore
1)) < H'\) < Himlp) = 1(=2).

Finally, by the continuity of H( - |u), we see that

I(e) T min H(v|p) = H(61|p) = log 6 ase T 1.

veCh
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To see that (0.5 also holds for ¢ = 1 (which does not follow directly from
Theorem since C is not the closure of its interior), it suffices to note that
PlA, =1] = (g)" % |

Remark 1 It is quite tricky to calculate the function I from Proposition
explicitly. For e sufficiently small, it seems that the minimizers of the entropy
H(-|n) on the set C. are (up to permutations of the coordinates) of the form
v(l) = 3 — 36, v(2) = ¢ + 3¢, and v(3),...,v(6) = ;. For ¢ > g, this solution is
of course no longer well-defined and the minimizer must look differently.

Remark 2 I do not know whether the function [ is convex.

0.4 Non-exit probabilities

In this section we move away from the i.i.d. setting and formulate a large devi-
ation result for Markov processes. To keep the technicalities to a minimum, we
restrict ourselves to Markov processes with a finite state space. We recall that a
continuous-time, time-homogeneous Markov process X = (X;);>o taking value in
a finite set S is uniquely characterized (in law) by its initial law p(z) := P[Xy = z]
and its transition probabilities P;(z,y). Indeed, X has piecewise constant, right-
continuous sample paths and its finite-dimensional distributions are characterized

by
]P)I:Xh =T1y. .- 7th - wn:| - ZM(xO)Ptl (ZEOa xl)PtQ—tl (xlv ZL'Q) e Ptn—tn_l(xna xn)

o

(t1 < -+ <tp, x1,...,2, € S). The transition probabilities are continuous in ¢,
have Py(z,y) = 1=, and satisfy the Chapman-Kolmogorov equation

ZPS(x,y)Pt(y, z) = Pyyy(x, 2) (s,t >0, z,z €9).
y

As a result, they define a semigroup (P;);>o of linear operators P, : RS — R® by

Pf(e) =3 Pila,y)fy) = E7[F (X))

where E* denotes expectation with respect to the law P* of the Markov process
with initial state Xo = . One has
=1
Pt — th — _Gntn’

n!
n=0
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where G : R® — R called the generator of the semigroup (P;)¢>o, is an operator
of the form

Gf(z)= > rlxy)(fly) - flx) (feR’ zed),

Y y#z

where r(z,y) (z,y € S, x # y) are nonnegative contants. We call r(x,y) the rate
of jumps from x to y. Indeed, since P, = 1 +tG + O(t?) as t — 0, we have that

. tr(z,y) + O(t?) if x # v,
PiXe =y] = { 1= t3, (e, 2) +O() itz =y

Let U C S be some strict subset of S and assume that Xy, € U a.s. We will be
interested in the probability that X, stays in U for a long time. Let us say that
the transition rates r(z,y) are irreducible on U if for each z,z € U, we can find
Yo, - - -, Yn sSuch that yo = x, y, = 2, and r(yx_1,yx) > 0 for each k = 1,...,n. Note
that this says that it is possible for the Markov process to go from any point in U
to any other point in U without leaving U.

Theorem 0.8 (Non-exit probability) Let X be a Markov process with finite
state space S, transition rates r(x,y) (x,y € S, © # y), and generator G. Let
U C S and assume that the transition rates are irreducible on U. Then there
exists a function f, unique up to a multiplicative constant, and a constant X > 0,

such that
(i) f>0onU,

(i) f=0 on S\U,
(i) Gf(x) =—=Af(z) (xeU).

Moreover, the process X started in any initial law such that Xy € U a.s. satisfies

1
lim —logP[X, € U V0 < s <t] = —A. (0.10)
t—oo t

0.5 Outlook

Our aim will be to prove Theorems [0.1] and [0.8] as well as similar and
more general results in a unified framework. Therefore, in the next chapter, we
will give a formal definition of when a sequence of probability measures satisfies a
large deviation principle with a given rate function. This will allow us to formu-
late our theorems in a unified framework that is moreover powerful enough to deal
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with generalizations such as a multidimensional version of Theorem or a gen-
eralization of Theorem to continuous spaces. We will see that large deviation
principles satisfy a number of abstract principles such as the contraction principle
which we have already used when we derived Proposition [0.5] from Theorem [0.7]
Once we have set up the general framework in Chapter [T} in Chapter [2] we will
already be able to prove Theorems and [0.7] The proofs of other results, such
as Theorems [0.4] and will be postponed till later chapters when we have more
abstract theory at our disposal.



Chapter 1

Large deviation principles

1.1 Weak convergence on Polish spaces

Recall that a topological space is a set E equipped with a collection O of subsets
of E that are called open sets, such that

(i) If (Oy)qer is any collection of (possibly uncountably many) sets O, € O,
then |J. O, € O.

yel’

(11) If 01702 € O, then 01 N 02 € O
(iii) 0, E € O.

Any such collection of sets is called a topology. It is fairly standard to also assume
the Hausdorff property

(IV) For each x1, 20 € E, 21 7é X9 301,02 €cO0st.0.NOy = (Z), T € 01, To € Oy,

A sequence of points x,, € E converges to a limit x in a given topology O if for
each O € O such that x € O there is an n such that z,, € O for all m > n. (If
the topology is Hausdorff, then such a limit is unique, i.e., , — x and x,, — 2’
implies x = 2/.) A set C' C E is called closed if its complement is open.

Because of property (i) in the definition of a topology, for each A C E, the union
of all open sets contained in A is itself an open set. We call this the interior of A,
denoted as int(A) := J{O : U C A, O open}. Then clearly int(A) is the largest

17



18 CHAPTER 1. LARGE DEVIATION PRINCIPLES

open set contained in A. Similarly, by taking complements, for each set A C F
there exists a smallest closed set containing A. We call this the closure of A,
denoted as A := ({C : C D A, C closed}. A topological space is called separable
if there exists a countable set D C E such that D is dense in F, where we say that
a set D C F is dense if its closure is F, or equivalently, if every nonempty open
subset of E has a nonempty intersection with D.

In particular, if d is a metric on F, and B.(z) := {y € E : d(z,y) < €}, then
O:={OCE:Vz €03 >0st. Bz) CO}

defines a Hausdorff topology on F such that convergence x, — z in this topology
is equivalent to d(x,,x) — 0. We say that the metric d generates the topology O.
If for a given topology O there exists a metric d that generates O, then we say
that the topological space (E, Q) is metrizable. A metrizable topology is uniquely
characterized by its convergent sequences. Indeed, a subset A of a metrizable space
is closed if and only if z,, € A and z,, — = imply = € A, and once we know which
sets are closed, we also know which sets are open, since they are the complements
of closed sets.

Recall that a sequence z,, in a metric space (F,d) is a Cauchy sequence if for all
e > 0 there is an n such that d(zg,x;) < € for all k,l > n. A metric space is
complete if every Cauchy sequence converges.

A Polish space is a separable topological space (E, Q) such that there exists a met-
ric d on E with the property that (E,d) is complete and d generates O. Warning:
there may be many different metrics on E that generate the same topology. It
may even happen that E is not complete in some of these metrics, and complete
in others (in which case E is still Polish). Example: R is separable and com-
plete in the usual metric d(x,y) = |x — y|, and therefore R is a Polish space. But
d'(z,y) := | arctan(z) —arctan(y)| is another metric that generates the same topol-
ogy, while (R, d’) is not complete. (Indeed, the completion of R w.r.t. the metric
d' is [—o0,].)

On any Polish space (E,Q) we let B(E) denote the Borel-o-algebra, i.e., the
smallest g-algebra containing the open sets O. We let By(FE) and Cy(E) denote the
linear spaces of all bounded Borel-measurable and bounded continuous functions
f: E — R, respectively. Then C,(E) is complete in the supermumnorm || f||e :=
sup,eg | f(2)], e, (CG(E), | - ||) is a Banach space [Dud02, Theorem 2.4.9]. We
let M(E) denote the space of all finite measures on (E,B(F)) and write M;(F)
for the space of all probability measures. It is possible to equip M(FE) with a
metric dy; such that [EK86, Theorem 3.1.7]
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(i) (M(FE),dy) is a separable complete metric space.

(i) das(pen, ) — 0 if and only if [ fdu, — [ fdp for all f € Cy(E).

The precise choice of dys (there are several canonical ways to define such a metric)
is not important to us. We denote convergence in d,; as p, = p and call the
associated topology (which is uniquely determined by the requirements above) the
topology of weak convergence. By property (i), the space M(E) equipped with the
topology of weak convergence is a Polish space. The following proposition gives yet
another characterization of weak convergence. (This proposition is part of what is
sometimes known as the Portmanteau theorem.)

Proposition 1.1 (Weak convergence) Let E be a Polish space and let pu,, 1 €
M(E). Then one has p, = p if and only if the following two conditions are
satisfied.

(i) limsup p,(C) < p(C) VC' closed,

n—oo

(i) liminf u,,(O) > p(O) YO open.

n—o0

If the py,, b are probability measures, then it suffices to check either (i) or (ii).

Before we give the proof of Proposition [I.1, we need a few preliminaries. Recall
the definition of lower semi-continuity from Section [0.1} Upper semi-continuity is
defined similarly: a function f : E — [—00,00) is upper semi-continuous if and
only if —f is lower semi-continuous. We set R := [—o0, 0] and define

UE):= {f :E — R : f upper Semi—continuous},
Up(E):={f eU(E): sup| f(z)] < o},
U (E):= {f CUE): f> 0},

and Uy (E) = Up(E) NUL(E). We define L(E), Ly(E), LL(E), Ly, +(E) respec-
tively C(E),Cy(E),C+(E),Cp+(E) similarly, with upper semi-continuity replaced
by lower semi-continuity and resp. continuity. We will also sometimes use the no-
tation B(E), By(E), B+(E), By+(F) for the space of Borel measurable functions

f E — R and its subspaces of bounded, nonnegative, and bounded nonnegative
functions, respectively.
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Exercise 1.2 (Topologies of semi-continuity) Let O,, := {[—00,a) : —00 <
a < oo} U {0, R}. Show that O, is a topology on R (albeit a non-Hausdorff
one!) and that a function f : E — R is upper semi-continuous if and only if it is
continuous with respect to the topology O,,. The topology O, is known as the
Scott topology.

The following lemma lists some elementary properties of upper and lower semi-
continuous functions. We set a V b := max{a, b} and a A b := min{a, b}.

Lemma 1.3 (Upper and lower semi-continuity)

(a) C(E) =U(E)NL(E).
(b) feU(E) (resp. f € L(E)) and X\ > 0 implies \f € U(E) (resp. \f € L(E)).
(c) f,g eU(E) (resp. f,g € L(E)) implies f+ g € U(E) (resp. f+g € L(E)).

(d) f,g €eU(E) (resp. f,g € L(E)) implies fV g € U(E) and f Ng € U(E) (resp.
fVvgeLE)and fANge L(E)).

(e) fn €U(E) and fn | f (resp. fn € L(E) and f, T f) implies f € U(E) (resp.
feL(E)).

(f) An upper (resp. lower) semi-continuous function assumes its mazimum (min-
imum) over a compact set.

Proof Part (a) is obvious from the fact that if z, — z, then f(x,) — f(z) if and
only if limsup,, f(z,) < f(z) and liminf, f(z,) > f(x). Since f is lower semi-
continuous iff —f is upper semi-continuous, it suffices to prove parts (b)—(f) for
upper semi-continuous functions. Parts (b) and (d) follow easily from the fact that
f is upper semi-continuous if and only if {z : f(z) > a} is closed for each a € R,
which is equivalent to {x : f(x) < a} being open for each a € R. Indeed, f € U(E)
implies that {z : A\f(z) < a} = {x: f(z) < A"'a} is open for each a € R, A > 0,
hence A\f € U(FE) for each A > 0, while obviously also 0 - f € U(F). Likewise,
f,g € U(E) implies that {z : f(z)Vg(x) <a}={z: f(z) <a}n{zr:g(z) <a}is
open for each a € R hence fV g € U(F) and similarly {z : f(z)Ag(z) < a} = {x:
f(z) <a}U{x:g(x) < a} is open implying that f A g € U(FE). Part (e) is proved
in a similar way: since {z : f,(z) < a} T {z : f(z) < a}, we conclude that the
latter set is open for all a € R hence f € U(E). Part (c) follows by observing that
limsup,, o (f(2n) +g(2n)) < limsup, o, f(zn) +limsup,, . 9(zm) < f(z)+9(z)
for all x, — x. To prove part (f), finally let f be upper semi-continuous, K
compact, and choose a,, 1 sup,cx f(x). Then A, = {z € K : f(z) > a,} is a
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decreasing sequence of nonempty compact sets, hence (by [Eng89 Corollary 3.1.5])
there exists some x € (), A, and f assumes its maximum in x.

We say that an upper or lower semi-continuous function is simple if it assumes
only finitely many values.

Lemma 1.4 (Approximation with simple functions) For each f € U(F)
there exists simple f, € U(E) such that f, | f. Analogue statements hold for
U(E), U (E) and Up+(E). Likewise, lower semi-continuous functions can be
approximated from below with simple lower semi-continuous functions.

Proof Let r_ :=inf,cp f(x) and ry := sup,.p f(x). Let D C (r_, 1) be countable
and dense and let A, be finite sets such that A, T D. Let A, = {ao,...,Gmn)}
with ag < -+ < ap(n) and set

ag if f(z) < ao,
folx) =% ar ifap < f(z) <ay (k=1,...,m(n)),
Ty if am(n) S f(a:)

Then the f, are upper semi-continuous, simple, and f,, | f. If f € U,(E), U, (E)
or Uy +(E) then also the f, are in these spaces. The same arguments applied to
— f yield the statements for lower semi-continuous functions. |
For any set A C E and x € E, we let

d(z, A) = inf{d(z,y) : y € A}

denote the distance from x to A. Recall that A denotes the closure of A.

Lemma 1.5 (Distance to a set) For each A C E, the function x — d(z, A) is
continuous and satisfies d(x, A) = 0 if and only if v € A.

Proof See [Eng89, Theorem 4.1.10 and Corollary 4.1.11]. |

Lemma 1.6 (Approximation of indicator functions) For each closed C C E
there exist continuous f, : E — [0,1] such that f, | 1. Likewise, for each open
O C E there exist continuous f, : E — [0,1] such that f,, T 1¢.
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Proof Set f,(z) := (1 —nd(z,C)) V0 resp. f,(x) :=nd(xz, E\O) A 1. |

Proof of Proposition Let g, pp € M(E) and define the ‘good sets’

Guvi= {F € Uns(E) s timsup [ fiu, < [ i},

n—oo

Grow 1= {f € £b7+(E) : h}gg}f/fdun > /fdﬂ}

We claim that

(a) f € Gup (resp. f € Giow), A > 0 implies A\f € Gy, (resp. Af € Giow).
(b> f?.g € gup (reSp- fag € glow) anhes f +g € gup (reSP- f + g € glow)-

(¢) fn € Gup and f, L f (resp. fn € Giow and f,, T f) implies f € G, (resp.
f c glow)-

The statements (a) and (b) are easy. To prove (c), let f,, € Gup, fn 4 f. Then, for
each k,

lim sup / Fdjin < lim sup / fedyin < / fudp.

Since [ frdp | [ fdp, the claim follows. An analogue argument works for functions
in glow-

We now show that p, = p implies the conditions (i) and (ii). Indeed, by
Lemma [1.6] for each closed C' C E we can find continuous f;, : E — [0, 1] such
that fr | 1l¢. Then f; € Gy, by the fact that p, = p and therefore, by our
claim (c) above, it follows that 1 € Gy, which proves condition (i). The proof of
condition (ii) is similar.

Conversely, if condition (i) is satisfied, then by our claims (a) and (b) above, every
simple nonnegative bounded upper semi-continuous function is in G, hence by
Lemma and claim (c), Up 4 (F) C Gup. Similarly, condition (ii) implies that
Ly +(E) C Giow. In particular, this implies that for every f € C, 4 (E) =U+(E) N
Ly +(E), lim, o [ fdp, = [ fdu, which by linearity implies that u, = p.

If the p,, p are probability measures, then conditions (i) and (ii) are equivalent,
by taking complements. |
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1.2 Large deviation principles

A subset K of a topological space (E, Q) is called compact if every open covering
of K has a finite subcovering, i.e., if qur O, D K implies that there exist finitely
many O,,,...,0,, with J;_, O,, D K. If (E, O) is metrizable, then this is equiv-
alent to the statement that every sequence z,, € K has a subsequence ;) that
converges to a limit © € K [Eng89, Theorem 4.1.17]. If (E, Q) is Hausdorff, then
each compact subset of E is closed.

Let E be a Polish space. We say that a function f : £ — R has compact level sets
if
{z € E: f(z) <a} is compact for all a € R.

Note that since compact sets are closed, this is (a bit) stronger than the statement
that f is lower semi-continuous. We say that [ is a good rate function if I has
compact level sets and —oo < I(x) for all z € E. We observe that:

A good rate function assumes its minimum on closed sets. (1.1)

To see this, let C' be closed. The statement is trivial if inf,cc I(z) = oco. Otherwise,
we can choose inf,ec I(z) < a < co. Then the set K := {x € C : I(z) < a}
is compact and hence by Lemma (f), there is an y € K such that I(y) =
inf,ec I(x). In particular, applying this to C' = E, we see that good rate functions
and bounded from below.

Recall that By,(E) denotes the space of all bounded Borel-measurable real functions
on E. If 4 is a finite measure on (E, B(E)) and p > 1 is a real constant, then we
define the LP-norm associated with p by

£l = ([ aulsl?)” (7 € BU(E)).

Likewise, if I is a good rate function, then we can define a sort of ‘weighted
supremumnorm’ by

[ flloo.r == Sgg@fl(x)\f(w)\ (f € By(E)). (1.2)

Note that || f||ccs < oo by the boundedness of f and the fact that I is bounded
from below. It is easy to check that || - || s is & seminorm | i.e.,

o M llor = A Flloors
o [lf+dllcer <N flloor + lglloc,r-
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If I < oo then || - ||oo,s is moreover a norm, i.e.,
e | fllco,r =0 implies f = 0.

Note that what we have just called LP-norm is in fact only a seminorm, since
| fllp,e = O only implies that f = 0 a.e. w.r.t. p. (This is usually resolved by
looking at equivalence classes of a.e. equal functions, but we won’t need this here.)

(Large deviation principle) Let s,, be positive constants converging
to oo, let u,, be finite measures on E, and let I be a good rate function
on E. We say that the p, satisfy the large deviation principle (LDP)
with speed (also called rate) s, and rate function I if

i |l = [ flles (€ Coe(B)). (13)

While this definition may look a bit strange at this point, the next proposition
looks already much more similar to things we have seen in Chapter [0}

Proposition 1.7 (Large Deviation Principle) A sequence of finite measures
Ly, Satisfies the large deviation principle with speed s, and rate function I if and
only if the following two conditions are satisfied.

1
(i) limsup — log p1,,(C) < — ingl(x) VC' closed,
Te

n—oo  Sp

1
(ii) liminf — log i, (0) > — ing I(x) YO open.
ze

n—oo Sy

Remark 1 Recall that A and int(A) denote the closure and interior of a set

A C E, respectively. Since for any measurable set A, one has p,(A) < u,(A) and
fn(A) > p,(int(A)), conditions (i) and (ii) of Proposition [1.7] are equivalent to

()" Timsup — log fin(A) < — inf I(z),

n—oo Sn z€EA

1
(ii))” liminf —log p,(A) > — inf I(x),

n—oo S, z€int(A)
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for all A € B(F). We say that a set A € B(FE) is I-continuous if
inf I(x) = inf I(z)

z€int(A) TEA
It is now easy to see that if yu, satisfy the large deviation principle with speed s,
and good rate function I, then

1
lim —1 A)=—inf I
a3 logn(A) = = inf /()
for each I-continuous set A. For example, if I is continuous and A = int(A),
then A is I-continuous. This is the reason, for example, why in our formulation of
the Boltzmann-Sanov Theorem [0.7 we looked at sets that are the closure of their
interior.

Remark 2 The two conditions of Proposition are the traditional definition
of a large deviation principle. Moreover, large deviation principles are often only
defined for the special case that the speed s,, equals n. However, as the example
of moderate deviations (Theorem [0.4)) showed, it is sometimes convenient to allow
more general speeds. Also parts of the abstract theory (in particular, connected
to the concept of exponential tightness) are more easy to formulate if one allows
general speeds. As we will see, allowing more general speeds will not cause any
technical complications so this generality comes basically ‘for free’.

To prepare for the proof of Proposition|l.7] we start with some preliminary lemmas.

Lemma 1.8 (Properties of the generalized supremumnorm) Let I be a
good rate function and let || - ||so,r be defined as in (1.9). Then

(@) [1fV glloes = fllccs V llglloc.r Y, 9 € By (E).
(b) [ falloo,r T I flles Vi € By (E), fu T f.
(C) “anooJ \L ||f||oo,[ vfn S ub,—f—(E); fn i f

Proof Property (a) follows by writing

1fV glloes = sup e (f(2) V g())

zeFE
= (supe '@ f(z)) v (supe " g(y)) = | Fllsos V lgllo
el yeE

To prove (b), we start by observing that the || f,,||oc,; form an increasing sequence
and || fullsor < || flloos for each n. Moreover, for any € > 0 we can find y € E such
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that e~ 1W) f(y) > sup,cp e~ 1@ f(z)—e¢, hence liminf,, || fu|loo.sr > lim, e 1W) £, (y) =
e I f(y) > || flloos — €. Since € > 0 is arbitrary, this proves the claim.

To prove also (c), we start by observing that the || f,,||oo.r form a decreasing sequence
and || fnlloor = || flloos for each n. Since the f, are upper semi-continuous and [
is lower semi-continuous, the functions e~!f, are upper semi-continuous. Since
the f, are bounded and I has compact level sets, the sets {x : e~ /@ f, () > a}
are compact for each a > 0. In particular, for each a > sup,cze™’ @) f(z), the
sets {z : e 1@ f,(x) > a} are compact and decrease to the empty set, hence {z :
e~ 1@ f, () > a} = 0 for n sufficiently large, which shows that limsup,, || f,|lee.s <
a. |

Lemma 1.9 (Good sets) Let u, € M(E), s, — oo, and let I be a good rate
function. Define the ‘good sets’

Gu = {1 €Uy o(E) - limsup |, < s},
n—oo
Giow = {1 € L0+ (B) : Toninf || o, > |1/}

Then
(a) f € Gup (resp. f € Giow), A >0 implies A\f € Gyp (1esp. Af € Giow ).

(b) f,9 € Gup (resp. f,9 € Giow) itmplies fV g € Gup (resp. [V g € Giow)-

(€) fo € Gup and f, L f (resp. fn € Giow and f, T f) implies f € Gy (resp.
f € glow)-

The proof of Lemma makes use of the following elementary lemma.

Lemma 1.10 (The strongest growth wins) Let 0 < a,,b, < 0o and s,, — 0.
Then

(i) limsupa, > limsupb, implies  limsup (af;” + bfln) Ven — Jim Sup a,,
n— 00 n—0o0 n— 00 1 n—00

(ii) liminfa, > limsupb, implies  liminf (a" — b3") /** — liminf a,.
n—00 n—00 n—00 Nn—00

Proof To prove (i), set ao := limsup,,_, a,. Trivially

lim sup (ai" + b,‘i”)l/s" > lim sup (a;i”)l/s" = Ueo.

n—oo n—oo
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On the other hand, the assumption in (i) implies that for each € > 0, we can find
an m such that a,, < as + ¢ and b,, < ay + € for all n > m. It follows that

l/sn 1/5n

lim sup (afl” + bfl")

n—oo

< lim (2(ac +¢)™) = ax €.

n—oQ
Since ¢ > 0 is arbitrary, (i) follows. To prove also (ii), set ao, := liminf,_ ., a,. The
assumption in (ii) implies that there exist an ¢ > 0 and m such that (1 —¢)a,, > b,
for all n > m. It follows that

lim inf (afl" — bi")l/sn > lim (1 —(1- 5)‘9")1/8”% = .

n—o0 n—o0

On the other hand, trivially

.. 1/sn .. 1/sn
liminf (a’* — b3» < liminf (a’? =a
n—00 ( n n ) T n—oo ( n ) o

completing the proof of (ii). |
We will often use the following trivial reformulation Lemma [1.10

Lemma 1.11 (The strongest growth wins) Let 0 < ¢,,d, < 0o and s, — 0.
Then . .
(i) limsup —loge, > limsup — logd,

n—oo  Sp n—oo  Sp

1
implies  limsup — log(c,, + d,,) = lim sup — log ¢,
n—oo Sn n—oo Snp

1 1
(ii) liminf — logec, > limsup — logd,

n—0oo Sy n—oo Sp

1
implies  liminf — log(c,, — d,,) = liminf — log ¢,,.
n—oo S, n—oo S,

Proof This follows trivially by setting a,, := /" and b, = d)/*" and taking the
logarithm in Lemma [1.10] |

We note that Lemmam (i) says that for any 0 < a,,,b, < oo and s, — 00, one
has
limsup (ai" + bfL")l/S" = (limsupa,) V (limsupb,). (1.4)

n—oo n—o0 n—oo

Similarly, Lemma [L.11] (i) says that for any 0 < ¢, d, < co and s,, — oo,

1 1 1
limsup — log(c, + d,,) = (limsup — logc,,) V (limsup — logd,,). (1.5)

n—oco  Snp n—oo  Sp n—oo Sp
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Proof of Lemma Part (a) follows from the fact that for any seminorm
IAfll = Al fIl (A > 0). To prove part (b), assume that f, g € G,p,. Then, by (1.4),

limsup || f V gl|s, 1

n—oo

. . s s
= timsup (| @y nfete) + o) () (1)
n—o0 {z:f(z)2g(2)} {z:f(z)<g(2)}

. Sn Sn 1/sn .
< Timsup ([ 115, + Nglls )" < W flloor V llglloor = 11V gllos,rs

n—oo

proving that fV g € G,p. Similarly, but easier, if f, g € Giow, then

> (| fllce Vllglloo,r = 1f V gllsc,r,

which proves that fV g € Giow.

To prove part (c), finally, assume that f; € Gy, satisfy fi | f. Then f is upper
semi-continuous and

hmsup Hf”&n,/in S hmsup |’fk3H5n7Nn S kaHooy-[

n—oo n—oo

for each k. Since || fglloos 4 ||f]lco,rs by Lemma (c), we conclude that f € Gp.
The proof for fi € Gioy is similar, using Lemma [1.8] (b). N

Proof of Proposition If the pu, satisfy the large deviation principe with
speed s, and rate function I, then by Lemmas and (c), 1¢ € Gyp for each
closed C' C E and 1p € G, for each open O C E, which shows that conditions (i)
and (ii) are satisfied. Conversely, if conditions (i) and (ii) are satisfied, then by

Lemma [L1.9] (a) and (b),
Gup D {f €EUp+(E) : f simple} and Gy D {f € Ly +(E) : f simple}.

By Lemmas and (c), it follows that Gy, = Uy (E) and Giow = L+ (E). In
particular, this proves that

T (| fllsypn = [ flloor Y € Gy (E),

which shows that the pu, satisfy the large deviation principe with speed s, and
rate function /. ]
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Exercise 1.12 (Robustness of LDP) Let (Xj)i>1 be ii.d. random variables
with P[X; = 0] = P[X}, = 1] = 1, let Z()\) := E[¢*] (A € R) and let ] : R —
[0, 00] be defined as in (0.3). Let &, | 0 and set

1< 1<
T, :=— X d T =1—-¢,)=) X;.
nz kan 7= s)nkz:; k

k=1

In Theorem below, we will prove that the laws P[T,, € -] satisfy the large
deviation principle with speed n and rate function /. Using this fact, prove that
also the laws P[T) € -] satisfy the large deviation principle with speed n and rate
function I. Use Lemma to conclude that

1
lim —logP[T) > y] = —1I(y) (

n—oo M

<y<1),

N |—

but this formula does not hold for y = 1.

Exercise 1.13 (LDP for linear combination) Let £ be a Polish space, let pu,
and v, be finite measures on E, and let s,, be positive constants converging to oo.
Assume that the p, satisfy the large deviation principle with speed s, and good
rate function I, and that the pu, satisfy the large deviation principle with speed s,
and good rate function J. Let r, ¢ be positive constants. Show that the measures
Ty +quy, satisfy the large deviation principle with speed s,, and good rate function

I A J. Hint Formula (1.4)).

1.3 Varadhan’s lemma

The two conditions of Proposition are the traditional definition of the large
deviation principle, which is due to Varadhan [Var66]. Our alternative, equivalent
definition in terms of convergence of L,-norms is very similar to the road followed
in Puhalskii’s book [PuhOI]. A very similar definition is also given in [DE9T],
where this is called a ‘Laplace principle’ instead of a large deviation principle.

From a purely abstract point of view, our definition is frequently a bit easier to
work with. On the other hand, the two conditions of Proposition are closer
to the usual interpretation of large deviations in terms of exponentially small
probabilities. Also, when in some practical situation one wishes to prove a large
deviation principle, the two conditions of Proposition are often a very natural
way to do so. Here, condition (ii) is usually easier to check than condition (i).
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Condition (ii) says that certain rare events occur wih at least a certain probability.
To prove this, one needs to find one strategy by which a stochastic system can
make the desired event happen, with a certain small probability. Condition (i)
says that there are no other strategies that yield a higher probability for the same
event, which requires one to prove something about all possible ways in which a
certain event can happen.

In practically all applications, we will only be interested in the case that the
measures [, are probability measures and the rate function satisfies inf,cp I(x) =
0, but being slightly more general comes at virtually no cost.

Varadhan [Var66] was not only the first one who formulated large deviation prin-
ciples in the generality that is now standard, he also first proved the lemma that
is called after him, and that reads as follows.

Lemma 1.14 (Varadhan’s lemma) Let E be a Polish space and let pi, € M(E)
satisfy the large deviation principle with speed s, and good rate function I. Let
F:E — [-00,00) be continuous and assume that sup,cp F'(x) < co. Then

1
lim - log / e dp, = sup[F(z) — I(z)].

n—oo Sy el

Proof Applying the exponential function to both sides of our equation, this says
that

lim (/eS”Fd,un)l/S” = gup ef"@~ 1),

n—oo zcE

Setting f := el’, this is equivalent to
Um | fll s, 0 = Il flloo,r:
n—oo

where our asumptions on F translate into f € Cp 4 (£). Thus, Varadhan’s lemma
is just a trivial reformulation of our definition of a large deviation principle. If we
take the traditional definition of a large deviation principle as our starting point,
then Varadhan’s lemma corresponds to the ‘if” part of Proposition [1.7] |

As we have just seen, Varadhan’s lemma is just the statement that the two condi-
tions of Proposition are sufficient for ((1.3). The fact that these conditions are
also necessary was only proved 24 years later, by Bryc [Bry90].

We conclude this section with a little lemma that says that a sequence of measures
satisfying a large deviation principle determines its rate function uniquely.
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Lemma 1.15 (Uniqueness of the rate function) Let E be a Polish space,
tn € M(E), and let s, be real constants converging to infinity. Assume that the
W satisfy the large deviation principle with speed s, and good rate function I and
also that the ., satisfy the large deviation principle with speed s, and good rate
function I'. Then I =1'.

Proof It follows immediately from our definition of the large deviation principle
that || fllso,r = ||flloc,r for all f € C, 4 (E). By Lemma[1.6] for each z € E, we can
find continuous f,, : £ — [0, 1] such that f, | 1. By Lemma (c), it follows
that

—I( —1'(z)

e =1y lloor = T || fullsos = lm | fulloo = [Tl = €
n—oo n—oo

for each z € F. [ |

1.4 The contraction principle

As we have seen in Propositions [1.1] and there is a lot of similarity between
weak convergence and the large deviation principle. Elaborating on this analogy,
we recall that if X,, is a sequence of random variables, taking values in some
Polish space E, whose laws converge weakly to the law of a random variable X,
and ¥ : E — F is a continuous function from FE into some other Polish space,
then the laws of the random variables ¥(X,,) converge weakly to the law of ¢ (X).
As we will see, an analogue statement holds for sequences of measures satisfying
a large deviation principle.

Recall that if X is a random variable taking values in some measurable space
(E,€), with law P[X € -] = pu, and ¥ : E — F is a measurable function from
E into some other measurable space (F,F), then the law of ¢(X) is the image
measure

pop Y (A) (A€ F), where ¢ ' (A):={recE:y(x)c A}

is the inverse image (or pre-image) of A under .

The next result shows that if X, are random variables whose laws satisfy a large
deviation principle, and v is a continuous function, then also the laws of the (X,,)
satisfy a large deviation principle. This fact is known a the contraction principle.
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Note that we have already seen this principle at work when we derived Propo-
sition from Theorem [0.7] As is clear from this example, it is in practice not
always easy to explicitly calculate the ‘image’ of a rate function under a continuous
map, as defined formally in below.

Proposition 1.16 (Contraction principle) Let E, F be Polish spaces and let
v E— F be continuous. Let u,, be finite measures on E satisfying a large devi-
ation principle with speed s, and good rate function I. Then the image measures
ot satisfying the large deviation principle with speed s, and good rate function
J given by

)= _inf I@)  (yeP), (1.7)

where inf,cg I(x) := 00.

