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Abstract This is a short advanced course in Markov chains, i.e., Markov
processes with discrete space and time. The first chapter recalls, with-
out proof, some of the basic topics such as the (strong) Markov prop-
erty, transience, recurrence, periodicity, and invariant laws, as well as
some necessary background material on martingales. The main aim of
the lecture is to show how topics such as harmonic functions, coupling,
Perron-Frobenius theory, Doob transformations and intertwining are all
related and can be used to study the properties of concrete chains, both
qualitatively and quantitatively. In particular, the theory is applied to
the study of first exit problems and branching processes.



Notation
N natural numbers {0, 1,...}
N4 positive natural numbers {1,2,...}
N NU {oo}
7 integers
Z Z U {—o0,00}
Q rational numbers
R real numbers
R extended real numbers [—o00, 00|
C complex numbers
B(E) Borel-o-algebra on a topological space E
14 indicator function of the set A
ACB A is a subset of B, which may be equal to B
A° complement of A
A\B set difference
A closure of A
int(A) interior of A
(Q, F,P) underlying probability space
w typical element of {2
E expectation with respect to P
o(...) o-field generated by sets or random variables
Ifle supremumnorm | ]l == sup, |f(z)]
p<Lv 1 is absolutely continuous w.r.t. v
fe <<gr  lmfi/gr =0
fe~ g lim fi/gr =1
o(n) any function such that o(n)/n — 0
O(n) any function such that sup, o(n)/n < oo
Oy delta measure in x
1RV product measure of p and v
= weak convergence of probability laws
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Chapter 0

Preliminaries

0.1 Stochastic processes

Let I be a (possibly infinite) interval in Z. By definition, a stochastic process
with discrete time is a collection of random variables X = (Xj)res, defined on
some underlying probability space (€2, F,P) and taking values in some measurable
space (E,E). We call the random function

IS5k~ X (w)eE

the sample path of the process X. The sample path of a discrete-time stochastic
process is in fact itself a random variable X = (X})xes, taking values in the product
space (E!, &), where

E' = {2 = (21)per : 21 € EVE € I}

is the space of all functions x : I — E and &' denotes the product-o-field. It
is well-known that a probability law on (B!, &) is uniquely characterized by its
finite-dimensional marginals, i.e., even if [ is infinite, the law of the sample path
X is uniquely determined by the finite dimensional distributions

P[(Xk, ..., Xksn) €-]  ({k,....k+n} CI).

of the process. Conversely, if (E, &) is a Polish space equipped with its Borel-o-
field, then by the Daniell-Kolmogorov extension theorem, any consistent collection
of probability measures on the finite-dimensional product spaces (E”,£”), with
J C I a finite interval, uniquely defines a probability measure on (EZ, ET). Polish
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6 CHAPTER 0. PRELIMINARIES

spaces include many of the most commonly used spaces, such as countable spaces
equipped with the discrete topology, R?, separable Banach spaces, and much more.
Moreover, open or closed subsets of Polish spaces are Polish, as are countable
carthesian products of Polish spaces, equipped with the product topology.

0.2 Filtrations and stopping times

As before, let I be an interval in Z. A discrete filtration is a collection of o-fields
(Fi)rer such that Fj, C Froq for all k,k+1 € I. If X = (Xy)ges is a stochastic
process, then

f,‘j(:za({Xj:jGI,jgk}) (kel)

is a filtration, called the filtration generated by X. For any filtration (Fy)ges, we

set
Foo = a( U .Fk).

kel
In particular, FX = o((Xy)rer)-

A stochastic process X = (Xg)rer is adapted to a filtration (Fy)rer if Xy is Fp-
measurable for each k € I. Then (F{¥)ies is the smallest filtration that X is
adapted to, and X is adapted to a filtration (Fy,)xes if and only if FX C Fy, for all
kel

Let (Fy)rer be a filtration. An Fy- stopping time is a function 7 : Q@ — I U {oc}
such that the {0, 1}-valued process k +— 1.<jy is Fr-adapted. Obviously, this is
equivalent to the statement that

{Tgk}EFk (kEI)

If (Xy)ger is an E-valued stochastic process and A C E is measurable, then the
first entrance time of X into A

TAZ:inf{/{iGIZXkEA}

with inf ) := oo is an F{*-stopping time. More generally, the same is true for the
first entrance time of X into A after o

Toa:=inf{k el : k>0 X;ecA}

where o is an Fi-stopping time. Deterministic times are stopping times (w.r.t.
any filtration). Moreover, if o, 7 are Fi-stopping times, then also

oVT, ONT
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are Fi-stopping times. If f: U {oo} — I U{oo} is measurable and f(k) > k for
all k € I, and 7 is an Fy-stopping time, then also f(7) is an Fj-stopping time.

If X = (Xy)kers is an Fp-adapted stochastic process and 7 is an Fi-stopping time,
then the stopped process

w — ka-(w) (w) (/f S ])

is also an Fi-adapted stochastic process. If 7 < oo a.s., then moreover w —
X+ (w)(w) is a random variable. If 7 is an Fj-stopping time defined on some filtered

probability space (2, F, (Fi)rer, P) (with Fr, C F for all k € I), then the o-field of
events observable before T is defined as

Fri={AeFu:An{r <k} e F,Vkel}.

Exercise 0.1 If (Fy)kes is a filtration and o, 7 are Fy-stopping times, then show
that .Fo-/\T :fg/\f:r.

Exercise 0.2 Let (Fy)rer be a filtration, let X = (Xj)rer be an Fi-adapted
stochastic process and let 7 be an F;X-stopping time. Let Y := Xy, denote the
stopped process Show that the filtration generated by Y is given by

Fo =Fine (k€ TU{oc}).
In particular, since this formula holds also for k = oo, one has
FX =0 ((Xenr)rer),

i.e., FX is the o-algebra generated by the stopped process.

0.3 Martingales

By definition, a real stochastic process M = (My)rer, where I C Z is an interval,
is an Fi-submartingale with respect to some filtration (Fy)res if M is Fr-adapted,
E[|My|] < oo for all k € I, and

EMei|F > M, ({kk+1} C ). (0.1)

We say that M is a supermartingale if the reverse inequality holds, i.e., if —M
is a submartingale, and a martingale if equality holds in (0.1)), i.e., M is both a
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submartingale and a supermartingale. By induction, it is easy to show that (0.1))
holds more generally when k,k + 1 are replaced by more general times k,m € [
with £ < m.

If M is an Fi-submartingale and (F},)k>0 is a smaller filtration (i.e., F; C Fy, for
all k € I) that M is also adapted to, then

E[My11|F;) = E[E[Myn | Fil|F) > BIMy|F) = My ({k,k+1} C ),

which shows that M is also an Fj-submartingale. In particular, a stochastic pro-
cess M is a submartingale with respect to some filtration if and only if it is a
submartingale with respect to its own filtration (F})xer. In this case, we simply
say that M is a submartingale (resp. supermartingale, martingale).

Let (Fi)rer be a filtration and let (Fi_1)ker be the filtration shifted one step to
left, where we set Fj_; := {0,Q} if k — 1 ¢ I. Let X = (Xj)resr be a real Fy-
adapted stochastic process such that E[|X|] < oo for all k& € I. By definition,
a compensator of X w.r.t. the filtration (Fy)res is an Fj_j-adapted real process
K = (Kk)ke[ such that EHK/‘?H < oo for all £k € I and (Xk — Kk)ke[ is an J-
martingale. It is not hard to show that K is a compensator if and only if K is
Fi—1-adapted, E[|K|] < oo for all k& € I and

Kiy1 — K =E[ X | Rl - X ({kk+1} C ).

It follows that any two compensators must be equal up to an additive (o, Fr—1-
measurable random constant. In particular, if I = N, then because of the way
we have defined F_;, such a constant must be deterministic. In this case, it is
customary to put Ky := 0, i.e., we call

n

Kn = Z (E [Xk | Fk—l] - Xk—l) (n Z O)

the (unique) compensator of X with respect to the filtration (Fj)gen. We note
that X is a submartingale if and only if its compensator is a.s. nondecreasing.

The proof of the following basic fact can be found in, e.g., [Lach12, Thm 2.4].
Proposition 0.3 (Optional stopping) Let I C Z be an interval, (Fi)rer @

filtration, let T be an Fy-stopping time and let (My)ger be an Fy-submartingale.
Then the stopped process (Mp:)rer is an Fr-submartingale.

The following proposition is a special case of [Lachl2l Prop. 2.1].
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Proposition 0.4 (Conditioning on events up to a stopping time) Let [ C Z
be an interval, (Fy)rer a filtration, let T be an Fi-stopping time and let (My)rer
be an Fy-submartingale. Then

E[Mk | kar} > Minr (kel).

0.4 Martingale convergence

If F,F (k> 0) are o-fields, then we say that Fy 1 F if Fr C Fryq (k> 0) and
F = 0(U>o Fr)- Note that this is the same as saying that (F)r>o is a filtration
and F = F,,, as we have defined it above. Similarly, if F, F, (k > 0) are o-fields,
then we say that F, | F if i, O Fiqq (K > 0) and F = (o0 Fr-

Exercise 0.5 Let (Fy)ren be a filtration and let 7 be an Fi-stopping time. Show
that
Fire TFr as kT oo.

The following proposition says that conditional expectations are continuous w.r.t.
convergence of o-fields. A proof can be found in, e.g., [Lach12), Prop. 4.12], [Chu74,
Thm 9.4.8] or [Bil86, Thms 3.5.5 and 3.5.7].

Proposition 0.6 (Continuity in o-field) Let X be a real random variable de-
fined on a probability space (Q, F,P) and let Foo, Fr C F (k > 0) be o-fields.
Assume that E[|X|] < oo and Fi, T Foo or Fr 4 Foo. Then

E[X | Fi = E[X | Fool a.s. and in L*-norm.
—00

Note that if F t F and E[|X|] < oo, then M;, := E[X | Fi] defines a martin-
gale. Proposition says that such a martingale always converges. Conversely,
we would like to know for which martingales (M} )x>o there exists a final element
X such that My = E[X | F;] . This leads to the problem of martingale conver-
gence. Since each submartingale is the sum of a martingale and a nondecreasing
compensator and since nondecreasing functions always converge, we may more or
less equivalently ask the same question for submartingales. For a proof of the
following fact we refer to, e.g., [Lach12, Thm 4.1].

Proposition 0.7 (Submartingale convergence) Let (My)ren be a submartin-
gale such that sup,q E[M} V 0] < co. Then there exists a random variable My,
with E[|My|] < oo such that

M, — M, a.s.

k—oo
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In particular, this implies that nonnegative supermartingales converge almost
surely. The same is not true for nonnegative submartingales: a counterexample is
one-dimensional random walk reflected at the origin.

In general, even if M is a martingale, it need not be true that E[M.| > E[M] (a
counterexample is random walk stopped at the origin). We recall that a collection
of random variables (X )res is uniformly integrable if

lim supE||X;|1 2 = 0.

A sup Xk g2
Sufficientl] for this is that sup,e; E[t)(]X,])] < oo, where ¢ : [0,00) — [0,00) is
nonnegative, increasing, convex, and satisfies lim, . ¥ (r)/r = co. Possible choices
are for example 1 (r) = r? or ¥(r) = (1 +7r)log(1 4+ r) — r. Tt is well-known that
uniform integrability and a.s. convergence of a sequence of real random variables

imply convergence in Li-norm. For submartingales, the following result is known
[Lach12l Thm 4.8].

Proposition 0.8 (Final element) In addition to the assumptions of Proposi-
tion assume that (My)gen is uniformly integrable. Then

E[|Mi = Ms|] — 0 as.

and E[Myo|Fy] > My, for all k > 0. If M is a martingale, then M, = E[M.|F]
for all k > 0.

Note that if M is a martingale, then the relation M) = E[My|Fy| shows that all
information about the process M is hidden in its final element M.

Combining Propositions and [0.3] we see that if 7 is an Fj-stopping time such
that 7 < 0o a.s., (My)gen is an Fp-submartingale, and (Mya,)ren is uniformly
integrable, then E[M,] = limy_,o E[Mgr,| > M.

There also exist convergence results for ‘backward’ martingales (M})re{—cc,...0}-

0.5 Markov chains

Proposition 0.9 (Markov property) Let (E, &) be a measurable space, let I C
Z be an interval and let (Xy)ger be an E-valued stochastic process. For eachn € I,

1By the De la Valle-Poussin theorem, this condition is in fact also necessary.
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set I :={kel:k<n}and I} :={kel:k>n}, andlet F; = 0((Xp)pes-)
be the filtration generated by X. Then the following conditions are equivalent.

(i) P{(X)per € A (Xi)pers € B Xa]
=P[(Xi)pes- € A| Xa]P[(Xi)perr € B| Xn] a.s
forall Ac &, B 6513, nel.
(i) P[(Xp)perr € B|FX] =P[(Xi)pers € B| X,] as. forall BE EW nel.

(ili) P[Xp1 € C|FY] =P[Xns1 € C| X, as. forallC €&, {n,n+1} C 1.

Remarks Property (i) says that the past and future are conditionally independent
given the present. Property (ii) says that the future depends on the past only
through the present, i.e., after we condition on the present, conditioning on the
whole past does not give any extra information. Property (iii) says that it suffices
to check (ii) for single time steps.

Proof of Proposition Set G := 0((Xk)per+)- If (i) holds, then, for any
Ae ]-",f( and B € fo, we have
E[14P[B|X,]] = E[E[14P[B| X,] | X,]]
=E[E[La| X,JP[B| X,]] = E[P[A| X,JP[B | X,]]

UE[P[AN B|X,]] =P[AN B,

where in the second equality we have pulled the o (X, )-measurable random variable
P[B| X,] out of the conditional expectation. Since this holds for arbitrary A €
FX and since P[B|X,] is FX-measurable, it follows that P[B|X,] satisfies all

properties of the definition of P[B | F:X] and hence
P[B|X,] = P[B|FX] as.,

which is just another way of writing (ii). Conversely, if (ii) holds, then for any
Ceo(X,),
E[P[A| X, |P[B| X,]1c] = E[E[P[B| X,]1c1a | X,]]

= E[LancP[B| X,)] € E[14ncP[B| FX]] = PIAN BN C),

where in the first equality we have pulled the o(X,,)-measurable random variable
P[B| X,|1¢ into the conditional expectation E[14|X,] and in the final equality
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we have used the definition of P[B | F-X] and the fact that ANC € FX. Since this
holds for any C' € o(X,,), it follows that P[A | X,|P[B | X,,| satisfies all properties
of the definition of P[A N B | X,] and hence

PA| X,P[B| X, =P[ANB|X,] as.
To see that (iii) is sufficient for (ii), one first proves by induction that
P[Xpi1 € Ch, .., Xnim € O | FY] =P[Xq1 € Cry oo, X € O | X,

and then uses that these sort events uniquely determine conditional probabilities
of events in g,if . [ |

If a process X = (Xj)rer satisfies the equivalent conditions of Proposition ,
then we say that X has the Markov property. For processes with countable state
spaces, there is an easier formulation.

Proposition 0.10 (Markov chains) Let I C Z be an interval and let X =
(Xk)ker be a stochastic process taking values in a countable space S. Then X has
the Markov property if and only if for each {k,k+ 1} C I there exists a probability
kernel Py pi1(z,y) on S such that

]P)[Xk = Tk, - - - 7Xk’+n = xk—i—n] (0 2)
= P[X} = | P g1 (Th, Toe1)  ++ Protn—1.dtn (Thtn—1, Thtn) '
forall{k,....,k+n} CI, xg,...,Tp4n € S.
Proof See, e.g., [LP11, Thm 2.1]. |

If I = N, then Proposition [0.10| shows that the finite dimensional distributions,
and hence the whole law of a Markov chain X are defined by its initial law P[X, €
-] and its transition probabilities Py py1(x,y). If the initial law and transition
probabilities are given, then it is easy to see that the probability laws defined
by are consistent, hence by the Daniell-Kolmogorov extension theorem, there
exists a Markov chain X, unique in distribution, with this initial law and transition
probabilies.

We note that conversely, a Markov chain X determines its transition probabilities
Py gy1(z,y) only for a.e. v € S w.r.t. the law of Xj. If it is possible to choose
the transition kernels Py ;11’s in such a way that they do not depend on &, then
we say that the Markov chain is homogeneous. We are usually not interested in
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the problem to find P ;41 given X, but typically we start with a given probability
kernel P on S and are interested in all Markov chains that have P as their transition
probability in each time step, and arbitrary initial law. Often, the word Markov
chain is used in this more general sense. Thus, we often speak of ‘the Markov chain
with state space S that jumps from x to y with probability...” without specifying
the initial law. From now on, we use the convention that all Markov chains are
homogeneous, unless explicitly stated otherwise. Moreover, if we don’t mention the
initial law, then we mean the process started in an arbitrary initial law.

We note from Proposition (i) that the Markov property is symmetric under
time reversal, i.e., if (Xj)res has the Markov property and I’ :== {—k : k € I}, then
the process X' = (X )rep defined by X} := X_j (k € I') also has the Markov
property. It is usually not true, however, that X’ is homogeneous if X is. An
exception are stationary processes, which leads to the useful concept of reversible
laws.

Exercise 0.11 (Stopped Markov chain) Let X = (Xj);>0 be a Markov chain
with countable state space S and transition kernel P, let A C S and let 74 :=
inf{k > 0: X, € A} be the first entrance time of A. Let Y be the stopped process
Yy := Xgar, (B> 0). Show that YV is a Markov chain and determine its transition
kernel. If we replace 74 by the second entrance time of A, is Y then still Markov?

By definition, a random mapping representation of a probability kernel P on a
countable state space S is a random variable M taking values in the space of all
functions m : S — S such that

P(z,y) =P[M(z) = y] (x,y €9).

Note that if M is such a random map, then (M(x)),es are S-valued random
variables such that M (x) has law P(z, -). Thus, the kernel P determines the
individual laws of the random variables (M (x)).es, but says nothing about their
joint law. In view of this, there are usually many different ways to make a random
mapping representation of a given probability kernel. Often, the key to a good
proof is choosing the right one.

If (My)g>1 are iid. random variables with the same law as M, and X, is an
independent S-valued random variable, then setting inductively

defines a Markov chain (Xj)r>0 with transition kernel P and initial state Xj.
Random mapping representations are essential for simulating Markov chains on a
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computer. In addition, they have plenty of theoretical applications, for example
for coupling Markov chains with different initial states. (See Section for an
introduction to coupling.)

Example 1 Let (Zy)r>1 be ii.d. Z-valued random variables and set Mg(z) :=
x + Zj. Then the inductive formula Xy := My(X;_1) with Xy = 0 defines the
random walk X,, =), Zj.

Example 2 Let S, be the group of all permutations 7 : {1,...,n} — {1,...,n}.
For each j =1,...,n, define o; € S, by

o;(1):=k and o;(3) ;:{

Let (Ji)g>1 be ii.d. uniformly distributed on {1,...,n} and set My(7) := 0, o.
Then the inductive formula X := M (X;_1) with X, the identity function defines
a Markov chain with state space 5, that describes a deck of cards where in each
step, we take the card that is on top and place it on an arbitrary level in the deck.

i—1 ifi<j,

i itis k0D

We note that it is in general not true that a function f(Xj) of a Markov chain X
are themselves Markov chains. An exception is the case when

P[f(Xk41) € - | Xi]

depends only on f(Xj). In this case, we say that f(X) is an autonomous Markov
chain.

Lemma 0.12 (Autonomous Markov functional) Let X = (X;)res be a Mar-
kov chain with countable state space S and transition kernel P. Let S’ be a count-
able set and let f : S — S" be a function. Assume that there exists a probability
kernel P" on S such that
P'(2',y) Z P(x,y) Vo', e S, x e S, st flx) =
y: fy)=y

Then f(X) = (f(Xk))ker is a Markov chain with state space S' and transition
kernel P'.

Example Let (Xj, Yi)r>0 be a two-dimensional random walk with values in 72
and transition kernel

Plz,y;iz+1y) =4, Plz.yiz—1y)=
P(z,yiz,y+1) =4, Playzy—1)=

Then (Xi)r>o is an autonomous Markov chain with values in Z and transition
kernel

»J>|>~ »MH

Plz,x+1)= P(z,x—1)=1% and P'(z,z)=1

2

|

1
4
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0.6 Kernels, operators and linear algebra

Let X = (Xj)rer be a stochastic process taking values in a countable space S, and
let P be a probability kernel on S. Then it is not hard to see that X is a Markov
process with transition kernel P (and arbitrary initial law) if and only if

PXpp =y | Fi] = P(Xi,y) as.  (yes, {kk+1} ),
where (F{X)rer is the filtration generated by X. More generally, one has
P Xpin =y |Fi] = P"(Xp,y) as. (ye€S, n>0, {k,k+n}Cl),

where P" denotes the n-th power of the transition kernel P. Here, if K, L are
probability kernels on S, then we define their product as

KL(x,z) = ZK(as,y)L(y, 2) (x,z €09),

yeSs

which is again a probability kernel on S. Then K" is defined as the product of n
times K with itself, where K°(z,y) := 1{,—,;. We may associate each probability
kernel on S with a linear operator, acting on bounded real functions f : S — R,
defined as

Kf(@) =3 K(wpfly) (ze9).

yes

Then KL is just the composition of the operators K and L, and for each bounded
f S — R, one has

Elf(Xpsn) | Fi] = P'f(Xk) as. (020, {kk+n}CI),  (0.3)
and this formula holds more generally provided the expectations are well-defined
(e.g. if E[[f(Xusn)l] < o0 or [ > 0).

If 4 is a probability measure on S and K is a probability kernel on S, then we
may define a new probability measure uK on S by

pK(y) ==Y p@)K(z,y)  (ye9).

In this notation, if X is a Markov process with transition kernel P and initial law
P[Xy € -| = p, then P[X,, € -] = pP™ is its law at time n.

We may view transition kernels as (possibly infinite) matrices that act on row
vectors i or column vectors f by left and right multiplication, respectively.
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0.7 Strong Markov property

We assume that the reader is familiar with some basic facts about Markov chains,
as taught in the lecture [LP11]. In particular, this concerns the strong Markov
property, which we formulate now.

Let X = (Xy)r>0 be a Markov chain with countable state space S and transition
kernel P. As usual, it goes without saying that X is homogeneous (i.e., we use the
same P in each time step) and when we don’t mention the initial law, we mean
the process started in an arbitrary initial law. Often, it is notationally convenient
to assume that our process X is always the same, while the dependence on the
initial law is expressed in the choice of the probability measure on our underlying
probability space.

More precisely, we assume that we have a measurable space (€2, F) and a collection
X = (Xk)k>0 of measurable maps Xj : Q@ — S, as well as a collection (P?),cg of
probability measures on (€2, F), such that under the measure P*, the process X is
a Markov chain with initial law P*[X, = x] = 1 and transition kernel P. In this
set-up, if yu is any probability measure on S, then under the law P := Y _ o u(x)P?,
the process X is distributed as a Markov chain with initial law g and transition
kernel P.

If X,IP,P* are as just described and (F{¥ )z is the filtration generated by X, then
it follows from Proposition (ii) and homogeneity that

P[<Xn+k>k20 € - ‘.FT)L(} = PX" [(Xk>k20 S } a.s. (04)

Here, for fixed n > 0, we consider (X,,1x)r>0 as a random variable taking values
in SN (i.e., this is the process Y defined by Y} := X, 11 (k > 0)). Since SV is a
nice (in particular Polish) space, we can choose a regular version of the conditional
probability on the left-hand side of , i.e., this is a random probability measure
on SN. Since X, is random, the same is true for the right-hand side. In words,
formula ((0.4]) says that given the process up to time n, the process after time n is
distributed as the process started in X,,. The strong Markov property extends this
to stopping times.

Proposition 0.13 (Strong Markov property) Let X, P, P* be as defined above.
Then, for any FiX-stopping time T such that T < oo a.s., one has

P[(Xrpi)izo €+ | FX] =P [(Xp)iso € -] aus. (0.5)
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Proof This follows from |[LP11, Thm 2.3]. |

Remark 1 Even if P[r = oo] > 0, formula (0.5) still holds a.s. on the event
{T < o0}.

Remark 2 Homogeneity is essential for the strong Markov property, at least in
the (useful) formulation of (0.5).

Since this is closely related to formula (0.4]), we also mention the following useful
principle here.

Proposition 0.14 (What can happen must eventually happen) Let X =
(X1)k>0 be a Markov chain with countable state space S. Let B C SN be measurable
and set p(x) := P*[(Xy)r>o € B]. Then the event

{(XnJrk)kZO € B for infinitely many n > O} U {p(Xn) — 0}
n—0o0

has probability one.

Proof Let A denote the event that (X, x)k>0 € B for some n > 0. Then by
Proposition

p(X,) = pXn [ (Xk)k>0 € B] P[(Xn+k)k>0 €B ‘ ]'—Tﬂ
§IP’[A|.7:§] — IP’[AU:X] =14 a.s.
n—oo
In particular, this shows that p(X,) — 0 a.s. on the complement of the event A.
Applying the same argument to A, := {(X,1x)r>0 € B for some n > m}, we see
that the event A, U{p(X,) — 0} has probability one for each m. Letting m 1 oo
and observing that A, | {(X,ix)r>0 € B for infinitely many n > 0}, the claim
follows. |

Example 1 Consider a Markov chain (Xk)k>0 with state space N and transition
kernel P(0,0) =1, P(z,z+1) =2, P(z,z —1) =3 (z > 1).

2 2 2 2 2 2
3 3 3 3 3 3
e O0BOSOBOBOB0O
1
L L e |
3 3 3 3 3 3
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Let B := {(xk)g>0 : xx = 0 for some & > 0}. Then p(x) = P*[(Xy)r>0 € B] is
the probability that the chain ends up in the trap (absorbing state) 0. One can
prove that p(x) = 27 and hence p(X;) — 0 if and only if X; — oo. Since 0
is a trap, {(Xn+x)k>0 € B for infinitely many n > 0} is a.s. the same as {X; =
0 for some k > 0}. Now Proposition tells us that

{Xk = 0 for some kZO}U{Xk — oo}

k—o00
has probability one.

Example 2 Consider a Markov chain (Xj)r>o with state space Z and transition

kernel
P(z,z+1) =

P(z,xz+1) :=

, Plr,z—-1)=
, Plr,z—-1)=

(‘T>O)7
(x <0).

Wl wiN
winN W~

1 1 1 1 2 2 2
3 3 3 3 3 3 3
2 2 2 1 1 1 1
3 3 3 3 3 3 3

Let B = {(zg)k>0 : limgyooxxy = —o0}. One can check that the function
p(x) = P*[limy_,00 X = —o0] is bounded away from zero on intervals on the form
{...,k —1,k} and hence p(Xj;) — 0 if and only if X}, — co. Moreover, the event
{(Xn+r)r>0 € B for infinitely many n > 0} is the same as {limy_,, Xz = —o0}.
Now Proposition tells us that

(X — —oc} U{X, — o0}

k—o0 k—oo

has probability one.

0.8 Classification of states

Let X be a Markov chain with countable state space S and transition kernel P.
For each z,y € S, we write x ~ y if P"(x,y) > 0 for some n > 0. Note that
x ~ 1y ~ z implies © ~» z. We say that two states x,y communicate if x ~ y
and y ~ x. It is easy to see that this defines an equivalence relation on S. The
corresponding equivalence classes are called communicating classes. A Markov
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chain / transition kernel is called irreducible if all states communicate with each
other, i.e., there is a single communicating class.

A state z is called recurrent if
P*[ X}y = « for some k > 1] =1,

otherwise it is called transient. If two states communicate and one of them is
recurrent (resp. transient), then so is the other. Fix = € S let 75 := 0 and let

T, = inf{n > 71 : X,, =z} (k>1)

be the times of the k-th visit to x after time zero. Consider the process started
in Xy = x. If x is recurrent, then 7 < co a.s. It follows from the strong Markov
property that 7 — 7 is equally distributed with and independent of 7. By induc-
tion, (7% — Tk—1)k>1 are i.i.d. In particular, 7, < oo for all £ > 1, i.e., the process
returns to x infinitely often.

On the other hand, if x is transient, then by the same sort of argument we see
that the number N, = >, 1{x,=a} of returns to z is geometrically distributed

P*[N, =n] =0"(1—6) where 6:=P"[X; =z for some k > 1].
In particular, E*[N,] < oo if and only if x is transient.

Lemma 0.15 (Recurrent classes are closed) Let X be a Markov chain with
countable state space S and transition kernel P. Assume that S C S is an com-
municating class of recurrent states. Then P(x,y) =0 for allz € S’, y € S\5'.

Proof Imagine that P(x,y) > 0 for some x € S’, y € S\S". Then, since S’ is an
communicating class, y +~ x, i.e., the process cannot return from y to x. Since
P(z,y) > 0, this shows that the process started in x has a positive probability
never to return to x, a contradiction. |

A state x is called positively recurrent if
E®[inf{n >1: X, =2} < c0.

Recurrent states that are not positively recurrent are called null recurrent. If two
states are equivalent and one of them is positively recurrent (resp. null recurrent),
then so is the other. If all states in a finite communicating class C' are null recur-
rent, then

P'[X,=y] — 0 (x,y € C).

n—oo
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From this, it is easy to see that a finite communicating class of states can never
be null recurrent.

The following lemma is an easy application of the principle ‘what can happen must
happen’ (Proposition [0.14]).

Lemma 0.16 (Finite state space) Let X = (Xj)r>o be a Markov chain with
finite state space S and transition kernel P. Let Spos denote the set of all positively
recurrent states. Then P[X), € Syos for some k > 0] = 1.

By definition, the period of a state z is the greatest common divisor of {n > 1 :
P™(z,z) > 0}. Equivalent states have the same period. States with period one are
called aperiodic. Irreducible Markov chains are called aperiodic if one, and hence
all states have period one. If X = (Xj)r>o is an irreducible Markov chain with
period n, then X}, := Xy, (k > 0) defines an aperiodic Markov chain X’ = (X},)x>o.

The following example is of special importance.

Lemma 0.17 (Recurrence of one-dimensional random walk) The Markov
chain X with state space Z and transition kernel P(k,k — 1) = P(k,k+1) =1 is
null recurrent.

Proof Note that this Markov chain is irreducible and has period two, as it takes
value alternatively in the even and odd integers. Using Stirling’s formula, it is not
hard to show that (see [LP11, Example 2.9])

1
P?%(0,0) ~ —— as k — oo.
’ vk

In particular, this shows that the expected number of returns to the origin E°[Ny| =
S ore P?%(0,0) is infinite, hence X is recurrent. On the other hand, it is not hard to
check that any invariant measure for X must be infinite, hence X has no invariant
law, so it cannot be positively recurrent. |

We will later see that, more generally, random walks on Z? are recurrent in dimen-
sions d = 1,2 and transient in dimensions d > 3.

0.9 Invariant laws

By definition, an nwvariant law for a Markov process with transition kernel P and
countable state space S is a probability measure p on S that is invariant under
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left-multiplication with P, i.e., uP = u, or, written out per coordinate,

> )Py, x) =px)  (z€8).

yes

More generally, a (possibly infinite) measure p on S satisfying this equation is
called an invariant measure. A probability measure p on S is an invariant law
if and only if the process (Xj)r>o started in the initial law P[X, € ] = pu is
(strictly) stationary. If g is an invariant law, then there also exists a stationary
process X = (Xj)rez, unique in distribution, such that X is a Markov process with
transition kernel P and P[X}, € -| = p for all k € Z (including negative times).

The following lemma (the proof of which we skip) implies that an irreducible
Markov chain that is transient or null-recurrent does not have an invariant law
(even though there may exist one or more invariant measures).

Lemma 0.18 (Transient and null-recurrent states) Let X be a Markov chain
with countable state space S. Assume that x € S is transient or null recurrent.
Then the Markov chain X started in an arbitrary initial law satisfies

lim P[X, = 2] =0,

n—o0

A detailed proof of the following theorem can be found in [LP11, Thms 2.10 and
2.26].

Theorem 0.19 (Invariant laws) Let X be a Markov chain with countable state
space S and transition kernel P. Then

() If p is an invariant law and x is not positively recurrent, then u(x) = 0.

(b) If S" C S is an communicating class of positively recurrent states, then there
exists a unique invariant law p of X such that p(x) > 0 for all x € S" and
wu(z) =0 for all x € S\S".

(c) The invariant law p from part (b) is given by
p(z) =E*[inf{k >1: X, = x}rl. (0.6)
Sketch of proof For any = € S, define p(z) as in (0.6)), with 1/0c0 := 0. Part (a)

follows from Lemma Assume that x is positively recurrent and let o, :=
inf{n > 1: X, = x} denote the first return time to z. One can check that

u(y) = B0 E[> lney]  (ES) (0.7)
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defines an invariant law such that p(y) > 0 for all y in the communnicating class of
x. Formula follows from the fact that in the stationary process with invariant
law p, consecutive return times to x are i.i.d. and the process spends a u(x)-fraction
of its time in x. Since holds for any invariant law p on the communnicating
class of z, there can be only one such invariant law. |

Remark Using Lemma |0.15] it is not hard to prove that a general invariant law
of the process is a convex combination of invariant laws that are concentrated on
one communicating class of positively recurrent states.

Theorem 0.20 (Convergence to invariant law) Let X be an irreducible, pos-
wtwely recurrent, aperiodic Markov chain with invariant law . Then the process
started in any initial law satisfies

PXy = 2] — u(x) (x €9).
k—o00
If all states of X are transient or null recurrent, then the process started in any

watial law satisfies
PXy,=12] — 0 (x €9).

k—o0

Proof See [LP11, Thm 2.26] or Theorem below. n

The following theorem generalizes Theorem [0.19 (b) to null recurrent Markov
chains.

Theorem 0.21 (Invariant measures) Let X be an irreducible recurrent Markov
chain with countable state space S and transition kernel P. Then X has an in-
variant measure p that is unique up to scalar multiples. This tnvariant measure
satisfies p(x) > 0 for all z € S.

Sketch of proof Let S C S be finite and let oy := inf{k > 1: X} € S’} denote
the first return time to S’. Since P is recurrent, setting

Qz,y) =P"[Xo, =y] (z,y€ ) (0.8)

defines a probability kernel on S’. Since P is irreducible, the same is true for Q.
If 1 is an invariant measure of P, then one can check that the restriction of y to
S’ is an invariant measure for ). In particular, normalizing the restriction of u
to S’ yields the unique invariant law of the probability kernel (), which is positive
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recurrent in view of the finiteness of S’. Since for each z,y € S we can choose some
finite S” D {z,y} this argument shows that p(z)/u(y) is uniquely determined and
hence p is uniquely determined up to scalar multiples. To prove existence of u, we
fix some reference point z € S and finite z € S,, 1 S. Define positive recurrent @),
on S, as in and let 7, denote their invariant laws. Let pu, := m,/m,(z) be m,
normalized so that p,(z) = 1. By our previous arguments, the yu, are consistent
in the sense that the restriction of u, to S,_1 is p,—1. In view of this, there exists
a function p : S — (0,00) whose restriction to S, is p, for each n. One can check
that p is an invariant measure for P. |

If p is an invariant law and X = (Xj)rez is a stationary process such that P[X} €
-] = p for all k& € Z, then by the symmetry of the Markov property w.r.t. time
reversal, the process X' = (X} )rez defined by X; = X_; (k € Z) is also a
Markov process. By stationarity, X’ is moreover homogeneous, i.e., there exists
a transition kernel P’ such that the transition probabilities Py ,,, of X’ satisfy
P'(x,y) = P}y (z,y) for a.e. v wrt. g In general, it will not be true that
P' = P. We say that u is a reversible law if p is invariant and in addition,
the stationary processes X and X’ are equal in law. One can check that this is
equivalent to the detailed balance condition

wx)P(z,y) = P(x,y)u(y)  (z,y€S),

which says that the process X started in P[X, € -| = u satisfies P[ Xy =z, X; =
y] = P[Xy =y, X; = z]. More generally, a (possibly infinite) measure p on S
satisfying detaied balance is called an reversible measure. If 11 is reversible measure
and we define a (semi-) inner product of real functions f : S — R by

(fo9)u =Y fla)gla)u(z),

T€S

then P is self-adjoint w.r.t. this inner product:

<f;Pg>,u: <vag>ﬂ
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Chapter 1

Harmonic functions

1.1 (Sub-) harmonicity

Let X be a Markov chain with countable state space S and transition kernel P.
As we have seen, an invariant law of X is a vector that is invariant under left-
multiplication with P. Harmonic functions[[| are functions that are invariant
under right-multiplication with P. More precisely, we will say that a function
h:S — R is subharmonic for X if

Y Playlhy) <o (zeS),

and

ha) <3 Playhly) (@€ S).

We say that h is superharmonic if —h is subharmonic, and harmonic if it is both
subharmonic and superharmonic.

Lemma 1.1 (Harmonic functions and martingales) Assume that h is sub-
harmonic for the Markov chain X = (Xg)k>0 and that E[|h(Xy)|] < oo (k > 0).
Then My, := h(Xy) (k > 0) defines a submartingale M = (M (Xg))k>o w.r.t. to the
filtration (Fi¥)i>o0 generated by X.

Historically, the term harmonic function was first used, and is still commonly used, for a
smooth function f : U — R, defined on some open domain U C R?, that solves the Laplace
equation Z?:l 8%2 f(z) = 0. This is basically the same as our definition, but with our Markov
chain X replaced by Brownian motion B = (By):>0. Indeed, a smooth function f solves the
Laplace equation if and only if (f(B;)):>0 is a local martingale.

25
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Proof This follows by writing (using (0.3))),

E[h(Xen) | FE) =Y P(Xe,)h(y) > h(Xy) (k> 0).

Note The proof of the lemma shows that the condition that A is subharmonic is
also necessary for M := h(X}) being a submartingale, at least when one wants
the statement to hold for arbitrary initial states of the Markov chain.

We will say that a state x is an absorbing state or trap for a Markov chain X if
P(z,z) = 1.

Lemma 1.2 (Trapping probability) Let X be a Markov chain with countable
state space S and transition kernel P, and let z € S be a trap. Then the trapping
probability

h(z) :=P*[ X = z for some k > 0]

18 a harmonic function for X.