Proof Recall that a function ¢ from one topological space E into another topo-
logical space F'is continuous if and only if the inverse image under v of any open
set is open, or equivalently, the inverse image of any closed set is closed (see, e.g.,
[Eng89| Proposition 1.4.1] or [Kel75, Theorem 3.1]). As a result, condition (i) of
Proposition [1.7] implies that

1
limsup — log u,, o " HC) < — inf I(x
n—>oop Sn &H 1/} ( >_ z€Y=1(C) ( ) (18)
= —inf inf I(x)= —inf J(y),
10 ey (@) =~ il TW)

where we have used that ¢~ '(C) = U,co¥ ' ({y}). Condition (ii) of Proposi-

tion [1.7] carries over in the same way. We are left with the task of showing that J
is a good rate function. Indeed, for each a € R, we have that

{yeF:Jy)<a}={yeF: ¢in{{ })I(x)ga}
zeyp—1({y
={yeF:3reEst.¢Y(z)=y, I(z) <a}

={¢(@):z€E, I(z) <a} =y({z:I(z) <a}),

where in the second equality we have used that [ assumes its minimum on the
closed set ¢~1({y}). Our calculation shows that the level set {y € F : J(y) <
a} is the image under ¢ of the level set {z : I(x) < a}. Since the continuous
image of a compact set is compact[Eng89, Theorem 3.1.10],E| this proves that J

IThis is a well-known fact that can be found in any book on general topology. It is easy to
show by counterexample that the continuous image of a closed set needs in general not be closed!
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has compact level sets. Finally, we observe (compare (1.8)) that inf,cp J(y) =
infycyp1(py () = infyep I(x) > —o00, proving that .J is a good rate function. R

The following ‘restriction principle’ is sometimes also useful. We note that a subset
F' of a Polish space F is Polish in the induced topology if and only if F' is a Gg-
subset of E; see Proposition [3.9] below.

Lemma 1.17 (Restriction principle) Let E be a Polish space and let FF C E be
a subset of E that is Polish in the induced topology. Let (p,)n>1 be finite measures
on E such that p,(E\F) =0 for alln > 1, let s,, be positive constants converging
to infinity and let I be a good rate function on E such that I(x) = oo for all
x € E\F. Let u,|r and I|r denote the restrictions of u, and I, respectively, to F.
Then I|r is a good rate function on F' and the following statements are equivalent.

(i) The p, satisfy the large deviation principle with speed s, and rate function I.

(ii) The w,|r satisfy the large deviation principle with speed s, and rate func-
tion I|p.

Proof Since the level sets of I are compact in £ and contained in F', they are
also compact in F, hence I|r is a good rate function. To complete the proof,
by Proposition (1.7} it suffices to show that the large deviations upper and lower
bounds for the y, and p,|r are equivalent. A subset of F' is open (resp. closed) in
the induced topology if and only if it is of the form O N F' (resp. C' N F') with O
an open subset of E (resp. C' a closed subset of F). The equivalence of the upper
bounds now follows from the observation that for each closed C' C F,

1 1
lim sup — log ,un‘F(C’ N F) = limsup — log 1, (C)
n—oco Sn n—oo Sn
and
inf I(x) = inf I‘F(ac).

zeC zeCNF
In the same way, we see that the large deviations lower bounds for the p,, and p,|r

are equivalent. |

Remark The implication (ii)=-(i) of Lemma alternatively follows by applying
the contraction principle to the identity map F'> x +— x € E.
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1.5 Exponential tilts

In this section we will see that if u, are measures satisfying a large deviation
principle, then we can transform these measures by weighting them with an expo-
nential density, in such a way that the new measures also satisfy a large deviation
principle. Recall that if ;1 is a measure and f is a nonnegative measurable function,
then setting

fut) = [ sau
defines a new measure fu which is p weighted with the density f.

Lemma 1.18 (Exponential weighting) Let E be a Polish space and let p,, €
M(E) satisfy the large deviation principle with speed s, and good rate function
I. Let F: E — R be continuous and assume that sup,cp F(x) < oo. Then the
measures

~ o sl

fin 7= €7 i,
satisfy the large deviation principle with speed s,, and good rate function I := [ —F.

Proof Note that ¢ € C,  (F). Therefore, for any f € C, 4 (E),

1 o = / e Q= £ o

— || fe" oo,y = sup f(a)e" @e T = || f 7
n—oo ze€FE

Since F'is continuous, I — F' is lower semi-continuous. Since F' is bounded from
above, any level set of I — F' is contained in some level set of I, and therefore
compact. The facts that I is bounded from above and I bounded from below
moreover imply that inf,c;(/(z) — F(z)) > —oo, proving that [ — F' is a good rate
function. |

Lemma is not so useful yet, since in practice we are usually interested in
probability measures, while exponential weighting may spoil the normalization.
Likewise, we are usually interested in rate functions that are properly ‘normalized’.
Let us say that a function [ is a normalized rate function if I is a good rate
function and inf,cg I(z) = 0. Note that if pu, are probability measures satisfying
a large deviation principle with speed s, and rate function I, then I must be
normalized, since E is both open and closed, and therefore by conditions (i) and

(ii) of Proposition
1
—inf I(z) = lim — log u,(EF) = 0.

z€EFE n—o00 Sy,
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Lemma 1.19 (Exponential tilting) Let E be a Polish space and let y, be
probability measures on E satisfy the large deviation principle with speed s, and
normalized rate function I. Let F : E — R be continuous and assume that
SUp,ep F(z) < 00 and inf,ep (I(x) — F(x)) < oo. Then the measures

— ; spF
T fesanlun

satisfy the large deviation principle with speed s, and normalized rate function
I(x) := I(x) — F(x) — infyep(I(y) — F(y)).

fin

Proof Since e/ € C, . (F), much in the same way as in the proof of the previous
lemma, we see that

1 S S 1/Sn ||feFHSn, n
i = (o [ £re ) = Dt

feSan/,Ln - HeFHsn“un
||f€F||oo7I _ SUp,cg f(gj)ep(l")e*[(x)
nooo[|ef oo, r B Sup, g ef'@e=1()
= einnyE(I(y)—F(y)) Sugf(x)e—(l(x)—F(m)) _ Hf”ooj
Tre

Note that here we have used the assumption inf,cp (1(z) — F(z)) < oo to make
sure we are not dividing by zero after taking the limit, and hence neither before
taking the limit, at least for n large enough. In particular, our assumptions imply
that [ e*"F'du, > 0 and hence fi, is well-defined for n large enough. The fact that
I is a good rate function follows from the same arguments as in the proof of the
previous lemma, and I is obviously normalized. |

1.6 Robustness

Often, when one wishes to prove that the laws P[X,, € -] of some random variables
X, satisfy a large deviation principle with a given speed and rate function, it is
convenient to replace the random variables X,, by some other random variables
Y, that are ‘sufficiently close’, so that the large deviation principle for the laws
P[Y,, € -] implies the LDP for P[X,, € -]. The next result (which we copy from
[DE97, Thm 1.3.3]) gives sufficient conditions for this to be allowed.

Proposition 1.20 (Superexponential approximation) Let (X,,)n>1, (Y)n>1
be random wvariables taking values in a Polish space E and assume that the laws
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PY,, € -] satisfy a large deviation principle with speed s,, and rate function I. Let
d be any metric generating the topology on E, and assume that

1
lim —logP[d(X,,Y,) >¢] = —o0 (e >0). (1.9)
n—oo STL
Then the laws P[X,, € -] satisfy the large deviation principle with speed s,, and rate
function 1.

Remark If holds, then we say that the random variables X, and Y, are
exponentially close. Note that condition is in particular satisfied if for each
e > 0 there is an N such that d(X,,,Y,) < ¢ a.s. for all n > N. We can even allow
for d(X,,,Y,) > ¢ with a small probability, but in this case these probabilities must
tend to zero faster than any exponential.

Proof of Proposition We first prove the large deviations upper bound. Let
C C E be closed and let C. := {z € E : d(x,C) < ¢e}. Then

1
lim sup — log P[X,, € C]

n—oo Sn

1
< limsup — log (B[Y, € C., d(X,,,Y,) < &] + Pld(X,, Y;) > €])

n—oo  Sp
: 1 . :
< hinﬁs;ip . logPlY,, € C.] = _xleane I(z) i ;Iel(f;](l’),

where we have used the assumption (|1.9)) and Lemma (i), and in the last step
we have applied (the logarithmic version of) Lemma (c). Similarly, if O C E
is open, then we set O, := {z € E : d(z, E\O) > €}. The large deviations lower
bound is trivial if inf,co I(x) = 00, so we assume without loss of generality that
inf,co I(z) < oo and hence also inf,co. I(z) < oo for € small enough. Then we
can use the assumption (|1.9) and Lemma m (ii) to estimate

1 1
liminf — log P[X,, € O] > liminf —P[Y,, € O, d(X,,Y,) < €]

n—oo S, n—oo Sy

> liminf - log (B[Y, € O.] — P[d(X,, Y,) > ¢])

n—oo Sn
1
= liminf — logP[Y,, € O.] = — inf I(z) — — inf I(z),
n—oo S, €O, el0 z€0
which completes the proof of the large deviations lower bound. |

Proposition |[1.20] shows that large deviation principles are ‘robust’, in a certain
sense, with repect to small perturbations. The next result is of a similar nature:
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we will prove that weighting measures with densities does not affect a large de-
viation principle, as long as these densities do not grow exponentially fast. This
complements the case of exponentialy growing densities which has been treated in

Section [5Gl

Lemma 1.21 (Subexponential weighting) Let E be a Polish space and let
tn € M(E) satisfy the large deviation principle with speed s, and good rate func-
tion I. Let F,, : E — R be measurable and assume that lim,,_, ||Fy|lc = 0, where
| Foulloo := sup,ep | Fn(x)|. Then the measures

[L’n = esnFnILLn

satisfy the large deviation principle with speed s, and rate function I.

Proof We check the large deviations upper and lower bound from Proposition 1.7}
For any closed set C' C E, by the fact that the p, satisfy the large deviation
principle, we have

1 1
lim sup — log fi,,(C) = limsup — log/ Mn(dx)esnFn(z)
c

n—oco Sp 1 n—oo Sn 1
< limsup — log (™™, (C)) = limsup (|| F.]| + = log 1 (C)),
n—oo Sn n—00 Sn
where our last expression equals — inf,cc [(z). Similarly, for any open O C E, we
have

n—o0 S, n—oo Sy,

1 1
lim inf — log fir(0) = liminf — log / () Fo®
O

1 1
> lim inf — log (e_S"HF"H,un(O)) = liminf ( — [|F,|| + — log 1, (0)).

n—o0 Sn n

Since the last expression equals — inf,co I(z), this completes the lower bound. =

Exercise 1.22 (Exponential weighting) Let E be a Polish space and let p,, €
M(FE) satisfy the large deviation principle with speed s,, and good rate function 1.
Let ' : E — R be continuous and assume that sup,.p F'(z) < co. Let F, : E - R
be measurable and assume that lim,_, || F;, — F||oc = 0. Show that the measures

~ . _spF
fin, 2= € 1y,

satisfy the large deviation principle with speed s, and good rate function J :=
I — F. Hint: combine Lemmas and
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Chapter 2

Some first results

2.1 Relative entropy

In this chapter we prove some simple large deviation principles. The methods in
the present chapter will largely be superceded by more powerful methods such
as the Gértner-Ellis theorem that will be proved in Chapter [5| but it is nice to
see what can already be done with the more elementary theory developed so far.
Our first aim is to prove the Boltzmann-Sanov theorem (Theorem [0.7). As a
preparation, we study its rate function, the relative entropy. In particular, in the
present section, we will prove Lemma

Lemma 2.1 (Elementary properties) Let S be a finite set and let u € M;(S)
satisfy p(x) >0 for allx € S. Then H(v|u) > 0 for all v € My(S) with equality
if and only if v = p.

Proof Let ¢ : [0, 00] — [0, 00] be defined by

0(z) = /lzdy /lydxi (x € [0, 00]). (2.1)

It is easy to see that 1) is strictly convex, assumes its minimal value 0 in the point
z =1, and satisfies

v(0)=1, ¢Y()=zlogz—2z+1 (0<z<00), P(0)=00.

39
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We observe that for each v € M;(S5),

Zu(ﬂf)w(y(m)> = Zu(w):g; log (:Eg) - ) i

€S ’u(x) zeS €S €S )
=H(v|p) —1+1=H(v|p).

Since ¥ (z) > 0 with equality if and only if z = 1, the claim of the lemma follows.®

Lemma 2.2 (Convexity of the relative entropy) Let S be a finite set and let
€ My(S) satisfy u(x) >0 for allx € S. Let py, ..., p, be nonnegative constants
summing up to one and let v =, _, prvx with v, € My(S). Then

H(v|p) = ZpkH Vi) — ZpkH(Z/k\y). (2.3)
k=1

In particular, the function My(S) > v +— H<V|/L) is strictly conver.

Proof This follows by writing

A =3 ponte) log (42)

xESk 1

) Zp'“ St ios (557) e (55
(

€S

prk[Z z)log

zE€S

Proof of Lemma The fact that H(v|u) < oo for all v follows from formula
(2.2). Now properties (i)—(iii) follow from Lemma The fact that v — H(v|u)
is convex has been proved in Lemma [2.2] Since the function ¢ is continuous on

[0,00) and infinitely differentiable on (0, 00), we see from formula (2.2)) that the
function v — H(v|p) is continuous on M;(S) and infinitely differentiable on the

interior of M;(95), i.e., on the set ./\O/ll(S) ={reMy(S) :v(z)>0VzreS}. 1

Exercise 2.3 (Joint continuity of relative entropy) Let S be a finite set and
let My(S) :={u € My(S) : pu(x) > 0 Ve € S}. Prove the continuity of the map

M (S) x Mi(S) 3 (v, ) = H(vlp).
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2.2 The Boltzmann-Sanov theorem

In this section, we prove the Boltzmann-Sanov theorem (Theorem from the
introduction). As in Section , S is a finite set and p is a probability measure on
S. We generalize a little bit and drop the condition from Section |0.3|that u(z) > 0
for all z € S. Generalizing our earlier definition, we set

0 v(z) = z v(z) 'y
H(v|p) = mezsl/(ﬁ)l gM(I) IEZSN( )@Z)(”(x)) fv<p,

00 otherwise,

where ¢ is defined in (2.1) and the notation v < pu means that v is absolutely
continuous with respect to u, i.e., v(z) = 0 whenever u(z) = 0. We let (Xg)r>1
be i.i.d. with common law p and define the empirical distributions (M,,)n,>1 as in

(0.6), i.e.,
1 n
Mn = — E 6Xk’
n
k=1

where 9, denotes the delta-measure at z € S. We let
P 1= P[Mn S

denote the law of M,. Note that M, € M;(S) and hence the law of M, is a
probability measure on M, (), i.e., p, € M;(M;(S)). We will prove the following
theorem.

Theorem 2.4 (Boltzmann-Sanov) The probability laws p,, satisfy the large de-
viation principle with speed n and good rate function H(-|u).

Together with Lemma [0.6] this implies Theorem [0.7] from the introduction. Recall
that in Theorem [0.7] we assumed that p(z) > 0 for all € S. Now Lemma [0.6] (iv)
tells us that the rate function v — H(v|u) is continuous, and so each closed
set C' C M;(S) that is the closure of its interior is a continuity set for the rate
function. Therefore, the large deviation principle implies , see Remark 1 below
Proposition [I.7]

We let M7 (S) denote the space of all probability measures on S of the form

1 n
n 20
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for some z1,...,x, € S. We let

Z 5,

veM?(S
denote the counting measure on M7(S) and we define ®,, : M7 (S) — R by
D, (v) :=P[M, = V] (v € MP(S)).
We will derive Theorem from the following two lemmas.

Lemma 2.5 (LDP for the reference measure) Assume that p(x) > 0 for all
x € 5. Then the measures n, satisfy the large deviation principle with speed n and

good rate function I defined as I(v) :=0 (v € My(9)).

Lemma 2.6 (Convergence of the exponential density) Assume that p(z) >
0 for all x € S. Then the functions F, := n~'log ®,, satisfy

lim sup |F,(v)+ H(v|p)| =

n—00 veMP(S)

We first show that these two lemmas imply Theorem [2.4] and then prove the lem-
mas.

Proof of Theorem We first prove the claim under the additional assumption
that that p(z) > 0 for all z € S. Then by Lemma [0.6] the function F(v) :=
—H(v|p) (v € My(S)) is continuous. Since M;(S) is compact, [ is moreover
bounded from below and above. We have p, = ¢™™n, (n > 1), so by Lemmas
and we can apply Exercise to conclude that the p, satisfy the large
deviation principle with speed n and good rate function I — F' =0+ H( - |u).

To prove the general claim, we set S’ := {x € S : u(z) > 0}. By what we have
already proved, the measures p,, viewed as measures on M;(S’), satisfy the large
deviation principle with speed n and good rate function H( - |u). We can naturally
view M;(S’) as a closed subset of M;(S). Since H(v|u) = oo for all v & M;(S5"),
the claim now follows from the restriction principle (Lemma . |

Before we prove Lemmas [2.5| and [2.6] we introduce more notation. We let N™(S)

be the set of all functions x : S — N such that > _¢x(x) =n. Then

MUS) ={n""k: ke N(S)}.
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Proof of Lemma [2.5| We check the conditions of Proposition (1.7} If C' C M;(S)
is closed, then we can estimate 7, (C) < 1,(M;(S)) = IN™(S)| < n/%!, which gives

1 S
lim sup logn,(C') < limsup u logn = 0.
n

n—oo n—oo
If O € M;y(S) is open and nonempty, then O N M7P(S) # B for n large enough and
hence 1

lim mf — log N, (C) > liminf —log 1 = 0.

n—oo n—oo M

Proof of Lemma [2.6] We have

®,(n"'x) = P[M, = n'x] )“ (ke N(S)),

Stirling’s formuld]l| says that logn! = nlogn — n + O(logn), which gives

log ®,,(n k)

:(nlogn—n)—Z( (x)log k(x +Z ) log p(z) + O(log n)
x€eS TES
=nlogn — Z )log k(z +Z ) log p(z) + O(log n),
z€S zeS

where the error term can be estimated from above by C'logn, with a constant C'
that does not depend on k € N"(S). Dividing by n, this gives

%log ®,(n k) =— Z H(nx) log ( ~z) ) +O(n 'logn)

2t
=—H(n 's|p) +O(n " logn).

2.3 An LDP for pair empirical measures

Let S be a finite set, let u be a probability law on S such that p(z) > 0 for all
z € S, and let (X)g>o be i.i.d. with common law p. Similar to what we did before,

'Recall that Stirling’s formula says that n! ~ v/2mn(n/e)™.
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we define the pair empirical distributions (M7S2))n21 by

1 n
M =~ > 010,
k=1

where 4, denotes the delta-measure at (z,y) € S2. We let
PP = P[MP € -]

denote the law of M. Note that p$ € M;(M;(S2)). We will prove a large

deviation principle for the measures pg).

We first define the appropriate rate function. For any v € M;(S?), we let
v (z) = Z v(z,y) and v'(y):= Z v(z,y) (2.4)
yes z€eS

denote the left and right marginals of v, and we let
V(S) :={veMi(S?) v =v"}

denote the S(pace of probability laws v on S? whose left and right marginals agree.
We define 15 : M;(52) = R by

D) = { H(v|v™ @ ) if v € V(5),

%) otherwise,

where v~ ® 1 denotes the product measure of v~ and p. We will prove the following
theorem.

Theorem 2.7 (LDP for pair empirical measure) The probability laws p\)

satisfy the large deviation principle with speed n and good rate function Il(f).

Exercise 2.8 (Contraction principle) Use the contraction principle to derive
the Boltzmann-Sanov theorem (Theorem from Theorem

Our proof of Theorem [2.7] will be similar to the proof of Theorem We start

by transforming the problem into an easier one, by defining

n—1
- 1
MT(L2) = ﬁ <5(Xn,1,Xo) + Z 5(Xk—17Xk)) . (25)
k=1
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The advantage of defining pair empirical measures in such a way, with periodic
boundary conditions, is that M\ € V(S) a.s. The following exercise shows that

instead of proving a large deviation principle for the laws of M we can equiva-
lently prove a large deviation principle for the laws of P,

Exercise 2.9 (Exponential closeness) Prove that the random variables MY
and MY are exponentially close with speed n, in the sense of Proposition

We let V,,(S) denote the space of all probability measures on S? of the form

n—1
1
E (5(acn—1,xo) + Z 5(a:k_1,xk))
k=1
for some zq,...,x,_1 € .S. We let

=) 4

veVn(S)

denote the counting measure on V,,(S) and we define ®,, : V,(S) — R by
() = ]P’[]\Z/T(LQ) = V] (v € Vu(9)).

We will derive Theorem [2.7] from the following two lemmas. We first show how
the lemmas imply Theorem [2.7] and then prove the lemmas.

Lemma 2.10 (LDP for the reference measure) The measures 7)7(3) satisfy the
large deviation principle with speed n and good rate function I : M;(S?) — R
defined as 1(v) := 0 if v € V(S) and := oo otherwise.

Lemma 2.11 (Convergence of the exponential density) The function I\ :

V(S) — R is continuous and the functions FP = pt log PP satisfy

lim sup ‘Ff)(u) + If)(u)} = 0.

=00 LV, (S)

Proof of Theorem Let ﬁg) denote the law of M.”. By Exercise , it
suffices to_prove the claim with pg) replaced by 553). By the restriction principle
(Lemma |1.17) it suffices to prove that the measures @(12), viewed as probability

measures on V(S) (rather than the larger space M;(S5?)) satisfy the large deviation
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principle with speed n and good rate function I, ;(f). By Lemma , the function

I ,(f) : V(S) — R is continuous and uniformly approximated by the functions —F?.

Since F\? is the exponential density of ﬁg) with respect to 7]7(12), and since by

Lemma the latter satisfy the large deviation principle with the trivial rate
function I = 0, the claim follows by applying Exercise [1.22] in exactly the same
was as in the proof of Theorem n

We still need to prove Lemmas and [2.11. The proof of Lemma depends
on the following lemma, the proof of which we postpone till the end of this section.

Lemma 2.12 (Approximation with finite spaces) For each v € V(S), there
exist v, € V,,(S) such that v, — v.

Proof of Lemma We observe that V(S) is a closed subset of M;(5?), and
hence, since M (S?) is compact, so is V(.9), and hence I as defined in the lemma is
a good rate function. To prove the LDP, by the restriction principle (Lemma/|l.17]),

we may alternatively show that the restricted measures n,(LQ) ‘V( 5) satisfy the LDP

with speed n and trivial rate function /(v) = 0 for all v € V(S).
We apply Proposition For any closed set C' C V(5), we can estimate

n(C) = [Vu(S)NC| < |Vul(S)| <
which shows that

1 1
lim sup — log {2 (C) < lim —|S?|logn = 0.
n n—oo N

n
n—o0

On the other hand, if O C V(S) is open and nonempty, then by Lemma [2.12]

m(f)(O) > 1 for all n sufficiently large, and hence

1
lim inf —logn®(0) > 0.
n

n
n—oo

Proof of Lemma The proof will be similar to the proof of Lemma [2.6
but the combinatorical arguments are more involved. We closely follow [Hol00,
Section I1.2] who in turn bases himself on [EII85, Section I.5].

Let us write &C,,(S) for the set of functions x : S? — N of the form

k= Z Own_1,2k)
k=1
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for some zg,...,z, € S with g = z,,. Then V,(S) = {n"'x : k € K,(5)}. For
K € K,(S), let us write

Rz) =) wlz,y) =) wlyz) (z€5)

yes yes

for the left and right marginals of x, which are equal. We set

n—1

Cn(k) == {(xo, 1) € 8™ S ) F Z O(an_r,a0) = /i}.

k=1

Then _
&2 (rk/n) = [Ca()| TLn@)™) (5 € Kaul)). (2.6)
z€S
In order to estimate C,(r), we draw a directed graph with vertex set S such that
for each (z,y) € S?, there are r(z,y) distinct directed edges from z to y. Let
W, (k) denote the set of distinct walks in this graph that use each directed edge
precisely once. Note that each such walk must end at its starting point. Then

[Wa(s)]
H(a:,y)esz Ii(xJ y)' 7

Cn(R)| = (2.7)

where the denominator takes care of the fact that if a walk jumps multiple times
from z to y, then in the set W, (k) we do care about which directed edge is used
in which jump, while in C, (k) this information is disgarded. We claim that

[T ®E@) —Dr<Waw)| < ISIT] 7). (2.8)

z:R(x)>0

To prove the upper bound, it suffices to note that we can uniquely specify a walk
that uses each directed edge precisely once by specifying the starting vertex of
such a walk and then by specifying for each vertex in which order the outgoing
directed edges should be used at each consecutive visit of the vertex.

To prove the lower bound, we use the fact that by the definition of IC,,(S), there
is at least one walk in our graph that uses each directed edge precisely once. Let
S’ be the set of all vertices visited by this walk and let z be the starting vertex.
For each vertex in S’\{z}, we mark the directed edge that is used the last time
the walk leaves this vertex. We observe that:

From each vertex in S"\{z}, there is a path of marked edges leading to z. (2.9)
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We can now construct new walks, starting at the same vertex as our old walk, by
changing the order in which the unmarked directed edges leaving a vertex are used,
but keeping the marked directed edges as the last ones. The lower bound in
will follow if we show that each chosen order of the unmarked outgoing edges yields
a walk that uses each directed edge precisely once. Since at ach vertex, there is an
equal number of incoming and outgoing edges, if we just “follow the instructions”
until we arrive at a vertex where all outgoing edges have already been used, then
that vertex must be z, and at that point we have used all incoming edges at z.
We observe that if we have used a marked outgoing edge at some vertex z, then
we have used all incoming edges at x. Using this and , we see that all marked
edges have been used and hence all edges have been used.

Combining (2.6, (2.7)), and (2.8)), we obtain the bounds

Hr:E(r)>0 (E(LL’) B 1>‘ H [},(ZL’)E(m)

Heges 5@t o

< (I)g)(/g/n) ers E(l‘)' )l H M(;U)E(x)

<9
H(Ly)eSQ H(ZL‘, Yy xcS

(k € Kn(S)). We take logarithms and divide by n and as we did in the proof of

Lemma , we use Stirling’s formula which says that log n! = nlogn—n+0O(logn).
This yields

Llog @ (/) = = 3 [R(a) log(x)  &(x)] + - > &(y) log u(y)
z€eS yeSs
1Y [y logr(ey) — wle.y)] + O(n~ logn).

(z,y)€S?

The terms —%(x) and —&(x,y) inside the first and third sum cancel each other
after summation, so we can simplify this to

log B (s/n) = - S A(r) logR(r) + 3 (y) log (y)
€S yeS

1 3" k(x,y)log k(z,y) + O(n ' logn)

(z,y)€8?

1
== 3" lw,y)[log (@) + log uly) ~ log (z, )| + O(n ™" log ).
(z,y)€52
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Rewriting this in terms of v = k/n yields

%log@ﬁf)(”):— > (wy)log( atat)

W ~(@)u(y)
=—H(v @ pulv) +O0(n*logn),

where the error term is of order n~'logn as n — oo, uniformly in v € V,(S). ®

) +O(n"*logn)

We still have to provide the proof of Lemma [2.12, This will be done in a number
of steps. The proof is surprisingly long. See Exercise below for a sketch of an
alternative proof.

By definition, a cycle in S is an ordered collection C' = (xg,...,z,) of elements
of S such that n > 1, g = z,, and x4,...,z, are all different. Each cycle C =
(zg,...,,) defines a probability measure v¢ on S? through the formula

yanl = — Z ]-{ (zr—1,2k)=(y0,91)} (yanl S S)

Recall that an element x of a convex set K is an extremal element if x cannot be
written as a nontrivial convex combination of other elements of K, i.e., there do
not exist ¥,z € K, y # z and 0 < p < 1 such that x = py + (1 — p)z.

Lemma 2.13 (Extremal elements) The set V(S) is a compact convex subset
of M1(S?%), and its extremal elements are the measures of the form v where C' is
a cycle in S.

Proof It is easy to see that vo € V(S) for each cycle C in S and that measures of
the form v are extremal. To complete the proof, we must show that each extremal
element if V(S) is of this form ve.

We claim that for each v € V(S) and (yo,y1) € S? such that v(yo,y1) > 0, we can
find a cycle C' € C(S?) and a constant p > 0 such that pvc < v. Indeed, since
> V(W1 y2) = v~ (1) = v (y1) > v(yo,y1), there must be some y, € S such that
v(y1,y2) > 0. Continuing in this way, by the finiteness of S, we must arrive back
at yo at some point, hence there must exist some cycle C' = (yo, .. ., y,) such that
v(ye—1,yx) > 0 for all k = 1,... n. Setting p := ninf{v(yr_1,yx) : k =1,...,n},
our claim follows.

Now let v € V(5) be extremal. By what we have just proved, there exists a cycle C
and constant 0 < p < 1 such that prve < v. Then we can write v = pro + (1 —p)pu,
where p := (1 — p)~'(v — pr¢). Since v is extremal, we have p = vc and hence
V=1c. [ |
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Lemma 2.14 (Approximation of extremal elements) For each cycle C =
(o, ..., 2p), there exist v, € V,,(S) such that v, — vc.

Proof Let [k] denote the remainder of k after division by n and define (z;)r>0 by
2, := g (K > 0). Then it is easy to see that

1 n
Vn<y07 yl) = E Z 1{(zk,1,zk)=(yo,y1)} (y07 Y1 € S)
k=1

defines v, € V,(5) such that v, — ve. |

Proof of Lemma For any = = (xg,...,2,) € S™™, let

1 n
MO @)= =3 5y
k=1

Let
A:={v e V(S): I, € Vu(9) s.t. v, = v}

={veV(S):Ia" e " s.t. MP(a") - v}.
We claim that if v,u € A and 0 < p < 1, then pr + (1 — p)u € A. To see this,
choose 2 € S"*1 such that M” (z") — v and y™ € S™*! such that M2 (y") = p.
Then it is easy to check that setting

n m n 1-p)n 1-p)n

2" = (:U(%p I .ﬁznj,y{( ol .y((((lfgn})
defines a sequence of sequences z" such that MT(LQ)(ZTL) — pv+ (1 —p)u. This shows
that A is a convex set.

We next claim that A is a closed subset of V(S). To see this, let d be any metric
generating the topology on V(S), and let d(v, V,(S)) := inf{d(v,v') : v/ € V,.(S)}.
Then

A={v e V(S) :dv,V,(9)) — 0}.

Assume that v, € A converge to a limit v € V(S). Then for each € > 0, we can
choose m such that d(v,v,,) < €/2, and we can choose N such that d(vy,, V,(5)) <
e/2 for all n > N. It follows that d(v,V,(5)) < ¢ for all n > N. Since € > 0 is
arbitrary, it follows that v € A.

By Lemmas and [2.14] V(S) is a compact convex set and A contains all ex-
tremal elements of V(5). It is well-known that a compact convex set is the closure
of the convex hull of its extremal elements [Roc70, Corollary 18.5.1], so we conclude
that A =V(95). |
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2.4 A LDP for Markov chains

In this section we extend Theorem 2.7} which holds for i.i.d. sequences, to Markov
chains. We first introduce some general notation.

Let S be a finite set and let R® be the space of functions f : S — R. We equip R?
with the standard inner product

(fr9):=)_ [fla)g(z)  (f.geR?).

€S

By definition, a matriz indexed by S is a function A : S x S — R. We define the
product of two matrices in the usual way, as

(AB)(z,2) = 3 Al y) By, 2).

yes

We set A%(z,y) := 1(x,y) with 1(z,z) := 1 and 1(z,y) := 0 for all z # y and we
define A" := A" 'A (n>1). If f: S — R is a function, then de define functions
Af and fA by

Af(x) ==Y Alz,9)f(y) (r€S) and fA(y):=) flx)A(z,y) (y€S9).

yes z€S

We let AT(z,y) := A(y,z) (z,y € S) denote the transpose of A. Then fA = AT f
and

(f. Ag) = (fA,g) =(ATf.9)  (f.g€R").

We say that a function f € R® is nonnegative if f(x) > 0 for all z € S and we
say that f is positive if f(x) > 0 for all z € S. A matrix A is nonnegative if
A(z,y) > 0 for all z,y € S. A probability law on S is a nonnegative function y on
S such that ) _ou(x) = 1. A probability kernel on S is a nonnegative matrix P
such that >° ¢ P(z,y) =1forallz € 5.

Let p be a probability law and let P be a probability kernel. A Markov chain
with state space S, transition kernel P and initial law p is a collection of S-valued
random variables (Xj)r>o whose finite-dimensional distributions are characterized
by

P[Xo = xo, ..., Xy = ) = p(xo) P(xo, 1) - - P(p_1,2p)

(n>1, zg,...,7, € S). We observe that for any function f € R¥,

JE[f(AQJ] ::<u13n7f>
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and pP" is the law of X,,.

For any nonnegative matrix A, we write x<%y if there exist n > 0 such that
A™(x,y) > 0 or equivalently, there exist x = xy, ..., z,, = y such that A(xy_q,zg) >
0 for each k = 1,...,n. A nonnegative matrix A is called irreducible if x~>y for
all z,y € S. For a given nonnegative matrix A, the period of a state x € S is the
greatest common divisor of the set {n > 1: A"(x,z) > 0}. If 2«*y, then x and
y have the same period. If A is irreducible and all states have period one, then
we say that A is aperiodic. In this case Lemma in the appendix implies that
there exists an n > 1 such that A"(z,y) > 0 for all z,y € S.

An invariant law of a probability kernel P is a probability law v on S such that
vP = v. Equivalently, v is invariant if the Markov chain (Xj)g>¢ with transition
kernel P and initial law v is stationary, i.e. (Xg)r>o is equal in law to (Yi)k>o0
defined as Yy, := Xj41 (k > 0). Basic results of Markov chain theory tell us that
an irreducible Markov chain with a finite state space S has a unique invariant law
v, which has the property that v(z) > 0 for all z € S. If P is moreover aperiodic,
then puP™ converges to v as n — oo, for each initial law p.

For any probability law 7 on S and probability kernel P, we let m % P denote the
probability law on S? defined as

m* Pz,y) :=n(x)P(z,y)  (z,y €59).
The following exercise links this notation to the space V(S) defined in Section [2.3]

Exercise 2.15 (Stationary laws) Show that a probability measure v € M;(S?)
satisfies v € V(9) if and only if there exist a probability law 7 and probability
kernel P on S such that v = 7 %« P and 7 is an invariant law of the Markov chain
with transition kernel P.

Exercise 2.16 (SLL for Markov chains) If (Xj);>0 is a Markov chain with
finite state space S, irreducible transition kernel P, and unique invariant law ,
then one can prove (with a sufficient amount of hard work!) a strong law of large
numbers, which says that

1 n
E;é(xkhxk) 7;)0 Tx P

Use this to give a quick alternative proof of Lemma [2.12
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The following theorem generalizes Theorem to Markov chains. Although we
formulate the result for the pair empirical measures, through the contraction prin-
ciple, this of course also implies a large deviation result for the usual empirical mea-
sures. These sort of large deviation results (for the usual empirical measures) were
first derived in a series of papers by Donsker and Varadhan [DV75al [DV75b, [DV76].
The corresponding theory is called Donsker-Varadhan theoryﬂ A modern account
can be found in [RS15, Chapter 13]. Unfortunately, the latter reference does not
treat pair empirical measures. More on pair empirical measures can be found in
[EII85, [Hol00]. The assumption below that P(z,y) > 0 for all x,y € S is stronger
than necessary and will be relaxed in Theorem below when we have more
powerful proof methods at our disposal.

Theorem 2.17 (LDP for Markov chains) Let X = (Xy)r>0 be a Markov chain
with finite state space S, transition kernel P, and arbitrary initial law. Assume
that P[Xo = z] > 0 and P(z,y) > 0 for all z,y € S. Let (Méz))nzl be the pair
empirical distributions of X. Then the laws P[Mr(?) € | satisfy the large deviation
principle with speed n and good rate function 11(32) given by

H|lv=xP)  ifveV(9),

00 otherwise.

) = {

Proof Let i be the law of X;. We claim that without loss of generality, we can
assume that pu(x) > 0 for all x € S. Indeed, our assumptions imply that the law
of X has this property, and it is easy to show that the pair empirical distributions
of the Markov chains started in p and i are exponentially close in the sense of
Proposition |1.20]

Assume therefore, that p(z) > 0 for all z € S. Let X = (Xi)iso be an iid.
collection of random variables with common law p. For any x = (z)r>0 € SY, let
us write

1 n
MO (z) = - D Sy (n=1),
k=1

so that in particular, M.” (X) and M (X) are the pair empirical distributions of

2Another form of large deviation theory for Markov processes is Freidlin-Wentzell theory
[VET9, [FW84], which deals with stochastic differential equations with small noise. Large devia-
tions for general Markov processes with continuous time and state space are treated in [FKO0G].
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X and X, respectively. We observe that
P[Xo=w0,..., Xp = 2,] = M(%)eZk:l log Pz-1,2)

2
)€ Sonmess 108 Plon 1) VI @) 01 2)

while

A~

]P’[X'O = To,. .., Xy = Tp) :u(xo)€ZZ:1 log p1()

= p1(o) e 2(91,3/2)652 log 'u(y2)MT(12) (@) (Y1, y2).

It follows that for any = = (zj)r>0 € SV,
IP)[XO :ZE(),...,Xn :l'n]

~

P[X0:$0,...,Xn:$n]

= enz(y1,yz)652 (log P(y1,y2) — log M(yZ))M;LZ) ($)(y17y2)’

and as a consequence, for each v € M;(S?),
PIM (X) = v] _ o1 2y yes? 108 P(yr, 42) — log u(ya) v (yr, ).
PMP (X) = v]

We define F': M;(S5?) — R by

Fv) = Z (log P(y1,y2) — log p(y2))v(y1, y2).

(y1,y2)€S52

Note that F' is continuous since we are assuming that p(y2) > 0 and P(y1,y2) > 0
for all y;,ys € S. Since M;(S?) is compact, it follows that F is also bounded. Let

pP =PMP(X)e -] and P =PMIX)e ]
denote the laws of M. (X) and M (X). Then we have just shown that
()= e"FWp ) (v e Mi(5?).

By Theorem m, the laws P[M.” (X) € -] satisfy the large deviation principle with

speed n and rate function I, ,(f) given by

10(0) = { Hwlv-ou) ifveV(s),

00 otherwise.
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Applying Lemma to the function F', we find that the laws p,, satisfy the large
deviation principle with speed n and rate function I® = I ,52) — F. Since

H(vly™ @ p) = F(v)

= Z V(?Jl,?JQ)(log%‘i‘bgﬂ(m) —logP(yl,yg))

(y1,y2)€52 ( )
v(y1, y B
- Z v(y1,y2) log o );(2 ) = H(v|lv™ % P),
(y1,y2)€S2 Y1 Y1, Y2
this proves the theorem. .

The following lemma shows that the rate function of Theorem [2.17] assumes its
minimum in the unique point where one would expect it to do so. We prove the
lemma in a somewhat more general setting than in Theorem [2.17]

Lemma 2.18 (Minimizer of the rate function) Let P be an irreducible prob-
ability kernel on a finite set S. Then one has

W) >0 (veM(Ss?),

with equality if and only if v = 7 x P, where w is the invariant law of P.

Proof It follows from Lemma that 11(3.2)(1/) > 0 with equality if and only if
v € V(S) and v = v~ % P. These conditions imply that v~ = v = v~ P, and
hence v~ is an invariant law of P. Since P is irreducible, it has a unique invariant
law, so v = 7 % P. Conversely, if v is of this form, then clearly I](DQ)(I/) = 0. |

Exercise 2.19 (Arbitrary initial laws) Generalize Theorem by dropping
the condition that P[X, = x] > 0 for all x € S. Hint: Let p be any probability
law on S such that p(x) > 0 for all z € S and let y/ be the law of Xj. Let
(Xk)kzo be independent random variables such that XO has law y' and Xk has
law p for all & > 1. Combine Proposition [I.20] with Theorem to prove that
the pair empirical measures M, (X) satisfy an LDP and then follow the proof of

Theorem with X replaced by X.

Remark Our proof of Theorem closely follows [Hol00, Thm IV.3]. In [Hol00,
Comment (4) from Section IV.3], it is claimed that the theorem still applies when P
is not everywhere positive but irreducible and S? is replaced by U := {(xy,z3) €
S% : P(xy,79) > 0}, and ‘the proof is easily adapted’. It is indeed possible to
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prove this more general statement by adapting the proof of Theorem but the
proof gets a lot more messy because periodic boundary conditions do not work
well anymore in the more general setting. In Theorem below, we will use the
Gértner-Ellis theorem to prove a large deviation principle for irreducible Markov
chains.

2.5 Cramér’s moment generating function

In this section we start preparing for the proof of Cramér’s theorem (Theorem |0. 1))
by studying the moment generating function Z defined in and its logarithm,
the so-called free energy. For any probability measure 1 on R which has at least a
finite first, respectively second moment, we let

()= [ n(do)a,
Var(j) ::/u(diﬁ)xz — (/M(d$)$(2)>2

denote the mean and variance of p.

Lemma 2.20 (Smoothness of the free energy) Let 11 be a probability measure
on R and let Z be given by

Z(\) = / eMu(dzr) (A eR). (2.10)
Assume that Z(\) < oo for all A € R. For A € R, let iy denote the tilted law

i (dz) = ﬁemﬂ(d@ (A€ R). (2.11)

Then X +— log Z(\) is infinitely differentiable and

(i) xlog Z(A) = (),

(i) ZzlogZ(\) = Var(u)

} (A € R).

Proof We claim that A — Z(\) is infinitely differentiable and

(Z)"z(\) = /x”e’\xu(d:c).
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To justify this, we must show that the interchanging of differentiation and integral
is allowed. By symmetry, it suffices to prove this for A > 0. We observe that

% x"e”u(dx) _ ll_l;% xné,fl(e()&s)x _ eAx)u(dQZ),

where

(A e)z

. e)\x‘

e
|| |e = |z|" 5_1/ :Be”‘xdﬁ‘ < |z|rHteP e (x eR, e <1).
A
It follows from the existence of all exponential moments that this function is in-
tegrable, hence we may use dominated convergence to interchange the limit and

integral.

It follows that

0 frioe 20 = o [ utan) = LETHED ),
(ii) 6‘9—/\22 log Z(\) = Z\) [ e p(dr) — ([ we p(dx))? (2.12)

Z(\)?
:/xZMA(dx) — </xp,\(dx)>2 = Var(uy).

Exercise 2.21 (Maximal and minimal mean of tilted law) Let y be a prob-
ability law on R such that [ e*u(dr) < oo for all A € R and let uy be defined as
in Lemma [2.20] Show that

m (px) = Yy,

)\EIEIOO <M>\> — Y- and AE+OO

where y_ := inf(support(u)), y+ := sup(support(pu)).

2.6 Cramér’s theorem for simple variables

Let us say that a real random variable X is simple if there exists a finite subset
R C R such that X € R a.s. In this section, we prove Cramér’s theorem for simple
random variables. This is of course much weaker than Theorem [0.1] but the proof
is instructive and a good warm-up for the theory that will follow.
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Theorem 2.22 (Simple version of Cramér’s theorem) Let (Xj)i>1 be i.i.d.
random variables taking values in a finite subset R C R. Then the probability
measures

1 n
n = P|— X € - >1
7 [n ; k€] (n>1)
satisfy the large deviation principle with speed n and good rate function I given by
1(y) = sup [\y—logZ(N)]  (y€R),
€

where Z(\) := E[e**1] (XA € R).

To prepare for the proof of Theorem [2.22| we introduce some notation. Let S be
a finite set. For a function ¢ : S — R and probability measure v € M;(5), we
introduce the notation

(v, 0) == Z v(z)p(z) and T,(¢):= logz V(x)€¢($)
€S z€S

Note that if p is the image of the measure v under the function ¢, then

[(0) = log 3 u(z) @) — 1og / u(dr) e, (2.13)

€S

i.e., this is log Z(\), where Z()) is defined in terms of p as in Lemma [2.20]

Proof of Theorem (first part) Let (Xj)r>1 be i.i.d. random variables with
common law v taking values in a finite set S, and let ¢ : S — R C R be a bijection.
We will prove that the probability measures

- p[%ng(xk) e ] (ax1)

satisfy the large deviation principle with speed n and good rate function I given
by
I(y) :==sup Ay —T,(A\¢)]  (y€R). (2.14)

AER

In view of (2.13)), this then yields the statement of the theorem.

By Theorem , the laws p, of the empirical distributions M,, := n~! 2221 Ox,
satisfy the large deviation principle with speed n and good rate function H(-|v).
The function ¢ : M;(S) — R defined as

V() = (r,¢)  (veMS)
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is continuous, so by the contraction principle (Proposition , the measures
N, = pp © Y1 satisfy the large deviation principle with speed n and good rate
function I’ defined by

I'(y) :=inf {H@W): v e Mi(S), (7,¢) =y}  (y€eR). (2.15)

To complete the proof, we need to show that I’ = I, the function defined in ([2.14]).
We now interrupt the proof of the theorem to prove a lemma that is of independent
interest, and then continue with the proof of the theorem. |

For each ¢ : S — Rand p € M;(S), we define a tilted probability law p, € M;(S)
on S by

() = %M(l«)eéﬁ(l‘) (wes) with 2(6)=3 e, (210)

zeS

Lemma 2.23 (Duality relation) For each v,u € M;(S) and ¢ : S — R, one
has

(v,0) < H(v|p) +T0u(9), (2.17)
with equality if and only if v = pg.

Proof We trivially have a strict inequality if H(v|u) = oo so without loss of
generality we may assume that v < p. Reducing the set S if necessary, we
can also without loss of generality assume that u(x) > 0 for all x € S. Let
S":={x € S:v(x)>0}. Since r +— log(r) is a strictly concave function, Jensen’s
inequality gives

(v,6) — H(vlp) = > v(@) (1og (€9(7)) — log ( vz ))

pr uia
% v(x)log (e hgg) <log<a; y(z)e®)E g)
<log (Y- ul)e? @) =1, (6).

This proves ([2.17)). Since the logarithm is a strictly concave function, the first
inequality here (which is an application of Jensen’s inequality) is an equality if

and only if the function e(b(x)% is constant on S’. Since the logarithm is a
strictly increasing function and e? is strictly positive, the second inequality is an
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equality if and only if p(z) = 0 whenever v(z) = 0. Thus, we have equality in
(5.7) if and only if

vo) = 2D ute)  (wes)

where Z is some constant. Since v is a probability measure, we must have Z =

Z($). N

Proof of Theorem (continued) To complete the proof, we need to show
that the function I defined in equals the function I’ defined in . To
evaluate the infimum in (2.15)), we use the method of Lagrange multipliers: we
first try to find the minimum of the function v — H(P|v) — A(,¢) for general
A € R, and then try to choose A in such a way that the minimizer 7 satisfies the
constraint (7, ¢) = y. Lemma[2.23]tells us that H(7|v) — (7, A¢) > —T',(\¢), with
equality if and only if 7 = vys. In other words, for each A € R, the function
v — H(v|v) — XD, ¢) attains its minimal value in the unique point vy,, and the
function value in this point is —I',(A¢).

Let y_ := min{¢(x) : v(x) > 0} and y; = max{¢(z) : v(z) > 0} be the min-
imal and maximal values that the random variables (gb(X k))k>1 can obtain. By
Lemma the function A — (4, ¢) is infinitely differentiable and strictly in-
creasing. Using also Exercise 2.21] it follows that for each y_ < y < y,, there
exists a unique A\, € R such that (v 4, ¢) = y. The method of Lagrange multipli-
ers then tells us that the function 7 — H(P|v) attains its minimal value over the
set {v € My(S): (7,¢) =y} in the unique point # = vy 4, and in this point

H(73|V> - )‘o<ﬂv ¢> - FV(AO¢) - )\oy - FV(/\O¢>'

In view of this, to prove that the functions in (2.14)) and ({2.15)) satisfy I(y) = I'(y),
it suffices to show that the function A — Ay — I',(\¢) attains its maximum in the

point \,. Differentiating using Lemma [2.20] gives

Ay —Tu(A0)] =y — (. 9).

Since A — (vyg, ¢) is continuous and strictly increasing, the right-hand side of our
formula is positive for A < A, zero for A = \,, and negative for A > A\,. This
completes the proof that I(y) = I'(y) for y_ <y < y..

We next consider the case that y = y,. By our assumption that ¢ is a bijection,
there is a unique x, € S such that ¢(zy) = y,. Now the only 7 < v such that
(7,¢) = yy4 is given by ¥ = 0,, and hence I'(y;) = H(0p4|v) = —logv({zs}).
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By Lemma and Exercise [2.21] the function A — Ay; — I',(A@) is strictly

increasing, and hence

I(y+) = lim [Ay. —T,(A¢)] = — lim log (e~ NAT, (Ag))
= — lim logzy(x)e)‘<¢(x) —¢(r4)) = —logv({z4}).

A—00
zeS

This proves that I'(y;) = I(y;). By symmetry, also I'(y_) = I(y_).

We finally treat the case that y, > y. In this case, there exist no 7 < v such that
(D, ¢) = y and hence we see from (2.15)) that I'(y) = inf ) = co. By Lemma
and Exercise %FV()\gb) < yy for all A € R, so we see from (2.14) that
I(y) = limy oo [Ay+ — [',(A@)] = 0o. By the same argument [(y) = oo = I'(y) for
y<y-. |

Remark The proof of Theorem has taught us the following fact. Let S be a
finite set, let v € M;(S), let ¢ : S — R be a function, and let y_ := min{¢(x) :
v(xz) > 0} and yy = max{¢(z) : v(z) > 0}. Then for each y_ < y < y4, the
function 7 — H(P|v) assumes its minimum over the set {& € M(S) : (7, ¢) = y}
in a unique point v,, which is a tilted measure of the form v, = vy 4, where A, € R
must be chosen such that (v, ¢) = y.

2.7 Cramér’s theorem

In the previous section, we gave a proof of Cramér’s theorem that was based on
the Boltzmann-Savov theorem and the contraction principle. A disadvantage of
this approach is that we only obtained the result for simple random variables. In
the present section we give a direct proof of Cramér’s theorem that does not have
this disadvantage. Our proof makes use of Lemma [0.2] Although it is possible to
prove Lemma by elementary means, for convenience, we postpone the proof
till Section |[5.1| when we have the tools available to give a short and elegant proof.

Proof of Theorem By symmetry, it suffices to prove (0.2)) (i). In view of the
fact that 1) (2) < €*, we have, for each y € R and A > 0,

n

PLLS X > 9] = P2 S 0(%— ) 2 0] = PN YK, — ) 2 0],

k=1
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which can further be estimated as
<E[e? 2 (X — )] = HE[GA(Xk —9)] = e PWE[A K]
_ ollog Z(\) — Ay)n.

If y > p, then, by Lemma , %[log Z(A) — MYl|a=o = p—y < 0, so, by the
convexity of the function A — [log Z(\) — Ay| (which follows from Lemma [2.20)),

infllog Z(A) — Ay] = inf[log Z(A) — Ay] =: —I(y).

Together with our previous formula, this shows that
1< —nl
P[=S" X, >y < e W) >
[~ k§:1 p>y] < (y > p),

and hence, in particular,

1
limsup ~log P[T,, > y] < —I(y)  (y>p).

n—oo
To estimate the limit inferior from below, we distinguish three cases. If y > y.,
then P[T,, > y] = 0 for all n > 1 while I(y) = oo by Lemma (v), so (i)
is trivially fulfilled. If y = y,, then P[T,, > y| = P[X; = y]" while I(yy) =
—logP[X; = y4] by Lemma [0.2] (ix), hence again (0.2)) (i) holds.

If y < y4, finally, then differentiating using Lemma [2.20] we see that the function
A= [yA —log Z()\)] assumes its maximum in the point A, that is uniquely charac-
terized by the condition (;1y,) = y. We observe that if (X} )z>1 are i.i.d. random
variables with common law ., and T}, := % > ory X, then lim,,_, P[Tn > y| = %
by the central limit theorem and therefore lim,, % log IF’[T n > y] = 0. The idea
of the proof is to replace the law p of the (Xj)r>1 by uy, at an exponential cost
of size I(y). More precisely, we estimate

PIT 2 0] = P3N — ) 2 0] = (e [u@nlsn 05 0)

k=1

=200 [ [ @y )z 0

= Z(\)"eNAY / fir, (day) - - / 1o, (dz)

—Xo D (@ —
A xe oW em ) 0)
= e_n](y)E[e_TL)\o<Tn - y)l{j"'n _y Z 0}i| .
(2.18)
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By the central limit theorem,

. 1 2
Ply<T, < +on V] — —/ e % /de::9>0.

Since

E[e_nA°<T”_y) } zP[ySTn Sy—l—an_lﬂ}e—\/ﬁa}‘o,

Y —y>0

this implies that

: : 1 _n)\o(Tn - y)
lim nf = log E e Y=y = o))
1 1
> liminf — log (e ~V0A) = _liminf — (log 0 + y/noAs) = 0.
n—oo n, n—oo N

Inserting this into (2.18)) we find that

1
liminf — log P[T}, > y] > —1(y) (y > p).

n—oo M

|
Remark Our proof of Cramér’s theorem actually shows that for any p <y < y.,
e—n[(y) — O(v/n) <P[T, >y < e—nI(y) as n — o0.

Here the term of order y/n in the lower bound comes from the central limit theorem.
A simpler method to obtain a more crude lower bound is to use the weak law of

large numbers instead. For each A\, > \,, the calculation in (2.18]) shows that

P(T, > y] = e "My —log Z()‘*)]E[e_”’\*(fn - y)l{Tn > 0}},

where Tn now denotes the mean of n i.i.d. random variables with common law
., instead of uy,. Let e := (uy,) — (1) = (pa,) — y. By the weak law of large
numbers

IP’[yﬁTn Sy—{—?e} — 1.

n—o0

Inserting this into our previous formula yields

P[T, > y] > e Ay —log Z(A)] o —n2ed.
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and hence
liminf P[T,, > y| > Ay —log Z(\.) — 2e..

n—oo

Since € | 0 as A, | Ao, taking the limit, we obtain that

liminf P[T,, > y] > Aoy —log Z(Xo) = I(y).

n—oo

Remark Using Theorem [0.1] it is not hard to show that indeed, the laws P[T,, € -]
satisfy a large deviation principle with speed n and good rate function 7. We will
postpone this until we treat the multi-dimensional case in Theorem [5.4, Theo-
rem is in fact a bit stronger than the large deviation principle. Indeed, if
yy+ < oo and p({y+}) > 0, then the large deviation principle tells us that

limsup pa([y4,00)) < — inf  I(y) = —I(y),
n—00 YE[y+,00)
but, as we have seen in Excercise [1.12] the complementary statement for the limit
inferior does not follow from the large deviation principle since [y;, 00) is not an
open set.

Remark Let Uz be the interior of the interval {\ € R: Z(\) < oo}. Theorem
remains true if the assumption that Uy = R is replaced by the weaker condition
that 0 € Uy, see [DZ98], Section 2.2.1].

Remark For p < y < y,, it can be shown that for fixed m > 1,

P[Xl edry,..., X, €da,, ‘ %ZX’“ > y] = o, (dxq) - -y, (dgy,),
k=1

where p) denotes a tilted law as in Lemma [2.20|and A, is defined by the requirement
that (u,) = y. This means that conditioned on the rare event = 37 | X >y, in
the limit n — oo, the random variables X4, ..., X,, are approximately distributed
as if they are i.i.d. with common law .

2.8 Excercises

Exercise 2.24 (Testing the fairness of a dice) Imagine that we want to test
if a dice is fair, i.e., if all sides come up with equal probabilities. To test this
hypothesis, we throw the dice n times. General statistical theory tells us that
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any test on the distribution with which each side comes up can be based on the
relative freqencies M, (z) of the sides x = 1,...,6 in these n throws. Let pgy be
the uniform distribution on S := {1,...,6} and imagine that sides the dice come
up according to some other, unknown distribution p;. We are looking for a test
function 7' : M(S) — {0, 1} such that if T(M,) = 1, we reject the hypothesis
that the dice is fair. Let PP, denote the distribution of M,, when in a single throw,
the sides of the dice come up with law p. Then

=P [T(M,) =1] and B, =P, [T(M,) = 0]

are the probability that we incorrectly reject the hypothesis that the dice is fair and
the probability that we do not reckognize the non-fairness of the dice, respectively.
A good test minimalizes (3, when «,, is subject to a bound of the form a, < ¢,
with € > 0 small and fixed. Consider a test of the form

TOM) = LB (M, |up) > A}

where A > 0 is fixed and small enough such that {© € M1 (S) : H(p|po) > A} # 0.
Prove that

1
lim —logay, = —A,
n—oo M,

and, for any 1 7 po,
1
lim —log 3, = — inf H .
Jim —log it (el e)
Let T : My(S) — {0,1} be any other test such that {u € M,(S) : T(p) =1} is

the closure of its interior and let &, 8, be the corresponding error probabilities.
Assume that

1
limsup —log &, < —A.

n—oo 1
Show that for any p; # o,
1 ~
liminf —log G5, > — inf H .
minf —log 3, = i (1] o)

This shows that the test T is, in a sense, optimal.

Exercise 2.25 (Sampling without replacement) For each n > 1, consider
an urn with n balls that have colors taken from some finite set S. Let ¢,(x) be
the number of balls of color x € S. Imagine that we draw m,, balls from the urn
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without replacement. We assume that the numbers ¢, (x) and m,, are deterministic
(i.e., non-random), and that

1 My,
ﬁcn(a:) Qo,u(x) (x€S) and e

where p is a probability measure on S and 0 < k < 1. Let M, (z) be the (random)
number of balls of color x that we have drawn. Let k,(x) satisfy

kn n - kn
m’/’l n—oo n — mn n—oo
where vy, 5 are probability measures on S such that v;(z) > 0 for all z € S,

1 = 1,2. Prove that

lim S log P[M, = kn] = —kH () — (1 — k) H (ws]0). (2.19)

n—oo 1

Sketch a proof, similar to the proof of Theorem that the laws P[M,, € -| satisfy
a large deviation principle with speed n and rate function I given by

I(k) = kH(n|p) + (1 = &) H(v2|p).
Hint: use Stirling’s formula to show that
1
—log (n) 2 H(@),
n m n

where
H(z):=—zlogz — (1 — z)log(1l — 2).

Exercise 2.26 (Relative entropy and conditional laws) Let S be a finite
space, let v, u be probability measures on S and let (), P be probability kernels on
S. Show that

H(v*QluxP)=H(|p)+ Y v(z1)H(Qu |Ps),

r1ES

where Qg, (72) := Q(x1, z2) and Py, (z2) := P(x1,22) ((x1,72) € S?). In particular,
if () is a probability kernel such that v = v~ % (), then

Hly™ + P) = 3 v (2) H(Qu |y,

r1ES
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Exercise 2.27 (Minimizer of the rate function) Let P be irreducible. Show
that the unique minimizer of the function V(S) 3 v — H(v|v~ % P) is given by
v = u* P, where y is the invariant law of P.

The following exercise asks you to prove that the function
M (S*) v H(v|y™ x P)
is convex.

Exercise 2.28 (Convexity of rate function) Let P be a probability kernel
on S. Let pi,...,p, be nonnegative constants summing up to one and let v :=
S pevk with v, € V(S). Let Q* and @ be probability kernels on S such that
v=v"xQ and yk:yk’*Qk (1 <k <n). Prove that

H(vlv™ = P) =Y peH(wlv™ « P) =Y pp > v () H(QKIQw),

k=1 TE€S

where @), is the probability law on S defined as Q.(y) := Q(z,y) (z,y € S) and
Q" is defined similarly with @ replaced by QF.

Exercise 2.29 (Not strictly convex) Let P be any probability kernel on S =
{1,2}. Define p,v € M;(5?%) by

(o) ) =0 o) ot (o) ) =0 1)
Define v, := py + (1 — p)v. Show that

0,1] > p = H(vy|v, * P)

is an affine function. Prove the same statement for

0010 0000
oo o0 o0 dy__ooo%
P=1L 00 0] ™ "“looo00

0000 0200

These examples show that M;(S?) > v — H(v|v™ * P) is not strictly convex.
Do you see a general pattern how to create such examples? Hint: You can use
Excercise 226 or Excercise 2.28
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Exercise 2.30 (Strong law of large numbers) Let X = (X;)r>0 be a Markov
chain with finite state space S, transition kernel P, and arbitrary initial law.
Assume that P[X, = z] > 0 and P(z,y) > 0 for all z,y € S. Let (M,EQ))nzl be the
pair empirical distributions of X. Show that

M® — 7% P as., (2.20)

n
n—o0

where 7 denotes the invariant law of P. Hint: use Theorem [2.17, Exercise [2.27]
and Borel-Cantelli.

Exercise 2.31 (Approximation lemma) Use Exercises and to give an
alternative proof of Lemma [2.12| Hint: first prove the claim under the additional
assumption that v(z,y) > 0 for all (z,y) € S2.



Chapter 3

Exponential tightness

3.1 Tightness

In Sections and [1.2] we have stressed the similarity between weak convergence
of measures and large deviation principles. In this chapter, we will pursue this idea
further. In the present section, we recall the concept of tightness and Prohorov’s
theorem. In particular, we will see that any tight sequence of probability measures
on a Polish space has a weakly convergent subsequence. In the next sections (to
be precise, in Theorem [3.7]), we will prove an analogue of this result, which says
that every exponentially tight sequence of probability measures on a Polish space
has a subsequence that satisfies a large deviation principle.

A set A is called relatively compact if its closure A is compact. The next result
is known as Prohorov’s theorem (see, e.g., [Ste87, Theorems I11.3.3 and I11.3.4] or
[Bil99, Theorems 5.1 and 5.2]).

Proposition 3.1 (Prohorov) Let E be a Polish space and let M, (E) be the
space of probability measures on (E,B(E)), equipped with the topology of weak
convergence. Then a subset C C My(E) is relatively compact if and only if C is
tight, i.e.,

Ve > 03K C E compact, s.t. sup u(E\K) < e.
nel

Note that since sets consisting of a single point are always compact, Proposition [3.1]
implies that every probability measure (and therefore also every finite measure)
on a Polish space E has the property that for all € > 0 there exists a compact K

69
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such that u(E\K) < e. This result, that is sometimes known as Ulam’s theorem,
is in itself already nontrivial, since Polish spaces need in general not be locally
compact.

By definition, a set of functions D C Cy(F) is called distribution determining if for
any p,v € My(E),

/fdu:/fdy VfeD implies pu=uv.

We say that a sequence of probability measures (pi,),>1 is tight if the set {p, : n >
1} is tight, i.e., Ve > 0 there exists a compact K such that sup,, p,(E\K) < e. By
Prohorov’s theorem, each tight sequence of probability measures has a convergent
subsequence. This fact is often applied as in the following lemma.

Lemma 3.2 (Tight sequences) Let E be a Polish space and let p,, i1 be proba-
bility measures on E. Assume that D C Cyp(E) is distribution determining. Then
one has p, = w if and only if the following two conditions are satisfied:

(1) The sequence (fiy)n>1 1S tight.

(ii) [ fdun, — [ fdu for all f € D.

The proof of Lemma [3.2] uses a simple fact from general topology. Recall that
(2, )nen is a subsequence of (x,)nen if there exist n(m) — oo such that a], = 2,(m)
(m e N).

Lemma 3.3 (Convergence along subsequences) Let E be a topological space
and let x,,x € E. Assume that each subsequence (x},) of (x,) contains a further

subsequence (') such that x!! — x. Then z, — x.

Proof Assume that x,, /4 x. Then there exists an open set O 3 x such that z,, € O
for infinitely many n, hence there exists a subsequence (z},) such that x], ¢ O for
all n. But then no subsequence (z) of (z]) can converge to x, contradicting our
assumption. |

Proof of Lemma In any metrizable space, if (x,),>1 is a convergent se-
quence, then {z, : n > 1} is relatively compact. Thus, by Prohorov’s theorem,
conditions (i) and (ii) are clearly necessary.

To prove the sufficiency of conditions (i) and (ii) we apply Lemma[3.3] By (i) and
Prohorov’s theorem, each subsequence (u),) of (iu,) contains a further subsequence
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() that converges weakly to some limit p”. By (ii) [ fdu” = [ fdu for all f € D
so ¢’ = p and hence by Lemma we conclude that the original sequence ()
converges weakly to u. |

3.2 LDP’s on compact spaces

Our aim is to prove an analogue of Lemma for large deviation principles. To
prepare for this, in the present section, we will study large deviation principles
on compact spaces. The results in this section will also shed some light on some
elements of the theory that have up to now not been very well motivated, such as
why rate functions are lower semi-continuous.

It is well-known that a compact metrizable space is separable, and complete in any
metric that generates the topology. In particular, all compact metrizabe spaces
are Polish. Note that if £ is a compact metrizable space, then C(F) = Cy(E),
i.e., continuous functions are automatically bounded. We equip C(F) with the
supremumnorm || - ||, under which it is a separable Banach spacell] Below, |f|
denotes the absolute value of a function, i.e., the function x — |f(z)].

Proposition 3.4 (Generalized supremumnorms) Let E be a compact met-
rizable space and let A : C(E) — [0,00) be a function such that

(i) A is a seminorm.
(i) ACS) = A(If]) for all f € C(E).
(iii) A(f) < Alg) forall f,g € C(E), [ <g.

(iv) A(fVg)=A(f) vV Alg) forall f,g € CL(E).

Then

!The separability of C(E) is an easy consequence of the Stone-Weierstrass theorem [Dud02)
Thm 2.4.11]. Let D C E be dense and let A := {¢,, : © € D, n > 1}, where ¢5,(y) :=
0V (1 —nd(z,y)). Let B be the set containing the function that is identically 1 and all functions
of the form f; - - f,, withm > 1 and f1,..., fin € A. Let C be the linear span of B and let C’ be
the set of functions of the form ay f1+- -+ ap fr, withm > 1, a1,...,a,, € Qand f1,..., fin € B.
Then C is an algebra that separates points, hence by the Stone-Weierstrass theorem, C is dense
in C(E). Since C’ is dense in C and C’ is countable, it follows that C(E) is separable.
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(a) A:C(F)— [0,00) is continuous w.r.t. the supremumnorm.

Moreover, there exists a function I : E — (—o00, 00| such that

(b) A(fa) 4 '@ for any fo € CL(E) s.t. fol (.

(c) I is lower semi-continuous.

(d) A(f) =sup,epe '@If(2)]  (f €C(E)).

Proof To prove part (a), we observe that by (ii), (iii) and (i)
ACS) = AU < Al lloo - 1) = 11l ACD),

where 1 € C(F) denotes the function that is identically one. Using again that A
is a seminorm, we see that

A(f) = Ag)| SA(f—9) SADIS — gl
This shows that A is continuous w.r.t. the supremumnorm.

Next, define I : E — (—o00, 00] (or equivalently e™! : E — [0,00)) by

e 1@ = inf{A(f): f €CL(E), f(z)=1} (x € E).

We claim that this function satisfies the properties (b)—(d). Indeed, if f,, € C,(F)
satisfy f, | 1z for some x € E, then the A(f,) decrease to a limit by the
monotonicity of A. Since

A(fa) 2 Afa/ ful(@)) 2 E{A(f) : f € Co(E), flz) =1} = '@

we see that this limit is larger or equal than e~/(®). To prove the other inequality,

we note that by the definition of I, for each ¢ > 0 we can choose f € C,(F)
with f(x) = 1 and A(f) < e 1@ + e We claim that there exists an n such
that f, < (14 ¢)f. Indeed, this follows from the fact that the the sets C,, =
{y € E: fuly) > (1 +¢e)f(y)} are compact sets decreasing to the empty set,
hence C,, = 0 for some n [Eng89, Corollary 3.1.5]. As a result, we obtain that
A(f) < (14 8)A(f) < (1 +¢)(e7 '@ 4 ¢). Since £ > 0 is arbitrary, this completes
the proof of property (b).

To prove part (c), consider the functions

Goy(x) =0V (1 —d(y,z)/9) (x,y € E, 6 >0).
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Observe that ¢s,(y) =1 and ¢5, = 0 on Bs(y), and recall from Lemma that
¢s,y : £ —[0,1] is continuous. Since

||¢6,y - ¢5,z||00 < 5_1 Sug |d([L’, y) - d(l’, Z)| < 5_1d(y7 Z)7
xe

we see that the map x — ¢5,, is continuous w.r.t. the supremumnorm. By part (a),
it follows that for each 6 > 0, the functions

T — A(gb(;,m)

are continuous. Since by part (b) these functions decrease to ™! as ¢ | 0, we con-
clude that e~! is upper semi-continuous or equivalently I is lower semi-continuous.