Proof Since 0 < h < 1, integrability is not an issue. Now
h(z) = P*[ X}, = 2 for some k > 0] = P*[X;, = z for some k > 1]
= Z]P’I[Xk = z for some k£ > 1 ‘ X, = y}IP’””[Xl =y

= ZP(x,y)]P’y [Xk = z for some k > 0} = ZP(x,y)h(y)-

Lemma 1.3 (Trapping estimates) Let X be a Markov chain with countable
state space S and transition kernel P, and let T := {z € S : z is a trap}. Assume
that the chain gets trapped a.s., i.e., P[3n > 0 s.t. X,, € T] =1 (regardless of the
initial law). Let z € T and let h : S — [0,1] be a subharmonic function such that
h(z) =1 and h =0 on T\{z}. Then

h(z) < P°[X), = z for some k > 0]

If h is superharmonic, then the same holds with the inequality sign reversed.
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Proof Since h is subharmonic, M := h(X}) is a submartingale. Since h is
bounded, M is uniformly integrable. Therefore, by Propositions and [0.§8
M, — My a.s. and in Li;-norm, where M., is some random variable such that
E*[My] > My = h(z). Since the chain gets trapped a.s., we have M., = h(X,),
where 7 := inf{k > 0 : X}, € T} is the trapping time. Since h(z) =1 and h =0
on T\{z}, we have M., = 1{x, - and therefore P*[ X, = 2] = E*[M,] > h(zx). If
h is superharmonic, the same holds with the inequality sign reversed. |

Remark 1 If S C S is a ‘closed’ set in the sense that P(z,y) = 0 for all z € 5,
y € S\S', then define ¢ : S — (S\S")U{x} by ¢(x) :=*if z € S and ¢(z) := z if
z € S\S'. Now (¢(X))k>0 is an autonomous (in the sense of Lemma[0.12)) Markov
chain that gets trapped in x* if and only if the original chain enters the closed set S".
In this way, Lemma[l.3|can easily be generalized to Markov chains that eventually
get ‘trapped’ in one of finitely many equivalence classes of recurrent states.

Remark 2 Lemma[0.16]tells us that a Markov chain with finite state space eventu-
ally ends up in the set S, of positively recurrent states. In particular, if all states
in Spos are traps, then the chain gets trapped a.s. In general, we can partition Spes
into classes of equivalent states and use Remark 1 to calculate the probability of
ending up in a given equivalence class.

Remark 3 Lemma tells us in particular that, provided that the chain gets
trapped a.s., the function h from Lemma [1.2| is the unique harmonic function
satisfying h(z) = 1 and h = 0 on T\{z}. For a more general statement of this
type, see Exercise below.

Remark 4 Even in situations where it is not feasable to calculate trapping prob-
abilities exactly, Lemma [1.3| can sometimes be used to derive lower and upper
bounds for these trapping probabilities.

The following excercise shows that in the superharmonic case, the assumptions of

Lemma [1.3| can be weakened considerably.

Exercise 1.4 (Weaker conditions in the superharmonic case) Let X be
a Markov chain with countable state space S and transition kernel P, and let
T:={z€S8:zisatrap}. Let z € T and let h : S — [0,00) be a superharmonic
function such that h(z) = 1. Show that

h(z) > P*[ X}, = z for some k > 0].

The following transformation is usually called an h-transform or Doob’s h-trans-
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form. Following [LPW09|, we will simply call it a Doob tmnsformﬂ

Lemma 1.5 (Doob transform) Let X be a Markov chain with countable state
space S and transition kernel P, and let h : S — [0,00) be a nonnegative harmonic
function. Then setting S" := {z € S : h(z) > 0} and

P(h)(:v,y) — W (x,y S S/)

defines a transition kernel P™ on S'.

Proof Obviously P (z,%) > 0 for all z,y € S’. Since
S PW(a,y) =h(z) D Plz.y)hl(y) = h(z)'Ph(z) =1 (z€ ),
yes’ yes’

P®™ ig a transition kernel. [ |

Proposition 1.6 (Conditioning on the future) Let X = (Xj)>0 be a Markov
chain with countable state space S and transition kernel P, and let z € S be a
trap. Set 8" :={y € S :y ~ z} and assume that P[Xy € S’] > 0. Then, under the
conditional law

P[(Xk)k>0 € - } X,, = z for some m > O],

the process X is a Markov process in S" with Doob-transformed transition kernel
P™ where
h(z) :=P*[X,, = z for some m > 0]

satisfies h(x) > 0 if and only if x € S'.

Proof Using the Markov property (in its strong form ((0.4))), we observe that
IP’[XnH =y | (Xk)o<k<n = (Tk)o<k<n, Xm = z for some m > O]
= IP’[Xn+1 =y ‘ (Xk)o<k<n = (Tk)o<k<n, Xm = 2z for some m > n + 1}
B IP’[XnH =y, X,, =z for some m >n-+1 ‘ (Xk)o<k<n = (I’k)()gkgn]

P|X,, = z for some m >n + 1 ’ (Xk)o<ken = (Tr)o<k<n]
P(x,,y)PY[X,, = z for some m > 0] Pl )
—= = xﬂJ
P X, = z for some m > 1] Y

2The term h-transform is somewhat inconvenient for several reasons. First of all, having
mathematical symbols in names of chapters or articles causes all kinds of problems for referencing.
Secondly, if one performs an h-transform with a function g, then should one speak of a g-transform
or an h-transform? The situation becomes even more confusing when there are several functions
around, one of which may be called h.
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for each (xy)o<k<n and y such that P[(Xy)o<k<n = (Tk)o<k<n] > 0 and z,,,y € S'.N

Remark At first sight, it is surprising that conditioning on the future may preserve
the Markov property. What is essential here is that being trapped in x is a tail
event, i.e., an event measurable w.r.t. the tail-o-algebra

T = m U(Xk’Xk+1, . )

k>0

Similarly, if we condition a Markov chain (X% )o<k<n that is defined on finite time
interval on its final state X,,, then under the conditional law, (Xj)o<k<n is still
Markov, although no longer homogeneous.

Exercise 1.7 (Sufficient conditions for integrability) Let h : S — R be any
function. Assume that E[|h(X))|] < oo and there exists a constant K < oo such
that >, P(z,y)|h(y)| < K[h(z)|. Show that E[|h(X)]] < oo (k> 0).

Exercise 1.8 (Boundary conditions) Let X be a Markov chain with countable
state space S and transition kernel P, and let T := {z € S: z is a trap}. Assume
that the chain gets trapped a.s., i.e., P[3n > 0 s.t. X,, € T| = 1 (regardless of the
initial law). Show that for each bounded real function ¢ : T — R there exists a
unique bounded harmonic function h : S — R such that h = ¢ on T". Hint: take
h(x) := E*[¢(X;)], where 7 :=inf{k > 0: X}, € T} is the trapping time.

Remark 1 Exercise [1.§] asks for an arbitrary function on 7" to be extended to a
harmonic function on the whole space. If we replace the Markov chain by Brownian
motion that is stopped as soon as it leaves a bounded open domain in R?, then
the boundary of this domain takes the role of 7" and the analogue of Exercise [1.8
is known as the Dirichlet problem.

Remark 2 One can check that in general h(x) := P*[3n > 0s.t. X, € T] is a
harmonic function and hence so is 1 — h(z) := P*[An > 0s.t. X,, € T]. Using
this, it is easy to see that the uniqueness statement of Exercise fails without
the assumption that the chain gets trapped a.s. (regardless of the initial state).

Exercise 1.9 (Conditions for getting trapped) If we do not know a priori that
a Markov chain eventually gets trapped, then the following fact is often useful. Let
X be a Markov chain with countable state space S and transition kernel P, and
let h: S — [0,1] be a sub- or superharmonic function. Assume that for all € > 0
there exists a d > 0 such that

P*[|h(X1) — h(z)| > 6] > 6 whenever ¢ < h(z) <1 —e.
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Show that limy_,., h(X%) € {0,1} a.s. Hint: use martingale convergence to prove
that limy_,o h(X}) exists. Now you can use the principle ‘what can happen must
happen’ (Proposition [0.14]) to show that the limit cannot take values in (0, 1).

Exercise 1.10 (Trapping estimate) Let X, S,, P and h be as in Excercise .
Assume that h is subharmonic and there is a point z € S such that h(z) = 1 and
SUD,es (-3 M(z) < 1. Show that

h(z) < P*[X} = z for some k > 0].

Exercise 1.11 (Compensator) Let X = (Xj)r>0 be a Markov chain with count-
able state space S and transition kernel P, and let f : S — R be a function such
that > P(z,y)|f(y)] < oo for all z € S. Assume that, for some given initial law,
the process X satisfies E[| f(X})|] < oo for all £ > 0. Show that the compensator

of (f(Xk))k>o is given by

i
L

Ko=) (Pf(Xx) = f(Xe))  (n2=0).

e
Il

Exercise 1.12 (Expected time till absorption: part 1) Let X be a Markov
chain with countable state space S and transition kernel P, and let T := {z € S :
zis a trap}. Let 7 := inf{k > 0 : X}, € T} and assume that E*[7] < oo for all
x € 5. Show that the function

f(z) = E*[7]
satisfies Pf(z) — f(z) = -1 (z € S\T) and f=0on 7.

Exercise 1.13 (Expected time till absorption: part 2) Let X be a Markov
chain with countable state space S and transition kernel P, let T' := {z € S :
z is a trap}, and set 7 := inf{k > 0 : X} € T}. Assume that f : S — [0, 00)
satisfies Pf(xz) — f(z) < —1 (z € S\T) and f =0 on T. Show that

E*[r] < f(z)  (z€9).

Hint: show that the compensator K of (f(Xx))r>o0 satisfies K, < —(n A 7). Now
apply Exercise To check the conditions of Exercise [1.11}, you can use Exer-
cise [ 71
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Exercise 1.14 (Foster’s theorem: part 1) Let X be an irreducible Markov
chain X with countable state space S and transition kernel P. Show that of the
following conditions, (i) implies (ii).

(i) There exists a finite set S’ C S5, a function f : S — [0,00), and an € > 0
such that

» < oo (x e s,
TN < jwy—e @wes\s).

(ii) X is positively recurrent.

Hint: Use Lemma [0.18 and Exercise [LL11]

Exercise 1.15 (Foster’s theorem: part 2)  Prove the reverse implication

(ii)=-(i) in Exercise[1.14 Hint: Exercise[1.12]

Exercise 1.16 (Absorption of random walk) Consider a random walk W =
(Wk)k>0 on Z that jumps from z to = + 1 with probability p and to z — 1 with
the remaining probability ¢ := 1 — p, where 0 < p < 1. Fix n > 1 and set
T = inf{k >0:W, e {O,n}}. Calculate, for each 0 < x < n, the probability
P[W, = n|.

Exercise 1.17 (First ocurrence of a pattern: part 1)
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Let (X%)k>o be ii.d. Bernoulli random variables
with P[X), = 0] =P[X; =1] = 5 (k > 0). Set

T110 = inf {k >0: (XkHXk-I—luXk—i-Q) = (17 ]-70)}7

and define 1p19 similarly. Calculate P[r919 < T110)-
Hint: Set X; := (Xg, Xps1, Xpso) (k> 0). Then
()?k)kzo is a Markov chain with transition prob-
abilities as in the picture on the right. Now the
problem amounts to calculating the trapping prob-
abilities for the chain stopped at 7919 A T110.
Note Penney’s game is a game where two players
chose patterns and then the player whose pattern
comes up first wins.

Exercise 1.18 (First ocurrence of a pattern: part 2) In the set-up of the
previous exercise, calculate E[r19] and E[r11]. Hints: you need to solve a system
of linear equations. To find the solution, it helps to use Theorem (c) and the
fact that the uniform distribution is an invariant law. In the case of 711, it also
helps to observe that E*[ry11] depends only on the number of ones at the end of x.

Exercise 1.19 Let X be a Markov chain on N with transition kernel
P(0,1)=1, Px,z+1)=p,, Plx,z—1)=1-—p, (z>1).
Show that the function f defined by f(0) =0, f(1) =1, and

f(:zc—l—l)::l—l—zx:ﬁl_pz (x>1)

2

y=1 z=1

is harmonic for X. Prove that X is recurrent if and only if

:}E&Zl—ll—pz — . (1.1)
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1.2 Random walk on a tree

In this section, we study random walk on an infinite tree in which every vertex has
three neighbors. Such random walks have many interesting properties. At present
they are of interest to us because they have many different bounded harmonic
functions. As we will see in the next section, the situation for random walks on
Z4 is quite different.

Let Ty be an infinite tree, (i.e., a connected graph without cycles) in which each
vertex has degree 3 (i.e., there are three edges incident to each vertex). We will be
interested in the Markov chain whose state space are the vertices of Ty and that
jumps in each step with equal probabilities to one of the three neighboring sites.

We first need a convenient way to label vertices in such a tree. Consider a finitely
generated group with generators a, b, ¢ satisfying a = a™%, b = b=! and ¢ = ¢7L.
More formally, we can construct such a group as follows. Let GG be the set of all
finite sequences x = z(1)---x(n) where n > 0 (we allow for the empty sequence
0), (i) € {a,b,c} forall 1 <i<n,and z(i) Zz(i+1) forall 1 <i<i+1<n.
We define a product on V' by concatenation, where we apply the rule that any two
a’s, b’s or ¢’s next to each other cancel each other, inductively, till we obtain an
element of G. So, for example,

(abacb)(cab) = abacbcab,  (abacb)(bab) = abacbbab = abacab,
and  (abacb)(beb) = abacbbeb = abaccb = abab.

With these rules, G is a group with unit element (), the empty sequence, and
inverse (z(1)---x(n))™" = z(n)---z(1). Note that G is not abelian, i.e., the
group product is not commutative.

We can make G into a graph by drawing an edge between two elements z,y € G
if v = ya, x = yb, or x = yc. It is not hard to see that the resulting graph
is an infinite tree in which each vertex has degree 3; see Figure [P We let
|z| = |x(1)---x(n)| := |n| denote the length of an element x € G. It is not hard
to see that this is the same as the graph distance of = to the ‘origin’ (), i.e., the
length of the shortest path connecting x to ().

3This is a special case of a much more general construction. Let G be a finitely generated
group and let A C G be a finite, symmetric (in the sense that a € A implies a=* € A) set of
elements that generates G. Draw a vertex between two elements a,b € G if a = cb for some
¢ € A (or equivalently, by the symmetry of A, if b = ¢’a for some ¢’ € A). The resulting graph is
called the left Cayley graph associated with G and A. This is a very general method of making
graphs with some sort of translation-invariant structure.
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Figure 1.1: The regular tree Ty

Let X = (Xy)g>0 be the Markov chain with state space G and transition proba-
bilities 1

P(z,za) = P(x,xb) = P(x,xc) = 3 (r € G),
i.e., X jumps in each step to a uniformly chosen neighboring vertex in the graph.

We call X the nearest neighbor random walk on G.

We observe that if X is such a random walk on G, then |X| = (|Xi|)x>0 is an
autonomous (in the sense of Lemma [0.12) Markov chain with state space N and
transition probabilities given by

Q(n,n—1):= % and Q(n,n+1):= g (n>1),

and Q(0,1) := 1.

For each z = z(1)---z(n) € G, let us write z(i) := 0 if i« > n. The following
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lemma shows that the random walk X is transient and walks away to infinity in a
well-defined ‘direction’.

Lemma 1.20 (Transience) Let X be the random walk on G described above,
started in any initial law. Then there exists a random variable X, € {a,b,c}+
such that
T}LIEOXn(z) = X(i) a.s. (i e Ny).

Proof We may compare | X| to a random walk Z = (Zj)k>o on Z that jumps from
n ton — 1 or n+ 1 with probabilities 1/3 and 2/3, respectively. Such a random
walk has independent increments, i.e., (Zy — Zi—1)k>1 are i.i.d. random variables
that take the values —1 and +1 with probabilities 1/3 and 2/3. Therefore, by the
strong law of large numbers, (Z,, — Zy)/n — 1/3 a.s. and therefore 7, — oo a.s.
In particular Z visits each state only finitely often, which shows that all states are
transient. It follows that the process Z started in Z; = 0 has a positive probability
of not returning to 0. Since Z, — oo a.s. and since | X| has the same dynamics as
Z as long as it is in N, this shows that the process started in Xy = a satisfies

P*[| Xy > 1VE>1] =P'[Z, > 1VE>1] > 0.

This shows that a is a transient state for X. By irreducibility, all states are
transient and | X;| — oo a.s., which is easily seen to imply the lemma. |

We are now ready to prove the existence of a many bounded harmonic functions
for the Markov chain X. Let

G = {z € {a,b,c}"* 1 x(i) #x(i + 1) Vi > 1}.

Elements in 0G correspond to different ways of walking to infinity. Note that 0G
is an uncountable set. In fact, if we identify elements of G with points in [0, 1]
written in base 3, then 0G corresponds to a sort of Cantor set. We equip G with
the product-o-field, which we denote by B(0G). (Indeed, one can check that this
is the Borel-o-field associated with the product topology.)

Proposition 1.21 (Bounded harmonic functions) Let ¢ : G — R be bounded
and measurable, let X be the random walk on the tree G described above, and let
Xoo be as in Lemma[1.20, Then

h(z) :==E*[¢(Xo0)] (z € G)

defines a bounded harmonic function for X. Moreover, the process started in an
arbitrary initial law satisfies

hMXn) — ¢(Xs) as.

n—oo
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Proof It follows from the Markov property (in the form (0.4))) that

h(z) = E°[9(Xoo)] = Y P2, y)B[0(Xo)] = ) Pla,y)hly) (¢ €Q),
Yy Yy
which shows that h is harmonic. Since |||l < ||¢||oo, the function h is bounded.
Moreover, by (0.4) and Proposition ,

WXn) = B [$(Xo0o)] = E[p(Xoo) | Fi] — E[$(Xoo) [ F] = ¢(Xw)  as.

n—oo

Figure 1.2: A bounded harmonic function

For example, in Figure [1.2] we have drawn a few values of the harmonic function
h(z) :=P*[X(1) = d] (x € G).

Although Proposition [1.21] proves that each bounded measurable function ¢ on
0G yields a bounded harmonic function for the process X, we have not actually
shown that different ¢’s yield different h’s.
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Lemma 1.22 (Many bounded harmonics) Let p be the probability measure
on 0G defined by p:=PY[ X, € -]. Let ¢,7) : 0G — R be bounded and measurable
and let

h(z) :=E"[¢p(Xs)] and g(z) :=E"[¢(X)] (x € G).

Then h = g if and only if = a.s. w.r.t. p.

Proof Let us define more generally p, = P*[X, € -]. Since

a(A) = 3 PP (@, 2P (X € A] 2 P (2 ), (A)

(x,y € G, n >0, A e B(0G)) and P is irreducible, we see that p, < pu, for all
z,y € G, hence the measures (p,).cq are all equivalent. Thus, if ¢ = ¢ a.s. w.r.t.
1, then they are a.s. equal w.r.t. to u, for each x € GG, and therefore

o) = [odn = [vdn=g@)  (we6)

On the other hand, if the set {¢ # ¢} has positive probability under u, then by
Proposition [I.2]]
P'[ lim h(X,) # lim g(X,)] >0,

n—0o0 n—o0

which shows that there must exist x € G with h(z) # g(z). |

Exercise 1.23 (Escape probability) Let Z = (Z;)i>0 be the Markov chain
with state space Z that jumps in each step from n to n — 1 with probability 1/3
and to n + 1 with probability 2/3. Calculate P'[Z;, > 1 Vk > 0]. Hint: find a
suitable harmonic function for the process stopped at zero.

Exercise 1.24 (Independent increments) Let (Y})i>; be i.i.d. and uniformly
distributed on {a, b, c¢}. Define (X,,),>0 by the random group product (in the group
G)

X, =YY, (n>1),

with X, := (0. Show that X is the Markov chain with transition kernel P as defined
above.
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1.3 Coupling

For any = = (z(1),...,2(d)) € Z% let |z|, :== >_C, |=(i)| denote the ‘L;-norm’ of
z. Set A = {x € Z%: |z|; = 1}. Let (Y3)x>1 be i.i.d. and uniformly distributed
on A and let

X, ::ZYk (n>1),
k=1

with X, := 0. (Here we also use the symbol 0 to denote the origin 0 = (0,...,0) €
Z2.) Then, just as in Excercise , X is a Markov chain, that jumps in each time
step from its present position x to a uniformly chosen position in t + A = {x +y :
y € A}. We call X the symmetric nearest neighbor random walk on the integer
lattice Z. Sometimes X is also called simple random walk.