To prove part (d), by assumption (ii), it suffices to consider the case that f €
C.(FE). We start by observing that

e !V <A(f)  VzeE, feC(E) f(z)=1,
hence, more generally, for any = € E and f € C,(F) such that f(z) >0,

e W < A(f/f(x) = A(f)/ f (=),

which implies that
D) <A(f)  VzeE, feCi(B),

and therefore

A() = supe '@ f@) (f € CulE)).

zelR

To prove the other inequality, we claim that for each f € C,(E) and § > 0 we
can find some x € E and g € Cy(FE) supported on Bss(z) such that f > g and
A(f) = A(g). To see this, consider the functions

Ysy(r) =0V (1 =d(Bs(y),x)/0)  (z,y€E, §>0)

Note that 15, : E — [0, 1] is continuous and equals one on Bs(y) and zero on
Bos(y)°. Since E is compact, for each 6 > 0 we can find a finite set A C E such
that (J,ca Bs(x) = E. By property (iv), it follows that

AF) =AY\ Csaf) =V AWsaf).

TEA TEA
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In particular, we may choose some x such that A(f) = A(¢s,f). Continuing this
process, we can find x;, € E and f, € C.(F) supported on By ,(z;) such that
f>f2>fa>-and A(f) = A(f1) = A(fz) = ---. Tt is not hard to see that the

fn decrease to zero except possibly in one point z, i.e.,

Jnd clizy
for some 0 < ¢ < f(z) and x € E. By part (b), it follows that A(f) = A(f.) |
ce” 1@ < f(x)e~!®). This completes the proof of part (d). |

Recall the definition of a normalized rate function from page The following
proposition prepares for Theorem [3.7 below.

Proposition 3.5 (LDP along a subsequence) Let E be a compact metrizable
space, let p, be probability measures on E and let s, be positive constants converg-
ing to infinity. Then there exists n(m) — oo and a normalized rate function I
such that the pinm) satisfy the large deviation principle with speed sy(y,) and rate
function 1.

Proof Since C(FE), the space of continuous real functions on E, equipped with
the supremumnorm, is a separable Banach space, we can choose a countable dense
subset D = {fx : k > 1} C C(FE). Using the fact that the p, are probability
measures, we see that

1/sn . _
e = ([ 177000) ™ < (U127 =1l (£ € COE).

By Tychonoft’s theorem, the product space
k=1

equipped with the product topology is compact. Therefore, we can find n(m) — oo
such that

([ [P P

converges as m — oo to some limit in X. In other words, this says that we can
find a subsequence such that

m
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exists for each f € D. We claim that this implies that for the same subsequence,
this limit exists in fact for all f € C(E). To prove this, we observe that for each

f.g9 €C(E),
‘”fHSnyﬂn - Hg”snyﬂn| S Hf _gusnyﬂn g Hf _gHOO

Letting n(m) — oo we see that also

IACS) = A9 < (1S = gl (3.1)

for all f, g € D. Since a uniformly continuous function from one metric space into
another can uniquely be extended to a continuous function from the completion of
one space to the completion of the other, we see from that A can be uniquely
extended to a function A : C(E) — [0, 00) such that holds for all f,g € C(E).
Moreover, if f € C(FE) is arbitrary and f; € D satisfy || f — fi|]loc = 0, then

“|f|l8n(m),un(m) - A(f)‘
< Msamynmy = 1Fillsmy sty | - T ill sy = A+ |ACS) = AL
< N fillsuimptinimy = AU] 201 = Silloo,

hence

m— 00

for each 4, which proves that || f]|s — A(f).

Our next aim is to show that the function A : C(E) — [0,00) satisfies prop-
erties (i)—(iv) of Proposition [3.4 Properties (i)—(iii) are satisfied by the norms
| - ||Sn<m)7“n(m) for each m, so by taking the limit m — oo we see that also A has
these properties. To prove also property (iv), we use an argument similar to the
one used in the proof of Lemma (b). Arguing as in , we obtain

. . Snim Sn(m l/sn m
where we have used (1.4)). Since f,g < fV g, it follows from property (iii) that

moreover A(f)V A(g) < A(fV g), completing the proof of property (iv).

By Proposition [3.4] it follows that there exists a lower semi-continuous function
I: E — (—00,00] such that

A(f) =supe '@ f(@)]  (f €C(E)).

zeE
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Since E is compact, I has compact level sets, i.e., I is a good rate function, hence
the fin(m) satisfy the large deviation principle with speed s, and rate function
I. Since the ji, () are probability measures, it follows that I is normalized. |

3.3 Exponential tightness

We wish to generalize Proposition to spaces that are not compact. To do this,
we need a condition whose role is similar to that of tightness in the theory of weak
convergence.

Let u, be a sequence of finite measures on a Polish space E and let s,, be positive
contants, converging to infinity. We say that the u,, are exponentially tight with
speed s, if

1
VM € R 3K C E compact, s.t. limsup — log p1,,(E\K) < —M.
n—oo STL
Letting A° := F\ A denote the complement of a set A C E, it is easy to check that
exponential tightness is equivalent to the statement that

<e.

SnyHn —

Ve > 0 3K C E compact, s.t. limsup ||1xe

n—oo

The next lemma says that exponential tightness is a necessary condition for a large
deviation principle.

Lemma 3.6 (LDP implies exponential tightness) Let E be a Polish space
and let p, be finite measures on E satisfying a large deviation principle with speed
Sn and good rate function 1. Then the u, are exponentially tight with speed s, .

Proof This proof of this statement is more tricky than might be expected at first
sight. We follow [DZ93], Excercise 4.1.10]. If the space F is locally compact, then
an easier proof is possible, see [DZ93, 1.2.19].

Let d be a metric generating the topology on E such that (E,d) is complete, and
let B,.(z) denote the open ball (w.r.t. this metric) of radius r around z. Since E is
separable, we can choose a dense sequence (zy)r>1 in E. Then, for every 6 > 0, the
open sets O;,, 1= U, Bs(xy) increase to E. By Lemma (©); [1og,, lsc,r 4 0.
Thus, for each €, > 0 we can choose an m > 1 such that

limsup 1o [lsm < og, lleor <e.
n—oo
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In particular, for any € > 0, we can choose (my)g>1 such that

limsup|[log, s <27%  (k>1).

n—o0

It follows that

lim sup || 1 oo = o
n_mp” UrZ1 05k m,,

SnsMn

o0
Sn,Mn S hm Sup E ||1oi/k,mk
k=1

n—oo

<

[M]#

n—o0

[e.e]
lim sup ‘|1O(1:/k,mk s pim < Z 27Fe =¢.
k=1

B
Il

1

Here

G O Jhomy, = ( ﬁ O1/1~c,m,€>C = ( ﬁ Cj Bl/k(:pl))c,
k=1 k=1

k=11=1

Let K be the closure of ﬂzozl O1/k,m,,- We claim that K is compact. Recall that a
subset A of a metric space (E, d) is totally bounded if for every 6 > 0 there exist a
finite set A C A such that A C |J,ca Bs(x). It is well-known [Dud02, Thm 2.3.1]
that a subset A of a metric space (E,d) is compact if and only if it is complete
and totally bounded. In particular, if (F,d) is complete, then A is compact if and
only if A is closed and totally bounded. In light of this, it suffices to show that K
is totally bounded. But this is obvious from the fact that K C (J;24 Ba/x(z;) for
each k > 1. Since

limsup [[1xe||s, . < limsup \|1(m~;101/,€}mk)c\|3n7un <e
n—oo n—oo

and € > 0 is arbitrary, this proves the exponential tightness of the . |

The following theorem generalizes Proposition to non-compact spaces. This
result is due to O’'Brian and Verwaat [OV91] and Puhalskii [Puk91]; see also the
treatment in Dupuis and Ellis [DE97, Theorem 1.3.7].

Theorem 3.7 (Exponential tightness implies LDP along a subsequence)
Let E be a Polish space, let u, be probability measures on E and let s, be positive
constants converging to infinity. Assume that the u, are exponentially tight with
speed s,. Then there exist n(m) — oo and a normalized rate function I such
that the pinm) satisfy the large deviation principle with speed sy, and good rate
function 1.
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We will derive Theorem [3.7]from Proposition [3.5| using compactification techniques.
For this, we need to recall some general facts about compactifications of metrizable
spaces.

If (E,0) is a topological space (with O the collection of open subsets of F) and
E' C FE is any subset of I, then F’ is also naturally equipped with a topology
given by the collection of open subsets O’ := {O N E' : O € O}. This topology
is called the induced topology from E. If x,,x € E’, then x,, — x in the induced
topology on E’ if and only if x,, — x in E.

If (E,Q) is a topological space, then a compactification of E is a compact topo-
logical space E such that E is a dense subset of E and the topology on E is the
induced topology from E. If E is metrizable, then we say that E is a metrizable
compactification of E. It turns out that each separable metrizable space F has a
metrizable compactification [Cho69, Theorem 6.3].

A topological space E is called locally compact if for every x € E there exists
an open set O and compact set C' such that x € O C C. We cite the following
proposition from [Eng89, Thms 3.3.8 and 3.3.9].

Proposition 3.8 (Compactification of locally compact spaces) Let E be a
metrizable topological space. Then the following statements are equivalent.

(i) E is locally compact and separable.

(ii) There exists a metrizable compactification E of E such that E is an open
subset of E.

(iii) For each metrizable compactification E of E, E is an open subset of E.
A subset A C FE of a topological space F is called a Gs-set if A is a countable
intersection of open sets (i.e., there exist O; € O such that A = ()2, 0;. The

following result can be found in [Bou58| §6 No. 1, Theorem. 1]. See also [Oxt80,
Thms 12.1 and 12.3].

Proposition 3.9 (Compactification of Polish spaces) Let E be a metrizable
topological space. Then the following statements are equivalent.

(i) E is Polish.

(ii) There exists a metrizable compactification E of E such that E is a Gs-subset
of E.
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(iii) For each metrizable compactification E of E, E is a Gs-subset of E.

Moreover, a subset F' C E of a Polish space E is Polish in the induced topology if
and only if F' is a Gs-subset of E.

Exercise 3.10 (Weak convergence and the induced topology) Let E be a
Polish space and let E be a metrizable compactification of E. Let d be a metric
generating the topology on E, and denote the restriction of this metric to £ also
by d. Let C,(FE) denote the class of functions f : E — R that are uniformly
continuous w.r.t. the metric d, i.e.,

Ve > 035> 0s.t. d(z,y) <6 implies |f(z)— f(y)] <e.

Let (tn)n>1 and g be probability measures on E. Show that the following state-
ments are equivalent:

(1) [ fdp, — [ fdp for all f € Cy(E),

(ii) [ fdpn, — [ fdpfor all f € C,u(E),
(iii) pn, = p where = denotes weak convergence of probability measures on F,
)

(iv) ftn = p where = denotes weak convergence of probability measures on E.
Hint: Identify C,(E) = C(E) and apply Proposition

We note that compactifications are usually not unique, i.e., it is possible to con-
struct many different compactifications of one and the same space E. If E is locally
compact (but not compact), however, then we may take E such that E\E con-
sists one a single point (usually denoted by o). This one-point compactification is
(up to homeomorphisms) unique. For example, the one-point compactification of
[0, 00) is [0, 0o] and the one-point compactification of R looks like a circle. Another
useful compactification of R is of course R := [—00,oc]. To see an example of a
compactification of a Polish space that is not locally compact, consider the space
E := M;(R) of probability measures on R, equipped with the topology of weak
convergence. A natural compactification of this space is the space E:= MR ) of
probability measures on R. Note that M;(R) is not an open subse‘l 2 of M, (R),

2Indeed (1 —n"1)8 +n 100 € M1(R)\M;(R) converge to dp € M;(R) which show that the
complement of Mj(R) is not closed.
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which by Proposition [3.8| proves that M;(R) is not locally compact. On the other
hand, since by Excercise [3.10, M;(R) is Polish in the induced topology, we can
conclude by Proposition Mlat M (R) must be a Gs-subset M;(R). (Note that
in particular, this is a very quick way of proving that M;(R) is a measurable
subset of M;(R).)

Note that in all these examples, though the topology on E coincides with the
(induced) topology from E, the metrics on E and E may be different. Indeed, if
d is a metric generating the topology on E, then E will never be complete in this
metric (unless E is compact).

Proof of Theorem Let E be a metrizable compactification of E. By Propo-
sition [3.5, there exists n(m) — oo and a normalized rate function I : E — [0, o0]
such that the ji,m) (viewed as probability measures on E) satisfy the large devi-
ation principle with speed s,y and rate function I.

We claim that for each a < oo, the level set L, := {z € E : I(x) < a} is a
compact subset of F (in the induced topology). To see this, choose a < b < 0.
By exponential tightness, there exists a compact K C E such that

lim sup
m—oo  Sn(m)

10g fn(m) (K€) < —b. (3.2)
Note that since the identity map from F into E is continuous, and the continuous
image of a compact set is compact, K is also a compact subset of E. We claim
that L, C K. Assume the converse. Then we can find some z € L,\K and open
subset O of E such that x € O and O N K = ). Since the fi,(m) satisfy the LDP

on E, by Proposition (i),

lim inf 108 fin(my(0) > — inf I(x) > —a,

m—00 Sn(m) ze0

contradicting . This shows that L, C K. Since L, is a closed subset of E, it
follows that L, is a compact subset of E (in the induced topology). In particular,
our arguments show that I(x) = oo for all z € E\E. The statement now follows
from the restriction principle (Lemma and the fact that the p, () viewed as
probability measures on E satisfy the large deviation principle with speed Sn(m)
and rate function 1. i

We will sometimes need a generalization of Theorem that holds for finite mea-
sures that are not necessarily probability measures. The following simple corollary
of Theorem [3.7 takes care of this.
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Corollary 3.11 (Exponential tightness of finite measures) Let E be a Polish
space, let p, be finite measures on E and let s,, be positive constants converging to
infinity. Assume that the u, are exponentially tight with speed s, and that

1
lim inf — log p,(E) < 0. (3.3)
n—oo S,
Then there exist n(m) — oo and a good rate function I such that the pinm) satisfy
the large deviation principle with speed s,y and rate function I.

Proof In view of (3.3), by going to a subsequence, we can assume that the limit

R:=— lim ilog,un(E)
n—0o Sy,
exists in (oo, 00]. If R = oo, then it is easy to check that the measures p,, satisfy
the large deviation principle with rate function I(z) := oo (z € E) and we are
done, so without loss of generality we can assume that R € R. Then the measures
i are nonzero for n large enough, so we can define probability measures 1, by

1
7, = el with R, = —— log in(E).

Sn

In other words, this says that for each measurable A C F,

10875, (4) = - log ia(4) + Ry, (3.4)
Since the R, converge to a finite limit, it is now easy to see that since the finite
measures [, are exponentially tight, the same is true for the probability measures
,. By Theorem [3.7 there exist n(m) — oo and a normalized rate function I
such that the probability measures i, ,,) satisfy the large deviation principle with
speed sy(,) and rate function 7. By , it follows that the finite measures fi,,(m)
satisfy the large deviation principle with speed s,(,) and rate function 7 + R. B

3.4 Applications of exponential tightness

In this section, we discuss some applications of Theorem that will be needed
in later chapters. We start with a simple observation that does not depend on
Theorem [3.7] The following lemma is very similar to Lemma 3.3 and the proof is
basically the same. Below, instead of saying that pu, satisfies the large deviation
principle with speed s, and rate function I, we say more briefly that (up,,s,)
satisfies the large deviation principle with rate function I.
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Lemma 3.12 (Large deviation principles along subsequences) Let E be a
Polish space, let u, be finite measures on E, let s, be positive constants tending
to infinity, and let I be a good rate function on E. Assume that each subsequence

(80 of (fin, Sn) contains a further subsequence (p,s!) that satisfies the large

n
deviation principle with rate function I. Then (u,, $,) satisfies the large deviation

principle with rate function I.

Proof Assume that (u,,s,) does not satisfy the large deviation principle with

rate function /. Then there exists a function f € Cp 4 (£) and an € > 0 such that

|H Fllsnn — I f HOOJ‘ > ¢ for infinitely many n, hence there exists a subsequence
/

(1, sl,) such that ||| flls, . = [[flloo,r| = € for all n. But then no subsequence
(u,s") of (ul,s!) can satisfy the large deviation principle with rate function I,

contradicting our assumption. |

The following lemma generalizes Lemmas and to unbounded functions.
Its proof depends on Corollary of Theorem 3.7, We will later use this lemma
in the proof of the Gértner-Ellis theorem (Theorem below).

Lemma 3.13 (Varadhan’s lemma for unbounded functions) Let E be a
Polish space and let p, € M(E) satisfy the large deviation principle with speed
sp and good rate function I. Let F' : E — [—00,00) be continuous and assume

that the weighted measures v,(dx) := BS"F(x)un(dx) are exponentially tight and
satisfy
1
lim sup — log v, (E) < 0. (3.5)

n—oo  Sp

Then .
lim — log/eS"den = sup [F(z) — I(z)]. (3.6)

n—00 Sy zeFE
Moreover, the weighted measures v, satisfy the large deviation principle with speed
s, and good rate function I — F.

Proof We start by proving the final claim of the lemma. By Lemma |3.12] it
suffices to prove that I — F' is a good rate function and that each subsequence
(v, s) of (v, s,) contains a further subsequence (v, s”) that satisfies the large

deviation principle with rate function I — F. Since the v, are exponentially tight
and satisfy (3.5)), we can apply Corollary to conclude that (v, s!) contains
a further subsequence (v, s”) that satisfies the large deviation principle for some

good rate function J. It therefore suffices to show that J =1 — F.
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Let G : E — [—00,00) be continuous and assume that both G and G + F' are
bounded from above. Then Varadhan’s lemma tells us that

sup [G(z) + F(z) — I(z)] = lim i// esn(G(2) + F(x))ug(dx)

/
el n—oo STL

1
= lim —/ €SZG(J:)I/Z(C1$) =sup [G(z) — J(z)].
E zel
In other words, setting g := e, f := e’ this says that if ¢ € Cy,(F) has the
property that also fg € Cp+(E), then ||fg|lcosr = [|glloo.s-

We claim that for each « € E, we can find g, € Cy 1 (FE) such that fg, € Cp(F)
for each n and g, | 1y;3. To prove this, we first use Lemma to construct
h, € Cb7+(E) with A, i 1{96}. Setting

_ flr)v1
gn(y) = Whn(y) (y € E)

then does the job, since the inequality (f V 1)g, < (f(x) V 1)h, shows that both
fg, and g, are bounded.

By our earlier claim, Lemma (¢) now implies that

OO = | f@) @ oo = 1m0 fgalloer = 10 Jlgulloos = [1gapllse. = 7/

for each x € E, which proves that J = I — F. This completes the proof that the
weighted measures v, satisfy the large deviation principle with speed s,, and good
rate function I — F'. Applying Varadhan’s lemma to the function that is constantly
zero and the measures v, then implies (3.6)). |

When proving convergence in law of a discrete-time stochastic process, we are used
to the fact that convergence of finite-dimensional distributions implies convergence
of the laws. In Theorem below, we will prove a similar statement for large
deviation principles. This result is quite powerful and will be used in our proof of
Sanov’s theorem (Theorem below). We first need some preparations.

By definition, if [ is a normalized good rate function, then we say that a set of
functions D C Cy(E) determines I if for any normalized good rate function J,

| fllor = | flloo.s Yf €D implies I =J.

We say that D is rate function determining if D determines any normalized good
rate function /. By combining Lemma [3.6] and Theorem [3.7, we obtain the fol-
lowing analogue of Lemma Note that by Lemma [3.6, the conditions (i) and
(ii) below are clearly necessary for the measures p, to satisfy a large deviation
principle.
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Proposition 3.14 (Conditions for LDP) Let E be a Polish space, let u, be
probability measures on E, and let s, be positive constants converging to infinity.
Assume that D C Cy(E) is rate function determining and that:

(1) The sequence (y)n>1 s exponentially tight with speed s,,.

(ii) The limit A(f) = limy_yoo || f||s,,n ezists for all f € D.

Then there exists a good rate function I on E which is uniquely characterized by
the requirement that A(f) = ||flleos for all f € D, and the w, satisfy the large
deviation principle with speed s,, and rate function I.

Proof By exponential tightness and Theorem [3.7, there exist n(m) — co and a
normalized rate function I such that the ji,,(,) satisfy the large deviation principle
with speed s,(,) and good rate function I. It follows that

A(f) = h—{noo ||fH5n(m)7Hn(m) = ||f||00,f (f € D))

m

which characterizes I uniquely by the fact that D is rate function determining.
By the same argument, each subsequence (p,s!) of (fin,s,) contains a further
subsequence (!, s”) such that the u” satisfy the large deviation principle with
speed s and rate function /. By Lemma [3.12] this implies that the i, satisfy the

large deviation principle with speed s,, and rate function I. |

A somewhat weaker version of Proposition where D is replaced by Cp . is
known as Bryc’s theorem [Bry90], which can also be found in [DZ93, Theorem 4.4.2]
and [RS15l Section 3.3].

In view of Proposition we are interested in finding sufficient conditions for a
set D C Cp 4 to be rate function determining. The following simple observation is
useful.

Lemma 3.15 (Sufficient conditions to be rate function determining)

(a) Let E be a Polish space, D C Cy 1 (E), and assume that for each x € E there
exist fr € D such that fi | 1zy. Then D is rate function determining.

(b) Let E be a compact metrizable space, let C(F) be the Banach space of all
continuous real functions on E, equipped with the supremummnorm, and let D C
C(E) be dense. Then D is rate function determining.
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Proof If f; | 1(, then, by Lemma [L8, || felloos 4 [[1{a}llecs = '@, proving
part (a). Part (b) follows from the fact that the map f +— ||f||ocs is continuous
w.r.t. the supremumnorm, as proved in Proposition (3.4} |

Let E and F be sets and let (f,),er be a collection of functions f : £ — F. By
definition, we say that (f,)er separates points if for each z,y € E with z # y,
there exists a v € I' such that f,(z) # f,(y). The following theorem is a sort of
‘inverse’ of the contraction principle, in the sense that a large deviation principle
for sufficiently many image measures implies a large deviation principle for the
original measures.

Theorem 3.16 (Projective limit) Let E and F' be Polish spaces, let i, be prob-
ability measures on E, and let s, be positive constants converging to infinity. Let
(¢3)ien, be continuous functions; : E — F. For eachm > 1, let by, : E — F™ be

defined as U (z) = (V1(x), ..., Um(2)) (x € E). Assume that (V;)ien, separates
points and that:

(i) The sequence (fin)n>1 1S exponentially tight with speed s,.

(ii) For each finite m > 1, there exists a good rate function I, on F™, equipped

with the product topology, such that the measures p, o 7,;;11 satisfy the large
deviation principle with speed s,, and rate function I,,.

Then there exists a good rate function I on E which is uniquely characterized by
the requirement that

I,(y) = inf I(x) (m>1 yeF™m).

Moreover, the measures p, satisfy the large deviation principle with speed s, and
rate function I.

Proof Our assumptions imply that for each f € Cp 4 (F™),
||f OlpmHSnyﬂn = Hf”sn,unoiv‘;zl n_>—o>o ||f||00»lm
We claim that the set

Di={foin :m>1, feCui(F™)}
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is rate function determining. To see this, fix 2 € E and define f;, € D by

where d is any metric generating the topology on F'. We claim that

D> /\fi,mil{z} as m T oo.
i=1
Indeed, since the (v;);en, separate points, for each & # z there is an i > 1 such
that 1;(x) # ¥;(2) and hence f;,,(y) = 0 for m large enough. By Lemma [3.15] (a),
it follows that D is rate function determining.

Proposition now implies that there exists a good rate function / on E such
that the p, satisfy the large deviation principle with speed s,, and rate function I.
Moreover, I is uniquely characterized by the requirement that

1f o bmlloos = I flloorn (M >1, f€C(F™)). (3.7)
Set
I.(y)= inf I(z) (yeF™),
x: Ym (T)=y

which by the contraction principle (Proposition [1.16]) is a good rate function on
F™. Since

17 0 Bl = sup e~ 1) f(,(2))

—inf -~ . I(z
— sup e M@= L) p) = 1l

yeFm™
formula (3.7) implies that ||f|w.zz. = ||f|lsc,z, for all f € Cp(F™), which is in
turn implies that I, = I/ . |

The following lemma gives a more explicit expression for the rate function I from
Theorem in terms of the rate functions ,,.

Lemma 3.17 (Formula for high-level rate function) In the set-up of Theo-

rem [3.16), .
L (¢ (@) T 1(2) as m 1 oo.

Proof We observe that
L (Y () = inf I(z").

z'ek: '(Zm(y):'lz;m(x)
The sets Cp, := {2’ € E : ¥(y) = thm(z)} are closed and decrease to {z} as
m T oo by the fact that the 1; separate points. Therefore, by Lemma (c),
inf,ec, I(2') 1 1(x) as 1 oc. n
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3.5 Further applications of exponential tightness

In this section, we present some further applications of Theorem The results
of this section, and all further sections of this chapter, will not be used in later
chapters and can therefore be skipped, if one wishes to do so.

Proposition [3.14] shows that in the presence of exponential tightness, it is possible
to prove large deviation principles by showing that the limit lim,,_,o || f|5,., 1, €Xists
for sufficiently many continuous functions f. Often, it is more convenient to prove
that the large deviations upper and lower bounds from Proposition hold for
suffiently many closed and open sets.

Let A be a collection of measurable subsets of some Polish space E. We say that A
is rate function determining if for any pair I, J of normalized good rate functions
on F, the condition
inf I(x) < inf J(z) VAe A (3.8)
rCA z€int(A)
implies that I < J. A set O" C O is a basis for the topology if every O € O can
be written as a (possibly uncountable) union of sets in O’. Equivalently, this says
that for each x € F and open set O > z, there exists some O € O such that
x € O' C O. For example, in any metric space, the open balls form a basis for the
topology.

Lemma 3.18 (Rate function determining sets) Let A be a collection of mea-
surable subsets of a Polish space E. Assume that {int(A) : A € A} is a basis for
the topology. Then A is rate function determining.

Proof Choose ¢ | 0. Since {int(A4) : A € A} is a basis for the topology, for each
z € E and k there exists some A € A such that z € int(Ay) C B., (2). Since [ is
a good rate function, it assumes its minimum over Ay, so implies that there
exist z; € Ay, such that I(z,) < inf,ein(a,) J(2) < J(2). Since 2z, — z, the lower
semi-continuity of I implies that I(z) < liminfy o I(2x) < J(2). |

Theorem 3.19 (Conditions for LDP) Let E be a Polish space, let i, be prob-
ability measures on E, let s, be positive constants converging to infinity, let I be
a normalized good rate function on E, and let Ay, Aiow be collections of measur-
able subsets of E that are rate function determining. Then the w,, satisfy the large
deviation principle with speed s, and rate function I if and only if the following
three conditions are satisfied.
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1
(i) limsup —log pi,(A) < —inf I(z) VA € Ayp,

n—oo Sn z€A

(i) lim infilog pn(A) > — inf I(z) VA€ Apw,

n—oo S, x€int(A)

(iii) the w, are exponentially tight.

Proof The necessity of the conditions (i)-(iii) follows from Remark 1 below Propo-
sition and Lemma 3.6l To prove sufficiency, we use Lemma (3.12 By Theo-
rem 3.7, exponential tightness implies that each subsequence (i), s),) of (, Sn)
contains a further subsequence (u,s”) of such that the u” satisfy a large devia-
tions principle with speed s/ and some good rate function J. By Lemma , if
we can show that for each such subsequence, J = I, then it follows that the w,

satisfy the large deviations principle with speed s,, and rate function 1.

In view of this, it suffices to show that if the u, satisfy a large deviations princi-
ple with speed s, and some good rate function J and conditions (i) and (ii) are
satisfied, then J = I. Indeed, condition (i) and the large deviation principle for .J
imply that for any A € A,

1 1
— inf J(z) <liminf — log u,(int(A)) < limsup — log p,(A) < — inf I(z),
z€int(A) n—oo S, n—oo Sp €A

which by the assumption that A, is rate function determining implies that I < .J.
Similarly, using (ii) instead of (i), we find that for any A € Ay,

— inf I(z) <liminf 1 log 11, (A) < lim sup 1 log pn(A) < — inf J(2),

z€int(A) n—oo S, n—oo  Sp z€A
which by the assumption that A, is rate function determining implies that J < I.
[ |

Remark In Theorem [3.19] instead of assuming that A, is rate function deter-
mining, it suffices to assume that

Ve >0and z € F s.t. I(z) < oo, JA € Aoy s.t. 2z € A C B.(2). (3.9)

Indeed, the proof of Lemma shows that if (3.8) holds with I and J inter-
changed, and we moreover have (3.9), then J(z) < I(z) for all z € E such that
I(z) < oo. Trivially, this also holds if I(z) = oo, and the proof proceeds as before.l

The next lemma shows that in Theorem instead of assuming that A, is rate
function determining, we can also take for A, the set of all compact subsets of E.
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If £ is locally compact, then {int(K) : K compact} is a basis for the topology, so
in view of Lemma [3.1§| this does not add anything new. However, if F is not locally
compact, then {int(K) : K compact} is never a basis for the topology. In fact,
there exist Polish spaces in which every compact set has empty interior. Clearly,
in such spaces, the compact sets are not rate function determining and hence the
lemma below does add something new.

Lemma 3.20 (Upper bound for compact sets) Let E be a Polish space, let
iy be finite measures on E, let s, be positive constants converging to infinity, and
let I be a good rate function on E. Assume that

(i) The sequence (fin)n>1 1S exponentially tight with speed s,.

1
(i) limsup — log pu,(K) < — inf I(z) VK compact.

n—oo Sn zeK

Then

1
lim sup — log i, (C) < — 122[(90) VC' closed.

n—oo Sn

Remark If [ : E — (—o0,00] is lower semi-continuous and not identically oo,
but not necessarily has compact level sets, and if u, are measures and s, — oo
constants such that

1
(i) limsup — log p,(K) < — inf I(x) VK compact.

n—oo Sp €K

1
(ii) liminf — log i, (0) < — ing I(z) VO open,
ze

n—oo Sy

then one says that the pu, satisfy the weak large deviation principle with speed
s, and rate function I. Thus, a weak large deviation principle is basically a
large deviation principle without exponential tightness. The theory of weak large
deviation principles is much less elegant than for large deviation principles. For
example, the contraction principle (Proposition below) may fail for measures
satisfying a weak large deviation principle.

Proof of Lemma [3.20| By exponential tightness, for each M < oo we can find a

compact K C F such that

1
lim sup — log ., (F\K) < —M.

n—00 n
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By (1.5), it follows that, for any closed C' C E,

lim sup 1 log 11, (C') = lim sup Si log (1,(C N K) 4 p,(C\K))

n—oo Sn n—oo Sp

= <limsupilogpn(C’ﬂ K)) Y (hmsupsilog,un(C\K)))

n—00 n n—oo
< - i < — i —i .
< (A gl 1) < ~QIARLIE) o~ et 1)

3.6 Approximation of LDPs

In this section we prove a result that can be used to derive “difficult” large deviation
principles by approximation with simpler large deviation principles.

Lemma 3.21 (Diagonal argument) Let (fmn)mn>1 be finite measures on a
Polish space E, let s, be positive constants, tending to infinity, and let I,,,I be
good rate functions on E. Assume that for each fized m > 1, the fi,,, satisfy the
large deviation principle with speed s, and rate function I,,. Assume moreover
that

[l = Il (F € Co(E)).

Then there exist n(m) — oo such that for all n'(m) > n(m), the measures ftm n’(m)
satisfy the large deviation principle with speed s,y and rate function I.

Prcl)f Let E be a metr_izable compactification of £. We view the 1, ,, as measures
on E such that fi,,(E\E) = 0 and we extend the rate fuctions I, [ to £ by
setting I,,, I :== oo on E\E. Then

B [ flloc.r, = 1 fllocr — (f € C(E)).

Let {f; : i > 1} be a countable dense subset of the separable Banach space C(E)
of continuous real functions on FE, equipped with the supremumnorm. Choose
n(m) — oo such that

W ills,s s = filloon | < 1/m- (0 =n(m), i <m).
Then, for any n’(m) > n(m), one has
lim sup |||fi||5n/<m),lim,n/(m) - ”fZHOOJ}

m—oo
< hmsup ’||fi||8n/(m)7ﬂm,n/(m) - ||fl||007[m} + thllp ’Hfl“OO,Im - ||fl||007]‘ =0
m—00 m—00



3.6. APPROXIMATION OF LDPS 91

for all i > 1. By Lemma [3.17] (b), the functions |f;| are rate function determin-
ing, hence by Proposition , the measures i, ,/(m) satisfy the large deviation
principle on E with speed Sp/(m) and rate function I. By the restriction principle
(Lemma , they also satisfy the large deviation principle on F. |

Proposition 3.22 (Approximation of LDP’s) Let E be a Polish space and let
X, Xmn (m,n > 1) be random variables taking values in E. Assume that for each
fized m > 1, the laws P[X,,,, € -] satisfy a large deviation principle with speed s,
and good rate function I,,. Assume moreover that there exists a good rate function
I such that

B (fleon, = 1flsr (€ CoalE)), (3.10)
and that there exists a metric d generating the topology on E such that for each

n(m) — oo,

lim
m—r00 Sn(m)

10g ]P)[d(Xn(m),Xmm(m)) > 6] = —00 (5 > 0), (3.11)

i.e., Xpm) and Xy, nm) are exponentially close in the sense of . Then the
laws P[X,, € -] satisfy the large deviation principle with speed s, and good rate
function 1.

Proof By the argument used in the proof of Proposition [3.14], it suffices to show
that each subsequence n(m) — oo contains a further subsequence n/(m) — oo such
that the laws P[X,, () € -] satisfy the large deviation principle with speed s,/ ()
and good rate function /. By and Lemma [3.21], we can choose n’(m) — oo
such that the laws P[X,, /(m) € -] satisfy the large deviation principle with speed
Sp(m) and good rate function I. By , the random variables X,(,,) and
Xomn'(m) are exponentially close in the sense of Proposition , hence the large
deviation principle for the laws of the X, /() implies the large deviation principle
for the laws of the X,,/(,). |

The following lemma gives sufficient conditions for the type of convergence in
(13.10)).

Lemma 3.23 (Convergence of rate functions) Let E be a Polish space and
let 1,1, be good rate functions on E such that

(i) For each a € R, there exists a compact set K C E such that {v € E :
I,(z) <a} C K forallm > 1.
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(ii) Vo, x € E with x,, — x, one has liminf,, .o I,(x,,) > 1(z).

(iii) Vo € E 3z, € E such that x,, — x and limsup,,_, . In(zn) < I(z).

Then the I,,, converge to I in the sense of :

Proof Formula (3.10) is equivalent to the statement that

inf [Ln(2) = F2)] — nf[l(z) - F(2)]
for any continuous F': E — [—o00, 00) that is bounded from above. If I,,, I satisfy
conditions (i)—(iii), then the same is true for I' := I — F, I/ = I,, — F, so it
suffices to show that conditions (i)—(iii) imply that
b 2 )
Since I is a good rate function, it achieves its minimum, i.e., there exists some

T, € E such that I(z,) = inf,cp [(z). By condition (iii), there exist x,, € E such
that x,, — = and

limsup inf I,,,(x) < limsup I,,(z,,) < I(x,) = inf I(x).

m—oo TEE m—00 z€k

To prove the other inequality, assume that

liminf inf 7,,(x) < inf I(x).

m—oo xEFE el

Then, by going to a subsequence if necessary, we can find z,, € E such that

lim 1, inf [

A, fmlom) < S 1),

where the limit on the left-hand side exists and may be —oo. By condition (i),
there exists a compact set K C E such that z,, € K for all m, hence by going to a
further subsequence if necessary, we may assume that z,, — z, for some z, € F.
Condition (ii) now tells us that

lim 7, (z,) > I(z,) > inf I(2),

m—00 el

which leads to a contradiction. [ ]
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3.7 Continuous time Markov chains

In the present section we give a first application of the abstract results proved in
this chapter, by using Proposition about approximation of LDP’s to derive a
large deviations result for continuous time Markov chains.

Recall from Section the definition of a continuous-time Markov process X =
(X¢)i>o with finite state space S, initial law g, transition probabilities P;(z,y),
semigroup (F;)i>0, generator G, and transition rates r(z,y) (z # y). To simplify
notation, we set r(z,z) := 0.

By definition, an invariant law is a probability measure p on S such that pP, = p
for all ¢ > 0, or, equivalently, pG = 0. This latter formula can be written more
explicitly in terms of the rates r(z,y) as

Do rWrly.x)=pl) ) rlzy)  (z€9),

yes yes

i.e., in equilibrium, the frequency of jumps to x equals the frequency of jumps
from z. Basic results about Markov processes with finite state spaces tell us
that if the transition rates r(z,y) are irreducible, then the corresponding Markov
process has a unique invariant law p, and uP, = p as t — oo for every initial law
. (For continuous-time processes, there is no such concept as (a)periodicity.)

We let

MT(;C);:%/O X, — gyt (T>0)

denote the empirical distribution of X up to time T. We denote the set of times
when X makes a jump up to time 7" by

Ar:={te (0,7T]: X;_ # X;}

and we set

Welew) =5 3 1x, —a xi—y}  (T>0)

teAT

i.e., Wr(z,y) is the empirical frequency of jumps from z to y. If the transition rates
r(z,y) are irreducible, then, for large T', we expect Mz to be close to the (unique)
invariant law p of X and we expect Wr(z,y) to be close to p(x)r(z,y). We observe

that (Mp, Wr) is a random variable taking values in the space M;(S) x [0, oo)sz.
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S2
For any w € [0,00)” , we let

wh(z)) = Z w(zy,13) and  w?(xy) := Z w(wy, T2)

T9E€S r1ES

denote the first and second marginal of w, and we set

W= {(Pa w):p € My(S), we [0700)52’ w' = w?,
w(z,y) = 0 whenever p(z)r(z,y) = 0}.

The aim of the present section is to prove the following analogue of Theorem [2.17]
Note that the function ¢ below satisfies ¢/'(z) = log z and ¢"'(z) = 1/z, is strictly
convex and assumes its minimum in the point z = 1 where ¥(1) = 0.

Theorem 3.24 (LDP for Markov processes) Let (X;)i>o be a continuous-time
Markov process with finite state space S, irreducible transition rates r(x,y), and
arbitrary initial law. Let My and Wy (T > 0) denote its empirical distributions
and empirical frequencies of jumps, respectively, as defined above. Then the laws
P[(My, Wr) € -] satisfy the large deviation principle on M;(S) X [0,00)52 with
speed 'T' and good rate function I given by

_wizy) —_—
Houw) = | 2 POH@VCEE ) T e,

00 otherwise,

where P(z) =1 —z+ zlogz (z > 0) and ¥(0) := 1 and we set 0¢(a/b) := 0,
regardless of the values of a,b > 0.

Remark So far, we have only considered large deviation principles for sequences
of measures p,. The theory for families of measures (ur)rso depending on a
continuous parameter is completely analogous. Indeed, if the pr are finite measures
on a Polish space F and [ is a good rate function, then one has

dm [ fllzpr = I flles (f € Coi(E))
if and only if for each T,, — oo,

o [ F s, = W ler (f € Coa(B)).

A similar statement holds for the two conditions in Proposition [I.7] In other
words: measures pr depending on a continuous parameter 7' > 0 satisfy a large
deviation principle with speed T and good rate function I if and only if for each
T,, — oo, the measures pr, satisfy the large deviation principle with speed 7;, and
rate function I.
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Exercise 3.25 (Properties of the rate function) Show that the function I
from Theorem is a good rate function and that I(p,w) > 0 with equality if
and only if p is the unique invariant law of the Markov process X and w(z,y) =

pla)r(z,y) (v,y € 9).

Proof of Theorem Our strategy is to derive Theorem from Theo-
rem [2.17] using approximation techniques from Section [3.6, We set

) 1 [T'/e]
M@= 177 2 H (X Xa) = )} W€
|T/e]

1
Wile) = 7] 2 UK Xa) = ()} (V€S 27 0)

and we let Wi(z,z) :== 0 (x € S). By Proposition [3.22 the statements of the
theorem will follow provided we prove the following three claims:

1. For each € > 0, the laws P[(MF, W£) € -] satisfy a large deviation principle

with speed T" and good rate function I..

2. The function I from Theorem [3.24] is a good rate function and the rate
functions /. converge to I in the sense of (3.10]) as ¢ | 0.

3. For each T,, — oo and &, | 0, the random variables (M7, W) and
(M, ,Wr, ) are exponentially close with speed T),.

m? m

Proof of Claim 1. For each € > 0, let (X} )r>0 be the Markov chain given by
Xi=Xy o (k> 0),

Let P. denote its transition kernel, and let MP° be its empirical pair distributions.

Then o

Wi(z,y) :5_1ML(;)/2J (z,y) (x,ye€S, z#y).

For each ¢ > 0 and v € M;(S?), let us define p. € [0,00)° and w.(v) € [0, 00)
by

52

p:(V)(z) =v(z,x) (x€9),
we(v)(z) = Lipzpne (T, y) (x,y €9).
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Using the formula P. = >/ LG"e" and the fact that the transition rates are

n=0 n!
irreducible, it is easy to see that P.(z,y) > 0 for all z,y € S. It follows that
Theorem is applicable (using also Exercise to allow general initial laws).

We conclude that for each € > 0 the laws P[(M5, W£) € - | satisfy a large deviation
principle on [0, 00)® x [0, 00)52 with speed T and good rate function I, given by

L(p.(v),w.(v)) := e *H(v|v' ® P.) (v eV), (3.12)

while I.(p, w) := oo if there exists no v € V such that (p,w) = (p:(v), w-(v)). Note
the overall factor e~ which is due to the fact that the speed T differs a factor e+
from the speed n of the embedded Markov chain.

Proof of Claim 2. By Lemma |3.23] it suffices to prove, for any ¢, | 0, the following
three statements.

(i) If p, € [O,OO)S and w,, € [0,00)52 satisfy w,(z,y) — oo for some z,y € S,
then 1. (pn, wp) — 0.

(i) If p, € [0,00)° and w, € [0,00)52 satisfy (pp,w,) — (p,w) for some p €
[0, 00)° and w € [0, oo)SQ, then liminf, . I, (pn, wn) > I(p, w).

(iii) For each p € [0,00)% and w € [0, 00)52 there exist p, € [0,00)° and w, €
[0, oo)sz such that limsup,,_, . I, (pn, wn) < I(p,w).

Obviously, it suffices to check conditions (i), (ii) for (p,, wy) such that I (pn, w,) <
oo and condition (iii) for (p,w) such that I(p,w) < oco. Therefore, taking into
account our definition of I, Claim 2 will follow provided we prove the following
three subclaims.

2.1. If v, € V satisfy e, 'v,(x,y) — oo for some x # y, then

e ' H(vylv, @ P.,) — oc.

n—o0

2.1I1. If v, € V satisty

Un(, ) — p(x) (z € 9),
8;11{x7ﬁy}Vn($7y)T§>ow(l’,y) (ﬁ,y c SZ), (3.13)

for some (p, w) € [0,00)" x [O,oo)sz, then

liminfe,"H(v, |y, @ P.,) > I(p,w).
n—o0
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2.I11. For each (p,w) € W, we can find v,, € V satisfying (3.13]) such that

lim ¢, ' H(v,|v) @ P.,) = I(p,w).

n—oo

We start by writing H(v|v! ® P) in a suitable way. Let v be as defined in the

theorem. We observe that if v, u are probability measures on a finite set S and
p(z) >0 for all z € S, then

Zﬂ(x)l/) (V<x)) = Zﬂ(x) [1 — v(z) + v(z) log (V(x)>]

()

TES TES [L(Q?) M(x) M(‘T)
v(x)

where we use the convention that 0log0 := 0. By Excercise 2.26] it follows that

for any probability measure p on S and probability kernels P, () on S such that
PRIQ KL pR P,

H(p@Qlp® P) =Y pl)H(Q:|P:)
Q) p(2)Q(x.y)
= ;P(ﬁ) ;P(Iay)lﬁ(m) = %P(x)P(%?JW(m),

where the sum runs over all z,y € S such that p(z)P(x,y) > 0. In particular, if v
is a probability measure on S? and P is a probability kernel on S, then

v (z)P(x, M ifr<v®P,
H(v|v' ®@ P) = x%ejs ()P y>w(1ﬂ(m)P(w,y))
o0 otherwise,

where we define 0 (a/b) := 0, irrespective of the values of a,b > 0.

To prove Claim 2.1, now, we observe that if e 'v,(z,y) — oo for some x # y, then

Sl £ > A e )

> e;lun(x,y)<log (%) — 1),

where
va(y) o owlry) (g s
vi(z) P, (z,y) — P (zy)  enr(z,y) + O(e7) nooo
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To prove Claim 2.II, we observe that if v, p, w satisfy (3.13)), then, as n — oo,

L)) =) O, } wes),
vn(, ) = p(z) + O(en),

while

It follows that

S H v @ P.) =20 S vh(@) P (2,0

W( 8nw)(w,y)+0(€i) )

= U\ p()r(z,y)
(3.14)

To prove Claim 2.I1I, finally, we observe that for each (p,w) € W, we can find
v, € V satisfying such that moreover v, (z,x) = 0 whenever p(z) = 0 and
Vn(z,y) = 0 whenever p(x)r(z,y) = 0 for some z # y. It follows that v} (x) =0
whenever p(z) = 0, so for each z,y such that p(x) = 0, we have

P () =0,

while for x # y such that p(z) > 0 but r(z,y) = 0, we have

P ) (5 ) = O ().

Note also that if p(z) > 0, then

p(r) +O(en)y _ (2
¢<m) = 1/’(1 + O(gn)) = 0O(z;,)-

It follows that in (3.14]), only the terms where p(z)r(z,y) > 0 contribute, and

e 1H(v,|v! = x)r(x M €
Hlnly @ Pa) = 3l D) T OE)
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Proof of Claim 3. Set eN := {ek : k € N} and observe that ¢|T'/e| = sup{T" €
eN: T' < T}. Tt is not hard to show that for any T, — oo and &, | 0, the random
variables

are exponentially close. Therefore, by Excercise below and the fact that
(Mg, W) are functions of &, T}, /em| only, it suffices to prove the statement
for times T,,, € ¢,,N.

Recall that Ay := {t € (0,T] : X, # X;} is the set of times, up to time 7', when
X makes a jump. For any T' € eN| let

T/e

Ji(e, T) = ; Ylarn etk —1).ek)] >y =12

denote the number of time intervals of the form (¢(k—1), k], up to time 7', during
which X makes at least ¢ jumps. We observe that for any T € N,

> |Mi(2) = Mr(@)] < = (e T),
zeS
S (Wit u) — Wee,y)| < bl ).

z,yEeS

Thus, it suffices to show that for any 6 > 0, ¢,, | 0 and T,, € ¢,,N such that
T, — o0

1
lim T log P (e J1(€m, T) /Tin > 6] = —o0,

m—00

lim o log P[Jo(em, Tn) /Tin > 6] = —cc.

m—0o0 m

We observe that Ji(e,T") < |Ap|, which can in turn be estimated from above by a
Poisson distributed random variable Ny with mean

T sup Z r(z,y) =: RT.

reS yes

By Excercise below, it follows that for any 0 < e < §/R,

1
lim sup T logP[emJl(sm, Tn)/Tm > 5}

m—ro0 m

1
< 1imsupjTlogP[5NRTm/Tm > 6] <¢(0/Re) — —o0,

m—oo m e=0
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where 9(z) :== 1 — 2z + zlogz. To also prove the statement for .J;, we observe
that A7 can be estimated from above by a Poisson point process with intensity R,
hence

P[|Ar N (e(k —1),ek]| > 2] <1— e — Ree™ ™.

and Jy(e,T) can be estimated from above by a binomially distributed random
variable with parameters (n,p) = (T/e,1 — e — Ree 7). For small ¢, this
binomal distribution approximates a Poisson distribution. To turn this into a
rigorous estimate, define A, by

1—eM:=1—¢ - Ree =,

In other words, if M and N are Poisson distributed random variables with mean
Ae and Re, respectively, then this says that P[N > 1] = P[M > 2]|. Since the
right-hand side of this equation is of order %R%Q + O(e%) as € | 0, we see that

A = 3R**4+0(%) ase 0.

Then Jy(g,T) can be estimated from above by a Poisson disributed random variable
with mean (7'/e)A. = R?*Te+0(e?). By the same argument as for .J;, we conclude
that .

lim sup T logP[emJg(sm, T,)/Tm > 5} = —00.

m— 00 m

Exercise 3.26 (Large deviations for Poisson process) Let N = (IV;);>0 be
a Poisson process with intensity one, i.e., N has independent increments where
N; — Ny is Poisson distributed with mean ¢ — s. Show that the laws P[Ny/T € -]
satisfy the large deviation principle with speed T" and good rate function

| 1=2+4~zlog=z if z>0,
I(z) = { 00 otherwise.

Hint: first consider the process at integer times and use that this is a sum of i.i.d.
random variables. Then generalize to nontinteger times.

Exercise 3.27 (Rounded times) Prove that the random variables in (3.15]) are
exponentially close.
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Exercise 3.28 (Triangle inequality for exponential closeness) Let (X,,),>1,
(Y,)n>1 and (Z,),>1 be random variables taking values in a Polish space E and
let d be a metric generating the topology on E. Let s, be positive constants,
converging to infinity, and assume that

limy, o0 = log P[d(X,, Yy) >
lim, o0 &= logP[d(Yn, Zn) > €] = =00 (e >0).

Prove that ]
lim —logP[d(X,,Z,) > €] = —o0 (e >0).

n—oo Sn



102 CHAPTER 3. EXPONENTIAL TIGHTNESS



Chapter 4

Convex analysis

4.1 Dual linear spaces

Large deviations theory is based on two pillars. The first pillar consists of the ab-
stract theory of large deviation principles. We have covered this pillar in Chapters
and [3] The second pillar consists of convex analysis, and in particular the theory
of the Legendre transform. This is what the present chapter is devoted to. At the
end of the chapter, in Section [4.9] we will prove the Gértner-Ellis theorem, which,
as we will see in the final chapters of these lecture notes, is a very powerful tool
for proving large deviation principles.

Let V be a finite dimensional real linear space. By definition, a linear form on V'
is a linear function [ : V' — R. The space V* of all linear forms on V' naturally
has the structure of a real linear space. We call V* the dual of V. It is well-known
that V and V* have the same dimension. Moreover, there is a natural isomorphism
between the dual (V*)* of V* and the original space V. Indeed, each x € V' defines
a linear form L, : V* — R by the formula L,(l) := l(x) (Il € V*), and each linear
form on V* is of this form. As a result, x — L, is a natural linear bijection from
V to (V*)* and we can (and will) for most purposes identify (V*)* with V. Since
V and V* have the same dimension, there are also plenty of linear bijections from
V to V*. In general, however, there is no natural way to choose one particular
linear bijection between these spaces, which is why we have to distinguish them.

To have notation that treats a space and its dual in a more symmetric way, we
also say that two finite dimensional real linear spaces V and W are dual to each

103
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other if there is defined a function
VxW>3(z,y)— (z,y) € R

such that:

(i) V'={(,y):y e W},
(i) W*={(z, ) :x € V},

where (z, -) denotes the function V' > x — (z,y) and likewise (-,y) denotes
the function W > y — (x,y). To make our notation even more symmetric, we
sometimes write (y, z) instead of (x,y).

Let V be a finite dimensional real linear space, let V* be its dual, and let V*xV >
(I,xz) — (l,z) € R be the function

(l,x) :=1(x) (xeV, leV).

Then clearly V' and V* are dual to each other with respect to the function (-, -).
We will often denote elements of V by z,y, z,... and elements of V* by x*, y*, 2*.
Here, the asterix just serves to remind us what space a vector belongs to. Thus,
in using this notation, we regard z* as a single symbol, and not (!) as a function
of another vector called z.

If {e(1),...,e(d)} is a basis for V, then setting
e [ 1 ifi=g,
e ={ o i
defines a basis {e*(1),...,e*(d)} of the dual space V*. We call {e*(1),...,e*(d)}

the dual basis. We can uniquely write elements x € V and x* € V* in terms of the
basis and dual basis as

d d
x = g zie(i) and 2" = E xie* (i),
i=1 i=1
where z1,...,24 and 27, ..., 2} are real constants that are called the coordinates

of z and z* with respect to the bases {e*(1),...,e"(d)} and {e*(1),...,e*(d)}. It
follows immediately from our definition of the dual basis that

d
(x*,x) = foxz (xeV, x*eV").
i=1
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In other words, in terms of a basis and its dual basis, (z*, x) takes the form of the
usual inner product on R¢.

For any linear subspace W C V, we define W+ C V* by
W= {z"eV*: (2*,2) =0 Vo € W}.
It is easy to see that (W)L =W, ie.,

W:={zeV:(z*2)=0Ve* € W} (4.1)

4.2 Convex sets

Throughout this section, V' is a finite dimensional real linear space and V* is its
dual. By definition, a set C' C V' is conver if (1 — p)x +py € C for all z,y € C
and p € [0,1]. The conver hull C(A) of a set A C V is the smallest convex set
that contains it, which is given by

C(4) = {Zpkl’k X1, T €A, 1y pe 20, Zpk =1}.
k=1 k=1

In particular, A is convex if and only if C(A) = A. The closed convex hull C(A)
of A is the closure of C'(A). A set C' C V is a convex cone if p1x + poy € C for all
z,y € Cand p1,ps > 0. Aset AC Visaffineif (1—plz+py € Aforall z,y € A
and p € R. The affine hull of a set A C V is the set

{Zpkxk CTpy ., Tp € A> P15 Pns Zpk = 1}7
k=1 k=1

where this time we do not require that the real constants py, ..., p, are nonnegative.
Each affine set A C V is of the form A = {x +y : y € F} where F is a linear
subspace of V. In particular, affine sets are always closed.

Recall that the interior int(A) of a set A is the largest open set contained in A.
The relative interior of a closed convex set C' C V is the interior of C' when viewed
as a subset of its affine hull. Each nonempty convex set C' C V has a nonempty
relative interiofl] and each closed convex set C' C V is the closure of its relative
interior.

!This is true even when C consists of s single point 2. In this case, the relative interior of C
is {z}, which is both open and closed as a subset of the affine hull of C, which is also {z}.
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Figure 4.1: A hyperplane H separating the convex sets C; and Cj.

Recall that V* is the dual space of V. Each z* € V*\{0} and ¢* € R define two
closed half-spaces in V' by

H* *:—{mGV
H* *:—{xEV

| /\

'},
¢}

denote the (d — 1)—dimensional hyperplane that

I\/

T*,c*
separates the half-spaces H « o+ and sz*ﬁ*. One can prove that the closed convex
hull of a set A is equal to the intersection of all closed half-spaces that contain it:

=({Hz . 2" €V\{0}, " €R, AC HE .} (4.2)

We let Hyer := Hx . N H;,

A formal proof may easily be deduced from [Roc70, Theorem 11.5] or [Dud02)
Thm 6.2.9]. The basic ingredient in the proof of is the following separa-
tion theorem, which we cite from [Roc70, Theorem 11.3]. See Figure for an
illustration.

Theorem 4.1 (Separating hyperplane Let C1,Cy C V be convex sets with
relative interiors ri(C;) (i = 1,2). Assume that ri(C’l) Nri(Cy) = 0. Then there
exists an z* € V*\{0} and ¢ € R such that C, € H= . and Cy € Hfac*

x C

The following lemma is a simple consequence of Theorem [.1]

Lemma 4.2 (Supporting hyperplane) Let C C V be a closed conver set. As-
sume that the interior int(C') is nonempty and let x € C\int(C) be a point on the
boundary of C. Then there exists an * € V*\{0} and ¢* € R such that

CcC Hf*ﬁ* and x € Hf*’c*. (4.3)
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Proof Apply Theorem [4.1] to the convex sets C' and {z}, using the fact that the
relative interior of C'is int(C') and the relative interior of {z} is {z}, and these are
disjoint. B

If (4.3)) holds, then we say that H,« is a supporting hyperplane at x.

4.3 Convex functions

We continue to assume that V' is a finite dimensional real linear space and V* is
its dual. For any function f: V — (—o0, o0, we call

Dy:={z€V: f(z) <oo} and U;:=int(Dy).
the domain of f and the interior of the domain, respectively, and we call
E(f) = {(x,c) cx €Dy, ceR, f(z) < c}

the epigraph of f.

Recall that a function f : V — (=00, 00] is convez if f(pz1+ (1 —p)z2) < pf(z1)+
(1 = p)f(xy) for all 0 < p < 1 and z1,29 € V. We say that a function f is
strictly convez on a convex set U if f(px + (1 —p)y) < pf(x) + (1 —p)f(y) for all
0<p<landazyeUwith z #y. We let Conv(V') denote the space of functions
f:V — (—o0,00] such that:

(i) f is convex,
(ii) f is not identically oo,

(iii) f is lower semi-continuous.

In view of the following two exercises, a function f : V — (—o0,00] satisfies
f € Conv(V) if and only if the epigraph £(f) is a nonempty, closed, and convex
subset of R4+,

Exercise 4.3 (Epigraph of a lower semi-continuous function) Show that
a function f : V — (—o0, 00| is lower semi-continuous if and only if its epigraph
E(f) is a closed subset of R4,
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Exercise 4.4 (Epigraph of a convex function) Show that a function f: V —
(—00, 00] is convex if and only if its epigraph £(f) is a convex subset of R4+1.

We note that if f is convex, then Dy is a convex subset of V. For a proof of the
following well-known fact we refer to [Roc70, Thm 10.2].

Lemma 4.5 (Continuity of convex functions) If f € Conv(V), then its re-
striction to Dy is a continuous function.

A function f: V — R is affine if f and —f are both convex, i.e., if

J((A=p)z+py) = A —p)flx)+pfly) (z,yeV, peR)

Each affine function is the sum of a linear function and a constant, and can there-
fore be written in the form

f(x) = (z*,2) — " (xeV)
for some z* € V* and ¢* € R.

The conver hull f of a function f : V — (—o00,00] is the pointwise supremum of
all affine functions that lie below f, i.e.,

f(z) :=sup{(z*,z) =" :a* € V", ¢* €R, (z*,y) — " < f(y) Vy € R}.

It can be shown that f is the largest lower semi-continuous convex function such
that f < f. We cite the following lemma from [Roc70, Thm 12.1].

Lemma 4.6 (Convex hull of a function) Assume that f : V — (—00,00] is
not identically oo. Then f € Conv(V) and f < f. Moreover, if g € Conv(V)
satisfies g < f, then g < f. In particular, f € Conv(V) if and only if f = f.

Sometimes, to know a function, it suffices to know only its convex hull.

Lemma 4.7 (Function determined by its convex hull) Assume that f =V —
(=00, 0] is lower semi-continuous and assume that its convex hull f is strictly
convex on Uy and that Uy # (). Then f = f.

Proof Let us say that © € Dy is an exposed point of a function h € Conv(V) if
there exists a supporting affine function y — h(z) + (2*,y — x) at = such that

h(z) + (z*,y —z) < h(y) Vy e V\{z}. (4.4)
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We claim that f(x) = f(x) for each exposed point = of f. To see this, let z*
be as in with f in place of h and let €, be positive constants converging to
zero. For each n, there must be an y, such that f(z) + e, + 2*(yp — ) > f(yn)
since otherwise, the affine function y — f(x) + ¢, + (z*,y — x) would lie below f
contradicting the maximality of f. Since f < f it follows that

7(yn) < flyn) < ?(I) +&n + (Yo — 7).

It is not hard to see that the closed convex sets

Cp = {y cV:fly) < flx)+e,+ (x*,y—x)}

are in fact compact. Since the sets C), decrease to {z}, we see that y, — = and
hence, by the lower semi-continuity of f, it follows that

F(x) < liminf f(y,) < limint [F(z) + 2+ 27 (5 — 2)] = F(@).

Since f < f, the other inequality is trivial and we conclude that f(x) = f(z) as
claimed.

If f is strictly convex on Uy, then each point in U is exposed. By what we have

just proved, it follows that f = f on Up. Since each convex set is the closure of its
relative interior and since Uy = (), for each = € D?\M?, we can choose Uz 2z, — .

Since f is lower semi-continuous and f is continuous on Dy, it follows that

flx) <liminf f(z,) < lim f(z,) = f(x).

n—o0

This proves that f(z) < f(z) for all 2 € Dy. Trivially also f(z) < oo = f(x)
for ¢ Dy and f < fon V since f is the convex hull of f, so we conclude that
f=r "

4.4 The Legendre transform

We continue to assume that V' is a finite dimensional real linear space and V* is
its dual. The Legendre transfornf] of a function f:V — (—00, oc] is defined as

fr(a") = sup (2% 2) = f@)] "€V

This definition is demonstrated in Figure 4.2

2Sometimes also called Legendre-Fenchel transform or Fenchel-Legendre transform, to honor
Fenchel who first studied the transformation for non-smooth functions.
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slope x* slope x

Figure 4.2: The Legendre transform.

Exercise 4.8 For a* € V*, let [,« denote the linear function [, (z) := (a*, x). For
any function f : V — [—00,00] and a € V, define T, f(z) := f(x —a) (x € V).
Let [, : V* = R and T« : V* — V* be defined similarly. Show that:

)

b) (f+e¢)=f"—c
<C> <f+la*>* :Ta*f*
(d> (Taf)* :f*‘|‘la-

Exercise 4.9 Let a > 0. Show that the Legendre transform of the function
f(z) = 3a2” (z € R) is given by f*(y) = 5=y* (y € R).

The following lemma implies that the Legendre transform maps Conv(V) into
Conv(V*) and that (f*)* = f for each f € Conv(V'). Below, f denotes the convex
hull of f.

Lemma 4.10 (Legendre transform) Assume that f : V — (—o0,00] is not
identically co. Then f* € Conv(V*). One has

(i) f*(a*) = sup [(z*,2)—¢], (ii) f()= sup  [{z,a*) — ], (4.5)
(z,0)€E(S) (z*,c*)eE(f*)
and

(i; E(f) {(x;c)* (x*,2) — ¢ < f*(x%) Va* € V*}, (4.6)

(ii) E(f)={(z*,c¢") : (w,2") — " < f(z) Vo € V}.
Moreover, f* = (f)* and f** = f.
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Proof Since f is not identically oo, the function f* takes values in (—oo, 00]. Since
the supremum of a collection of convex functions is convex and the supremum of a
collection of lower semi-continuous functions is lower semi-continuous, we see that
f*, being the supremum of a collection of affine functions, is convex and lower
semi-continuous. This proves that f* € Conv(V*).

Since (z*,x) — f(x) > (x*,z) — ¢ for each (x,c) € E(f), it is clear that

fH(z") :=sup [(x*,x} - f(x)} = sup [(x*,x) - c],
zeV (z,c)€E(S)

which proves (4.5 (i). We next observe that

£ =) 2 swp ) — )]}
={(z%,¢*) : (2", 2) — " < f(z) Ve € V},

which proves (4.6)) (ii). This in turn implies

() = sup [(a:*, x) — c*},
(z*,c*)eE(f*)

which proves (4.5) (ii). We postpone the proof of (4.6) (i) and first prove the

remaining statements.

Since (z*,x) —c* < f(x) Vz € V if and only if (2%, z) — ¢* < f(x) Vo € V, formula
(.6) (i) shows that E(f*) = £((f)*) and hence f* = (f)*.

If f € Conv(V) or equivalently f = f, then shows that f is defined in terms
of f* by exactly the same formula that defines f* in terms of f, which proves that
f** = f. More generally, if f : V — (—o0, o0] is not identically oo, then we can
apply what we have just proved to f to conclude that f** = ((f)*)* = f. Formula
(4.6) (i) now follows by applying (i) to f*. |

4.5 The essential part of a convex function

We continue to assume that V' is a finite dimensional real linear space and V*
is its dual. It often happens that a function f € Conv(V) is infinite everywhere
except on a lower dimensional affine subspace of V. Also, it often happens that f
behaves as an affine function in certain directions. In the present section, we will
show how in such cases we can separate the subspaces of V' in which f behaves
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trivially and reduce f to its essential part, which is a convex function on a lower
dimensional space.

We say that a function f € Conv(V) is flat in the direction y € V if there exists
a constant r € R such that

flz+Xy) = f(z)+rA (x eV, NeR),
and we define the space of flat directions of f as
Fri= {y € V : f is flat in the direction y}.
We call the linear form Ly of the following lemma the affine slope of f.

Lemma 4.11 (Subspace of flat directions) For each f € Conv(V'), the set Fy
is a linear subspace of V. Moreover, there exists a linear form Ly : Fr — R such
that

fle+y)=flx)+Lsly) (zeV, yeFy).

Proof For each y € Fy, let L;(y) € R denote the constant such that
flx+Ay) = f(x) + ALs(y) (x eV, XeR).
Then for each y;,y, € Ff and a1, a2 € R, one has

S+ Marys + azy2)) = f(z 4+ Aarys + Aagys)
= f(x + Xawy1) + AaaLl(y2) = f(x) + MarLg(y1) + aaLlg(yz2))

for each € V and A € R. This proves that a1y; + a2y2 € F; and
Ly(aryr + azy2) = arLy(y1) + asLy(y2).
[ |

Let f* denote the Legendre transform of a convex function f € Conv(V). The
following lemma relates the space of flat directions F- and the affine slope L of
f* to the affine hull of the domain of f.

Lemma 4.12 (Affine hull of the domain) For each f € Conv(V), the affine
hull Ay of Dy is given by

A ={z eV : (z"2) = Ly(z*) Va* € Fp }.
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Proof Assume that (y*,z) # L (y*) for some x € V and y* € Fp. By
Lemma f is the Legendre transform of f*, so

f@) = sup [(a”a) = £()]
It follows that for each x* € V* and A € R
f(@) = (@" + M\y", 2) — [ (2" + Ay")
= (z*,2) — f*(x) + A[(y", x) — Ly (y")].

By assumption, the term in square brackets is nonzero, so since A\ is arbitrary we
conclude that f(x) = oo. This implies that

Dy C{z eV :(z" x)=Ly(z%) Va* € Fpu },
and hence also Ay must be contained in the right-hand side of this equation.

To prove the opposite inclusion, let F be the set of all z* € V* for which there
exists a real constant L(x*) such that

(x",x) = L(z") for all x € Ay.
Since Ay is an affine subspace of V,
Ap={z eV :(z* z)=L(z") Vz* € j:},

so to complete the proof, it suffices to show that F C Fy and L(z*) = Ly (z*)
for all z* € F. Assume that y* € F. Then for each x* € V* and A € R, one has
f1@" 4 A7) = sup [(z" + M\y",2) — f(2)] = sup (2", 2) + My, z) — f(2)]
Tre TEAf

= aup (2", 2) = f(2)] + AL(y") = (=) + AL(y"),

which proves that y* € Fy- and L(y*) = L (y*). u

For any f € Conv(V), we set
Lr={zeV:(z*z)=0Va"€ Fp}. (4.7)

We call L the space of nontrivial directions of f. In view of (4.1)), (4.7) implies
that

Fpe={a*eV*: (z"2) =0Va € Ly}. (4.8)
Note that as a result of Lemma[4.12] for any fixed x, € Ay, one has Ay = {x,+x :
x € L}. Equivalently, £; is the linear span of all vectors of the form y — x with
T,y € Df.
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Lemma 4.13 (Nonempty interior) For a function f € Conv(V'), the following
statements are equivalent: (1) Uy # 0, (11) Ly =V, (iii) Fp- = {0}.

Proof The interior U; of the domain Dy is nonempty if and only if the affine hull
Ay of Dy is the whole space V. As a result of Lemma for any fixed z, € Ay,
one has Ay = {zo+ 2 : 2 € Ly}, so Ay = V if and only if £; = V. This proves
the equivalence of (i) and (ii). The implication (ii)=-(iii) follows from and
the converse (iii)=-(ii) follows from (4.7)). |

We define
Conv*(V):={f € Conv(V) : Uy # 0 and Uy- # 0}
={feConv(V): L; =V, Fy ={0}},
where the equivalence of both definitions follows from Lemma [4.13] Note that the
first definition shows that f € Conv*' (V) implies f* € Conv*'(V*). Our aim will
be to show that each f € Conv(V') can be decomposed in a nonessential part and

an essential part, which is a convex function ¢ on a lower dimensional space W
that satisfies g € Conv*t(W).