Let P denote its transition kernel. We will be interested in bounded harmonic
functions for P. We will show that in contrast to the random walk on the tree,
the random walk on the integer lattice has very few bounded harmonic functions.
Indeed, all such functions are constant. We will prove this using coupling, which
is a technique of much more general interest, with many applications.

Usually, when we talk about a random variable X (which may be the path of a
process X = (Xj)r>0), we are not so much interested in the concrete probability
space (2, F,P) that X is defined on. Rather, all that we usually care about is
the law P[X € -] of X. Likewise, when we have in mind two random variables X
and Y (for example, one binomially and the other normally distributed, or X and
Y may be two Markov chains with possibly different initial states or transition
kernels), then we usually do not a priori know what their joint distribution is,
even if we know there individual distributions. A coupling of two random variables
X and Y, in the most general sense of the word, is a way to construct X and
Y together on one underlying probability space (2, F,P). More precisely, if X
and Y are random variables defined on different underlying probability spaces,
then a coupling of X and Y is a pair of random variables (X', Y”) defined on one
underlying probability space (€2, F,P), such that X’ is equally distributed with X
and Y’ is equally distributed with Y. Equivalently, since the laws of X and Y
are all we really care about, we may say that a coupling of two probability laws
, v defined on measurable spaces (E, &) and (F, F), respectively, is a probability
measure p on the product space (E x F,€ ® F) such that the first marginal of p
is u and its second marginal is v.

Obviously, a trivial way to couple any two random variables is to make them
independent, but this is usually not what we are after. A typical coupling is
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designed to compare two random variables, for example by showing that they are
close, or one is larger than the other. The next excercise gives a simple example.

Exercise 1.25 (Monotone coupling) Let X be uniformly distributed on [0, A]
and let Y be exponentially distributed with mean A > 0. Show that X and
Y can be coupled such that X < Y a.s. (Hint: note that this says that you
have to construct a probability measure on [0, A] x [0, 00) that is concentrated on
{(z,y) : * < y} and has the ‘right’ marginals.) Use your coupling to prove that
E[X*] <E[Y?] for all & > 0.

Now let A C Z? be as defined at the beginning of this section and let P be the
transition kernel on Z? defined by

1
P(m,y) = Zgl{y—xEA} (:c,yEZd).

We are interested in bounded harmonic functions for P, i.e., bounded functions
h: Z% — R such that Ph = h. Tt is somewhat inconvenient that P is periodic[]
In light of this, we define a ‘lazy’ modification of our transition kernel by

Plazy(xv y) = %P(Z‘, y) + %1{x:y}

Obviously, Ba.y f = %P f+ % f, so a function h is harmonic for P if and only if it
is harmonic for Pg,y.

Proposition 1.26 (Coupling of lazy walks) Let X* and XY be two lazy random
walks, i.e., Markov chains on Z% with transition kernel Py, and initial states
X¢=xzand X§ =y, v,y € Z%. Then X® and XY can be coupled such that

In>0st Xf=X] Vk>n as.

Proof We start by choosing a suitable random mapping representation. Let
(Uk)k>1, (Ik)k>1, and (Wy)k>1 be collections of i.i.d. random variables, each collec-
tion independent of the others, such that for each & > 1, Uy, is uniformly distributed
on {0, 1}, I is uniformly distributed on {1, ..., d}, and W}, is uniformly distributed
on {—1,+1}. Let ¢; € Z% be defined as €;(j) := 1—;3. Then we may construct
X? inductively by setting X := x and

X,f = le—l + Uka@]k (k) Z 1)

“4Indeed, the Markov chain with transition kernel P takes values alternatively in Z, ,, := {z €

AR 2?21 x(i) is even} and Z4,, = {z € Z*: Zle x(7) is odd}.
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Note that this says that U, decides if we jump at all, I, decides which coordinate
jumps, and W, decides whether up or down.

To construct also X¥ on the same probability space, we define inductively X :=y
and

Yy : Yy x
X { X+ (= U)Wyer, it Xi_ (L) # Xi_ (), k> 1)

Xlg—l -+ Ukaefk if Xlzc/—l(lk) = X,f_1<[k),

Note that this says that X* and XY always select the same coordinate [, €
{1,...,d} that is allowed to move. As long as X* and XV differ in this coor-
dinate, they jump at different times, but after the first time they agree in this
cordinate, they always increase or decrease this coordinate by the same amount at
the same time. In particular, these rules ensure that

Xip(i)=XJ(i) forall k> 7 :=inf{n>0: X (i) = XJ(i)}.

Since (X7, X} )k>o is defined in terms of i.i.d. random variables (Uy, Ij,, Wi )k>1 by
a random mapping representation, the joint process (X%, X¥) is clearly a Markov
chain. We have already seen that X®, on its own, is also a Markov chain, with
the right transition kernel P,,,. It is straightforward to check that ]P’[X,f =
2| (XF, XY)] = Pazy (X}, 2) a.s. In particular, this transition probability depends
only on X}, hence by Lemma m, XY is an autonomous Markov chain with
transition kernel H,,y.

In view of this, our claim will follow provided we show that 7; < oo a.s. for each
t=1,...,d. Fix ¢ and define inductively oy := 0 and

oy = inf{k > o1 : ), = i}.
Consider the difference process

Dy = X: — X! (k>0).

Then D = (Dy)g>o is a Markov process on Z that in each step jumps from z to
241 or z — 1 with equal probabilities, except when it is in zero, which is a trap.
In other words, this says that D is a simple random walk stopped at the first time
it hits zero. By Lemma [0.17] there a.s. exists some (random) k& > 0 such that
D;, = 0 and hence 1; = 0, < 00 a.s. [ |

As a corollary of Proposition [1.26] we obtain that all bounded harmonic functions
for nearest-neighbor random walk on the d-dimensional integer lattice are constant.
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Corollary 1.27 (Bounded harmonic functions are constant) Let P(z,y) =
(2d) '1qjo—yp =1} be the transition kernel of nearest-neighbor random walk on the
d-dimensional integer lattice Z¢. If h : Z¢ — R is bounded and satisfies Ph = h,
then h is constant.

Proof Couple X* and X? as in Proposition|1.26| Since A is harmonic and bounded,
(M XE))k=0 and (h(X}))ks0 are martingales. It follows that

h(x) — h(y) = EI(XP)] - E[h(XD)]
= E[M(XE) — h(X)] < 2|l PIXT £ X!] — 0

~—

for each z,y € Z¢, proving that h is constant. |

Remark Actually, a much stronger statement than Corollary is true: for
nearest-neighbor random walk on Z¢, all nonnegative harmonic functions are con-
stant. This is called the strong Liouville property, see [Woe00l, Corollary 25.5]. In
general, the problem of finding all positive harmonic functions for a Markov chain
leads to the (rather difficult) problem of determining the Martin boundary of a
Markov chain.

1.4 Convergence in total variation norm

In this section we turn our attention away from harmonic functions and instead
show another application of coupling. We will use coupling to give a proof of the
statement in Theorem (stated without proof in the Introduction) that any
aperiodic, irreducible, positively recurrent Markov chain is ergodic, in the sense
that regardless of the initial state, its law at time n converges to the invariant law
as n — oQ.

In these lecture notes, we define the total variation distance between two proba-
bility measures p, v on a countable set S as as

|1 = vliry = max [u(A) — v(A)]

In the literature, one finds two different definitions of the total variation distance,
which differ by a factor 2 (our definition being the smaller of the two). Both
definitions have their advantages and disadvantages. The following lemma gives
another formula for || - ||y (according to our definition).
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Lemma 1.28 (Total variation distance) For any probability measures pi,v on
a countable set S, one has

l=viev =" (u@)—v(@)= >  (@)-u@) =35 |u)-v)].

x: p(z)>v(x) x: p(z)<v(z) z€S

Proof Set S. = {z € S : p(z) > v(z)}, S = {x € S : pu(zr) = v(z)}, and
S.:={zx € S:pu(r) <v(xr)} Define finite measures p*, v+ and p by

p(@) = u(@) Avla), () = p(@) — p(a), and v*(2) = v(@) - plx).
Note that u* is concentrated on Ss and v is concentrated on S.. For any A C .S,
H(A) = v(A) = (AN S.) — v (AN S.).

It follows that
—v(S<) < p(A) — v(A) < pt(Ss)

where either inequality may be an equality for a suitable choice of A (A = S or
A = 5., respectively). Here

pH(Ss) = > (ul(x) = px)) = 1= plx) = v*(S.).

I€S> zeSs

Lemma 1.29 (Coupling and total variation distance) Let S be a countable

set, and let X and Y be S-valued random variables with laws p and v respectively.
Then
|1 —vllrv <PLX #Y]. (1.2)

Moreover, given i, v, we can couple random variables X and Y with laws p, v such

that equality holds in .

Proof Formula ((1.2)) follows from the observation that for any A C S,

p(A)=PX € A]=PX €A, YeA+PXecA YA,
vV(A)=PY € A] =P X €A YA +PXEA Y ecA.

Subtracting gives

(1(A) —v(A)| <PX €A Y EAor X €A Y eA <PX#VY]
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To construct the desired coupling, using notation as in the previous proof, set
p:=pt(Ss) =vT(Ss). Let Xo, X, X_ be random variables such that

PPXs = 2] = i’ (z), pPXc=a]=v"(z), and (1-pPX-=2]=p(z)
(x € S), and let B be an independent Bernoulli random variable with P[B = 1] = p.

Set . .
L X> 1 B:17 L X< 1 le,
X'_{X: itp=o, ™ Y'_{X: if B=0.
Then P[X = a] = pP[X. — 2] + (1 - p)PIX_ = 2] = it (x) + p(x) = () (w € S)
and in the same way we see that Y has law v. Since PIX #Y]=P[B=1]=p=
|1t — v||rv we see that equality holds in (T.2)). |

Remark Lemmas and can be generalized to probability measures y, v on
a fairly general measurable space (5, S). The only catch is that the event {X # Y’}
must be measurable with respect to the product-o-algebra on S x S, which is not
true in complete generality. Assuming this is OK, however, one can proceed as
follows. Let S :={z € S :dp/(dp+ dv) > 1}, where du/(dp + dv) denotes the
Radon-Nikodym derivative of p with respect to u+ v, define S similarly, and for
measurable A set

pt(A) = p(ANSs) —v(ANSs), vi(A):=vANS.) —u(AnS.),
and  p(A) == u(A) — p"(A) = v(4) — v (A).

Then the rest of Lemmas and including the proofs, are the same as for
countable spaces.

Theorem 1.30 (Convergence to invariant law) Let X be an irreducible, ape-
riodic, positively recurrent Markov chain with transition kernel P, state space S,
and invariant law p. Then the process started in any initial law satisfies

HP[XR €)= MHTV — 0.

n—oo

Proof We take the existence of an invariant law p as proven. Uniqueness will follow
from our proof. Let X and X be two independent Markov chains with transition
kernel P, where X is started in an arbitrary initial law and P[X, € -] = p. It is
easy to see that the joint process (X, X) = (Xj, X1 )k>0 is a Markov process with
state space S x S. Let us denote its transition kernel by P, i.e., by independence,

Py((z,7), (y,9)) = P(z,y)P(T,7)  (2,T,y,7€59).
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We claim that P, is irreducible. Fix z,7,y,y € S. Since P is irreducible and
aperiodic, it is not hard to see that there exists an m; > 1 such that P*(z,y) > 0
for all n > my. Likewise, there exists an my > 1 such that P™(Z,y) > 0 for all
n > my. Choosing n > my V my, we see that

Py ((x.7), (y,9)) = P"(x,y)P"(@.7) > 0,
proving that P is irreducible.

By Theorem (a) and (b), an irreducible Markov chain is positively recurrent
if and only if it has an invariant law. Obviously, the product measure pu ® p is an
invariant law for P, so P, is positively recurrent. In particular, this proves that
the stopping time

Ti=inf{k > 0: X} = X;}

is a.s. finite and has, in fact, finite expectation. Let X’ = (X} )g>0 be the process
defined by
X if k<7,
X, =1 —

It is not hard to see that X’ is a Markov chain with transition kernel P and initial
law P[X{ € -] = P[X, € -], hence X is equal in law with X. Now by Lemma[1.29)

IP[X, € -] = pil|py < P[X; # Xi] =Pk < 7] — 0.

k—o0

Exercise 1.31 (Periodic kernels) Show that the probability kernel P in the
proof of Theorem [1.30]is not irreducible if P is periodic.



Chapter 2

Positive eigenfunctions

2.1 Introduction

In the previous chapter, we have seen that positive solutions h to the equation
Ph = h are harmonic functions of the Markov chain with transition kernel P and
that they give us information about the limit behavior of a Markov chain as time
tends to infinity; e.g., they tell us in which trap a chain ends up or to which part of
the (Martin) boundary a transient Markov chain converges. Moreover, through the
Doob transform P (z,y) := h(z)~'P(x,y)h(y) they give us information about
the process conditioned on some form of long-time behavior. Also we have seen
that functions f such that Pf = f — 1 tell us about the expected time before a
Markov chain gets trapped, which through Foster’s theorem yields necessary and
sufficient conditions for positive recurrence.

In the present chapter, we will look at positive eigenfunctions of P, i.e., solutions
of the equation Ph = ch. These will tell us, e.g., that in many situations a Markov
chain gets trapped exponentially fast. Through a generalized Doob transform,
such functions also give information about Markov chains conditioned not to get
trapped for a long time. For reasons that will become clear soon, it is useful to
generalize a bit and replace P by a general nonnegative matrix A = (A(z,y))syes
indexed by a countable set .S. Here “nonnegative” meanf] that A(x,y) > 0 for all

!The statement that a matrix A is nonnegative should not be confused with the statement
that A is nonnegative definite. The latter concept, which is defined only for linear spaces that
are equipped with an inner product (¢, 1), means that (¢, A¢) is real and nonnegative for all ¢.
One can show that A is nonnegative definite if and only if there exists an orthonormal basis of
eigenvectors of A and all eigenvalues are nonnegative. Operators whose matrix is nonnegative

45
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x,1y. We define irreducibility and aperiodicity of nonnegative matrices just as for
probability kernels, i.e., A is irreducible if Vz,y In s.t. A"(z,y) > 0 and z € S is
aperiodic if the greatest common divisor of {n >1: A"(z,z) > 0} is one.

2.2 The spectral radius

The following lemma was first proved by Kingman [Kin63]. The quantity p(A)
below is called the spectral radius of A. This name is motivated by the fact that if
S is finite, then p(A) = sup{|A| : A is a complex eigenvalue of A} (see LemmalA.]]
in the appendix). This formula does not hold in general for infinite S, but we use
the name spectral radius regardless.

Lemma 2.1 (Spectral radius) Let A be a nonnegative matriz indexed by a
countable set S and let x € S be aperiodic. Then the limit

p(A) := lim (A"(x,:v))l/n = sup (A"(x,x))l/n € (0, o0 (2.1)

n—oo n>1
exists. Similarly, if x has period k, then

p(A) ;== lim (Ak"(x,x))l/kn = sup (Ak"(x,m))l/lm € (0, 00]. (2.2)

n—0o0 n>1

If A is irreducible, then the limit in does not depend on x € S.

The proof of Lemma follows from a superadditivity argument. By definition,
a function f : N, — R is subadditive if

fin+m) < f(n)+ f(m)  (n,m=1),

and superadditive if the reverse inequality holds, i.e., if —f is subadditive. The
following simple lemma has many applications. Proofs can be found in many
places, e.g. [Lig99, Thm B.22].

Lemma 2.2 (Fekete’s lemma) If f : Ny — [—00,00) is subadditive, then the
limit

lim lf(n) = inf lf(n)

n—o00 N, n>1ln

exists in [—00,00). The same conclusion holds if f takes values in [—oo, 00| (with
the convention oo — oo = 00) but {n > 1: f(n) = oo} is finite.

w.r.t. some basis, by contrast, need not be diagonalizable and their eigenvalues can be negative
or even complex.
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Proof Note that we can always extend f to a subadditive function f : N — R by
setting f(0) = 0. Fix m > 1 and for each n > 0 write n = k,,(n)m + r,,(n) where
km(n) > 0and 0 < r,(n) < m, ie., ky(n)is n/m rounded off to below and r,,(n)
is the remainder. Setting s, := sup;<,.,, f(r), we see that

n kpm)mAran) T kp(n)m n—oo M

F) _ FOn)m £ 1) _ () 0) + 50 f(m)

)

which proves that
f(n) _ f(m)

limsup — < —= (m >1).
n—o0 n m

Taking the infimum over m we conclude that

lim sup Ln) < inf M
n—00 n m>1 m
This shows in particular that the limit superior is less or equal than the limit infe-
rior, hence the limit exists. Moreover, the limit (which equals the limit superior)
is given by the infimum. Since f takes values in [—00, c0), the infimum is clearly
less than +o0o. To see that we can allow f to take the value +oo finitely often, it
suffices to note that this implies s,, < oo for m sufficiently large and we need the
arguments above only for n, m sufficiently large. |

Proof of Lemma It suffices to prove the statement for aperiodic x. The
general statement then follows since if z has period k with respect to A, then x is
aperiodic with respect to A*. Since

A (1) = ZA"(QC, Y)A™(y,x) > A™(x,x)A™ (z, ),

)

we see that the function n — log A™(x, z) is superadditive or equivalently n
—log A"(x, x) is subadditive. Here we allow for the case that A"(x,z) = oo which
means —log A"(z,x) = —oo and A"(x,x) = 0 which means —log A™(z,z) =
+o0o. After taking — log, the convention 0 - co := 0 translates into the convention
00 — 00 = 00. Since we are assuming that x € S is aperiodic, A™(z,z) = 0 for
finitely many n which means — log A"(x,z) = 400 for finitely many n and hence
Fekete’s lemma is applicable and tells us that

1 1
lim —log A"(x,x) = sup — log A"(z, x) € (—00, 00].

n—oo M n>1 n
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Taking exponentials, we see that the limit in (2.1)) exists in (0, cc] and equals the
supremuim.

Let p.(A) := p(A) denote the limit in (2.1)), which may in general depend on
x € S. We observe that ([2.1]) says that

Az, x) = e™108pe(A) —o(n) (> 1) with 0<o(m)/n — 0. (2.3)

n—oo

If A is irreducible, then for every y € S we can find k, m > 1 such that A*(y,z) >0
and A™(z,y) > 0. Now the estimate

AMTE (y,y) > ARy, 2) A" (2, 2) A™ (2, y) (2.4)

shows that p,(A) > p,(A), and reversing the roles of x and y we also obtain
pz(A) > py(A), so py(A) does not depend on x € S. |

Exercise 2.3 Let A be an irreducible nonnegative matrix and let f: S — (0, 00)
be a function such that Af < K f for some K < co. Prove that p(A) < K.

2.3 R-recurrence

Let A be a nonnegative matrix indexed by a countable set S and let h : S — (0, 00)
be a positive eigenfunction of A, i.e., Ah = ch for some ¢ > 0. Then setting

P(z,y) == c 'h(z) " A(z,y)h(y)  (z,y €S) (2.5)

defines a probability kernel on S. (Indeed, - P(z,y) = ¢ 'h(z) ' Ah(z) = 1.)
Since this generalizes the Doob transform of Lemma (1.5 we call this a generalized
Doob transform. By definition, we say that an irreducible nonnegative matrix A
is R—TGC’LLT'T'CTLL‘H if there exists a positive eigenfunction h and a positive constant ¢
such that defines a recurrent probability kernel P. The following facts were
proved by David Vere-Jones [Ver62, [Ver67).

2Originally, the letter R was mathematical notation for 1/p(A). This then gave rise to a
number of similar definitions such as r-recurrence (where r can be any real constant) [Ver67] and
A-recurrence (which applies in a continuous time setting) [Kin63]. For us the ‘R’ in the words
R-transience, R-recurrence etc. will just be part of the name and not refer to any mathematical
constant.
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Theorem 2.4 (R-recurrence) An irreducible nonnegative matriz A is R-recur-
rent if and only if p(A) < oo and

Zp ) "AM(z, ) = o0 (2.6)

for some, and hence for all x € S. In this case, there exists a function h : S —
(0,00), which is unique up to scalar multiples, and a unique constant ¢ > 0, such
that defines a recurrent probability kernel. Moreover, ¢ = p(A).

We will not give a full proof of Theorem although we will prove most of the
statements and we give a sketch of the proof of the remaining part in Section [2.7]
Here, we only prove that the condition is necessary for R-recurrence. We
start with a preliminary lemma.

Lemma 2.5 (Spectral radius of probability kernels) If P is an irreducible
probability kernel, then p(P) < 1. If P is recurrent, then p(P) = 1.

Proof Since P"(z,z) < 1 for all n, it is clear from (2.1]) that p(P) < 1. If p(P) < 1,
then ([2.3)) shows that P"(z,x) tends to zero exponentially fast. In particular, this
shows that the expected number of returns to x,

> P'(z,x) (2.7)

n>1
is finite, which proves that P is transient. (Recall from Section that the

expected number of returns to x is finite if and only if P is transient.) n

Lemma 2.6 (Necessary conditions for R-recurrence) Let A be an irreducible
nonnegative matriz indexed by a countable set S. Assume that for some h : S —
(0,00) and 0 < ¢ < o0, formula defines a recurrent probability kernel. Then

c = p(A) and A satisfies (2.6).

Proof We observe that

Zc’lh )" Az, y)h(y)e hy) T Aly, 2)h(2)

= c’zh(x)’lA”(x, 2)h(z),
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and more generally (with A% := I, the identity matrix)
P™(z,y) = ¢ "h(z) A" (z,y)h(y) (n > 0). (2.8)
In particular, P"(z,z) = ¢ "A"(x,z) and hence by
p(P) = c""'p(A).

Since P is recurrent, p(P) = 1 by Lemma [2.5| and hence ¢ = p(A). The fact that
P is recurrent moreover implies that the sum in (2.7)) is infinite, which by the fact
that P"(z,x) = ¢ ™A™ (z, z) implies (2.6]). |

As a consequence of Theorem we can also prove the following result.

Theorem 2.7 (Unique eigenfunction) Let A be an irreducible, R-recurrent
nonnegative matrix indexed by a countable set S. Then there exists a function
h:S — (0,00), unique up to scalar multiples, such that Ah = p(A)h.

Proof Since A is R-recurrent, there exists a function h : S — (0,00) and a
constant ¢ > 0 such that defines a recurrent probability kernel P. Since P
is a probability kernel, - P(x,y) = Ah(z)/ch(z) = 1 (x € S) which shows that
Ah = ch. By Lemma ¢ = p(A). This proves existence of h; we are left with
the task of showing uniqueness.

Let AT(z,y) := A(y,z) (x,y € S') denote the adjoint of A. We observe from ({2.1))
that

p(AT) = p(A).
Combining this with we see that A" is R-recurrent if and only if A is R-
recurrent. In view of this, by our previous arguments, there exists a function
n:S — (0,00) such that

nA = p(A)n. (2.9)
Instead of showing uniqueness up to scalar multiples of positive solutions to the
equation Ah = p(A)h, we can alternatively show uniqueness up to scalar multiples
of positive solutions to the equation nA = p(A)n. (Applying this to AT then also
gives the result for h.)

We claim that (2.9) implies that p(z) := n(x)h(z) (x € S) is an invariant measure
for the Markov chain with transition kernel P as in ({2.5)). Indeed,

pP(y) =Y p(@)Pla,y) =Y n(x)h(x)p(A) " hiz) " Az, y)h(y)

= p(A) " (nA) (y)h(y) = n(y)h(y).
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Since P is recurrent, by Theorem (0.21] its invariant measure is up to scalar mul-
tiples unique and hence the same is true for 7. |

Exercise 2.8 Improve Theorem by showing that if A is an irreducible, R-
recurrent nonnegative matrix indexed by a countable set S and f : S — [0, 00)
satisfies Af < p(A)f, then f = rh for some r > 0, where h is the function from
Theorem 2.7

Remark Exercise 2.8 implies that if A is an irreducible, R-recurrent nonnegative
matrix indexed by a countable set S, and Ah = ch for some function h : S — (0, 00)
and ¢ > 0, therf| ¢ > p(A). If S is finite, then the Perron-Frobenius theorem
(Theorem F below) shows that in fact ¢ = p(A), but for infinite matrices there
may exist|’| positive eigenfunctions with eigenvalues ¢ > p(A). In this case,
still defines a probability kernel, but P is not recurrent. Note that in view of this,
the fact that p(A) is called the “spectral radius” is somewhat misleading.

An irreducible nonnegative matrix A that is not R-recurrent is called R-transient.
Warning: it is possible for a transient probability kernel to be R-recurrent (see
Exercise below). If A is R-recurrent, then Theorem [2.4]says that there exist a
unique ¢ > 0 and a function h : S — (0, 00) that is unique up to scalar multiples,
such that defines a recurrent probability kernel P. Since multiplying h by
a scalar has no effect on P, this means in particular that such a recurrent P is
unique. We call A R-positive if P is positive recurrent and R-null recurrent if P
is null recurrent.

We conclude the present section with one more definition and lemma.

Lemma 2.9 (Positive recurrence) Let A be an irreducible, aperiodic nonnega-
tive matriz indexed by a countable set S. Let x € S and assume that p(A) < co.
Then the limat

lim p(A)™"A"(z, x) (2.11)

n—oo
exists in [0,00) and A is R-positive if and only if this limit is > 0. Similarly, if A
has period k, then the limit lim,, ., p(A)" A" (2, x) exists and A is R-positive if
and only if this limit is positive.

3Indeed, the exercise shows that if Ah = ch with ¢ < p(A), then Ah = p(A)h and hence
c=p(A).

4An example is the probability kernel P, from Exercise Of course, the constant function
f = 11is an eigenfunction of this probability kernel with eigenvalue 1. If you solve the exercise,
then you will see that p(P,) < 1 for all 0 < p < 1 with p # 3.
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Proof If A is not R-recurrent, then Theorem [2.4]says that o= | p(A) " A"(z,z) <
oo and hence p(A) " A"(z,x) — 0, so we can without loss of generality assume
that A is R-recurrent.

Now Lemma and tell us that p(A)™"A™(x,z) = P"(z,z). If P is null
recurrent, then lim,, ., P"(z,z) = 0 by Lemma , and if P is positive recurrent,
then Theorem tells us that lim,, ., P*"(z,z) = u(z), where y is the invariant
law of P* which satisfies u(z) > 0 by Theorem [0.19} N

Exercise 2.10 Let A be an irreducible nonnegative matrix indexed by a countable
set S. Assume that p(A) < oo. Prove that A is R-positive if and only if there exist
functions 1 : S — (0,00) and h : S — (0, 00) such that nA = p(A)n, Ah = p(A)h,

and
Zn(m)h(z) < 0.
Hint: formula ([2.10)).

We postpone the proof of the remaining, deeper statements of Theorem for a
while and in the next section first look at some motivating applications.

2.4 Conditioning to stay inside a set

Let X be a Markov chain with countable state space S and transition kernel P. For
any S' C S, we let Plg := (P(z,y))syes denote the restriction of P to S’. Note
that P|g is in general not a probability kernel, but it is a subprobability kernel,
ie, > co Pls(z,y) < 1forall x € S In particular, Q := P|s is a nonnegative
matrix. We will be interested in the case that () is irreducible and R-positive.

Let Q(z,y) := Q(y,z) (x,y € S) denote the adjoint of Q. As we observed in the
proof of Theorem , p(Q) = p(Q"), and therefore by Lemma Q' is R-positive
as well. Applying Theorem , we see that there exist functions 1 : S" — (0, 00)
and h :S" — (0,00), unique up to scalar multiples, such that

nQ = p(Q)n and Qh = p(Q)h. (2.12)

By the definition of R-positivity,

QM (z,y) == p(Q) 'h(z) ' Q(z,y)hly)  (z,y€ T (2.13)
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defines a positive recurrent probability kernel on S’. Note that Q" is irreducible
since () is. By the calculation in ([2.10]),

7(z) == n(z)h(z) (xes) (2.14)

is an invariant measure for Q). By Theorem and the fact that Q" is positive
recurrent, 7 is up to a scalar multiple equal to the unique invariant law of Q).
In view of this we normalize 1 and h such that

> n@)h(x) =1, (2.15)

zes’

which guarantees that 7 in (2.14)) is the invariant law of Q).

Theorem 2.11 (Process conditioned not to leave a set - first version) Let
X be a Markov chain with countable state space S and transition kernel P, and let
S c S. Assume that () := P o 18 wrreducible, aperiodic, and R-positive. Let n,h
as in be positive left and right eigenfunctions of @ with eigenvalue p(Q),
normalized as in . Set

T::inf{kZO:ngS'}.

Then, for each m > 1 and x,z € S’,

P [(Xk>0§]g§m € - ‘ n<T, X, = Z} — P* [(X]]J)nggm € - ], (216)

n—oo

where X" denotes the Markov chain with state space S’ and Doob transformed
transition kernel Q) defined in . If Q is periodic, then remains true

provided we restrict ourselves to those values of n for which Q"(x,z) > 0.

Proof Fix 0 < m < n such that Q"(x,z) > 0 and =g, ..., z,+1 € S’ such that
Pr[(Xo,...,Xm) = (To,...,&m), n <7, X, =2] >0. Then

pro [Xm—i-l = Ty ‘ (X0, s X)) = (o, .., T), n< T, X, = z}
]P)[(Xo, S aXm—i-l) = (l’o, R ,$m+1), n<rt, X, = Z]
P(Xoy.. oy, Xm) = (20, ..., Zm), n <7, X, =2]
erll P(xy_q, ) - an(mﬂ)(me? 2)
H?:l P(xk—b xk) : Qn_m(mmv z)

— P(xmv xm-l-l)Qni(erl)(xM-i-lv z)

Qn—m (xm7 Z)
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This shows that under the conditional law given the event {n < 7, X, = z},
the process (Xo, ..., X,) is a time-inhomogeneous Markov chain whose transition
kernel in the (m + 1)-th step is given by

P(z,y)Q" "y, z)
Qrm(w,z)

p) (x,y) :=

m,m+1

(2.17)

We observe that (recall (2.8)

Q"(z,y) = p(@Q)"h(x)( QW) (z,nh(y) " (z,ye ).

Since Q™ is positively recurrent with invariant law 7(x) = n(z)h(z) as in (2.14),
in the aperiodic case, it follows from Theorem that

p(@Q)"Q"(,y) — hl@)n(y)  (z,y €5). (2.18)

Inserting this into ([2.17)) yields

0y = PE@y)p@) Iy, 2)
Pm7m+1(P, Y) —h p(Q)~(n=m=DQn-—m (g 7)
(z, y)h(y)n(z) _ Q™ (z,y).

(2.19)

If @) has period k, then changes in the sense that we must restrict ourselves
to those values of n for which Q™(z,y) > 0 and we pick up an extra factor k£ on
the right-hand side. This yields extra factors k in the nominator and denominator
of , which cancel, and the result is the same. |

Remark 1 If A is a nonnegative matrix indexed by a countable set S, and 0 <
A™(z,y) < oo for some x,y € S and n > 1, then we can define a probability

measure ,uf;y” on the space of all sequences (xy, ..., z,) of elements of S by setting
Amn 1 -
Wy (To, oy Tp) 1= —A”(x m Lizo=z, zn=y} H A(zg_1, xp). (2.20)
’ k=1

Such a measure is called a one-dimensional Gibbs measure with transfer matriz A
and boundary conditions x,y. The proof of Theorem shows more generally
that if A is irreducible and R-positive, then for fixed x,y € S, the Gibbs measures
uf”; converge as n — oo to the law of the Markov chain with transition kernel P
as in and initial state .
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Remark 2 If 5" C S’ is a finite set, then since ([2.16) holds for all z € S”, we also
obtain that

P*[(Xk)ock<m € - |n <7, X € 8" = P*[(X})o<k<m € -]

n—oo

In particular, if S’ is finite, then it suffices to condition only on the event that
{n < 7}. In the next section, we will moreover see that if S’ is finite, then P| o 18
automatically R-positive.

2.5 The Perron-Frobenius theorem

In this section, we prove the following fact.

Proposition 2.12 (Finite matrices) Let A be an irreducible nonnegative matriz
indexed by a finite set S. Then A is R-positive.

Proof It suffices to prove that A is R-recurrent, because then there exists a function
h:S — (0,00), unique up to scalar multiples, and a unique constant ¢ > 0 such
that formula defines a recurrent probability kernel on S. Since S is finite, it
then automatically follows that P is positive recurrent and hence A is R-positive.
In view of this, it suffices to check condition of Theorem [2.4] If A has period

k, then A satisfies (2.6) if and only if A* satisfies (2.6)), so without loss of generality
we may assume that A is aperiodic.

We let C® denote the linear space consisting of all functions f : S — C. Through
the formula Af(z) := > A(z,y)f(y), the matrix A defines a linear operator

A:C% — C% Let| - | be any norm on C° and let ||A| denote the associated
operator norm of A, i.e., ||A| is the smallest constant such that

IAfI < IAILFII - VfecCo.
It follows that ||ABf| < ||All ||B]| || f]|, which in turn shows that
IAB| < ||A[l][B]]- (2.21)

It follows that the map n +— log||A"|| is subadditive, and hence Fekete’s lemma
(Lemma tells us that the limit

p(A) = lim [[A"['/" = inf || A"]['" € [~o0, 00). (2:22)
n—00 n>
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exists, or equivalently (compare (2.3)), that

A7) = enlogp(A) +o(n) (> 1) with 0<o(n)/n —s 0. (2.23)

n—oo

Note that since n +— log ||A"|| is subadditive while n +— log A™(z,x) is superad-
ditive, the error term here is positive while in it is negative. We claim that
p(A) = p(A). It actually does not matter which operator norm we use (Exer-
cise 2.13| below) but for concreteness let us take the operator norm associated with
the supremumnorm on C%. Then Exercise [2.14) below tells us that

|A™]| = sup > A"(y, 2)
Y z

This immediately implies that A"(z,x) < [|A"||. Since A is irreducible and ape-
riodic and S is finite, we can choose some m > 1 such that A™(y,z) > 0 for all
y,z € S. Set € :=inf, , A™(y, z). Then

AT (2, 2) 2 A™ (2, y) A" (y, 2) AT (2,2) = €2 A" (y, 2),

and hence
Az, x) < ||A") < |S|le 2 A2 (2, x), (2.24)
which shows that
log p(A) = nh_{glo n~'log A"(z, )
< logp(A) < lim " log (|S[e ™A™ ™" (x, z)) = log p(A).

It now follows from ([2.24)) and (2.23)) that

S p(A) A 1) 2 1S S p(A) A

n>1 n>2m
> 187 Y p(A) " p(A) TP = o,
n>2m
which shows that condition (2.6 of Theorem [2.4is satisfied. |

Exercise 2.13 (Choice of the norm) Show that the limit p(A) from does
not depend on the choice of the norm on C°. Hint: you can use the fact that on a
finite-dimensional space, all norms are equivalent. In particular, if || - || and || - ||’
are two different norms on the space of matrixes indexed by S, then there exist
constants 0 < ¢ < C' < oo such that c||A|| < ||A]|" < C||A]| for all A.
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Exercise 2.14 (Operator norm induced by supremumnorm) If || - || de-
notes the supremumnorm on C°, then show that the associated operator norm of
a complex matrix (A(z,y))syes is given by

1Allee = sup > |A(z, ).

zeSs yes

As a corollary of Theorem [2.4]and Proposition [2.12] we obtain the following version
of the Perron-Frobenius theorem. This theorem was first proved in [Per(7, [Fro12],
at around the same time when Markov chains were introduced [Mar(06], although
the link between the two subjects was discovered only much later. See [Gan(0),
Section 8.3] or [Sen73, Chapter 1] for a modern statement of the Perron-Frobenius
theorem.

Theorem 2.15 (Perron-Frobenius) Let A be a irreducible nonnegative matric
indexed by a finite set S. Then there exists a function h : S — (0,00), unique up
to scalar multiples, and a unique constant ¢ > 0 such that Ah = ch.

Proof By Proposition A is R-positive, so by Theorem [2.4] there exist a
function h : S — (0, 00), unique up to scalar multiples, and a unique constant ¢ > 0
such that formula defines a recurrent probability kernel. Imagine that A’ :
S — (0,00) and ¢ > 0 satisfy Ah' = ¢h. Then formula defines a probability
kernel P. Since S is finite, P is positive recurrent and hence Theorem tells us
that ¢ = ¢ and A’ = rh for some r > 0. |

Remark In view of Proposition [2.12] we can think of Theorem as an infinite-
dimensional generalization of the Perron-Frobenius theorem. Another way to gen-
eralize the Perron-Frobenius theorem to infinite dimensions is to view A as a linear
operator acting on a Banach space of functions f : S — C and then use as
a starting point. This approach works even for uncountable spaces; a well-known
result in this direction is the Krein-Rutman theorem [KRA4S].

2.6 Quasi-stationary laws

The following theorem removes the condition X,, = z from the conditional prob-

ability in (2.16)), at the cost of introducing the condition (2.25). Note that if S’
(225

is finite, then ([2.25)) is automatically satisfied while P| & 18 R-positive by Proposi-
tion 2.12]
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Theorem 2.16 (Process conditioned not to leave a set - second version)
Let X be a Markov chain with countable state space S and transition kernel P,
and let 8" C S. Assume that () := P|S/ is irreducible and R-positive. Letn, h as in
be positive left and right eigenfunctions of Q with eigenvalue p(Q). Assume
that

inf h(z) > 0. (2.25)

xes’
Then n and h can be normalized such that

Z n(x) =1 and Z n(x)h(z) = 1. (2.26)
zes/ €S’
Set
Ti=inf{k>0:X,¢5}.

Then, for each m > 1 and x € S,

P* [(Xk>0§k§m c - ‘ n < T} = P* [(X]};)nggm (S ], (227)

n—o0

where X" denotes the Markov chain with state space S’ and Doob transformed

transition kernel QU defined in .

Proof It has already been shown in that we can normalize n and h such
that ) o n(z)h(r) = 1. Let 1 denote the function on S’ that is constantly one.
Arguing as in the proof of Theorem [2.11] we see that conditional on the event
{n < 1}, the process (X, ..., X,) is a time-inhomogeneous Markov chain whose
transition kernel in the (m + 1)-th step is given by

P(n) o P(‘rvy)Qnimill(y)

man+1 (T, 1) = O] (2.28)

Here

Q"l(z) =) Q"(w,y) = Y p(Q)"h(x)(Q™)" (z,y)h(y) .

yes’ yes’

Condition ([2.25)) guarantees that A~! is a bounded function. Combining this with
Theorem [0.20] it follows that

> @) (xh(y)™ — > wy)h(y)
yes’ yes’
where 7(y) = n(y)h(y) as in (2.14) is the invariant law of Q™. It follows that

p(@)"Q"1(z) — h(z) > m)h(y) ™ = h(z) Y n(y).

yes’ yes’
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In particular, »_ o n(y) is finite so we can normalize n and h as in (2.26) and
with this convention

p(Q) Q" L(x) — h(x). (2.29)

n—o0

Inserting this into (2.28]), the rest of the proof goes in the same way as the proof
of Theorem 2.111 |

The proof of Theorem [2.16| yields the following corollary, which gives a nice inter-
pretation to the right eigenfunction h.