Lemma 4.14 (Nontrivial and flat directions) For any f € Conv(V') one has
./—"f C ,Cf.

Proof Let z € F;. Since f € Conv(V), there exists an x € V such that f(z) < oo.
Now f(z + z) = f(x) + Ls(2) < oo, showing that x € Dy and = + z € Dy. Since
Ly is the linear span of all vectors of the form y — « with x,y € Dy, this proves
that z = (x +2) —z € Ly. u

Lemma 4.15 (A natural choice of bases) For any f € Conv(V), it is possi-
ble to choose a basis {e(1),...,e(d)} of V such that e(1),...,e(dr) span F; and
e(1),...,e(ds) span Ly, for some 0 < dy < dy < d. For any such basis, let
{e*(1),...,e*(d)} be the corresponding dual basis of V*. Then e*(d;+1),...,e*(d)
span Ly« and e*(dy 4+ 1),...,e*(d) span Fy-.

Proof The first statement is immediate from Lemmal[4.14] To prove the statement
about the dual basis, for each x € V and 2* € V*, we let xy,...,24 and z7, ..., 2}
denote the coordinates of z and xz* with respect to the basis {e(1),...,e(d)} and the
dual basis {e*(1),...,e*(d)}, respectively, i.e., these are the real numbers uniquely
defined by the relations

d

d
x = ine(i) and z* = Zx;"e*(@)
i=1

=1
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Then (z*,z) = Z?Zl ziz; (x €V, z* € V*). By applied to L,

reLly & (2Nr)y=0VreF; & o =0Vie{l,...,d},
which shows that e*(dy + 1), ...,e*(d) span Lg-. Similarly, by

zreFp & (hr)y=0Veel; & z;=0Vie{l,... d},
which shows that e*(dy + 1), ..., e*(d) span Fy-. |

We recall that if V' is a linear space and W C V is a linear subspace, then setting
x ~ y if and only if x —y € W defines an equivalence relation on V. Let z := {y €
V 1y ~ z} denote the equivalence class containing x. Then the quotient space
V/W :={z : x € V} naturally has the structure of a linear space, with Az := \z
andz+y:=z+y (z,y €V, AeR).

Let f € Conv(V) and let f* € Conv(V*) denote its Legendre transform. By
Lemma [4.14] we have Fy C Ly and Fy+ C Lg-. Our aim will be to define func-
tions g € Conv(Ly;/Fy) and ¢g* € Conv(Ly+/Fy+) that are each other’s Legendre
transforms and that represent the “essential” parts of the functions f and f*, after
we neglect the nontrivial and flat directions. We first show that the spaces L;/Fy
and L« /Fy+ are naturally dual to each other.

Lemma 4.16 (Duality of quotient spaces) For any f € Convy(V), setting
(x*, x) == (2", x) (x € Ly, " € L) (4.9)

unambiguously defines a function (-, -) such that L/ F¢ and Ly« Fp« are dual to
each other with respect to this function.

Proof We need to show that (z* + y*, x + z) = («*, x) for all * € L+, y* € Fys,
x € Ly, and y € Fy. Since Fy C Ly and Fyp« C Ly, it suffices to observe that by
(4.7), (z*,y) =0 for all * € L4+ and y € Fy, and (y*,z) = 0 for all y* € Fy+ and
T e ,Cf. [ |

The following lemma gives the anticipated decomposition of a convex function in
is essential and inessential parts.

Lemma 4.17 (Reduction to the essential part) Let f € Conv(V) and let
zo € Ay and x} € Ay satisfy (x}, x.) = 0. Then setting

9(@) = f(wo + 1) = (x5,2) (v € Ly),

g7 (") = [ (s +27) = (27, 20) (2" € Lye),
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unambiguously defines functions g € Conv' (L;/Fy) and g* € Conv' (L /Fpe).
Moreover, g* is the Legendre transform of g when we view L« /Fs« as the dual of

L;/Fy in the sense of Lemmal{.16,

Proof We claim that

flx+y) =flo)+(zy)  (@eV, yeFy).

Indeed, we have

flx+y)=f(@)+ Li(y) (v €V, yeFy),

where L¢(y) = (x*,y) for all 2* € Ay and y € Fy by Lemma Applying this
to i € Ay, the claim follows. It follows that g(z +y) = g(z) for all x € V and
y € Fy, so the definition of g(z) does not depend on the choice of the representative
x of the equivalence class x. By the same argument, ¢* is also well-defined.

Let h denote the Legendre transform of g. Then for each z* € L,

hz*)= sup [(z*,z)—g(z)] = sup [(z", x) — f(xo +z) + (z},2)]

Ieﬁf/]:f CEE[:f
— sup (o] + 2", 7) — f(zo +2)|Zsup (o] + 2%, 2) — f(o + )
xeﬁf zeV
- Su‘g [<I‘: + Jf*,y - x0> - f(y>] - f*@z + .Z‘*) - <xz + x*7IO>7
ye

where in the equality marked with | we have used that Ay = {z, +x : x € Ly}
and hence f(z, + ) = oo for all x € V\L;. Using moreover the assumption that
(xf, xt) =0, we see that h(z) = ¢g*(z).

We claim that F, = {0}. Indeed, if y € F,, then there exists a constant r € R
such that g(z+\y) = g(z)+7A for all A € R. Tt follows that for any representative
y of y, we must have y € F; and hence y = 0. By symmetry also Fy- = {0} and
hence g € Conv™ (L /Fy). N

The following lemma shows that it is always possible to choose x, and z as in

Lemma

Lemma 4.18 (Orthogonal reference points) For each f € Conv(V), it is
possible to choose xo € Ay and x € Ap such that (z},z,) = 0.

Proof If 0 € Ay, then we can choose z, := 0 and z} arbitrary. If the opposite
case we choose x, € Ay arbitrary. Since 0 ¢ Ay, we have Ay N Ly = (. By
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Lemma m it follows that xz, ¢ F; and hence by (4.8) we can choose z* € L~
such that (z., 2*) # 0. It follows that we can set x := y* + Az* where y* € Ay is
arbitrary and A € R is chosen such that A(z,, z*) = —(x,, y*). |

The following lemma is a a reformulation of Lemma [4.17] in terms of the bases
{e(1),...,e(d)} and {e*(1),...,e*(d)} from Lemma [.15 Below, we equip R?%~%
with the standard inner product, making it dual to itself.

Lemma 4.19 (Essential part of a convex function) Let f € Conv(V) and
let {e(1),...,e(d)} and {e*(1),...,e*(d)} be bases of V and V* as in Lemmal4.15

Then there exist real constants aj,...,ay and agyy1,-..,aq and a function g €
Conv ™ (R~ such that
f(‘rlw”axd)
di
* .
— E aixi+g(xd1+17"'7xd2) Zf(xdg—i-lv'--,xd) = (ad2+17"-7ad)
i=1
o0 otherwise.

Moreover, the Legendre transform of f is given by

fr(z3, ... x))

d
g (@ grs - T) + Y wa; if (af,. . xy) = (af,. .. ah)
i=do+1
00 otherwise,

where g* 1s the Legendre transform of g.

Proof By Lemma , x € Ay if and only if (y*, x) = Ly (y*) for all y* € Fp. It
follows that there exist real constants ag,+1,...,aq such that z € A; if and only
if v; = a; for all 7 € {dy +1,...,d}. Similarly, there exist aj,...,a} such that
z* € Ay if and only if 2} = af for all i € {1,...,d;}. Setting

. * * *
7o :=(0,...,0,a4y41,...,aq) and z:=(aj,...,ay,0,...,0),

now defines z, € Ay and z} € Ay« such that (2}, x,) = 0. The claim now follows
from Lemma [£17 |

In the following sections, we will often need the assumption that a function f €
Conv (V) satisfies Uy # 0. Often, such an assumption can be made more or less
without loss of generality, if we replace f by its essential part. The following
exercise demonstrates this.
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Exercise 4.20 (Function determined by its convex hull) Let f : V —
(—00, 00| be lower semi-continuous, let f be its convex hull, and let g be the
essential part of f as in Lemma Assume that 5 = {0} and g is strictly

convex on U,. Show that f = f. Hint: combine Lemmas and .

4.6 The generalized gradient

In this and the following sections, we will be interested in the derivatives of convex
functions. We continue to assume that V' is a finite dimensional real linear space
and V* is its dual.

Recall from Section the definition of a supporting hyperplane. Assume that
f € Conv(V) and that Uy # (). We will be interested in the supporting hyperplanes
of the epigraph £;. For each x € Dy, we let H f(z) denote the set of all (z*,a*) €
V* x R such that

(z"y—z)+a"(z— f(z)) <0 VyeDyand z> f(y). (4.10)

Note that this implies a* < 0, since otherwise (4.10)) is violated for z large enough.
As we will see shortly, H f(x) roughly corresponds to the set of all supporting
hyperplanes for £(f) at (:v, f(a:)) We also let

Hf:={(z,2",a") :x € Dy, (2*,a") € Hf(z)} (4.11)

denote the space of all triples (z,z*,a*) such that © € Dy and (z*,a*) € H f(x).
For z € Dy, we moreover set

H'f(z):= {(x*,a*) € Hf(x): (z*,a*) # O},
H"f(z):={(z*,a*) € Hf(z): a* <0},

and we define H'f and H"f as in (4.11)) but with H f(x) replaced by H'f(z) or
H" f(x), respectively. Hyperplanes H(;« o+~ with a* = 0 are called vertical, for
obvious reasons.

Proposition 4.21 (Supporting hyperplanes) Assume that f € Conv(V') and
that Uy # 0. Then,

(a) Hf(x) is a closed conver cone in V* x R for each x € Dy,
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(b) H'f(x) # 0 for each x € Dy,
(c) H"f(x) = H'f(z) for each x € Uy,
(d) H"f is a closed subset of V- x V* x (R\{0}).

(e) H"f is a connected subset of V- x V* x (R\{0}).

Proof Part (a) is immediate from (4.10)). Since Uy # 0, the interior of E(f) is
nonempty and for each x € Dy, the point (:p, f(a:)) lies on the boundary of £(f).

We can therefore apply Lemma to conclude that for each x € Dy, there exist
(z*,a*) € (V* x R)\{(0,0)} and ¢* € R such that

and z € H?

(m* 7a* ) 70* '

E(f) c HE

(JE* ,a* ) ,c*

In other words, this says that
(W) +atz < (yeDy 22 fy) and (o*3) +a*f(x) > ¢

Since this implies that (z*, z) + a* f(z) = ¢*, we can simplify this to (4.10). This
proves part (b).

To prove part (c), we use part (b) and observe that by (4.10), (z*,0) € H'f(z)
implies
(#%,y —2) <0 VyeDy,

. and ¢ € H>

C x*,c*)

so setting ¢* = (z*,z), we see that Dy C Hf
possible if x lies on the boundary of Dy.

which is only

To prove part (d), assume that (z,,x",a*) € H" f converge to a limit (z, 2%, a*) in

n’'n

V x V*x (R\{0}). Then, taking the limit in (4.10]), we see that (x,,z*,a’) € Hf.

Since a < 0, formula (4.10) moreover implies that f(z) < oo and hence x € Dy,
so we see that (z,,z},ak) € H"f.

It remains to prove part (e). We recall that a closed set A is connected if it
cannot be written as the union A = A; U A of two disjoint nonempty closed sets
Ay, Ay, Since H f(x) is convex by part (a), we see that H” f(x) is convex too and
therefore connected. If H” f is not connected, then H” f = A;UA, where A, Ay are
disjoint nonempty closed subsets of Dy x V* x (R\{0}). Since the sets H" f(z) are
connected, for each x € Dy, the set {z} x H” f(x) must be either entirely contained
in Ay, or in Ay. It follows that setting B; := {x € Dy : {z} x H"f(x) C A;}



120 CHAPTER 4. CONVEX ANALYSIS

(¢ = 1,2) defines disjoint nonempty closed subsets By, By of Dy whose union is Dy.
But Dy is convex and hence connected, so we arrive at a contradiction. n

We say that an affine function y — *y — ¢* is supporting at a point x € Dy if

(%,2) =" = f(xr) and (z%y)—c" < fly) (yeV).

We call z* the slope of the supporting affine function y — z*y — ¢*. For any
f € Conv(V) and = € Dy, we write

Df(x):={a" € V" f(z) + (z",y —z) < f(y) Vy € V'},

Df.:{ z,2%):x € Dy, a* € Df(x)}. (4.12)

D f is the collection of all slopes of supporting affine functions at . We say that
a function f :V — R is differentiable at @ € V' if there exists a df(x) € V* such
that

0f(@),9) = lime  [fa+ey) ~ [(2)] eV (413)

Note that the right-hand side of this equation is the directional derivative of f at
x in the direction y. We call df(z) the gradient of f at z. If f € Conv(V) is
differentiable at @ € Dy, then there is a unique supporting afﬁne function at z,
whose slope is given by the gradient of f, so in this case D f(x {8 flx } Thus,
we can view D f(x) as a possibly multi-valued generalization of the gradient of f.

As the reader may already have guessed, there is a one-to-one correpondence be-
tween the set of all supporting affine functions of f and the set of all supporting
hyperplanes that are not vertical. We will use this to derive the following propo-
sition from Proposition [4.21]

Proposition 4.22 (Generalized gradient) Assume that f € Conv(V') and that
Ur # 0. Then:

(a) Df(x)#0 for all x € Uy,
(b) Df(x) is a closed convez set for all x € Dy,
(¢) Df is a closed subset of V- x V*,
(d)
)

D
Df is a connected subset of V. x V*.
(e) {

(x,2*) € Df : x € K} is a compact subset of V- x V* for each compact
K C Z/{f.
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Proof Let x € Dy. If (2%,a*) € H"f(x) and r > 0, then (rz*,ra*) € H" f(x).
Therefore, Proposition (b) and (c) imply that for each x € U, there exists
an z* € V such that (z*, —1) € H” f(x). Then (4.10) tels us that

(x*,y —a) — (fy) — f(x)) <O Vye Dy,

which shows that z* € Df(x). In view of this, part (a) follows from Propo-
sition [4.2]] (b) and (c). Part (b) is immediate from the definition of Df(z) in

[.12). Parts (c) and (d) follow from Proposition [4.21] (d) and (e) and our earlier
observation that each (z*,a*) € H” f(x) can be normalized so that a* = —1.

To prove part (e), let K C U; be compact. Then {(z,2*) € Df : x € K} is
closed by part (c), so it suffices to show that it is moreover bounded. Assume, to
the contrary, that there exist (z,,z}) € Df with x, € K and |z}| — oco. Since
K is compact, by going to a subsequence, we may assume that =, — x € Ujy.
Let ¢ 1= f(a) — (€ an). Then (a},2,) — ¢ = f(w,) and () — cf < (3)
for all y € V. Equivalently, this says that H: _1).: is a supporting hyperplane
for £(f) at the point (z,, f(x,)). Let &, := |zi|™". Then Hc,ux —c)ener is the
same supporting hyperplane. By going to a subsequence, we can assume that
enay — o where |2*| = 1. Then €,¢}, = —(2*,x) =: 2* and H(;~ o). is a vertical
supporting hyperplane for £(f) at the point (z, f(z)). By Proposition [£.21] (c),
this contradicts the fact that x € U;. |

We have already argued that we can view D f(x) as a generalization of the gradient.
The following lemma makes this observation more precise.

Lemma 4.23 (Uniqueness of the slope) Let f € Conv(V'). Then the following
conditions are equivalent:

(i) f is continuously differentiable on Uy,

(ii) for each x € Uy, the set D f(x) consists of a single element.

Moreover, under these conditions, Df(x) = {0f(x)} (x € Uy), where Of is the
gradient of f, defined in

Proof If f is differentiable at z, then there is a unique supporting affine function
at x, so the implication (i)=-(ii) is trivial. For the converse, we refer to [Roc70
Thm 25.1]. To make this implication at least a bit plausible, we observe that (ii)
implies that there exists a function g : Uy — V such that

Df(x) ={g(=)} (v ely),
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f(x) fr(z)
‘ > T » x*
AT AL
Df
- Df*
/ & K

Figure 4.3: Legendre transform of a non-smooth function.

Now Proposition m (c) says that the graph of ¢ is a closed subset of Uy x V.
Using moreover Proposition m (e) and the closed graph theorem, we can deduce
that ¢ is continuous. The technical part of the proof is showing that ¢ is indeed
the gradient of f. ]

The following lemma says that the generalized gradient of f* is the inverse of the
gradient of f. The relation (z*,z) = f(z) + f*(2*) is demonstrated in Figure [1.2]
See also Figure for an illustration of the Legendre transform of a non-smooth
function.

Lemma 4.24 (Slope of the Legendre transform) For any f € Conv(V) and
x,x* € V*, one has
(2%, x) < f(x) + [7(27) (4.14)

Moreover,

(x,z") e Df < (xz%z)=f(z)+ f" (") < (2% 2)e Df".

Proof The inequality (4.14) follows immediately from the definition f*(z*) =
sup,ey [(z*, ) — f(z)]. Assume that (z,2%) € Df. Then there exists a ¢* € R
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such that (z*,x) — ¢* = f(z) and (z*,y) —c* < f(y) for all y € V. By (i),
this implies that (z*,¢*) € £(f*). On the other hand, since (z*,z) — ¢* = f(x),
for each e > 0 it is not true that (z*,y) —c¢* +¢e < f(y) for all y € V, which again
by (ii) implies that (z*,¢* —¢) &€ E(f*) for all € > 0 and hence ¢* = f*(z*)
and (z*,z) = f(x) + f*(a*).

Assume, conversely, that (z*,z) = f(z) + f*(z*). Trivially (z*, f*(z*)) € E(f*)
S0 (ii) implies that z*y — f*(z*) < f(y) for all y € V. Since moreover
(x*,x) — f*(x*) = f(x), this proves that the affine function = — (z*,z) — f*(z*)
is supporting at x and hence (z,2*) € Df.

This proves that (xz,z*) € Df if and only if (z*,x) = f(z)+ f*(z*). By symmetry,
reversing the roles of z and x* and of f and f*, this is in turn equivalent to
(x*,z) € Df*. |

Exercise 4.25 (Nonempty generalized gradient) Show that Df # () for all
f € Conv(V). Hint: combine Lemma and Proposition |4.22

4.7 Extensions of convex functions

We continue to assume that V' is a finite dimensional real linear space and V* is its
dual. For any g € Conv(V') and closed convex set D C V, setting f(z) := g(x) for
x € D and := oo otherwise defines a function f € Conv(V). In such a situation,
we that f is the restriction of g to D and that g extends f. We say that f is a
restriction of g if there exists a closed convex D such that f is the restriction of g
to D.

Lemma 4.26 (Restriction of a convex function) Let f,g € Conv(V) and
assume that Uy is nonempty. Then f is a restriction of g if and only if f(z) = g(x)
for all x € Uy.

Proof The condition is clearly necessary. To prove sufficiency, we observe that
since Uy is nonempty, Dy C Uys. Let x € U \Up and Uy 5 z, — z. If f(x) < o0,
then the lower semi-continuity of g and the fact that f is continuous on D imply
that

o) < T f(2,) = f(),

and this inequality also trivially holds if f(x) = co. The inequality g(z) < f(z)
cannot be strict since this would contradict the fact that g is continuous on Dy,
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so we conclude that f(z) = g(x) for all z € U. Setting D := Uy, it follows that
f(z) = g(x) for all z € D and = oo otherwise, i.e., f is a restriction of g. |

Let f € Conv(V) and assume that U; # (. By definition, we say that a f is on
natural domain if it satisfies the equivalent conditions (i) and (ii) of the following
lemma. If f satisfies condition (iii), then we say that f is on mazimal domain.ﬂ

Lemma 4.27 (Convex functions on natural domain) Let f € Conv(V) and
assume that Uy # 0. Let Dof = {(z,2%) € Df : x € Us}. Then of the following

conditions, (i) and (i1) are equivalent and imply (iii).

(1) Dof is a closed subset of V- x V*,
(i) D.f = DF,

(iii) f =g for all g € Conv(V) that extend f.

Proof The implication (ii)=-(i) follows from the fact that by Proposition [£.22] (c),
Df is a closed subset of V' x V*. Assume, conversely, that D, f is a closed subset
of V. x V*. Then D,f is a closed subset of Df. On the other hand, since D,f =
Dfn Uy x V), it is also open as a subset of Df. By Proposition (d), Df
is connected so, also using the fact that D,f # (), by Proposition a) we see
that D, f = Df. This proves the implication (i)=-(ii).

To complete the proof, we need to show that (ii)=-(iii). Assume that f satisfies
(ii) and that there exists a g € Conv(V) with g # f that extends f. Then U,\D
is nonempty and hence there exists an « € U, that lies on the boundary of D. By
Proposition (a), there exists a supporting affine function for g at z. Since
this is also a supporting affine function for f at x, we conclude that there exists
an (z,z*) € Df for which = & Uy, contradicting (ii). |

Remark In dimension d = 1, it is easy to check that the conditions (i)-(iii) of
Lemma [4.27| are in fact all equivalent. It is tempting to conjecture that the same
is true in higher dimensions, but this seems to be false. Here is a sketch of a
counterexample. We define an open square by W :={z e R? : 0 < 2; < 1 Vi =
1,2} and let W denote its closure and OW := W\W its boundary. We also write

Li={zcR:2,€{0,1},0<ay <1}, L:={z€R*:0< 2, <1, 25 € {0,1}}.

3These definitions are not standard, and there does not seem to exist established terminology
for this.
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It should be possible to construct a function h € Conv(R?) with the following
properties:

(i) D, =W,
(ii) h(z) =1 for all x € OW,
(iii) A is continuously differentiable on W,

(iv) |8%Zh(x(n))| —o0if Wazn) -zel; (i=1,2).
Now let [ be the linear function I(z) := (21 + x3)/2. Note that {(x) =1 = h(z) in
the point = = (1,1) but l[(x) < 1 = h(z) for x € I; U I. Then the convex function
f = h V1 does not satisfy condition (ii) of Lemma [1.27] since there exists some
(z,2*) € Df with x = (1,1) & Uy, but it satisfies condition (iii) of Lemma [4.27]
since the condition on the derivatives of h makes it impossible to extend f outside
the square W.

4.8 Well-behaved convex functions

We continue to assume that V' is a finite dimensional real linear space and V* is
its dual. We say that a function f € Conv(V) is well—behavedﬁ if there exists a
homeomorphism f” : Uy — Up- such that Df = {(z, f'(z)) : z € Uy}

Lemma 4.28 (Well-behaved functions) If f € Conv(V) is well-behaved, then
Ur # 0 and f* is also well-behaved. Moreover, f is continuously differentiable on
Uy, the gradient Of : Uy — Uy is a homeomorphism, and (0f)~' = of*.

Proof By Exercise Df # () so the assumption that Df = {(x,f’(:c)) :
x € Uy} implies that Uy # 0. Let f'~ denote the inverse of f. Then f' ' is a
homeomorohism from Uy« — Uy and by Lemma , Df* = {(z*,2) : (z,2") €
Df} = {(x*,f’—l(ﬁ)) cat e Z/{f*}, which shows that f* is well-behaved. Since
Df = {(3:, f'(x)) : x € Uy}, Lemma implies that f is continuously differen-
tiable on Uy and Df(x) = {0f(x)} for all € U;. This shows that df = f’, the

4This definition is not standard, and there does not seem to exist established terminology for
this.
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homeomorphism in the definition of a well-behaved convex function. Lemma
now implies that (9f)~' = df*. |

Lemma shows that if f € Conv(V) is well-behaved, then f € Conv' (V). For
each 1 <n < oo, we set

Conv,! (V) := {f € Conv(V) : f is well-behaved and n times
continuously differentiable on U f}.

In view of Lemma [4.24) Conv, (V) C Conv*(V), and Conv; (V) is simply the
space of well-behaved convex functions on V. We also set

Conv, (V) := {f € Conv(V) : the essential part g of f
satisfies g € Conv, (Ly/Fy)}.

We recall that the essential part of a convex function is defined in Lemma It
is easy to see that the definition of Conv,, (V') does not depend on the choice of the
reference points z, and xf. We call elements of Convy (V') essentially well-behaved
convex functions.

Lemma 4.29 (Well-behaved Legendre transform) If f € Conv,} (V), then
f* € Conv,!(V*), and if f € Conv,(V), then f* € Conv,(V*).

Proof In Lemma we have already seen that f € Conv{ (V) implies f* €
Convy (V*). If f is n times continuously differentiable on U}, then the homeomor-
phism df is n — 1 times continuously differentiable, hence its inverse (9f)~! = 9 f*
has the same properties and as a result f* is n times continuously differentiable
on Uy«. This proves that f € Conv, (V) implies f* € Conv, (V*). The final claim
follows from the fact that by Lemma [4.17] if g is the essential part of f, then its
Legendre transform ¢* is the essential part of f*. |

For a function f : RY — R that is twice continuously differentiable in an open
neighborhood of a point x, we let 9% f(x), defined as

0 f (2) = g5 f (),

denote the matrix of its second derivatives. In the abstract setting, we note that
each linear map L : V — V* has a unique adjoint map L' : V' — V* such that
(Lx,y) = (L'y,z) (z,y € V). We say that L is self-adjoint if L = L. Now if
f :R? — R is twice continuously differentiable in an open neighborhood of a point
x, then 92 f(x) is the unique self-adjoint linear map from V' to V* such that

fle+y) = f@)+(0f(x),y) + 5 f(@)y,y) +o(jy]’)  asy—0.
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Proposition 4.30 (Conditions for well-behavedness) Let f € Conv(V).
Then f is well-behaved if and only if it satisfies the following conditions.

(i) Uy # 90,

(ii) f is continuously differentiable on Uy,

(iii) f 4s strictly conver on Uy,
)

(iv) f is on natural domain.
Condition (iv) is equivalent to

(iv)" |0f(zn)| —> 0o whenever U; >z, — x € V\Uy.
n—o0

n—oo

If f is twice continuously differentiable on Uy, then condition (iii) is equivalent to
(iii)” (9%f(x)y,y) > 0 for all x € Uy and y € V\{0}.

Proof We first prove the necessity of conditions (i)—(iv). The necessity of (i) and
(ii) has already been proved in Lemma [4.28/ To prove the necessity of (iii), we
observe that if f would not be stricly convex on Uy, then there would be x,y € Uy
with = # y such that df(z) = f(y), contradicting the fact proved in Lemma [1.2§
that df is a bijection implies that f is strictly convex. Finally, the definition of
a well-behaved convex function immediately implies condition (ii) of Lemma [1.27]
showing that f is on maxial domain and hence (iv) is necessary.

We next show the sufficiency of conditions (i)—(iv). Using Lemma and the
assumptions that f is on natural domain and continuously differentiable, we see
that

Df ={(z,2*) e Df :xz €Uy} ={(x,0f(x)) € Df : x € Uy}.

Since f is strictly convex on Uy, no two points in Uy can have the same slope, so
Of is a bijection from Uy to its image

Vi={0f(z):z €U}
It now follows from Lemma [4.24] that

V={z*cV*:Df*(x*) # 0} and Df*(z*)={0f) (")} (2" €V).
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In particular, by Proposition [4.22] (a), it follows that U C V. We claim that this
is in fact an equality. Indeed, if D f*(z*) # () for some z* € Dp\Uy+, then there
is a supporting hyperplane for £(f*) at the point (z*, f(z*)) that is not vertical.
But using the convexity of Uy, it is easy to see that for each 2* € Dy«\Uy«, there
must also be a vertical supporting hyperplane for £(f*) at the point (x*, f(z*)).
But then, by Proposition (a), all convex combinations of the vertical and
non-vertical supporting hyperplanes are also supporting hyperplanes. This shows
that if Df*(z*) # 0 for some z* € Dy \Uy~, then D f*(x*) is never a singleton.
This contradicts what we have just proved, allowing us to conclude that Up = V.
We can now invoke Lemma to conclude that f* is continuously differentiable
on Up and (Of)~' = 9f* on Up-. In particular, df is a continuous function
having a continuous inverse, i.e., a homeomorphism This concludes the proof of
the sufficiency of conditions (i)—(iv).

To see that (iv) and (iv)’ are equivalent, we observe that if (iv)’ holds, then
{(z,z*) € Df : =z € U} is a closed subset of Df and hence, by Proposi-
tion (c), also of V' x V* so f is on natural domain by condition (i) of
Lemma [4.27] On the other hand, if (iv)’ fails, then by going to a subsequence
we can find Uy 3 x, — = € V\U; such that 0f(x,) converges to a finite limit
z* € V*. Since Df is closed by Proposition [4.22) (c), it follows that (z,2*) € Df
which contradicts condition (ii) of Lemma [4.27]

If f is twice continuously differentiable in an open neighborhood of z, then

d d d
T fatey)| _, = Z%%(Zyg‘%f@)) = yidi f(@)y;.
i—1 =1

1,j=1

It is easy to see that f is strictly convex on Uy if and only if the left-hand side of
this equation is strictly positive for all z € Uy and y € V\{0}. |

The following lemma says that for well-behaved convex functions, the supremum
occurring in the definition of the Legendre transform is assumed in a unique point.

Lemma 4.31 (Unique maximizer) Assume that f € Conv{ (V). Then for
each x* € Uy, the function y — (z*,y) — f(y) assumes its mazimum in the
unique point x = 0f*(z*).

Proof We note that f is strictly convex on Uy by Proposition m (iii). By
Lemma df : Uy — Uy~ is a bijection and (9f)~' = 9f*, so for each z* €
Uy~ there exists a unique = € Uy such that df(x) = x*, which is given by = =



4.9. THE GARTNER-ELLIS THEOREM 129

Of*(x*). It follows that the strictly concave function y — (x*,y) — f(y) assumes
its maximum in the unique point z. |

In Proposition we have seen that well-behaved convex functions are on natural
domain. The following lemma generalizes this to some functions that are only
essentially well-behaved.

Lemma 4.32 (Natural domain) Assume that f € Convy(V') andUy # 0. Then
f is on natural domain.

Proof We use coordinates with respect to bases of V' and V* as in Lemma [4.15]
Then dy = d by the assumption that Uy # 0, so by Lemma f is of the form

d1
flxy, ..., xq) = Zai‘xi + 9(Tay41, - -+ Ta)

i=1

for some constants af, ..., a} and function g € Conv{ (R4%), and hence, setting
xr:=(x1,...,2q9) and 2’ := (24,41, ..., %q), Wwe have

Of (x) = (CLT, oy, Oaag(x), . ,(?dg(:c’)) (x € Uy).

By Lemma [£.27] (i), to check that f is on natural domain, it suffices to show
that |0f(z(n))| — oo whenever Uy > z(n) — z € V\U;. Here Uy = R™ x U,
and hence U; 3 z(n) — = € V\U; implies U, > 2/(n) — 2/ € R™\U,. Since
g € Conv{ (R% %), by Proposition [4.30] (iv)’, this implies that [dg(z'(n))| — oo
and hence [0f(z(n))| — oc. |

4.9 The Gartner-Ellis theorem

We can finally start reaping the benefits of our study of convex functions. Below is
a version of the Gartner-Ellis theorem. If S is a finite set, then we equip the space
RS of real functions on S with the standard inner product (z,y) := Y ics Tili-
Recall that Conv,(R®) is the class of essentially well-behaved convex functions
defined in the previous section.

Theorem 4.33 (Géartner-Ellis) Let S be a finite set, let u, be finite measures
on R® and let s, be positive constants such that s, — oco. Assume that for each
A\ € RS, the limit

T\ = lim — log / esn (N 2) (dx) (4.15)

n—oo Sn
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exists in [0, 00] and that T' € Conv,(R®) and 0 € Ur. Then the measures y,, satisfy
the large deviation principle with speed s, and good rate function I given by

I(z) := sup [(\,z) — [(\)] (x € RY).

AERS

Remark The theorem above is a bit weaker than the usual Gartner-Ellis theorem
as stated, e.g., in [Hol00, Thm V.6] and [RS15, Section 12.2]. Let I denote the
essential part of I' and let Ur and U denote the interiors of the domains of I’
and I", respectively. Then our assumptions on I' are equivalent to saying that (i)
0 € Ur, (ii) I' is continuously differentiable on U, (iii) IV is strictly convex on U,
and (iv) I” is on natural domain. It turns out that condition (iii) can in fact be
dropped, see [RS15 Section 12.2]. Nevertheless, the version of the Gartner-Ellis
theorem stated above will be more than enough for our purposes, since in all our
applications it will actually be true that U = R¥ and I' € Conv, (R?). Our proof
of Theorem differs quite significantly from the more traditional proofs which
check the large deviations lower and upper bounds of Proposition [1.7]

Remark In the context of the Gartner-Ellis theorem. we will call the function I'
from the free energy. In Theorem below, where we apply the Gartner-
Ellis theorem to prove a multi-dimensional version of Cramér’s theorem, we will
see that in the context of i.i.d. random variables, I' = log Z, so our present use of
the term “free energy” is a generalization of our use of this term in Section (0.1}

Proof of Theorem We start by proving exponential tightness. For each
0# X eRand ¢ > 0, let Hy, denote the half-space

Hy.:={z €R%: (\ ) >c}.

Then we can estimate

1 1 _
—log pin(H).e) < —log / esn (A7) =€), ()

n n

1
= —log/ €S"<)"x>,un(dx) —c—T'(\)—c

n

Since 0 € Ur, we can choose vectors Aq,...,\, € Ur such that

Koo =R\ U Hy,

k=1

is compact for each ¢ > 0. The minimum number of vectors we need is n = d + 1
but it is simpler to choose two vectors, one positive and one negative, in each
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basis direction, so that K, . .. has the shape of a hyperrectangle and n = 2d.
Applying our previous estimate with ¢ large enough, using also ((1.4)), then yields
exponential tightness.

We claim that in fact, for each A\ € Ur, the measures
i (da) = 5Ty (do)

are exponentially tight. Indeed, for these measures, the limit

Ty(\) = lim ilog/esn“’@)ug(dx) =T\ +X)

n—o0 STL

exists in [0,00] for all ' € R and Ty satisfies the same properties as I, so the
claim follows from our previous argument.