Corollary 2.17 (Asymptotical probability to stay in a set) Under the con-
ditions of Theorem for each v € 5,

p(Q)"P*[T > n| — h(z) (x €9).

n—oo

Proof This is just another way to write ([2.29). |

The left eigenvector 7 also has a nice interpretation. Let X be a Markov chain with
countable state space S and transition kernel P, and let S’ C S. By definition, we
say that a probability measure y on S’ is a quasi-stationary lauﬂ of P on S if

P[Xo€-]=x implies P[X;e€-|X;€85]=x.

It seems that quasi-stationary laws were first introduced by Darroch and Seneta
in [DS67].

Corollary 2.18 (Convergence to quasi-stationary law) Under the conditions
of Theorem[2.16, 1 is a quasi-stationary law of X on S'. Moreover, for eachz € S,

P'IX, =y|7>n] — n(y) (x,y € 95).

n—oo

Proof Let X be the process started in some initial law gy on S” and define finite
measures i, on S’ by

pn(y) =PXn =y, n<71] (y€S, n>0).

5Usually, the terms ‘stationary law’ and ‘invariant law’ can be used exchangeably. In this case,
this may lead to confusion, however, since the term ‘quasi-invariant measure’ is normally used in
ergodic theory for a measure that is mapped into an equivalent measure by some transformation.
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Then
pns1(y) =PXop1 =y, n+1<7] =Y PX, =2 n<7]Q(2,y) = 1mQy)
z€S’
(y € 5), e, finr1 = pn@. In particular, g is a quasi-stationary law if and only
if Q@ = cpg for some ¢ > 0.

In the special case that Xy = x, we see that

pn(y) = Q"(x,y) = p(Q)"W(x)(Q™)" (z,y)h(y) ™"
and
p(y) (@) h(=)( Q™) (w, y)h(y) !
Dces bn(2)  p(Q)"h(x) 32, (QW)™ (x, 2)h(2) 1
By Theorem QM) (z,y) — 7(y) = n(y)h(y) (y € S') as n — oo, so using
the fact that A~! is a bounded function because of , we see that

22(QW)M(w, 2)h(2) 71 oo 37 1(2)

for all y € 5. |

IP“"[Xn:y}7'>n} =

Remark In the proof of Corollary[2.18, we have seen that a probability measure v
on S’ is a quasi-stationary law if and only if v is a positive left eigenvector of Q). If
S’ is finite, then the Perron-Frobenius Theorem (Theorem [2.15)) tells us that such a
positive left eigenvector is unique (if we normalize it to get a probability measure).
In general, we can invoke Theorem to conclude that 7 is the unique quasi-
stationary law with the additional property that n@Q = p(Q)n. It is not so easy,
however, to rule out the possibility that there could exist another quasi-stationary
law v with v@Q = cv for some ¢ > p(Q).

Exercise 2.19 (Behavior at typical times) Let 0 < m, < n be such that
m, — oo and n —m, — oo as n — oco. Show that for any x € 5,

]P’“”[ane-’n<7] = T,

n—o0

where m(y) = n(y)h(y) is the invariant law of the Doob transformed probability
kernel Q.

Excercise shows that conditional on the unlikely event that n < 7 where n
is large, most of the time up to n, the process X is approximately distributed
according to the invariant law 7(y) = n(y)h(y). Corollary shows that at the
time n, the situation is different.
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2.7 Sketch of the proof of the main theorem

In this section, we give the proof of Theorem 2.4, We need one preparatory lemma.

Lemma 2.20 (Speed of growth) Let A be an irreducible aperiodic nonnegative

matriz indezed by a countable set S and let p(A) € (0, 00] denote its spectral radius.

Then
lim (A"(z,9)"" = p(4) (2, €9). (2.30)

If A is periodic, then remains true provided we restrict ourselves to those
values of n for which A™(x,y) > 0.

Proof In the special case x = y this follows from Lemma By irreducibility,
for each z,y € S there exist k,m > 1 such that A*(z,y) > 0 and A™(y,z) > 0.
Then

1 1
liminf —log A"(z,y) > liminf — log (A" *(z, z) A" (z,y))
n n—oo N

n—oo

= lim 1 log A" *(z, ) = p(A)

n—,oo N,
and

1 1
limsup — log A™(z, y) = limsup — log (A" (z, y) A" (y, z))
n

n—00 n—oo TN

1
< lim —log A" (z,z) = p(A).

n—oo N,

The most difficult part of Theorem [2.4] is the following proposition.

Proposition 2.21 (Existence of an eigenfunction) Let A be an irreducible
nonnegative matriz such that p(A) < oo and holds. Then there exists a
function h : S — (0,00) such that Ah = p(A)h.

We first show how this implies what we want.

Proof of Theorem By Lemma [2.6, condition (2.6) is necessary for R-
recurrence. Conversely, by Proposition [2.21} condition ({2.6) implies the existence
of a function h : S — (0, 00) such that Ah = p(A)h. It follows that

P(z,y) := p(A)"'h(z) Az, y)h(y)  (z,y €5) (2.31)
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defines a probability kernel P. In view of ({2.8])

iP"(x x) Zp Az, 7)
n=0

which is oo by our assumption (2.6)), showing that P is recurrent. This proves that
A is R-recurrent. Imagine that for some function f : S — (0,00) and constant
c > 0, setting

Qz,y) ==c ' f(x) 'Alz, ) f(y)  (z,y€S)

also defines a recurrent probability kernel. Then ¢ = p(A) by Lemma and hence
Af = p(A)f since @ is a probability kernel. A careful inspection of the proof of
Theorem [2.7|shows that although we have used Theorem in that proof, all that
we really needed was Proposition [2.21] which guarantees the existence of left and
right eigenvectors 7 and h with eigenvalue p(A) = p(AT), as well as the fact that
the kernel in (2.31)) is recurrent. |

Proof of Proposition (sketch) For each A\ > 0, we define a Green’s function

G)\ by
= Z ATA™(z,y).
n=0

It follows from Lemma that G(x,y) < oo for all z,y as long as Ap(A) < 1.
We observe that

AG)(x, 2) ZA T,y Z)\"A” Y, 2 i)\”ZA(x,y)A"(y,z)
n=0 Y

— Z N'A (2, 2) = AN PGy (2, 2) — Liz—z-
n=0

(2.32)

Pick some reference point z € S and define hy : S — (0,00) by

ha(z) == (z€S)

Then, for each A\ < p(A)~1,

Ahy(x) = X hy(z) — Gz, 2) M pey (x €9). (2.33)
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It follows from monotone convergence and (2.6)) that

lim Gy(z,2) lim ATA™ (x Az . 2.34
. Az, = lim Z ,Y) Zp ) = (2.34)

In view of this, we may expect that letting A + p(A)~! in (2.33), the function hy
converges to a function h such that Ah = p(A)h.

If S is finite, then this last step can be made rigorous in a straightforward manner
(Exercise below), but if S is infinite the only proofs I know are quite compli-
cated. Proposition follows from [Ver67, Thm 4.1], which is also treated in the
books [Sen81l,[Woe00] (with basically the same proof). Below, I sketch a somewhat
different proof (as yet unpublished, but I can give the details on request).

For each A < p(A)™!, set
PA(Iay> = /\h)\(ZL’>_1A(I7y)h)\<y> (l’,y S S)
By (2.32),

Z Py(z,y) = A\Gx(z, 2) TAG (2, 2) = 1 — AGi(2, z)’ll{zzz} =1 —pal{p=sy

Yy

which shows that P, is a subprobability kernel on S. By definition, an exzcursion
away from z is a finite sequence (zo, ..., x,) such that o = z = x,, and x # z for
all 0 < k < n. For each A < p(A)~!, we define a measure vy on the space I', of
excursions away from z by

n

V,\(xo, e axn) = A" H A(fk—l, ka)

k=1

One can prove that v, (T',) = 1 — py for A < p(A)~! and the subprobability kernel
P, corresponds to a Markov chain with killing at z, where after each visit to z
either the chain makes with probability 1 —p, an excursion away from z according
to the subprobability measure v, or is killed with the remaining probability p,.

It follows from (2.34) that py — 0 as A T p(A)~'. Therefore, v := v 41 is
a probability measure on I',. One can check that the process that makes i.i.d.
excursions away from z with law v is a recurrent Markov chain with some transition
kernel P. Using notation as in , it is easy to see from the definition of v that

uﬁf = ull (z>1, A™(z,2) > 0),
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i.e., A and P, viewed as transfer matrices, define the same Gibbs measures. It can
be show that this implies that A and P must be related as in for some h : S —
(0,00) and ¢ > 0. For strictly positive matrices this is proved in [Geo88, Remark
(11.4)]; with some care the argument can be adapted to irreducible nonnegative
matrices. Since P is recurrent, Lemma implies that ¢ = p(A) and now ((2.5)
implies that Ah = p(A)h.

The proof of [Ver67, Thm 4.1] is at first sight different from the proof we have just
sketched, since it is formulated entirely in terms of functions that are defined on
the set S. On closer inspection, however, these functions are closely related to the
excursions that played such an important role in our proof, so on a deeper level
both proofs are probably similar. |

Exercise 2.22 (Compactness argument) Prove that if S is finite, then there
exist A, T p(A)~! such that the functions h,, from ([2.33)) converge to a function h :
S — (0, 00) satisfying Ah = p(A)h. Note that toghether with what we have already
proved, this completes the proof of the Perron-Frobenius theorem (Theorem [2.15|).
Hint: first show convergence to a function h : S — [0, oo] satisfying Ah = p(A)h
and then show that h takes values in (0, c0).

2.8 Further results

Let X be a Markov chain with countable state space S and transition kernel P.
Let 0, :=inf{k > 1 : X}, = 2} denote the first return time to a point x € S. Let
us say that a point x € S is strongly positive recurrent if

Ex[esaﬂ < oo for some € > 0.

It is known [Kenb9] that strong positive recurrence is a class property, i.e., if one
point in a communicating class is strongly positive recurrent then the same is true
for all points in this communicating class. In the aperiodic case, strong positive
recurrence is equivalent to exponentially fast convergence to the invariant law; it is
then said that the Markov chainn is geometrically ergodic. If x is positive recurrent
but not strongly so, then we say that x is weakly positive recurrent. Recall that
by Theorem [2.4], if A is an R-recurrent irreducible nonnegative matrix, then there
exists a unique recurrent probability kernel P that is related to A as in . We
say that A is strongly R-positive resp. weakly R-positive if P is strongly or weakly
positive recurrent respectively.
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In general, it is not easy to verify conditions or to check that a given
nonnegative matrix A is R-recurrent or R-positive, respectively. In our proof that
finite matrices are R-positive (Proposition [2.12)) we used a subadditivity argument.
Such arguments sometimes work in an infinite dimensional setting as well. The
following theorem, which we cite from [Swal7] without proof, gives necessary and
sufficient conditions for strong R-positivity.

Theorem 2.23 (Strong R-positivity) Let A be an irreducible nonnegative ma-
trice indexed by a countable set S. Let B < A be another nonnegative matrix such
that B(x,y) > 0 if and only if A(xz,y) >0, B # A, and {(z,y) : B(z,y) # A(x,y)}
is finite. Then A is strongly R-positive if and only if p(B) < p(A).

In words, Theorem [2.23|says that A is strongly R-positive if and only if lowering the
value of finitely many entries of the matrix lowers its spectral radius. This reduces
the problem of proving R-positivity to finding good upper and lower bounds on
the spectral radii of two matrices. We note that upper bounds can be obtained
with Exercise 2.3

We conclude this chapter with two lemmas and a series of exercises. We extend our
definition of the spectral radius to nonnegative matrices A that are not necessarily
irreducible by putting

p(A) := supsup (A" (z, x))l/n. (2.35)

zeS n>1

In view of Lemma[2.1], this coincides with our previous definition if A is irreducible.
(Note that this is true even in the periodic case.)

Lemma 2.24 (Lower semi-continuity of the spectral radius) The function
A~ p(A) is lower semi-continuous with respect to pointwise convergence, i.e., if
S is a countable set and A,,, A are nonnegative matrices indexed by S such that
limy,, 00 Am(z,y) = A(x,y) for all z,y € S, then

liminf p(A,,) > p(A).

m—r 00

Proof It is well-known that the supremum of a collection of lower semi-continuous
functions is again lower semi-continuous. Therefore, in view of , it suffices to
prove that for fixed = and n, the map A — (A"(z, :L‘))l/ " is lower semi-continuous.
Equivalently, we can show that A — A™(z,z) is lower semi-continuous. Let €2, ,
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denote the space of all sequences (g, ..., x,) € S"™! such that zg = x = x,,. Then
we can write, using Fatou’s lemma,

liminf A7 (x, x)
m—oQ

= hmﬂi)ioféf Z HAm(szfl,«Tk) > HA(l‘kfl,l’k)-

(CEO ~~~~~ xn)GQz,z k=1 (QEO 77777 xn)EQz z k=1

)

Lemma 2.25 (Increasing limits) The function A — p(A) is continuous with
respect to increasing sequences, i.e., if Ay < Ay < --- are nonnegative matrices
indezed by a countable set S and A(x,y) = lim,, o Ap(z,y) = A(z,y) (z,y € 9),
then

lim p(A;,) = p(A).

m—r 00

Proof Lemma implies that liminf,, o p(A,) > p(A). Since A4,, < A and
hence p(A,,) < p(A) for all m, the other inequality is trivial. |

Exercise 2.26 (R-transience) Let P be an irreducible probability kernel in-
dexed by a countable set S that is transient and satisfies p(P) = 1. Show
that P is R-transient. Now let A be an irreducible nonnegative matrix and let
h:S — (0,00) satisfy Ah = ch for some ¢ > 0. Assume that the probability ker-
nel defined by P(x,y) := ¢ 'h(z) Y A(z,y)h(y) (z,y € S) is transient and satisfies
p(P) = 1. Show that this implies that A is R-transient.

Exercise 2.27 (Examples of R-transient matrices) Let P be the transition
kernel of nearest-neighbor random walk on Z<, i.e., P(x,y) := 1/(2d) if |x —y| = 1
and P(z,y) := 0 otherwise. The Local Central Limit Theorem [LL10, Thm 2.3.9]
implies that

d
27(2n)

d/2
P2(0,0) ~ ( ) asnoe, (2.36)
where the notation f,, ~ g, means f, /g, — 1. Use this to prove that p(P) = 1 and
that P is R-null recurrent in dimensions d = 1,2 and R-transient in dimensions
d> 3.
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Exercise 2.28 (Strong Liouville property) Let P be the transition kernel
of an irreducible recurrent Markov chain with countable state space S and let
f:S — (0,00) be a harmonic function, i.e., Pf = f. Prove that f is constant.
Note that this strengthens Corollary in dimensions d = 1, 2.

Exercise 2.29 (R-null recurrence) For p € (0,1) let P, be the probability
kernel on Z defined as

Pp(ﬂf,l'—l—l) =D Pp(I,ZL‘—l) ::]-_pv and P(ZL‘,:I/) =0 (|$—y|7£1)

Show that P, is R-null recurrent and determine p(P,). Hint: transform P, into a
null-recurrent probability kernel.

Exercise 2.30 (Restricted kernel) Using notation as in Exercise(2.29] let Q,, :=
P,|n denote the restriction of P, to N. Prove that p(Q,) = p(F,). Hint: apply
Lemma 2.25]

Exercise 2.31 (Entropic repulsion of driftless walk) Using notation as in
the previous exercise, prove that )1/, is R-transient. Hint: You can use that by
Exercises and p(Q1/2) = p(P12) = 1. Now use the function h(z) := z+1

(r € Z) to transform @)/, into a probability kernel Qg};)z such that p(Q&%) =1

and apply Exercise [1.19|to check that QY/L)Q is transient.

Exercise 2.32 (Entropic repulsion of drifted walk) For nonnegative matrices
A and B indexed by the same countable set S, write A ~ B if there exist a function
h:S — (0,00) and constant ¢ > 0 such that

A(z,y) = ¢ 'h(x) " Bz, y)hly)  (z,y € 9).

Show that ~ is an equivalence relation. Use this to generalize Exercise by
showing that @, is R-transient for each p € (0, 1).

Exercise 2.33 (Quasi-stationary law) Let X be a Markov chain with state
space Z and transition kernel P given by

Pz,z+1):=p Plz,xa—1)=1—-p (x#0)
P(0,1):=1 P(0,-1) = 5.
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Let 7 := inf{k > 0 : X}, < 0}. Assume that p < 1.
probability kernel Q™ on N such that, for each = > 0,

Show that there exists a
]P)x[(Xk)ongm € - ‘ n < 7':| Tf; P [(X]?)nggm < '],

where X" denotes the Markov chain with transition kernel Q™, and give a formula
for Q™. Hint: try positive eigenfunctions of the form h(z) = 6 with 6 > 0.



Chapter 3

Intertwining

3.1 Intertwining of Markov chains

In linear algebrall an intertwining relation is a relation between linear operators
of the form

AB = BA.

In particular, if B is invertible, then this says that A = BAB™!, or, in other words,
that the matrices A and A are similar. In this case, we may associate B with a
change of basis, and A corresponds to the matrix A written in terms of a different
basis. In general, however, B need not be invertible. It is especially in this case
that the word intertwining is used.

We will be especially interested in the case that A, A and B are (linear operators
corresponding to) probability kernels. So let us assume that we have probability
kernels P, P on countable spaces S, S, respectively, and a probability kernel K
from S to S (i.e., S x S 3 (x,y) — K(a:,y)), such that

PK = KP. (3.1)

Note that P, P and K correspond to linear operators P (CS —CS, P Ccs - CS
and K : (CS — C¥, so both sides of the equation correspond to a linear
operator from C% into C5. We need some examples to see this sort of relations
between probability kernels can really happen.

1For example, in the theory of representations of Lie algebras and Lie groups

69
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FEzclusion process. Fix n > 2 and let C,, := Z/n, ie., C, = {0,...,n — 1}
with addition modulo n. (Le., C, is the cyclic group with n elements.) Let
S = {0,1}% ie., S consists of all finite sequences x = (x(0),...,z(n — 1))
indexed by C,,. Let (Ij)r>1 be ii.d. and uniformly distributed on C,. For each
xr € S, we may define a Markov chain X = (Xj)>0, started in Xy = x and with
values in S, by setting

X,(I+1) ifi=1I,
X (7) otherwise.

In words, this says that in each time step, we choose a uniformly distributed
position I € C,, and exchange the values of X in I and I + 1 (where we calculate
modulo n). Note that we have described our Markov chain in terms of a random
mapping representation. In particular, it is clear from this construction that X is
a Markov chain.

Thinning Let C' be any countable set and let S := {0,1}“ be the set of all z =
(x(7))icc with z(i) € {0,1} for all i € C, i.e., S is the set of all sequences of zeros
and ones indexed by C. Fix 0 < p < 1, and let (x;)iec be i.i.d. Bernoulli (i.e.,
{0, 1}-valued) random variables with P[x; = 1] = p. We define a probability kernel
K, from S to S by

Ky(z, ) =P[(xiz(1) 0 € ] (z € 8). (3.3)

Note that (Xix(i))iec is obtained from z by setting some coordinates of x to
zero, independently for each ¢ € C, where each coordinate x(i) that is one has
probability p to remain one and probability 1 — p to become a zero. We describe
this procedure as thinning the ones with parameter p.

Exercise 3.1 (Thinning of exclusion processes) Let P be the transition ker-
nel of the exclusion process on C,, described above, with state space S = {0, 1}°",
and for 0 < p < 1, let K, be the kernel from S to S corresponding to thinning
with parameter p. Show that

PK, = K,P 0<p<1.
Counting process Let P be a transition kernel on a countable space S and let

Y1 = (V\)iso and Y2 = (Y?)r>0 be two independent Markov chains with transition
kernel P and possibly different deterministic initial states Yy = y* (i = 1,2). Then
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(Y1 Y?) = (YV}!, Y?)rs0 is a Markov chain with values in the product space S x S.
We may view (Y1, Y?) as two particles, walking around in the space S. Now maybe
we are not interested in which particle is where, but only in how many particles
are on which place. In that case, we may look at the process

Xi(y) == 1{Yk1:y} + 1{Y,3:y} (ye S, k=>0),

which takes values in the space S consisting of all functions z : S — {0,1,2} such
that > .o x(y) = 2. Note that X just counts how many particles are present on
each site x € S. It is not hard to see that X = (Xj)r>0 is an autonomous Markov
chain.

Exercise 3.2 (Counting process) Let (Y, Y?) and X be the Markov chains
with state spaces S x S and S described above. Let P, be the transition kernel of
(Y',Y?) and let Q be the transition kernel of X. For each x € S, let K(z, -) be
the uniform distribution on the set

U, = {(yl,yQ) eSxS:x= 1y1+1y2},

where 1,(y') := 1g,—,}. Note that K is a probability kernel from S to S x S. From
x, we can see that there are two particles and where these are, but not which is
the first and which is the second particle. All K does is arbitrarily ordering the

particles in x. Show that
QK = KP;.

This example can easily be generalized to any number of independent Markov
chains (all with the same transition kernel).

Conditioning on the future As a third example, we look at a Markov chain X with
finite state space S and transition kernel ). We assume that @) is such that all
states in S are transient, except for two states z; and zy, which are traps. We set

hi(z) == P*[ X}, = z; for some k > 0] (1=1,2).

By Lemma [1.2] we know that h; and hy are harmonic functions. Since all states
except z; and zo are transient and our state space is finite, we have h; + hy = 1.
By Proposition [1.6] the process X conditioned to be eventually trapped in z; is
itself a Markov chain, with state space {x € S : h;(z) > 0} and Doob transformed
transition kernel Q). Set

S:={(x,i):x €8, ie{1,2}, hi(x)>0}.
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We define a probability kernel P on S by
p((l’,l), (yuj)) = Q(hz)(x’y)l{l:]} (‘ray € 57 7'7.] € {172})

Note that if (X, I) = (X, Ix)x>0 is a Markov chain with transition kernel P, then
I never changes its value, and depending on whether I, = 1 for all k > 0 or [, = 2
for all k& > 0, the process X is our original Markov chain X conditioned to be
trapped in either z; or zs.

Exercise 3.3 (Conditioning on the future) In the example above, define a
probability kernel K from S to S by

K(z,(y,1) == lpepphi(z)  (z,y €8, i €{1,2}).

Show that
QK = KP.

Returning to our general set-up, we observe that the intertwining relation (3.1
implies that for any probability measure p on S

pP"K = uKP"  (n>0).

This function has the following interpretation. If we start the Markov chain with
transition kernel P in the initial law g, run it till time n, and then apply the kernel
K to its law, then the result is the same as if we start the the Markov chain with
transition kernel P in the initial law pIC run it till time n, and look at its law.

More concretely, in our three examples, this says:

e If we start an exclusion process in some initial law, run it till time n, and
then thin it with the parameter p, then the result is the same as when we
thin the initial state with p, and then run the process till time n.

e If we start the counting process Y in any initial law, run it to time n, and
then arbitrarily order the particles, then the result is the same as when we
first arbitrarily order the particles, and then run the process (X (1), X(2))
till time n.

e If we run the two-trap Markov chain X till time n, and then assign it a value
1 or 2 according to the probability, given its present state X,,, that it will
eventually get trapped in z; or 2y, respectively, then the result is the same
as when we assign such values at time zero, and then run the appropriate
Doob transformed Markov chain till time n.
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None of these statement comes as a big surprise, but we will later see less trivial
examples of this phenomenon.

3.2 Markov functionals

We already know that functions of Markov chains usually do not have the Markov
property. An exception, as we have seen in Lemma[0.12] is the case when a function
of a Markov chain is autonomous. Let us quickly recall what this means. Let Y
be a Markov chain with countable state space T" and transition kernel P, and let
Y : T — S be a function from T into some other countable set S. Then we say
that (Xg)r>0 := (¥(Yk))k>o0 is an autonomous Markov chain if

P[(Yepr) = x| Vi =y

depends on y only through v (y). Equivalently, this says that there exists a tran-
sition kernel @) on S such that

Q(z.a')= Y Plyy) VyeSst vy =x (3.4)
Yy )=a'

If (3.4) holds, then, regardless of the initial law of Y, one has that the process
(Xk)k>0 = (¥(Yx))g>0 is a Markov chain with transition kernel Q.

In Theorem below we will see that sometimes, a function (1(Y%))g>o of a
Markov chain (Yj)r>o can be a Markov chain itself, even when it is not autonomous.
In this case, however, this is usually only true for certain special initial laws of X. It
seems this result is due to Rogers and Pitman [RP8&1]. We start with a preliminary
result that makes clear why in general, functions of a Markov chain do not have
the Markov property.

Theorem 3.4 (Filtering equations) Let (Yy)r>0 be a Markov chain with count-
able state space T and transition kernel P, let ¢ : T — S be a function from T
into some other countable set S, and let Xy :=¢(Yy) (k> 0). Set

m(y| 2o, ..., 2n) =PV =y| (Xo,..., Xn) = (0, ..., 2n)]
for alln >0 and xy, ..., x, for which P[(Xo,..., X,) = (zo,...,2,)] > 0. Then

Zy/ P<y/7 y>1{’¢(y):zn}ﬂ-(yl | Zoy - an—l)
Zy/’y// P(y/, y//)l{w(y”)=mn}7‘-<y/ | Loy - 7xn71)

m(y|zo,...,xn) = (3.5)
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Moreover,
]P)[Xn = Ty ‘ (X(), e 7Xn—1) = (l‘o, e ,l’n_l)]

=Y P )l ipw)=any W | Zo, - Tn1). (3.6)
vy

Remark 1 Equation is called the filtering equation , which is the basis for
filtering theory. It shows how we have to update in real time our information
about the present state of a Markov chain Y based on partial information in the
form of an observed process X which is a function of Y.

Remark 2 Since in general, 7(y| xo, ..., z,) depends on the whole history of the
process X and not just on its current state x,, we see that the process X is in
general not a Markov chain.

Remark 3 The filtering equation has a natural interpretation in terms of
Bayesian statistics. Here >, P(y',y)m(y'| %o, ..., xy-1) is our prior distribution
of Y,, given the information that Xg = z¢, ..., X,,_1 = z,_1. If we recieve the new
information that X,, = x,,, then we have to weight our prior with the conditional
probability that X,, = =z, given Y, = y, which is one if ¥(y) = z, and zero
otherwise, and then normalize to get the posterior distribution 7(y|xo, ..., z,).

Proof of Theorem We start by proving the filtering equation (3.5)). Condi-
tioning first on Xy, ..., X,,_1 and then using the formula for conditional probabil-
ities to condition also on X,,, we obtain

P[Yn =Y, Xn = Ty | (Xo, ce 7Xn—1) = (Io, e ,In_l)]

w(y |z, ..., xn) = PX, =] . | . (3.7)
where |, is shorthand for (Xo,..., X, 1) = (zo,...,2,_1). Conditioning on
the value of Y,,_;, the nominator in (3.7) can be rewritten as

PV, =y, Xo=z,| . |
- ZIP’[Yn =1y, X, =12, | Yooi=vy and ,, |P[Y,oi=v| . ] (35
" )

= Z P<y/7 y)l{w(y)zxn}ﬂ—(y, | Zoy - 7xn—1)7
'

where in the last step we have used the Markov property of Y. The denominator
in (3.7) is the same as the nominator summed over all values of y, so inserting
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(3.8) into (3.7)) we obtain (3.5). Summing (3.8)) over y we also obtain ([3.6)). |

Although in general the right-hand side of depends on the whole history of the
process X and hence X is not a Markov chain, the following theorem shows that in
special cases and for special initial laws, it may happen that X is Markovian after
all, even when it is not autonomous. Note formula below says that if X and
Y are random variables such that P[Y € -|X]| = K(X, -), then that ¢(Y) = X
a.s. Thus, the probability kernel K from S to T is in a sense the ‘inverse’ of the
function ¢ : T'— S.

Theorem 3.5 (Markov functionals) Let (Yy)r>0 be a Markov chain with count-
able state space T and transition kernel P, let ¢ : T — S be a function from T
into some other countable set S, and let Xy := ¥(Yy) (k > 0). Assume that there
exists a probability kernel K from S to T such that

{yGT:K(x,y)>0}C{y€T:¢(y):a7} (x €9), (3.9)

and a probability kernel ) on S such that

QK = KP. (3.10)
Then
P[Yo =y | Xo] = K(Xo,y) as. (yeT) (3.11)
implies that
PlY, =y|(Xo,...,X,)] = K(X,,y) as. (yeT, n>0). (3.12)

Moreover, (3.11) implies that the process (Xi)k>0, on its own, is a Markov chain
with transition kernel Q).

Proof Formula (3.12)) says that

7r<y|x0a"'7$n) = K(':E’Iwy)

We will prove this by induction. For n = 0 the statement is just (3.11]). Assuming
that the statement is true for n — 1, the filtering equation (3.5)) tells us that

>y P ) ) =any K (201, Y)
Zy’,y” P(y/’ y”)l{w(y”)=xn}K($nf1, y/)

m(y|zo,...,xn) = (3.13)
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We can rewrite the nominator as

S PW ) oot K (01, y) = KP(@01,9)Lpt)—on)
yl

= QK (w01, )L {piy=en) = Y Q@n—1,2) K (2, 9) 1 w(g)=an) (3.14)
- Q(xn—h xn)K<xm y>’

where in the second step we have used (3.10) and in the last step (3.9). The
denominator in (3.13)) is the same as the nominator summed over y, so we obtain

_ Q(wn—1,70) K (20, y) _ Q(rn-1,70) K (20, y)
Wl ) = e ) K ) Q) )

This proves (3.12)).
Inserting (3.12)) into (3.6]), using (3.14)), we obtain
IED[X = Ty ‘ (Xo, c. anl) = (l’o, Ce l'nfl)}
=> PO/, ) lp=any K (2n-1,9/) ZQ o1, ) K (20,y) = Q(z01, 7),

vy

which shows that (Xj)r>0 is a Markov chain with transition kernel Q. |

Let us see how Theorem relates to the examples developed in the previous
section.

Counting process Let (Y!,Y?) be two independent Markov processes, where each

process takes values in S and has transition kernel P, as in Excercise 3.2 Let X
and S be as defined there and let ¢ : S x § — S be the function

w(yl,yz) =1+ 1,
so that X = ¢ (Y Y?). Then the kernel K defined in Excercise [3.2] satisfies
{W' ") K(2, (') >0} c{(y"v") ¥y y") =z}

Since moreover QK = K P,, all assumptions of Theorem are fulfilled, so we
find that
P[(Yy,Y5) = (' y°) | Xo] = K(Xo, (y',y)) as. (3.15)

for all (y!,3?) € S x S implies that

P[(Y,),V.2) ="y | (Xo,..., X0)] = K (X, (¥, y7)  as. (3.16)
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for all (y',9%) € S x S and n > 0, and under the same assumption, X; =
Y(Y1)k, V) is a Markov chain with transition kernel @). Note that this latter con-
clusion holds in fact even without the assumption , since X is autonomous.
Formula tells us that if initially we do not know the order of the particles,
then by observing the process X up to time n, we obtain no information about
the order of the particles.

Conditioning on the future Let X and (f( ,I) be Markov chains with state spaces

S and S and transition kernels @ and P as in Excercise 3.3l Thus, X is a Markov
chain that eventually gets trapped in one of two traps z; and z, and (X, I) is the
same process where the second coordinate [ tells us from the beginning in which
of the two traps we will end up.

Define ¢ : S — S by 3
P(x,i) = ((z,4) € 5),

i.e., 1 is just projection on the first coordinate. Then the kernel K from Excer-
cise 3.3 satisfies

{(#,9) € S: K (z,(%,49)) >0} C {(#,4) € S : ¢(,i) = x}

and PK = KP, so all assumptions of Theorem [3.5| are fulfilled. We therefore
conclude that

P[(Xo, Io) = (2,7) | Xo] = K (X0, (2,4)) as.  ((@,9) €9)
implies that
P[(X,, 1) = (2,9) [(Xo, ..., Xn)] = K(X,, (#,1)) as.
for all n > 0 and (&,4) € S. More simply formulated, this says that
Plly=1i|Xo] = hi(Xo) as.  (i=0,1)

implies that

P[I, =i|(Xo,...,X,)] =h(X,) as. (>0, i=12). (3.17)

Moreover, under the same assumption, the process X, on its own, is a Markov
chain with transition kernel P. Note that this is more surprising than in the
previous example, since in the present set-up, X is not autonomous as part of the
joint Markov chain (X' ,I). Indeed, X evolves according to the transition kernel
Q" resp. Q2 depending on whether =1 or = 2.
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To understand how it is possible that X has the Markov property even though it
is not autonomous, we observe that by , if we observe the whole path of the
process X up to time n, then we do not gain more information about the present
state of I than we would get from knowing X,,. As a result,

]P)[Xn-i-l = Tn41 ’ (X()u s 7Xn> - (Jf(], s 7~Tn)}

= P[Xn—&-l = Tn+1 } (Xm I,) = (n, 1)]h1<xn)
+ ]P’[f(nﬂ = Tpi1 | (X, I) = (20, 2)] ha(zn),

which depends only on z,, and not on (zo,...,Z,_1).

Thinning of exclusion processes This example does not satisfy condition (3.9)),
hence Theorem [3.5| is not applicable. In view of this and other examples, we will
prove a more general theorem in the next section.

3.3 Intertwining and coupling

In Theorem we have seen how intertwining is related to the problem of Markov
functionals, i.e., the question whether certain functions of a Markov chain them-
selves have the Markov property. The intertwinings in Theorem are of a special
kind, because of the condition . In this section, we will see that intertwining
relations between two Markov chains X and Y in general give rise to couplings
between X and Y such that holds. The following result is due to Diaco-
nis and Fill [DF90, Thm 2.17]; the continuous-time analogue has been proved in
[Fi192, Thm. 2].

Theorem 3.6 (Intertwining coupling) Let Q) and P be probability kernels on
countable state spaces S and T, respectively. Assume that K is a probability kernel
from S to T such that

QK =KP.

Let

Qz, 2 )K(a', )
QK(z,y)

and choose for Q,(x, -) any probability law on S if QK (z,y') = 0. Then Qy is a

probability kernel on S for each y' € T and

p(:c,y; ', y') = P(y,y)Qy(x, ) ((:c,y), («',y) € 5’) (3.19)

Qy(z,2') = (z,2' €S, y €T, QK(z,y') >0), (3.18)
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defines a probability kernel on T := {(x,y) € S x T : K(x,y) > 0}, where P does
not depend on the freedom in the choice of the Q. If (X,Y) is the Markov chain

with transition kernel P started in an initial law such that

then 3
P[Y, =y | (Xi)osken] = K(Xn,y)  (y€S, n>0), (3.20)

and X, on its own, is a Markov chain with transition kernel Q).

Remark It is clear from (3.19)) that in the joint Markov chain (X,Y), the second
component Y is autonomous with transition kernel P, but X is in general not
autonomous, unless (),, can be chosen so that it does not depend on y'.

Proof of Theorem [3.6] We observe that

S Q) = Gt =1 (@KGy) > 0),
z’'es

which shows that @),/ is a probability kernel. To show that the definition of P
does not depend on how we define Q,/(z, - ) when QK (z,y’) = 0, we observe that
(x,y) € S and P(y,y’) > 0 imply that K(x,y)P(y,y’) > 0 and hence QK (x,y’) =
KP(z,y') > 0.

To prove the remaining statements, let K be the probability kernel from S to T
defined by

~

K(x, (m’,y’)) = lypeo K(2,9) (m €S, (o)) € g),
and define ¢ : T — S by Y(x,y) := z. If we show that
QK = KP,
then the remaining claims follow from Theorem [3.5] We observe that
QK (z;2',y") Z Q(z,z") ey K (2", y") = Q(z,2") K (2, y)
aeS

and

KP(IL‘, CL’/, y/) o Z 1{1:::(:”}K(517, y”)ﬁ(l‘”, y//; :L',, y/)
( // //)ET
=Y K(x,y")P(z,y";2,y),

y”ES'
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so that QK = K P can be written coordinatewise as

Qz, 2\ K ZKw v P(x,y"; 2, y) (z €8, (x',y')eg).

y”ES

To check this, we write

Z K .CE y LE y ' y Z K(x’y/l)P(y//7y/)Q($,x)K(.ZL’ ,y)

s o’ QK(z,y)
KP(x,y)
= m@(m,m')K(w’,y’) = Q(z,2")K(2',y),
where we have used our assumption that QK = KP. |

Below, we revisit two of our previous examples of intertwining relations in the light
of Theorem [3.6

Thinning of exclusion processes In this example,
S ={(z,y) s 2,y € {0, 1}, y <},

and the joint evolution of (X,Y’) can be described in the same way as in ([3.2),
using the same random pair I for both X and Y.

Condition on the future This example was already covered by Theorem [3.5] but
we can also look at it a bit differently. Let K be the probability kernel from S to
T :={0,1} defined by

K(z,i) := hi(z) (xe S, i=0,1),

and let P be the trivial kernel on T" defined by P(0,0) := 1 and P(1,1) := 1. Then
one can check that
QK =KP

so Theorem (3.6 m is applicable. Now () and @)y from are just the Doob
transformed kernels Q") and Q). while 7', P, and the kernel K from the proof
of Theorem are what we called S P, and K before.

Exercise 3.7 (Intertwining based on generalized Doob transform) Let X
be a Markov chain with finite state space S and transition kernel (). Assume that
z € S is a trap and set S" := S\{z}. Assume that Q' := Q|g is irreducible, and
that Q(x, z) > 0 for at least one z € S’. Let ¢ = p(Q’) and let h : S” — (0,00) be
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the Perron-Frobenius eigenvector of ()', normalized such that max,cs h(z) = 1.
Extend h to S by setting h(z) := 0 and observe that this implies that A is also an
eigenvector of @, i.e., Qh = ch. Define a probability kernel K from S to {1,2} by
setting

K(x,1):=h(x) and K(z,2):=1— h(z).

Find a probability kernel P on T':= {1,2} such that
OK — KP

and give expressions for the kernels @); and Q2 from (3.18). Check, in particular,
that @, = Q") is a generalized Doob transform of ) in the sense of ([2.5).