We now prove the large deviation principle. We aim to apply Lemma(3.12, By The-
orem [3.7], exponential tightness implies that each subsequence (i, s,,) of (4, 5n)
contains a further subsequence (u,s”) of such that the u” satisfy a large devia-
tion principle with speed s/ and some good rate function J. By Lemma |3.12] to

complete the proof, it suffices to prove that J = I.

Using the exponential tightness of the u and Varadhan’s lemma for unbounded
functions (Lemma (3.13)), we see that for each A € Ur

['(A) = lim llog/ 65Z<>"x>u;;(dx) = sup [(\,z) — J(z)]. (4.16)

z€RS

Let g(\) be defined by the right-hand side of . Then g € Conv(R®) by
Lemma Lemma tells us that I is a restriction of g. By assumption
I' € Convy(R%). Moreover Ur # ) so Lr = R¥ by Lemma m This means
that we can apply Lemma to conclude that I' is on natural domain. Using
Lemma we conclude that I' = ¢, so holds for all A € R®.

Taking the Legendre transform on both sides of , applying Lemma , we
see that [ = J, where J denotes the convex hull of J. Since I' € Conv,(R?),
Lemma tells us that I € Conv;(R®). Since Lr = R¥ Lemma tells us
that F;r = {0}, so we can apply Exercise to conclude that I = J. |
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Chapter 5

Large deviations of i.i.d. random
variables

5.1 The multi-dimensional Cramér’s theorem

In this chapter we will use the Gartner-Ellis theorem to prove a number of large
deviations results for i.i.d. random variables. Our first aim is to prove a multi-
dimensional version of Cramér’s theorem. We start by studying the rate function.
In the present section, we will also give the proof of Lemma [0.2] which was still
outstanding. We first need a multidimensional version of Lemma [2.20]

For any probability measure ; on R? which has at least finite first, respectively
second moments, we let

()i)i= [ ntde)oti),
Covi)i= [ n(@ya(ifelq) ~ ([ n(do)a(@) ( [ utde)e(s)

(1,7 =1,...,d) denote the mean and covariance matriz of p.

Lemma 5.1 (Smoothness of the free energy) Let j1 be a probability measure
on RY. Assume that the function

20\ ::/e<)"$>u(dx) (A € RY). (5.1)

133
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satisfies Z(\) < oo for all A € RY. For A € R, let uy denote the tilted law

i (dz) = ﬁe%@ u(dr) (A eRY). (5.2)

Then X — log Z(\) is infinitely differentiable and

(i) 5»\(1 IOgZ(/\) = <N>\>(i)7

) NeRY i,j=1,...,d). (5.3)
(ii) mlog Z(X) = Covyj(pn) }

Proof The proof is basically the same as in the one-dimensional case (see Lemma
2.20)). n

Recall that Conv.,(R?) is the class of infinitely differentiable, essentially well-
behaved convex functions on R, defined in Section [4.8|

Lemma 5.2 (The free energy is essentially well-behaved) Let i be a prob-
ability measure on R and assume that Z, given by , satisfies Z(\) < oo for
all X € RY. Then log Z € Convy(RY). If (y,Cov(u)y) > 0 for all y € RN\{0},
then log Z € Convl (R?).

Proof We first consider the case that (y, Cov(u)y) > 0 for all y € R¥\{0}. We
will check that T' := log Z satisfies conditions (i), (ii), (iii)’, and (iv)’ of Propo-
sition m By assumption log Z(\) < oo for all A € R so Ur = R? which
implies that I' satisfies conditions (i) and (iv)’. By Lemma I' is infinitely
differentiable, so condition (ii) is also satisfied. Lemma moreover tells us that
9’T'(A) = Cov(uy), the covariance matrix of py defined in (5.2)). Therefore, to
check condition (iii)’; it suffices to show that (y, Cov(uy)y) > 0 for all y € R%\{0}
and A € RY. Tmagine that (y, Cov(uy)y) = 0 for some y € R\ {0} and X\ € R?. Let
X? denote a random variable with law g and let X° denote a random variable
with law p® = p. Then

Var(( Z yiCov(X, X)y; = (y, Cov(un), y) = 0.

Since py has a density with respect to p, this implies that 0 = Var((X?,y)) =
(y, Cov(u),y), which contradicts our assumption. This completes the proof that
log Z € Conv (R?) if (y, Cov(u)y) > 0 for all y € R¥\{0}.

In general, since Cov(p) is a symmetric real matrix, we can choose an orthonormal
basis with respect to which it is diagonal. In view of this, we can without loss
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of generality assume that Cov(u) is a diagonal matrix and that there exists a
0 < d' < d such that Covy;(p) > 0 for 1 <i < d and Covy;(u) =0 for d' < i < d.
There then exist real constants ag 1, ...,aq such that a random variable X with
law pu satisfies X; = a; a.s. for &' <i <d. Let X' := (X1,..., Xy) and let

& :
Z'(M,. . ha) =E[e2izi MKl (A eR?)
denote its moment generating function. Then, for any A € R,
d d
log Z(My, ..., ) = logE[€</\’ X>} = log]E[ezizl )‘iXi] + Z i@
) .
=log Z'(A1,.. . Aa) + D Nias.

i=d'+1

By what we have already proved, log Z’ € Convl (R?), so by Lemma we
conclude that log Z € Conv,,(R?). |

We next turn our attention to the Legendre transform I of log Z, which plays the
role of the rate function in Cramér’s theorem. The following lemma lists some
properties of the function I. See Figure for an illustration.

Lemma 5.3 (Properties of the rate function) Let i be a probability measure
on RY. Assume that the moment generating function Z defined in 15 finite
for all X € R and that

(y,Cov(n)y) >0 (0#yeR?).

For A\ € R%, define py as in and let () resp. (uy) be the mean of 1 and py.
Let I : RY — (—o00, 00| be the Legendre transform of log Z. Then:

(i) I € Convt (RY).

(i) I({i)) =0 and I(y) > 0 for all y # (u).

(iii) I is a good rate function.
(iv) Uy = {{uy) : X € R},

(v) Uy is the closed convex hull of support(s).
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2 o 0o
alog Z(\) I(y) |
1)
" T e Y
A 8% log Z(\) A a%j(y) |
<u>/ §
"\ /(/D i Y. "y

Figure 5.1: Definition of the rate function in Cramér’s theorem. The functions
below are derivatives of the functions above, and inverses of each other.

(vi) For each y, € Uy, the function RY 3 X — (yo,\) — log Z()\) assumes its
mazimum in a unique point Ao € RY, which is uniquely characterized by the
requirement that (fy,) = Yo.

Proof In Lemma [5.2)it has been shown that log Z € Conv. (R?), so Lemma [4.29)
implies that I € ConvZ (R?), proving (i).

It is immediate from the definition of Z(\) that Z(0) = 1 and hence log Z(0) = 0.
Since [ is the Legendre transform of log Z, Lemma tells us that log Z is the
Legendre transform of I. In particular, this shows that

0=1log Z(0) = sgﬂg [(0,y) = I(y)] = — ;Telﬂgf(y),

proving that I > 0. By Lemma dlog Z(0) = (u) =: p, which means that
A+ (p,\) is a supporting affine function to log Z at the point A = 0 and hence

1(p) = sup [{p, X) —log Z(N)] = 0.
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Since I € Convl (R), by Proposition [£.30] (iii), I is strictly convex on U, so
I(y) > 0 for all y # p, proving part (ii).

Since I € Conv} (RY), it is lower semi-continuous, while part (ii) and the convexity
of I imply that the level sets of I are bounded, hence I is a good rate function,
proving (iii).

Since log Z € Conv’ (R?), the map dlog Z is a homeomorphism from U, z = R? to
Uy, so property (iv) follows from Lemma [5.1) which tells us that dlog Z(A) = (u)-

We next prove (v). Since support(juy) = support(u) for all A € R?, it is easy to see
that if H is an open half-space such that H Nsupport(u) = ), then (uy) € H. Since
by , the complement of C(support(y)) is the union of all open half-spaces that
do not intersect support(p), this proves the inclusion ¢; C C(support(u)).

On the other hand, if H = {y € R?: (\,y) > ¢} is an open half-space such that
H N support(p) # 0, then, in the same way as in Exercise 2.21] one can check
that there exists some r > 0 large enough such that (u.\) € H. This proves
that C(U;) D C(support(u)). Since I is convex, so is U, and therefore the closed
convex hull of U is just the closure of U;. Thus, we have U; D C(support(u)),
completing our proof.

Since log Z € Conv} (R?), Lemma tells us that the function R? > )\
(Yo, ) — log Z(\) assumes its maximum in a unique point A, € R, which is given
by Ao = 0I(y,). By Lemma the function A — 0dlog Z(\) is the inverse of
y — 0I(y), so the condition A\, = 9I(y,) is equivalent to dlog Z(\,) = y,. By
Lemma [5.1] this says that (uy,) = o, proving (vi). |

We also provide the proof of Lemma from the introduction, which in the one-
dimensional case gives a bit more detail than Lemma [5.3]

Proof of Lemma Properties (i), (ii), (vi) follow from Lemma (i), prop-
erties (iii) and (iv) follow from Lemma (i), and property (v) follows from

Lemma (vi).

By Lemma (i), I € Convl (R), so O : Uy — Ugz is a bijection. Since
Ur = (y—,y4+) by property (v), and Upyg z = R, this implies property (viii). The
fact that I” > 0 on U; follows from Proposition [4.30] (iii)’.

We recall that if f is smooth and strictly increasing and f(z) = y, then % flx) =
1/ (a% f~Yy)). Applying this to 9 and dlog Z, which are each other’s inverses
by Lemma [4.28] using the fact that dlog Z(0) = p, and Lemma [2.20, we see that
0?1(p) = 1/(8%log Z(0)) = 1/0?, proving part (viii).
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To prove part (ix), finally, by symmetry it suffices to prove the statement for y, .
If y. < oo, then

e~ 1(y+) — ing [elog Z(A) — y+>‘} — inf e Y+AZ())

AER XeR
= inf e~ Y+A / eM pu(dy) = irelng/ eAMY = ¥+) (dy)
= }E&/ MY =Y pu(dy) = p({y ),
which completes our proof. |

As an application of the Gértner-Ellis theorem, we can give a quick proof of a
multi-dimensional version of Cramér’s theorem.

Theorem 5.4 (Multi-dimensional Cramér’s theorem) Let (Xj)i>1 be i.i.d.
Re-valued random variables with common law . Assume that the moment gener-

ating function Z(\) defined in is finite for all A\ € R?. Then the probability

measures
1 n
ni=P|— X € - n>1
1 [~ ; k€] (n>=1)
satisfy the large deviation principle with speed n and good rate function I given by

I(y) == sup [(\y) —log Z(N)].

Proof We apply the Gértner-Ellis theorem with s, = n and I'(A) = log Z(\).
Indeed, by the independence of the random variables (Xj)x>1, we have

% logE [GZZ:IO" Xk)} = log Z(\)

for each n, so the right-hand side of (4.15]) is constant as a function of n. It has
been proved in Lemma that log Z € Conv,(R?), so Theorem is applicable
and the claim follows. |

Remark We recall that elementary properties of the rate function I are listed in
Lemma 5.3

Remark Our proof of Theorem shows that the condition that Z(\) is finite
for all A € R? can be replaced by the weaker assumption that log Z € Conv, (R?).
In fact, it suffices if Z(\) < oo for A in some open environment of the origin, see
IDZ98] Section 2.2.1], but this strongest version of Cramér’s theorem cannot be
derived from the Gartner-Ellis theorem.
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5.2 Moderate deviations

We next turn our attention to moderate deviations. The following theorem im-
plies Theorem For notational simplicity, we only state and prove the one-
dimensional case. The multi-dimensional case is similar, with I(y) = 3(y, Covy),
where Cov is the covariance matrix of X; and Cov™! is its inverse.

Theorem 5.5 (Moderate deviations) Let (Xj)r>1 be a sequence of i.i.d. ab-
solutely integrable real random wvariables with mean E[|X:i|] = 0 and variance
0? = Var(X;) > 0. Assume that there exists an ¢ > 0 such that E[e**'] < oo
for all [\ < e. Then, for each % < a < 1, the probability measures

1 n
k=1

satisfy the large deviation principle with speed n®**~1 and good rate function I given
by
. 1 2
Iy) =55y (yER).

Proof We apply the Girtner-Ellis theorem with s, = n?*71. Let Z()\) := E[e*]

: A, x) _
(A € R). Then, as in the proof of Theorem , log [ e{A tn(dz) = nlog Z(\).
It follows that

2a—1 a—1 n
nl—2e log/ e’ )‘x,un(dx) = pl2 logE[en AD et Xk:}
a—1
= p? 2 log]E[en )‘Xl} =n*"*log Z(n* '\).

It follows from Lemma that log Z is infinitely differentiable with log Z(0) =

0, (log Z)'(0) = 0, and (log Z)"(0) = 307, so approximately logZ(n*')) =~

$02n*2)\? when n is large and in this way we see that (4.15) is satisfied with

F(A) =16°A> (AeR).

Then clearly I' € Conv’ (R), so to complete the proof, it suffices to notice that by
Exercise [4.9] the Legendre transform of ' is the function I defined above. n
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5.3 Relative entropy

In the final section of this chapter, we will prove Sanov’s theorem, which generalizes
the Boltzmann-Sanov theorem to Polish spaces. To prepare for this, in the present
section, we study the rate function, which is the relative entropy.

Let E be a Polish space and let M;(E) be the space of probability measures
on E, equipped with the topology of weak convergence, under which M;(FE) is
Polish. Recall that by the Radon-Nikodym theorem, if v, u € M;(E), then v has
a density w.r.t. p if and only if v is absolutely continuous w.r.t. u, i.e., v(A) =0
for all A € B(FE) such that u(A) = 0. We denote this as v < u and let g—; denote
the density of v w.r.t. i, which is uniquely defined up to a.s. equality w.r.t. u. For
any v, ;1 € My(FE), we define the relative entropy H(v|u) of v w.r.t. p as

/log (j—;)dy: /%log((i:)dlu if v < p,

00 otherwise.

H(v|p) ==

Note that if v < u, then a.s. equality w.r.t. u implies a.s. equality w.r.t. v, which
shows that the first formula for H(v|u) is unambiguous.

The following property of the relative entropy is well-known, and easy to prove.

Lemma 5.6 (Unique minimizer) For pu,v € M (F), one has H(v|u) > 0 with
equality if and only if v = p

Proof Define @ : [0,00) — R by
zlogz—z+1  (2>0),
/ dy/ dz { (= = 0). (5.4)
Then & is continuous at 0 and
1
P'(z) =logz and P"(z) =- (z>0).
z
We observe that

/ducp (j:) - /dylog (j—:) —/du+ 1= H(v|w).

Since (1) = 0 and ®(z) > 0 for all z # 1, we see that

H(v|p) = /d,uCID (::) > 0,
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with equality if and only if dv/dp =1 a.s. w.r.t. p. |

Our next aim is to prove a variational formula for the relative entropy that can
be interpreted as a sort of infinite dimensional Legendre transform. In particular,
when E is finite, it shows that the functions H(-|x) and I', are each other’s
Legendre transforms. As before, we let B,(E) and Cp(E) denote the linear spaces
of all bounded Borel-measurable and bounded continuous functions f : £ — R,
respectively. For each p € M;(E), we define I',, : B,(E) — R by

Tu(¢) :=log Z,(¢) with Z,(¢):= / e?(®) (da). (5.5)
E
Proposition 5.7 (Variational formula) Let E be a Polish space and let pu,v €
M, (E). Then

HOlw = swp [(n6) - Tu(@)] = sup [(1n6) ~Tu(0)].  (56)

$EBL(E) pECy(E)

The proof of Proposition will be split into a number of steps. For each ¢ €
By(E), we let p14 denote the probability measure

1 T
Zi© )

The following lemma says that the functions H(-|u) and I', are dual in a sense
that is reminiscent of Lemma [£.24]

pg(de) :=

Lemma 5.8 (Duality relation) One has

(v,0) < H(v|p) +Tu(9) (v € Mi(E), ¢ € By(E)), (5.7)
with equality if and only if v = pi4.
Proof We trivially have a strict inequality if H(v|u) = oo so we may assume that
v < poand H(v|p) = [log(dv/du)dr < co. We can split the measure p in an

absolutely continuous and singular part w.r.t. v, i.e., we can find a measurable set
A and nonnegative measurable function h such that v(A) = 0 and

pu(dz) = 14(z)p(dz) + h(z)v(dx).
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Weighting the measures on both sides of this equation with the density dv/dg,
which is zero on A a.s. w.r.t. u, we see that

which shows that h(z) = (dv/du)~! a.s. with respect to v. Since r +— log(r) is a
strictly concave function, Jensen’s inequality gives

/V(dx)¢(x) — H(v|u) = /y(dx)(1og(e¢<$>) —log(j—:(x))>

_ / v(dz) 1og(e¢($>(:—:)—l<m>) < log ( / () P ()
<tog ([ u(dn)e?l?)) =1, (0).

This proves (5.7). Since the logarithm is a strictly concave function, the first
inequality here (which is an application of Jensen’s inequality) is an equality if

and only if the function e(b(I)(g—:)_l is a.s. constant w.r.t. v. Since the logarithm

is a strictly increasing function and e is strictly positive, the second inequality is
an equality if and only if u = hv, i.e., if p < v. Thus, we have equality in (5.7)) if
and only if ¢ < v and

1
v(dz) = Eeqb(w),u(dx),
where Z is some constant. Since v is a probability measure, we must have Z =

Z(9). |

Lemma 5.9 (First variational formula) One has

H(vlp) = sup [(1,6) — Tu(6)] (5.8)

$EBy(E)

Proof Lemma 5.8 implies that
H(vlp) = sup [(v,¢) —Tu(9)] (v € Mi(E)).

PEBy(E)

We need to show that this is in fact an equality. We first treat the case that v < p.
Let ¢ := log(dr/du), so that

Hivl) = [ due?.
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Note that the function z + e*z is bounded from below. We set ¢, := m A ¢ and
Ypm = —nV Y, and consider the expression

<V’ @Z)n,m> - Fu(l/}n,m) = /d:u ewdjn,m - 1Og /dﬂ ewn,m'

Letting first n — oo and then m — oo, using first dominated convergence and then
monotone convergence, we see that our expression converges to H (jy|p). Since
Un.m € By(E), this shows that

Holm < swp [n6) ~Tu(@)]  (ve Mi(E), v < p).

$EBy(E)

If v is not absolutely continuous w.r.t. g, then we can find a measurable set A such
that v(A) > 0 but pu(A) = 0. Then

(v,cly) —Ty(cla) = cv(A).

Since c is arbitrary, it follows that H(v|u) = oo = sup [(v,¢) — Tu(e)]. n
$EBy(E)

To also prove the second variational formula in Proposition [5.7, we will need an
abstract result from measure theory. Let E be a metrizable space and let ¢, ¢
be bounded real functions on E. We write ¢, LN ¢ if the ¢, converge in a
bounded pointwise way to ¢, i.e., ¢n(xr) — ¢(x) for each € E and moreover
SUp,, SUP,cp |On(x)| < 0o. We say that a set A of bounded real functions on E is

closed under bounded pointwise convergence if A > ¢, LN ¢ implies ¢ € A. The
bounded pointwise closure of a set B C By(E) is defined as

bpclos(B) := ﬂ {A : A D B, Ais closed under bounded pointwise convergence}.

It is easy to see that bpclos(B) is closed under bounded pointwise convergence and
that it is in fact the smallest set containing B with this property. We note that in
general, bpclos(B) is not the same as

bp(B) := {6 € By(E) : 3 ¢, € Bs.t. ¢, - ¢},

nor is bpclos(B) equal to bp*(B) := bp(bp(B)), or even to (J°°, bp"(B). This
is similar to the o-field generated by a given collection of sets, which can also

not be defined in a constructive way. We cite the following lemma from [EKS86,
Prop. 3.4.2].
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Lemma 5.10 (Bounded pointwise closure) Let E be a metrizable space. Then
bpclos(Cy(E)) = By(E).

Remark It is well-known, and not hard to prove, that By(F) is closed under
bounded pointwise convergence. Since Cp(E) C B,(E), this immediately implies
that bpclos(Cy(E)) C By(E). To prove the other inequality, one first proves that
indicator functions of open sets are bounded pointwise limits of continuous func-
tions and then uses the Dynkin class theorem. For details we refer to [EK80,
Prop. 3.4.2].

Proof of Proposition The first equality in (5.6) has already been proved in
Lemma [5.9] so it remains to prove the second equality. We define

I(v) ::qSeS;lI(DE) [(v,¢) = T,(0)],
0= swp (o) -rue], [ ¢ SME)

#eCy(E)

Since the supremum over a smaller set is smaller, we see immediately that I’ < I.
Let us define

G :={p € By(E): (v,¢) —T,(¢) < I'(v) Vv € My(E)}.

Trivially Co(E) C G. Our aim is to show that G = B,(FE), which implies I < I’ and
hence I = I'. Tt follows from (5.5) and the dominated convergence theorem that

b 25 ¢ implies T, (¢,) — T,u(¢). Also, for each v € My(E), ¢, —2 ¢ implies
(v,n) — (v,¢). It follows that the set G is closed under bounded pointwise
convergence, so G = By(E) by Lemma [5.10] n

Lemma 5.11 (Good rate function) For each u € M;(E), the function H( - |u)
1 a good rate function.

The proof of Lemma makes use of the following exercise.
Exercise 5.12 (Conditions for uniform integrability) Let (Q, F, u) be a fi-

nite measure space. A set C of real measurable functions on 2 is called uniformly
integrable if for each € > 0 there exists a K < oo such that

sup/1{|f|>K}|f|du <e.
fec
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Show by counterexample that the condition

sup/lfldu <o

fec
does not imply uniform integrability of C. Show on the other hand that if there

exists a nonnegative function ¢ : [0,00) — [0, 00) such that lim, . ¥ (r)/r = 0o
and

sup / (I 1)y < oo,

fec

then C' is uniformly integrable. (In fact, by the De la Vallée-Poussin theorem, this
latter condition is also necessary and ¢ can be chosen such that it is moreover
increasing and convex, but we will not need this deeper converse.)

Proof of Lemma We must show that for each r < oo, the level set
Ly:={veM(E): Hv|p) <1}

is a compact subset of M;(E). We observe that for each ¢ € Cy(FE), the function
v = (v, $)—TI",(¢) is continuous with respect to the topology on M;(E). Therefore,
since the supremum of a collection of continuous functions is lower semi-continuous,
Proposition implies that H(-|u) is lower semi-continuous and hence L, is
closed. It therefore suffices to show that L, is relatively compact.

Let L'(u) be the Banach space consisting of all equivalence classes of w.r.t. u a.e.
equal, absolutely integrable functions, equipped with the norm || f|; := [ |f|dpu.
Then, identifying a measure with its density, we have

{veM(E):v<ut={feLl(n):f=0}

and we may identify L, with the set

L= {ret’w:f20. [fdu=1 [ flogfan<r)

Applying Exercise to the function ® defined in (5.4)), we see that the set L
is uniformly integrable.

By Prohorov’s theorem (Proposition , to show that L, is relatively compact,
it suffices to show that for each € > 0 there exists a compact set D C E such
that sup,¢;, v(E\D) < €. Since L/ is uniformly integrable, we can find a K < oo
such that sup sy, J Loy fdu < %8. Moreover, since E is Polish, for each § > 0,
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we can find a compact set D C FE such that u(E\D) < §. Applying this with
d =¢/(2K), we see that

sup I/(E\D) = sup {/1{f<K}\Dfd,u + 1{fZK}\Dfdu} < K[L(E\D) + %E <e,

veLy ferL,

proving the relative compactness of L,. |

Remark We have used the variational formula for H (v |u) (Proposition to
prove that v — H(v | ) is lower semi-continuous with respect to the topology on
M (E). Tt is possible to give a direct proof of this fact, see [DZ93 Lemma 6.2.16],
but this is quite involved.

5.4 Sanov’s theorem

The aim of this section is to prove the following result, which (at least in the case
E =R) goes back to Sanov [San61].

Theorem 5.13 (Sanov’s theorem) Let (Xy)i>o be i.i.d. random variables tak-
ing values in a Polish space E, with common law p, and let

1 n
M, ==Y 6y, (n>1)
n
k=1

be the empirical laws of the (Xi)k>0. Then the laws p, = P[M, € -], viewed as
probability laws on the Polish space My (E) of probability measures on E, equipped
with the topology of weak convergence, satisfy the large deviation principle with
speed n and rate function H(-|p).

Proof We first consider the case that E is compact. In this case, every continuous
real function on F is automatically bounded, so we simply write C(F) instead of
Cy(E). Since C(E) is separable, we may choose a countable dense set {¢; : i €
N;} C C(E). For each i € N, we define ¥, : M;(E) — R by ¥;(v) := [ ¢;dv.
The (¥;)ien, are continuous by the definition of weak convergence of measures.
We claim that they also separate points. To see this, imagine that v, € M;(FE)
and ¥;(v) = U;(v/) for all i > 1. Then [¢dv = [¢dv/ for all ¢ € C(E) by the
fact that {¢; : © € N} is dense, and therefore v = 1/
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We want to apply Theorem about projective limits. Since F is compact, the
same is true for M (F), so exponential tightness of the measures p,, comes for free.
For each m > 1, let U, : My (E) — R™ be defined as U,,(z) = (U1 (v), ..., Un(v))
(v € My(F)). We want to check condition (ii) of Theorem i.e., we want to
show that for each m > 1, there exists a good rate function I,, on R™ such
that the measures p, o \17;11 satfisfy the large deviation principle with speed n
and rate function I,,. For this aim, we want to apply the Gartner-Ellis theorem
(Theorem “ Lettlng , - ) denote the standard inner product on R™, we
observe that for each A\ € ]Rm one has

llog/ eno"x)pno\fl;f(dx) = llog en iz Ai(v) pn(dv)
n m n

Rm

_ ! logE[GZk 12 AV (5Xk)] _ %ng[eZZ:l D it Az‘@(Xk)}

— %10gHE[62£1 )\ngz(Xk)} log]E[eZz 1)\Z¢z Xl — Z/\l¢1
k=1

where T, is defined in 1' Applying Lemma to the image measure p o \17;11,
we see that the function

R™ 3> A+ FM(Z)\Z‘@) € [0, 00)

=1

is an element of Convy(R™), so the Gértner-Ellis theorem (Theorem is
applicable and tells us that the the measures p, o U1 satisfy the large deviation
principle with speed n and rate function I,, given by

In(z) = sup [(\,z) — F“(Z Aidi) ] (x € R™).

AER™

We have now also checked condition (ii) of Theorem about projective limits,
so we can use that theorem to conclude that the measures p, satfisfy the large
deviation principle with speed n and some good rate function I. Lemma [3.17]
moreover tells us that

(W) 1 I(v) asmtoo  (veM(E)).

Let ®,,, denote the linear span of the functions ¢4, ..., ¢, and let ®,, denote the
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linear span of the functions {¢; : i € N, }. Then

] (‘i} = Sup Z )\ \I] Z >\7,¢7,

AER™

= sup ZA /gbzdu ZAZ@ = Jup [/cbdv—Fu(M,

AER™

so our previous formula implies that

I(v) = sup [(r,0) —Tu(¢)]  (ve€Mi(E)),

PEPo

where as in the previous subsection we adopt the notation (v, ¢) := [¢dv. Since
P, is dense in C(E) and the functions ¢ — (v, ¢) and ¢ — I';,(¢) are continuous,
we can with the help of Proposition conclude that

I(v) = o [(v,0) =Tu(9)] = HWlp) (v € Mu(E)).

This concludes the proof in the special case that E is compact.

To prove the general statement, let £ be a metrizable compactification of E.
By Proposition [3.9, such a compactification exists and E is a Gs-subset of E. By
what we have already proved, the laws p,,, viewed as probability laws on the Polish
space M (E) of probability measures on E, equipped with the topology of weak
convergence, satisfy the large deviation principle with speed n and rate function
H(-[p).

We view M (E) as a subset of M;(E). By Exercise m, the topology on M (FE)
is the induced topology from M;(E). Since M;(E) is Polish in this topology,
it must be a Gs-subset of M;(E). By the restriction principle (Lemma ,
using the fact that H(-|u) is a good rate function (which has been proved in
Lemma and the fact that H(-|u) = oo on M;(E)\M;(E), we conclude
that the laws p,,, viewed as probability laws on M (FE), satisfy the large deviation
principle with speed n and rate function H( - |u). |

Remark For some purposes, the topology of weak convergence on M (E) is too
weak. With some extra work, it is possible to improve Theorem [5.13| by showing
that the emperical measures satisfy the large deviation principle Wlth respect to
the (much stronger) topology of strong convergence of measures; see [DS89, Sec-
tion 3.2]. Another very elegant proof of Sanov’s theorem can be found in [Csi06].



Chapter 6

Markov chains

6.1 The Perron-Frobenius theorem

In Theorem [2.17, we proved a LDP for Markov chains whose transition kernel P
is strictly positive everywhere. In the present chapter, we will relax this condition
and assume only that P is irreducible. In fact, we will generalize even more and
also drop the assumption that P is a probability kernel. For example, this allows us
to consider the case that the row sums of P are less than one, which is appropriate
when we want to find the asymptotics of the probability that a Markov chain stays
for a long time in a finite subset of the state space (compare Theorem . For
some problems, it is also natural to allow row sums larger than one. Our proofs will
make use of the Géartner-Ellis theorem and give new insight in the rate function
from Theorem 2.17

We will need the Perron-Frobenius theorem. In this section, we just state the
facts we need. Proofs can be found in Appendix [A] For any complex or real
square matrix A, we let o(A) denote its spectrum, i.e., o(A) is the set of complex
eigenvalues of A. Equivalently,

o(A) = {X € C:det(A— A1) =0},
where 1 denotes the identity matrix and det the determinant. The quantity
p(A) :=sup {|A|: A € 0(A)}

is called the spectral radius of A. We note that if AT(z,y) := A(y,z) (v,y € S)
denotes the transpose of A, then one has

det(A) = det(A"), o(A) =a(A"), and p(A) = p(A). (6.1)

149
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If S is a finite set, || - || is a norm on R®, and A is a real matrix indexed by S,
then the operator norm of A is defined as

IA]] = sup {JJAf] < If1] < 1}

In other words, ||A]| is the optimal constant such that the inequality ||[Af| <
|A]l - ||| holds for all f € R®. In particular, for the supremumnorm || f| =
sup,cg | f(x)| and the ¢1-norm || f||; := >, ¢ |f(z)| one can check that the associ-
ated operator norms are given by

|Allse = sup > | A(z,y)| and [JA]l; =sup ) |A(z,y)|. (6.2)

TES yes YES 1es

Gelfand’s formula says that for any operator norm, one has

— 7 n||l/n _ n||l/n
p(A) = T A"} = inf 4" (63)

We have already introduced basic terminology and notation for nonnegative ma-
trices in Section [2.4] If A is an aperiodic irreducible nonnegative matrix, then one
has

p(A) = lim (A™(x,2))"" = sup (A"(z,2))""  (x€89), (6.4)

n—00 n>1

and more generally

. n 1/n
p(A) = lim (A"(z,9)"" (v, €9). (6.5)
These formulas hold more generally even when A is periodic, but in this case we
must take the limit only along such values of n for which A"(x,y) > 0. Even more
generally, for any nonnegative matrix A that is not required to be aperiodic or
irreducible, one has
n 1/n
p(A) = sup sup (A" (z, z)) " (6.6)
zeS n>1
Let A and B be nonnegative matrices, indexed by the same finite set S, let r be a
positive constant, and let f € R® be a positive function. Then we write A ~, ; B
if
B(z,y) =r~ f(x) Az, y)f(y)  (z,y€8). (6.7)
We write A ~, B if A ~, ; B for some positive function f and A~ Bif A ~, B
for some r > 0. By induction, (6.7)) is easily seen to imply that

B"(z,y) =r"f(x)"A"(z,y)f(y)  (n>0, z,yeSl),



6.1. THE PERRON-FROBENIUS THEOREM 151

which using shows that
A~, B implies p(A) =rp(B). (6.8)

It is easy to check that ~ is an equivalence relation. Two nonnegative matrices A
and B such that A ~ B are called equivalent.

We will need the following version of the well-known Perron-Frobenius theorem.

Theorem 6.1 (Perron-Frobenius) Let A be an irreducible nonnegative matriz
indexed by a finite set S. Then there exist a positive constant r and a nonnegative
function f that is not identically zero such that

Af =rf (6.9)

The positive constant r is uniquely determined by and f is unique up to scalar
multiples. Moreover, one has r = p(A) and f(x) >0 for allz € S.

We call the constant f from Theorem the right Perron-Frobenius eigenfunction
and r the associated eigenvalue. Applying Theoremto AT, we see that there also
exists a positive constant ¢ and a positive function g such that gA = qg. We call g
the left Perron-Frobenius eigenfunction. By we have r = p(A) = p(AT) = ¢,
so the left and right Perron-Frobenius eigenfunctions have the same eigenvalue.
If P is an irreducible probability kernel, then its invariant law is the left Perron-
Frobenius eigenfunction and the constant function f(z) = 1 for all z € S is the
right Perron-Frobenius eigenfunction. Both eigenfunctions have the eigenvalue 1.
Indeed, it follows from applied to the norm || - ||o that

p(P) =1 for each probability kernel P. (6.10)

The following lemma is a simple consequence of the Perron-Frobenius theorem.
Note that below, in view of formula and the fact that p(P) = 1, the fact that
A ~ P implies that A ~, P with r = p(A).

Lemma 6.2 (Equivalent probability kernel) Let A be an irreducible nonneg-
ative matriz indezed by a finite set S. Then there exists a unique probability kernel
P such that A ~ P.

Proof For given r and f, setting

P(z,y) :==r"'f(z) Az, ) f(y)  (z,y€S) (6.11)
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defines a probability kernel if and only if

S @) Ay fly) =1 (@€ S),

yes

which is equivalent to Af = rf. Therefore, the Perron-Frobenius theorem says
that there exist r and f such that defines a probability kernel. Here, r
is uniquely determined and f is unique up to scalar multiples. We observe that
multiplying f by a scalar in does not change P, so we conclude that P is
uniquely determined. |

6.2 The rate function

Our aim is to give an alternative proof of Theorem using the Gértner-Ellis
theorem and at the same time relax its assumptions. As a preparation, we study
the rate function of Theorem [2.17] Generalizing our earlier definitions, if v is a
probability measure on a finite set S and p is a finite measure on S then we define
the relative entropy of v with respect to u by

v(x)lo v(z) if v
H(v|p) = IEZS ()lg,u@) v

o0 otherwise,

where the notation v < p means that v is absolutely continuous with respect to
, ie., v(z) = 0 whenever p(z) = 0. We note that in this more general setting,
the formula for H(v|u) given in Section involving the function v is defined in
(2.1)) no longer holds. Moreover, it may happen that H(v|u) < 0. It is sometimes
convenient to view H( - |u) as a function on R®, rather than M;(S). To that aim,
we define H(v|u) := oo if v is not a probability measure. Note that even though
we allow for the case that p is not a probability measure, we never “allow” for
the case that v is not a probability measure, in the sense that the domain of the
convex function H(-|u) only contains probability measures!

Generalizing notation first introduced in Section for any probability law 7 on
S and nonnegative matrix A we let 7 x A denote the nonnegative matrix defined
as

mx Az, y) == m(x)A(z,y) (x,y € 9).
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Recall from Section that for any v € M;(S?), we let

v (z) = Zy(x,y) and v'(y) = Zv(x,y)

yeS zeS

denote the left and right marginals of v, and we let
V(S) :={veMi(S?):v =v}

denote the space of probability laws v on S? whose left and right marginals agree.
For any nonnegative matrix A indexed by S, we define [f) : M1(S?) = R by

) = { Hlv~xA) ifveV(9),

00 otherwise,

which generalizes the definition given for probability kernels in Theorem [2.17 In
line with notation introduced for the relative entropy, we define If)(l/) =o0ifv
is not a probability measure.

We will show that 11(42) is an essentially well-behaved convex function and determine
its Legendre transform. For each ¢ € RS, we let Ay denote the nonnegative matrix
defined as

Ag(w,y) == Alz,y)e? V) (zye ), (6.12)

and we define T'y : R®* — R by

Ta(¢) :==logp(Ay) (¢ € RY).

The function I'y will play the role of the free energy in our application of the
Gartner-Ellis theorem. The following proposition says that I'4 is the Legendre
transform of the rate function 11(42).

Proposition 6.3 (Legendre transform of the rate function) Let A be an ir-

reducible nonnegative matrix indexed by a finite set S. Then ]1(42) € Convoo(]RSQ),
and I 4 is its Legendre transform.

Remark In the case of the Boltzmann-Sanov theorem, we have an explicit formula
both for the free energy and for the rate function. In the case of Cramér’s theorem,
we have an explicit formula for the free energy, but not for the rate function. In
the case of Markov processes, we are in the converse situation: we have an explicit
formula for the rate function, but not for the free energy (since it is not possible
to calculate the spectral radii of the matrices A, explicitly).
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The proof of Proposition [6.3 is quite long and will need some preparations. For
any E C S?, we set

V(E):={v e V(5?) : v(z,y) =0 V(z,y) € S*\E},

UE):={v eV(E):v(z,y) >0V (z,y) € E}. (6.13)

Recall the definition of equivalent nonnegative matrices from (6.7)). The following
two lemmas and Lemma [6.2) will allow us to reduce the proof of Proposition [6.3| to
the case that A is a probability kernel.

Lemma 6.4 (Rate function for equivalent matrices) If A and B are non-
negative matrices such that A ~, B, then If?(y) = [](32)(1/) —logr (v € RS).

Proof Let F := {(x,y) € S? : A(z,y) > 0} = {(z,y) € S* : B(x,y) > 0}. Since
]g)(u) =00 = Iﬁf)(y) for v ¢ V(F), it suffices to prove the claim for v € V(F). If
A and B are related as in (6.7]), then

v(z,y)

L (x%;E MO8 T R ) A )
v(w,y) [bgr +log f(z) —log f(y) + log #Aay) =logr + I (v),
(z,y)EE ’

where in the last step we have used that v is a probability measure such that
v- =vT. |

Lemma 6.5 (Free energy for equivalent matrices) If A and B are nonneg-
ative matrices such that A ~, B, then T'4(v) = Tp(v) 4+ logr (v € RS).

Proof Immediate from and the observation that A ~, B implies Ay ~, B, .1l

From now on, we fix an irreducible nonnegative matrix A indexed by a finite set
S, we set E = {(z,y) € 5% : A(z,y) > 0}, and we define V(F) and U(E) as in
. By Lemma , for each ¢ € RS”, there exists a unique probability kernel
P, such that Ay ~ Py. Since A is irreducible, so are A, and P,, so P, has a unique
invariant law m,. We use this to define a map y : RS - U (E) by

X¢ = 7T¢*P¢ (¢ER52).

We will later see that x is the gradient of I' 4.
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Lemma 6.6 (Gradient map) The function x maps RS into U(E) and is sur-
jective.

Proof Since 7, is the invariant law of P, the first and second marginals of x4
agree. Moreover x4(z,y) = m4(x)Py(x,y) > 0 for all (x,y) such that A(z,y) > 0,
and yu(z,y) = 0 when A(z,y) = 0. This shows that x4 € U(F) for all ¢ € RS",

To see that y is surjective, fix v € U(E). By Exercise [2.15 there exists a prob-
ability kernel P on S with invariant law 7 such that v = 7 % P. The definition
of U(E) implies that P(z,y) > 0 if and only if A(z,y) > 0, so we can find a
function ¢ € R5” such that P = Agy. Then clearly P ~ Ay, so v = x4, proving the
surjectivity of x : RS” — UE). |

Comparing the following lemma with Lemma [4.24] explains why we call x the
gradient of I"4.

Lemma 6.7 (Duality relation) Let A be an irreducible nonnegative matriz in-
dexed by a finite set S. Then one has

i, ¢) <IP W) +Ta(¢)  (veV(E), ¢ € RY), (6.14)

with equality if and only if v = x4.

Proof It follows from Lemma 2.18| that
W) =0 (vev(m), (6.15)
with equality if and only if v = x,. Since Py is a probability kernel, we have

p(P,) = 1 by (6.10) and hence shows that Ay ~, Py, with r := p(A;). By
Lemma [6.4] it follows that

I () = 1D (v) + log p(Ay).

Here log p(A,) = I'a(¢) and

100 = 3 epos =1t

(z,y)EE

= % vl [low s~ olo)] = 190) - (6)
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Inserting these formulas into ((6.15)), we arrive at ([6.14)). |

Before we can prove Proposition |6.3] we need further knowledge of the gradient.
Recall that E := {(z,y) : A(z,y) > 0}. For any v € R%", we define v~ and vt as

in (2.4). We set

A= {V6R52 v :V+, V('T,y> :0‘v’(x,y) GE, Z V(.ﬁ(],y) = 1}’

(z,y)EE
ie., A is the affine hull of V(E). For any v : S — R, we define 1, : S*> = R by
Uy, y) =(y) —(x)  (z,y€9).

The following lemma is just a trivial observation.

Lemma 6.8 (Marginals agree) A function v € RS satisfies v~ = vt if and
only if (v,4h,) =0 for all v € RY,

We define orthogonal subspaces € and £L of RS by

E:={p cRY : ¢(z,y) = 0 ¥(z,y) € S*\E},
Et={pe R : ¢(z,y) =0 V(z,y) € E}.

We let 1(z,y) := 1 (x,y € S) denote the function that is constantly one and define
a subspace F of R®* by

Fi={¢p+1,+cl:pe& yveR’ ceR}. (6.16)
The space F will turn out to be the space of flat directions of I"4.

Lemma 6.9 (Space of flat directions) If 9+, +cl = ¢' +1, + 1 for some
o, ¢ € EL, 7,9 € R®, and ¢,c € R, then one has ¢ = ¢, b, =, and ¢ = (.
Let L : F — R be the linear form defined by

L+, +cl)i=c (p€&", veR®, ceR). (6.17)

Then one has

A={veR¥ (v f) = L(f) Vf € F}.
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Proof Using Lemma , we see that v € RS satisfies v € A if and only if
(v,90,) = 0 for all v € RS, (v,¢) = 0 for all ¢ € £*, and (v,1) = 1. Picking
any v € A, we can then define a linear form L with the property described in the
lemma by setting L(f) := (v, f) (f € F). These arguments also immediately show
that

Ac{veR¥ (v f)=L(f) Vf e F}.

The opposite inclusion will follow from our previous observations once we show
that each function f of the form f = ¢+ 1, +cl with ¢ € £+, vy € R, and c € R
determines the functions ¢ and 1, and the constant ¢ uniquely.

Since L(f) = ¢, it is clear that the constant ¢ is uniquely determined by f. Since
¢(x,y) = 0 for each (z,y) € E, it follows that the function values (1, (2, y))(y)cE
are uniquely determined by f. To complete the proof, it suffices to show that these
values uniquely determine .. Indeed, since E is irreducible, it is easy to see that
the function values (¢ (x,9)) (e determine v up to an additive constant, and
hence 1), is uniquely determined. |

The following lemma confirms what we have already announced, namely, that F
is the space of flat directions of I'4.

Lemma 6.10 (Flat directions) One has

Talo+[)=Tal@) +L(f) (#€R™, feF)
where L : F — R is the linear form defined in .

Proof Let ¢ € RS be arbitrary, let ¢ € £+, v € RY, and ¢ € R. We observe that
Aprgoraley) = e 7@ T )W) 2y e 9). (6.18)

This says that Ay ~; Apigp,—a with r = e ¢ and f(z) := '™ (z € S). By
, it follows that p(Ay) = e p(Ag4p/4y,—1) and hence

La(¢) = log p(Ay) = log p(Ap+p4p,+c1) —c=Tald+ ¢ + ¢, +cl) —c
In view of ((6.17)), this proves the claim. |
Our final lemma relates the gradient map to the space of flat directions.

Lemma 6.11 (Multiplicity of the gradient map) For ¢,¢ € RSQ, one has
Xo = Xu if and only if 9 —p € F.
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Proof In (6.18)), we have already seen that Ay ~ Ay, s for all € RS and f € F.
Recall that x, was defined in terms of P, the unique probability kernel such that
Ay ~ P,. Since Ay ~ Agyp we have Ayyr ~ P, and hence Py ¢y = Py and as a
consequence also Xe4+f = Xo-

Conversely, if x4 = Xt for some ¢, f € RS, then P, = Py, and hence Ay ~
Py, = P4y ~ Ayiy, which is easily seen to imply that f € F (compare (6.18)). R

We have now collected all necessary ingredients to prove Proposition [6.3] We will
first formulate a general result and then apply it in our concrete setting. The
general result is a bit abstract and technical but the preceding lemmas already
suggest how it will be applied.

Proposition 6.12 (Dual convex functions) Let S be a finite set, let F C RS
be a linear subspace, let L : F — R be a linear form, and let

A:={zeR%: (¢,z) = L(v) V¢ € F}.

LetT : R - Rand I : A — (—00, 0] be functions, let Dy := {x € A: I(r) < oo},
and let Uy denote the interior of Dy, viewed as a subset of A. Assume that

(i) Do +v) =T(¢) + L(v)  (9€R” v eF)
Assume moreover that there exists a function x : RY — U; such that

(i) x s surjective,

(i) x(¢) = x(¥) if and only if ¢ — ¢ € F,
(iv) (¢, ) <T(¢)+ I(x) for all p € RS and x € A,
with equality if and only if x = x(¢).

ThenT € Qonvl(RS) and its Legendre transform is the function I : R® — (—00, o0]
defined as I(x) := I(z) if v € A and := oo otherwise.

Proof We set
Vi={zeR%: (,x) =0 Vo € F},

V*.=R5/F.
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Let ¢ 1= {¢' € RY : ¢/ — ¢ € F} denote the equivalence class ¢ € R/ F containing
¢ € R®. The spaces V and V* are dual with respect to the function (-, -) defined
as

(¢,2) = (p,2)  ($ER” weV),

where by the definition of V', the right-hand side does not depend on the choice
of the representative ¢ € R®. We fix an arbitrary z, € A and define J : V —
(—o0,00] and A : V* — R by

J(z):=1(x, + ) (xeV),

A(@) =T(¢) — (¢, o) (¢ € RY),

where in the second formula, by our assumption (i), the right-hand side does not
depend on the choice of the representative ¢. We set Dy := {x € V : J(x) < oo}
and let U, denote the interior of D;. By our assumption (iii), we can unambigu-
ously define a function n : V* — U; by

n(¢) =x(¢) —z. (¢ €R?).

Combining assumptions (ii) and (iii), we see that 1 is a bijection. Our assump-
tion (iv) says that for any ¢ € R® and x € V, one has

(D, 20+ ) <T(P) + (2o + ) = A(P) + (&, 20) + J ()

with equality if and only if z, + x = x(¢). Equivalently, this says that

(iv)" (¢,7) < A(¢) + J(z) forall g € V* and v € V,
with equality if and only if = = n(¢).

Since 1 : V* — U is a bijection, we have
J(x) <A(¢) — (¢, 2) (zeV, eV,

with equality if and only if 2 € U; and ¢ = n~'(x). It follows that

J(z) = sup [A(¢) — (¢, 7)],

pev*

which shows that J € Conv(V) and J is the Legendre transform of A. In the
same way, we see that A € Conv(V') and A is the Legendre transform of J. The
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condition (iv)’ moreover shows that the generalized gradients of J and A are given
by

DJ= {(:c,nfl(:l?)) cx € UJ},
DA={(¢.n(9)) : 6 € V"}.

Applying Lemma [4.23] we see that J is continuously differentiable on U; and A is
continuously differentiable on V*. Moreover, 9.J(x) = n~'(z) and dA(¢) = 1(¢).
In particular, this shows that n and n~! are continuous, so OA : V* — U; is a

homeomorphism. This proves that A € Conv{ (V*).

It now follows easily that I' € Conv;(R®). Moreover, F = Fr, the space of flat
directions of T', and L : F — R is the affine slope of I. Letting I denote the
Legendre transform of I', we see from Lemma that A = Az, the affine hull of
the domain of I. Using this, it is easy to see that I(z) = I(z) if # € A and = o0
otherwise. |

Proof of Proposition We apply Proposition with S? in the role of
the finite space S from Proposition , F as defined in , L as defined in
, and I' = 'y and I = Iﬁf). Then U; = U(E) and conditions (i)—(iv) of
Proposition [6.3] are satisfied by Lemmas [6.10] [6.6] [6.11] and [6.7] respectively, so
we can use Proposition [6.12] to conclude that 'y € Conv,(R%") and ]1&2) is its

Legendre transform. By Lemma 4.29L it follows that If) e Convy(R%). Tt is

clear from its definition that ]15‘2) is infinitely differentiable on U(FE), so in fact

]1(42) € Conva (RS?). |

6.3 A LDP for one-dimensional Gibbs measures

We are now ready to prove the promised generalization of Theorem [2.17. We will
apply the Gartner-Ellis theorem, using Proposition (6.3l The proof will be quite
quick, since all the hard work has already been done in the proof of Proposition 6.3]

For m,n € Z with m < n, we write [m : n| := {m,m +1,...,n}. We define finite
measures ufj on the space S of all sequences (o, ..., 2y) by

,uf”;(xo, oy @) = Ygoma, 2=y H A(zg_1, Tg). (6.19)
k=1
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Similarly, we define

ppr =gt pdne=> "t and pde= Y plt

yes z€S (z,y)€52

Note that if A is a probability kernel and (X k)k>0 is the Markov chain with initial
state x and transition kernel A, then ,u U is the law of (Xo,..., X,).

We observe that

Z u:ﬁ’;‘(xo,..., Z Z Lizo=z, on= y}HA (g1, 1) = A" (2, ).

(x0,...,xn)ESIO0m] zoES Tn€S

For each z,y, and n such that A"(z,y) > 0, we define a probability measure ﬁf”y”
on S by

—An . May

Hgy = m
We call ,uf" the Gibbs measure with transfer matrix A and boundary conditions
x,y. Note that if A is a probability kernel and (Xk) k>0 is the Markov chain with
initial state = and transition kernel A, then 72" is the law of (X, ..., X,) con-
ditioned on X,, = y. The following exercise says that equivalent transfer matrices
define the same Gibbs measures with fixed boundary conditions ]

Exercise 6.13 (Equivalent transfer matrices) Let A and B be a irreducible
nonnegative matrices indexed by the same finite set S. Then A ~ B implies that
i = fiy for all .y, and n such that A™(x,y) > 0 (and hence also B™(z,y) > 0).

Remark Let A be a fixed irreducible nonnegative matrix indexed by S and for
¢ € RS, let A, be defined as in . The uf,y’n is called the Gibbs measure
defined by the potential . We have seen in that if we modify ¢ by adding
a constant, or by adding a function of the form v, (x,y) = v(y) — v(z), then the
new transfer matrix is equivalent to the old one and hence by Exercise defines
the same Gibbs measures. In this context, a function of the form 1., is called a
coboundary.

We will, in fact, be more 1nterested in the unnormalized measures ,um »* than in the
Gibbs measures ,u - We call p7 ” the unnormalized Gibbs measure Wlth transfer

In fact, a deeper converse also holds: if two irreducible transfer matrices define the same
Gibbs measures with fixed boundary conditions, then they must be equivalent in the way we
have defined.
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matrix A and boundary conditions x,y. We call um 7 the unnormalized Gibbs
measure with left boundary Condltlon x and free boundary conditions on the right.
Similar terminology applies to u " and u

We define MY : 507 5 A, (S2) by

n

1
M (2, ..., 2,) = - D Sanrimn)-

k=1

For any nonnegative matrix A indexed by S, we let

Py = by o (M)~

denote the image of the finite measure ux " defined in (6.19)) under the map M, @

Sloml _y RS® We define pl, nopd o and piin similarly. Note that these are ﬁnlte
measures on the space M (SQ) of probablhty measures on S?. In particular, if A
is a probability kernel and (Xj)r>o is the Markov chain with initial state = and
transition kernel A, then pf”.” (n > 1) are the laws of the pair empirical measures

Of (Xk)kz()-

The following theorem generalizes Theorem [2.17]in the sense that A does not need
to be a probability kernel and only needs to be irreducible, instead of being strictly
positive everywhere.

Theorem 6.14 (LDP for pair empirical measure) Let A be an irreducible,
aperiodic nonnegative matrix indexed by a finite set S and let x,y € S. Then

the measures p;, An satisfy the large deviation principle with speed n and good rate

(2)

function I;". The same 1is true for the measures px nopd s and pf;”.

Proof Proposition tells us that I € Convoo(]RS ), and ' is its Legendre
transform. By Lemma , it follows that I'4 € Convy(RS). Since T’ A(¢) < 00
for all ¢ € RS, clearly 0 € Ur,. Therefore, the LDP for the measures p;; A will
follow from the Gartner-Ellis theorem (Theorem 3) provided we show that

lim =~ log / e O pAn(ay) = Ta(g) (6 €RP).

n—o0 M,

To see that this holds, we start by observing that

n n

n(MP (o, ., 20),0) = Y (Sayrm)s 8) = > O(ah1, 1)

k=1 k=1
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and hence

(2)
/RS2 en(u, ¢>pzz47,n(dy) _ Z en(Mn (iCo, .. 7xn>7 (ﬁ)Miv;(mo’ o 7In)

Yy
( [ORRERS) Cvn)
Y

= Z s Z ezk:l Cb(l'k_ Ik)l{xozx, zn=y} H A<$k717 :I;k) = Ag<x7 y)
oTs) Tn k=1

Taking the logarithm, dividing by n, and taking the limit using formula (6.5]), the

claim follows. This completes the proof that the measures pfj&l satisfy the LDP

with good rate function If). Since ,05}7’,” = ZyES pﬁ’y”, we can use Exercise |1.13

to conclude that the same is true for the measures pﬁf, and the same argument

applies to the measures pf‘,if and pf{’,”. u
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Appendix A

The Perron-Frobenius theorem

A.1 Periodicity

By definition, the greatest common divisor of a nonempty set N C N, := {1,2,...}
is the number

sup{k > 1: N C kN, }, where AN, :={kn:neN,}. (A1)
We say that N is closed under addition if n,m € N imply n+m € N.

Lemma A.1 (Sets closed under addition) Assume that N C N, is nonempty
and closed under addition, and let k be its greatest common divisor. Then kN \N
1s finite.

Proof The set N’ := {n/k : n € N} C N, is closed under addition and has
greatest common divisor one, so it suffices to prove that if some nonempty N C N,
has greatest common divisor one, then N\ N is finite.

Fix any k € N and set A, == {m : 0 <m <k, kn+m € N} (n > 0). We
will prove our claim by showing that A, = {0,...,k — 1} for all but finitely
many n. Since N is closed under addition, A, C A, and A, 1 Ay where A
is closed under addition modulo k. Let m be the smallest positive element of
As. Since A, is closed under addition modulo k, we have by induction that
nm mod(k) € Ay for all n > 0. In particular nm mod(k) € {1,...,m — 1} for
each n > 0, which implies that k£ is a multiple of m, say £k = Im with [ > 1, and
As = {0,m,2m, ..., (I — 1)m}. Since A, C A for all n > 0, this implies that

165
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N C mN, so by our assumption that the greatest common divisor of N is one, we
have that m =1 and A, ={0,...,k —1}. |

A.2 Subadditivity

Let N C N, be closed under addition. We say that a sequence (a, )nen of numbers
a, € [—00,00) is subadditive if anipm < a, + a,, for all n,m € N. Similarly, a
sequence (G, )nen of numbers a,, € (—oo, 0] is superadditive if a, . > a, + a,, for
all n,m € N. The following result is known as Fekete’s lemma.

Lemma A.2 (Fekete’s lemma) Let N C N, be nonempty and closed under
addition and let (ay)neny with a, € [—00,00) be subadditive. Then
1 1

lim —a, = inf —a, € [—00,0). (A.2)
Non—oco N neN N

Similarly, if (an)neny with a, € (—o0, 00| is superadditive, then

1 1
lim —a, = —ay, € (—00, 00| A3
N (A9)

Proof If (a,),en is superadditive, then (—a,)nen is subadditive, so it suffices
to prove the claim for subadditive sequences. We can without loss of generality
assume that the greatest common divisor of N is one; then Lemma tells us
that N;\V is finite. Fix m € N. Since N} \N is finite, we can find [ > 1 such
that [Im : c0) C N. For each n > Im, define k,, > 0 and r,, € [lm : Im + k — 1] by
n =: k,m + r,. By subadditivity,

i 1 ) 1 1

limsup —a,, < limsup —(kpam + a,,) = —an, (A4)

n—oo M n—soo M m
where we have used that sup,cymmir_1jar < 0o. Taking the infimum over all
m € N, we obtain that

1 1
limsup —a,, < inf —a,,. (A.5)
n—oo N meN M

In particuar, this shows that the limit superior and limit inferior agree, so the limit
exists and is given by inf,,cn %am. [ |

Remark More generally, if (a,)nen is subadditive and a,, = oo for some n € N,
then by subadditivity, the set N’ := {n € N : a, < oo} is closed under addition,
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so we may apply Fekete’s lemma to the restricted sequence (a,)nens. From this
it is easy to see that if a, = oo for finitely many n € N, then the statement of
the lemma remains true. However, the sequence (ai,as,...) := (0,00,0,00,...)
satisfies a,, .., = 0 = a, + a,, if n and m are both odd and a,,,,, < a,, +a,, = 0o in
all other cases, while lim,, ,, a,,/n does not exist. This shows that the assumption
that the a,’s are < oo cannot be dropped altogether.

A.3 The spectral radius

Lemma A.3 (Matrix powers) Let A be a real or complex matrix indexed by a
finite set S and assume that p(A) < 1. Then lim,,_,o A™(z,y) =0 for all z,y € S.

Proof (sketch) Without loss of generality, we may assume that A is a matrix in
Jordan normal form. Then the diagonal elements of A™ are of the form A" where A
is an eigenvalue of A. The upper diagonal elements are a bit more complicated but
it is not hard to see that they are of the form CA" for some constant C' that does
not depend on n. Therefore, if |A\| < 1 for all eigenvalues A, then A™ converges to
the zero matrix as n — oo. |

Proof of Gelfand’s formula Since ||ABf|| < ||All-1BfIl < [JAll- 1B - [ f]]
for each f € R¥, and ||AB|| is the optimal constant for which such an inequality
holds, we have that ||[AB|| < ||A]|-||B]|. It follows that the sequence a,, := log || A" |
is subadditive, so Fekete’s lemma (Lemma implies that

lim - log | A7) = in + log 14|
Applying the exponential function to this equation, we see that
T A" = i (A7)
If X\ is an eigenvalue of A and f is an associated eigenvector, then
[A" Il = A" - [lf]l - and hence [|A™[} = [A]",

which implies that inf,s; ||A™||*/™ > |A|. Since this holds for all A € o(A), we
conclude that
inf | 471" > p(A).
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On the other hand, applying Lemma to B := (p(A) —e)"LA, we see that for
each € > 0, there exists an N such that ||B"|| < 1 and hence ||A™]| < (p(A) +¢)"
for all n > N. It follows that

lim sup || A"]|Y™ < p(A) +¢.

n—oo

Since € > 0 is arbitrary, this completes the proof. |

Proof of formulas (6.4)), (6.5)), and For any two nonnegative matrices
A and B indexed by a finite set S, we observe that

AB(z,2) > A, y)By2) (59,2 € 9). (A.6)
Applying this with + = y = 2z we see that the function n — log A"(z,x) us
superadditive, so Fekete’s lemma (Lemma |A.2)) implies that

1 1
lim —log A(z,x) = inj{f—logA(x,x),
ne

N>on—oco N n

where N := {n € N, : A(x,z) > 0}. In particular, if A is aperiodic, then we have

lim (A”(:U,x))l/n = sup (A”(x,$))1/n (x €9). (A.7)

n—oo n>1

By irreducibility, for each y,z € S, we can find an m > 1 such that A™(y, z) > 0.

Then the inequality
Az, y) A" (y, z) < A" (z, 2)

implies

1 1
lim sup —log A™(z, y) <lim sup — (log A"*"(x, z) — log A™(y, 2))
n

n—oo TN N—00

1
= lim sup log A" (x, 2)
n—oo T M
and

lim inf log A" (x, z) > lim inf

log A" log A™
n—oo 1+ m n—00 n+m( og A"(x,y) +log A™(y, 2))

1
=liminf — log A" (x, y).

n—oo M

Combining this with (A.7]) we see that the limit in (6.5]) exists and does not depend
on the choice of y € S. A symmetric argument shows that the limit also does not
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depend on z. Gelfand’s formula (6.3)) then allows us to conclude that the limit is
p(A).

If A is irreducible but has period m > 2, then we can partition S into disjoint sets
S0 -+, Sm—1 such that A(z,y) > 0 only if x € S and y € Sk41 mod(m)- Applying
our previous arguments to A™ restricted to any of the sets Sy, ..., S,,_1 shows that
the formula

n 1/n
p(A) = sg}l) (A™(z,x)) (x €9)
remains true without the aperiodicity assumption. If we also remove the irre-
ducibility assumption, then we can partition .S into sets on which A is irreducible
plus a set of “transient states” S’ := {z : A"(z,z) = 0 Vn > 1}. Using Gelfand’s
formula (6.3]), one then sees that formula holds. |

A.4 Proof of the Perron-Frobenius theorem

In this section, we prove the Perron-Frobenius theorem (Theorem [6.1]). We start
with the existence part. For this part, irreducibility is not needed.

Lemma A.4 (Existence of eigenvector) Let A be a nonnegative matriz indezed
by a finite set S. Then there exists a function h : S — [0, 00) that is not identically
zero such that Ah = p(A)h.

Proof We will treat the cases p(A) = 0 and p(A) > 0 separately. We start with the
latter. In this case, for each z € [0,1/p(A)), let us define a function f, : S — [0, 00)
by

oo

f. = Z Z"A",

n=0
where 1 denotes the function on S that is identically one. It follows from Gelfand’s
formula (6.3)) that for each z < 1/p(A), this sequence is absolutely summable in
any norm on R%. As a result,

Af =) 2" A =271 -1 (0<z<p(A)7). (A.8)
n=0

By (6.2) and the nonnegativity of A (and hence of A™ for any n > 0),

14"l = sup Y A" (2, y) = || A"]|ox.

zeS yes
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Let || f|l1 := > ,cq|f(z)| denote the ¢;-norm of a function f : S — C. Gelfand’s
formula (6.3)) tells us that ||A"||« > p(A)™ for each n > 1, so using nonnegativity,
we see that

el =D 2" A" T = Y 2" 1A o = ) 2" Al = D 2"p(A)" (A9)
n=0 n=0 n=0 n=0

Let h, := f./||f.||1. Since h, takes values in the compact set [0, 1]°, we can choose
zn T p(A)~1 such that h,, — h where h is a nonnegative function h with ||hl|; = 1.

Now ((A.8)) tells us that

By (A.9), ||fz]li = oo as z T p(A)~!, so letting n — oo we obtain a nonnegative
function h such that Ah = p(A)h and ||h||; = 1.

We are left with the case p(A) = 0. We will show that this implies A" = 0
for some n > 1. Indeed, by the finiteness of the state space, if AlSl # 0, then by
nonnegativity there must exist xy, ..., x, € S with g = x,, and A(xy_1,zx) > 0 for
cach k = 1,...,n. But then A" (x¢,z0) > n™ where n := [[}_; A(xs_1,2%) > 0,
which is easily seen to imply that p(A) > /" > 0. Thus, we see that p(A) = 0
implies A" = 0 for some n. Let m := inf{n >1: A"1 = 0}. Then h := A™ 11 #£0
while Ah =0 = p(A)h. |

Lemma A.5 (Constant harmonic functions) Let P be an irreducible proba-
bility kernel on a finite set S. Assume that f : S — [0,00) is not constantly zero
and that Pf =rf for somer > 0. Thenr =1 and f is constant.

Proof We first prove the statement under the additional assumption that P is
aperiodic. In that case

lim P"(z,y) ==(y) (z,y€S9),

n—oo

were 7 is the unique invariant law of P. It follows that

rf(z) = P"f(x) — Y orWfly) =c  (zeS)

yeSs

Since f is not constantly zero, ¢ > 0 and r"f can only converge to a constant
nonzero function if r = 1 and f is already constant.
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If P is not aperiodic then we replace P by @ := (P + 1)/2, where 1 denotes the
identity matrix. Then @ is aperiodic and irreducible and Qf = 1 (r + 1) f, so our
previous argument gives %(r +1) =1 and f is constant. |

Proof of the Perron-Frobenius theorem (Theorem Let A be an irre-
ducible nonnegative matrix indexed by a finite set S. By Lemma[A 4] there exists
a function h : S — [0, 00) that is not identically zero such that Ah = p(A)h. Since
A is irreducible, formula shows that p(A) > 0. Now A(z,y) > 0 and h(y) >0
imply h(x) > p(A)"'A(x,y)h(y) > 0, so the fact that h is not identically zero and
irreducibility imply that h(z) > 0 for all z € S.

To complete the proof, we must show that if Af = rf for some nonnegative
constant 7 and function f : S — [0,00), then r = p(A) and f/h is constant. By
the argument given in the proof of Lemma [6.2] setting

P(z,y) = p(A)"'h(z) Az, y)hly)  (z.y €9)

defines a probability kernel P such that A ~ P. It is straightforward to check that

f rof
P(;) = A B

so the claim follows from Lemma [A 5l [
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affine hull, exposed point,

affine set,

affine slope, [112 Fekete’s lemma, [166

aperiodicity, Fenchel-Legendre transform, [109
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bounded pointwise convergence, [143 of convex function, (112
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central limit theorem, free energy,

closed convex hull,

closure, Gibbs measure, [161
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compact good rate function,

level sets, gradient,
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contraction principle,

convex, [105]

convex cone, [I05]

half-space, [106
Hausdorff topological space,

convex function, image measure, [31]

convex hull, induced topology,
of a function, [I08 initial law,

cumulant generating function, interior, [[7}, [[05]

invariant law,
of Markov process,
inverse image, [31]

irreducibility,

irreducible

dense set,
distribution determining, [70]
Donsker-Varadhan theory,

dual basis,

dual linear space, [I03] Markov process,
empirical average, [7] kernel
empirical distribution, probability,

finite space, Kullback-Leibler distance,

for pairs,

of Markov process, large deviation principle,
epigraph, weak,
equivalence law of large numbers

of nonnegative matrices, 151 weak, [7]
essentially well-behaved convex func- LDP, 24]

tion, [126] Legendre transform, [I09

exponential tightness, [70] Legendre-Fenchel transform, [109

exponentially close, level set, [9]
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logarithmic cumulant generating restriction

function, of a convex function, [123
logarithmic moment generating restriction principle,

function,

lower semi-continuous, [J] Scott topology,

seminorm, 23]

Markov chain, separable,
maximal domain separation of points,

of convex function, [124 simple function,
moderate deviations, slope
moment generating function, affine, [112]

_ speed,

natural domain stationary process, [52]

of convex function, Stirling’s formula,
nontrivial direction, [113 strictly convex function, [107]
norm, 24 subadditivity, [[66
normalized rate function, superadditivity, [166

. . . ti

one-point compactification, @] Supl;?;irig%’unc tion. 20
pair empirical distribution, [44] hyperplane, [107
partial sum, tightness
period of a state, expor’lential 75
Perron-Frobenius theorem, [151 tilted probability law, B3}

Portmanteau theorem,
potential,

probability kernel,
projective limit,

totally bounded,
transfer matrix, (161
transition kernel,
transition rate, [I5]

quotient space, [IT5] Ulam’s theorem, [70]
rate, 2 uniform integrability,
rate function Varadhan’s lemma,

normalized,

rate function,
Cramér’s theorem,
good, well-behaved convex function, [125

rate function determining,

relative entropy, [140)

for unbounded functions,
vertical hyperplane, [118
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