Exercise 3.8 (Survival estimate) Let X be the Markov chain from Exercise
and let K and P be as in that exercise. Apply Theorem to couple X to Markov
chain Y with transition kernel P such that (3.20]) holds. Use this coupling to derive

the estimate

P*[X, € S’ > "h(x). (3.21)

Remark 1 In view of Corollary , the estimate is quite good, but it
is not completely sharp since the function h in Theorem [2.16[is normalized in a
different way than in the present section. Indeed, in Section [2.4] we chose h such
that ) .o n(x)h(x) = 1, where 7 is a probability measure, while at present we
need sup,cg h(x) < 1. Thus (unless h is constant on S’), the h in our present
section is always smaller than the one in Section [2.4]

Remark 2 Interesting examples of intertwining relations for birth-and-death pro-
cesses can be found in [DMO09 Swall]. Lower estimates in the spirit of
but in the more complicated set-up of hierarchical contact processes have been
derived in [ASI0]. The ‘evolving set process’ in [LPW09, Thm 17.23] (which can
be defined for quite general Markov chains) provides another nontrivial example
of an intertwining relation.
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Chapter 4

Branching processes

4.1 The branching property

Let S be a countable set and let N'(S) be the set of all functions z : S — N such
that )", ¢ (i) < co. It is easy to check that N(S) is a countable set (even though
the set of all functions x : S — N is uncountable). We interpret x € N(S) as
a collection of finitely many particles or individuals, where x(i) is the number of
individuals of type i, where S is the type space, or sometimes also the number of
particles at the position i, where S represents physical space. Each x € N(S) can

be written as
|]

r=Y b, (4.1)
A=1
where |z| := 3", 2(i), i1,...,%, € 5, and 6; € N(S) is defined as

This way of writing x is of course not unique but depends on the way we order
the individuals. We will be interested in Markov processes with state space N (.S),
where in each time step, each individual, independently of the others, is replaced
by a finite number of new individuals (its offspring). Let ) be a probability kernel
from S to N(S). For a given z € N(S) of the form (4.I), we can construct
independent A/(S)-valued random variables V!, ..., V¥l such that

VO c-]=Qlis ) (B=1L...lal).

83
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Then

2|
— ]P’[Z VPe
B=1

defines a probability law on N'(S). Doing this for each 2z € N'(S) defines a prob-
ability kernel P on N(S). By definition, the Markov chain X with state space
N (S) and transition kernel P is called the multitype branching process with off-
spring distribution Q).

We define the convolution of two probability laws u, v on N(S) b

pri(z) = 3 pla (e - o)

' <z
Note that this says that if X and Y are independent A/ (.S)-valued random variables
with laws p and v, respectively, then X + Y has law g * v. This is similar to the

convolution of two probability laws on R?, except that in our case the space is

N(S).

Lemma 4.1 (Branching property - first version) The transition kernel P of
a branching process has the property that

Proof We need to check that
Plx+y,z ZP:UQ; (y,z — ') (z,y,2 € N(9)). (4.3)
' <z
Let us write
|| |y

x—Z(SZB and y—zh,

and let V1, ... VIl and W, ... Wl be all 1ndependent of each other such that
PV e-1=Q(is, )  (B=1,....]z]),

PW?e-1=Q0y, )  (v=1,....yl).
Then
|| |yl
Pz +y,2) :P[ZVﬁ—FZWV:z}
|| lyl

= ZP[ZVB::U/’ ZW”zz—x'} = ZP(w,az')P(y,z—x')

' <z B=1 y=1 ' <z
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as required. [

In general, any probability kernel on N(S) for which (4.2) holds is said to have
the branching property. In particular (4.2)) implies that if

d

T = Z 51'57
5=1

then
Pz, ) =Py, ) *-* P, ),

where P(6;, -) = Q(i, -). Thus, each Markov process that has the branching
property is a branching process, and its transition probabilities are uniquely char-
acterized by the offspring distribution.

Lemma 4.2 (Branching property - stronger version) Let X = (Xj)g>0 and
Y = (Yi)i>o be independent branching processes with the same type space N(S)
and offspring distribution Q. Then Z = (Zk)k>0, defined by

Zi(i) = X(i) + i) (>0, i€S) (4.4)

is distributed as a branching processes with type space N'(S) and offspring distri-
bution Q).

Proof We need to check that
P(Zks1 = 2| Fl] = P(Z, 2) as. (k>0, ze N(9)),
where (F7)i>o is the filtration generated by Z. We will show that actually
P[Zks1 = 7| f,gX’Y)] = P(Zy,z) as. (k>0, ze N(9)),

where (]f,gx’y))kzo is the filtration generated by (X,Y") = (Xj, Yi)x>0. Since FZ C
]-",EX’Y) and P(Zy, z) is FZ-measurable, this then implies that

P[Zjp1 = 2| FZ] = B[P[Zsr = 2| FOV] | FE) = E[P(Zk, 2) | FE] = P(Z, 2).
Thus, by the Markov property of (X,Y"), it suffices to show that

P[Zi1 = 2| X =2, Yi=y|] = Plx+y,2) (k>0, z,y,z € N(9)).
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Here
P[Zk+1 = Z‘Xk =z, Yy :y]

:ZIP’[Xk+1 =2, Vi :z—x/}Xk:x, Yk:y}

’'<z

=Y P(x,2)Py,z—2') = Plx+y,2),

r'<z
where we have used that by the independence of X and Y, the process (X,Y) is

a Markov process with transition kernel Py(x,y;2',vy") :== P(z,2')P(y,y’), and in
the last equality we have used Lemma [4.1}] |

It is not hard to see that a Markov process with state space N'(S) has the branching
property (4.4]) if and only if its transition kernel has the branching property (4.2]).

4.2 Generating functions

For each function ¢ : S — R and z € N(S), let us write

|| ||

¢° = H(b(i)x(i) = H ¢(ig) where z = Z(Siﬂ’
=1 B=1

icS
where ¢° := 1. It is easy to see that
Y = Y (x,yE./\/(S), ¢:S—>R).

Because of all the independence coming from the branching property, the linear
operator P associated with the transition kernel of a branching process maps
such ‘multiplicative functions’ into multiplicative functions. We will especially be
interested in the case that ¢ takes values in [0, 1]. We let [0, 1]° denote the space
of all functions ¢ : S — [0, 1].

Lemma 4.3 (Generating operator) Let P denote the transition kernel of a
multitype branching process with type space S and offspring distribution Q). Let U
be the nonlinear operator defined by

1-Ug(i) == > QUz)1-¢)" (i8S, ¢<[0,1]°).
zeN(S)
Then
Pfy=fus  (¢€10,1]%),
where for any ¢ € [0,1]°, we define fu : N(S) = [0,1] by fu(z) := (1 — ¢)®.
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Proof If X is started in Xg = z with x = Zgil di4, then X is equal in distribution

to Z';lzl V# where the V#’s are independent with distribution Q(ig, - ). It follows
that

i

Pfye) =E[(1 - ¢)= "] =E[ ][0 - ¢)*"]

B=1

o] i
=T[El - o)V'] = [ =Ue)(ip) = fue(x).
p=1 A=l
N

Remark 1 It would seem that the formulation of the lemma is simpler if we
replace ¢ by 1 — ¢ everywhere, but as we will see later there are good reasons to
formulate things in terms of 1 — ¢.

Remark 2 Our assumption that 0 < ¢ < 1 guarantees that the sum ) Q(i, z)¢"
in the definition of U¢(7) is finite. Under more restrictive assumptions on @, we
can define U¢ also for more general real-valued ¢.

We call the nonlinear operator U from Lemma the generating operator of the
branching process with offspring distribution ). By induction, Lemma 4.3| shows
that P" f4 = fung, or, in other words

E*[(1—¢)*] = (1—U"¢)" (n>0, ¢ €[0,1]%). (4.5)

The advantage of the operator U is that it acts on functions ‘living’ on the space
S, while P acts on functions on the much larger space N'(S). The price we pay
for this is that U, unlike P, is not linear.

The next lemma shows that U contains, in a sense ‘all information we need’.

Lemma 4.4 (Generating functions are distribution determining) Let ;1, v
be probability measures on N'(S) such that

Y on@l-9)= Y v@)(l-¢)" (s[0,1]°).

TEN(S) z€N(S)
Then = v.
Proof We will prove the statement first under the assumtion that S is finite. Let

N(S) U {oo} be the one-point compactification of N(S). For each ¢ € [0,1)%,
define gy () := ¢ and gy (00) := 0. Then the g,’s are continuous functions on the
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compact space N (S)U{oc}. It is not hard to see that they separate points, i.e., for
each ¥ # ' there exists a ¢ € [0,1)° such that g, (z) # gy(2'). Since gygy = Gy,
the class {g, : 1 € [0,1)} is closed under multiplication. Let H be the space
of all linear combinations of functions from this class and the identity function.
Then H is an algebra that separates points, hence by the Stone-Weierstras theorem
H is dense in the space of continuous functions on N(S) U {oo}, equipped with
the supremumnorm. By linearity and because p and v are probability measures,
Yooi(x)f(x) =5 v(x)f(x) for all f € H. Since H is dense, it follows that u = v.

If S is not finite, then by applying our argument to functions ¢ that are zero
outside a finite set, we see that the finite-dimensional marginals of u and v agree,
which shows that ;1 = v in general. n

There is a nice suggestive way of writing the relation (4.5)). Generalizing (3.3)), for
any ¢ € [0,1]°, we define a probability kernel Ky from N(S) to N'(S) by

d

Ky(x,-) = P[ ) xpbi, €], (4.6)
p=1
where z = Z';‘:l di; and the x1,..., x|z are independent Bernoulli random vari-

ables with P[xg = 1] = ¢(ig). Thus, if Z is distributed according to the law
Ky(z, -), then Z is obtained from x by independent thinning, where a particle of
type i is kept with probability ¢(i) and thrown away with the remaining probabil-
ity. Note that K has the branching property and corresponds in fact to the
offspring distribution

Qulisy) = KolGisy) = p(0)1gmsy + (L= p0) Loy (1 € S, y € N(S)).
Let Thing(x) denote a random variable with law Ky(x, - ). Then
P[Thing(z) =0] = (1 —¢)*  (z € N(S), ¢ € [0,1]),

where 0 denotes the configuration in N (S) with no particles. In view of this,

L-Ug(i)= Y QU,x)(1—¢)" =8PKy0)

zeN(S)

and hence

U(i) = 6:QK (N (5)\{0}). (4.7)
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Note that this says that if we start with one particle of type ¢, let it produce
offspring, and then thin with ¢, then U¢(7) is the probability that we are left with
at least one individual. Likewise, we may rewrite (4.5)) in the form

5, P I 4(0) = 8, Ky (0), (4.8)

where uP" Ky is the law obtained by starting the branching process in z, running
it till time ¢, and then applying the kernel K, while 6, Kyny is the law obtained
by thinning z with U"¢.

Exercise 4.5 (Repeated thinning) Show that K K, = Ky, (¢, € [0,1]%).

Exercise 4.6 (Thinning characterization) Let u,v be probability laws on
N(S) such that uK4(0) = vKy4(0) for all ¢ € [0,1]°. Show that u = v.

4.3 The survival probability

Let X be a branching process with type space S and generating operator U. We
observe that

P [X, # 0] = 1 — P*[Thin; (X,,) = 0]
=1 — P%[Thinga(6;) = 0] = 1 — (1 — U"1(3)) = U™1(),

where we use the symbol 1 also to denote the function that is constantly one. Since
0 is a trap for any branching process,

P [X,, # 0] = P%[X), # 0 V0 < k < n] — P*[X; # 0 Vk > 0],

n—oo

where we have used the continuity of our probability measure with respect to
decreasing sequences of events. In view of this, let us write

p(i) == lim U"1(i) = P [ X} # 0 Vk > 0] (4.9)

n—oo
for the probability to survive starting from a single particle of type 1.
Lemma 4.7 (Survival probability) The function p in 15 the largest solu-
tion (in [0,1]%) of the equation
Up=p,

i.e., p solves this equation and any other solutions p’ of this equation, if they exist,
satisfy p' < p.
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Proof Since

Ug(i) =Y QUi,2)(1— (1 - o)),
and since ¢ — 1 — (1 — ¢)” is a nondecreasing function, we see that
¢ <1 implies U¢p < Uq. (4.10)
By monotone convergence, we see moreover that

¢n L ¢ implies U@, | Ug. (4.11)

Since 1 > U1l we see by and induction that U1 > U1 and U"1 | p,
which was in fact also clear from our probabilistic interpretation. By (({.11)), it
follows that

Up=U lim U"1 = lim U™ = p.

Now if p' € [0,1]% is any other fixed point of U, then by (4.10) and (4.11)
P <1 implies p'=U"p <U"l —,

p—00

which shows that p' < p. n

Exercise 4.8 (Galton-Watson process) Let X be a branching process whose
type space S = {1} consists of a single point, and let @) be its offspring distribution.
We identify A ({1}) = N. Since there is only one type of individual, we only need
to know with which probability a single individual produces n offspring (n > 0).
Thus, we simply write
Q(n) = Q(1,nd)

which is a probability law on N. Assume that () has a finite second moment and
let

a:= ZnQ(n)

denote its mean. We identify [0,1]% = [0,1] and let U : [0,1] — [0,1] be the
generating operator of X, which is now just a (nonlinear) function from [0, 1] to

[0, 1].
(a) Show that U is a concave function and that U’(0) = a.
(b) Assume that Q(1) < 1. Show that

PUX, #0VE>0]>0

if and only if a > 1.
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Remark Single-type branching processes as in Excercise 4.8| are called Galton-
Watson processes after the seminal paper (from 1875) [WGT5], where they proved
that the survival probability p solves Up = p but incorrectly concluded from this
that the process dies out for all a > 0, since ‘obviously the solution of this equation
isp=0".

Exercise 4.9 (Spatial branching) Let (Ix)r>0 be i.i.d. with P[I, = —1] = 1/2 =
P[I, = 1], and let N be a Poisson distributed random variable with mean a,
independent of (Ix)r>0. Let X be the branching process with type space Z and
offspring distribution @) given by

Q(i, ) :=P[Y i €] (i€2),

which says that a particle at ¢ produces Pois(a) offspring which are independently
placed on either ¢ — 1 or ¢ 4+ 1, with equal probabilities. Show that

P [X}), # 0 Vk > 0] >0

if and only if a > 1.

Exercise 4.10 (Two-type process) Let X be a branching process with type
space S = {1,2} and the following offspring distribution. Individuals of both
types produce a Poisson number of offspring, with mean a. If the parent is of
type 1, then its offspring are, independently of each other, of type 1 or 2 with
probability 1/2 each. All offspring of individuals of type 2 are again of type 2.
Starting with a single individual of type 1, for what values of a is there a positive
probability that there will be individuals of type 1 at all times?

Exercise 4.11 (Poisson offspring) Let X be a Galton-Watson process where
each individual produces a Poisson number of offspring with mean a, and let

pn=PX,=0] (n>0)

be the probability that the process started with a single individual is extinct after
n steps. Prove that p,,; = e®Pn=1.
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4.4 First moment formula

Proposition 4.12 (First moment formula) Let X be a branching process with
type space S and offspring distribution Q. Assume that the matriz

= ) Qix) (i,j € 8S) (4.12)
zeN(S)
satisfies
supZA(i,j) < 00. (4.13)
i€s 525
Then

= #()A"i4)  (2EN(S), je€ S5 n>0).

Proof We first prove the statement forn = 1. If x = Zm Oigs

distribution to Z|ﬁ:1 V5 where the V#’s are independent with distribution Q(ig, - ).
Therefore,

then X; is equal in

|| ||

E° X ()] =E[ Y VA7) = Y E[VA())]
B=1 B=1
| ||
=D QUi yy(j) = D Alig,4) = Y =(i)A(i, 5).
=1y B=1 i

By induction, it follows that

w1 ()] = STPIX, = B X ()| X, = @

z’

=zﬂw B s
= ZA ij ZEw ZA ij Z )A”(k i) = A" k),
where all expressions are finite by (4.13). n

Lemma 4.13 (Subcritical processes) Let X be a branching process with finite
type space S and offspring distribution Q. Assume that its first moment matrix

A defined in is 1rreducible and satisfies , and let « be its Perron-

Frobenius eigenvalue. If a < 1, then

P*[X, #0VE>0] =0  (zeN(9)).
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Proof For any f: S — R, let I; : N(S) — R denote the ‘linear’ function
(z) = z(i)f(i) (zeN(S), f:S—R).

Then by Lemma 4.12}
Prly(z) = B [lf(Xa)] = Y FOE[Xa(0)]
=Y F6)>_wx(A"G 1) =Y w(G)AF(G) = Lang(2).
( J J
In particular, if h is the (strictly positive) right eigenvector of A with eigenvalue
a, then
Pl = lanpy = lann,

which says that
E*[h(X,)] = a"h(z),

which tends to zero by our assumption that o < 1. Since h is strictly positive, it
follows that P*[X,, # 0] — 0. |

Proposition 4.14 (Critical processes) Let X be a branching process with finite
type space S and offspring distribution Q. Assume that its first moment matrix

A defined in is irreducible and satisfies , and let o be its Perron-

Frobenius eigenvalue. If o =1 and there exists some i € S such that Q(i,0) > 0,
then

P*[X, #0VE>0] =0  (zeN(9)).

Proof Let A:={X, # 0 Vn > 0} and let

By the branching property,
P?(A°) = (1 — p)* (z € N(9)).
By the principle ‘what can happen must happen’ (Proposition |0.14]), we have

(1—p)* — a.s. on the event A.
0—o0
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By irreducibility and the fact that Q(j,0) > 0 for some 7, it is not hard to see that
p(i) < 1 for all ¢ € S. By the finiteness of S, it follows that sup;.q p(i) < 1 and

hence

inf 1—p)* >0 N >0).

It follows that
|X,| — oo a.s. on the event A, (4.14)

n—o0

i.e., the only way for the process to survive is to let the number of particles tend
to infinity.

Let h be the (strictly positive) right eigenvector of A with eigenvalue . Then
E[lh(Xn—H) |qu] = (Plh)(Xn) = lah(Xn) = alh(Xn)y

which shows that (provided that E[h(X)] < oo, which is satisfied for processes
started in deterministic initial states) the process
M, :=a"> h(i)X,(i))  (n>0) (4.15)
ieS

is a nonnegative martingale. By martingale convergence, it follows that there exists
a random variable M., such that

M, — My a.s. (4.16)

n—oo

In particular, if o = 1, this proves that

| X,| - o0 as.,
n—oo

which by (4.14]) implies that P(A) = 0. u

4.5 Second moment formula

We start with some general Markov chain theory. For any probability law p on a
countable set S and functions f,g: S — R, let us write

Covu(f, 9) = n(fg) — (1f)(ng)

for the covariace of f and g, whenever this is well-defined. Note that if X is a
random variable with law p, then Cov,(f,g) = E[f(X)g(X)] — E[f(X)|E[g(X)],
in accordance with the usual formula for the covariance of two functions.
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Lemma 4.15 (Covariance formula) Let X be a Markov chain with countable
state space S and transition kernel P. Let u be a probability law on S and let C be
a class of functions f : S — R such that

(i) f €C implies Pf € C.

(ii) Zu(w)P(w,y)|f(y)g(y)| < oo forallz € S and f,g € C.

Then, for any f,g € C,

Covypn(f.g) = Cov(P"f,P"g) + Y _ pP " *T(P*'f, P¥g), (4.17)
k=1

where

I(f,g9):=P(fg) = (P)(Pg)  (fg€C).

Remark 1 If X = (Xj)r>0 is the Markov chain with initial law x and transition
kernel P, then

COVMP” (f: g) = E[f(Xn)g(X")] - E[f(XH}E[g(Xn)},
= COV(f(Xn)>g(Xn))7

and similarly

Cov, (P"f, P"g) = Cov((P"f)(Xo), (P"g)(Xo))-

Remark 2 The assumptions of the lemma are trivially fulfilled if we take for C
the class of all bounded real functions on S. Often, we also need the lemma for
certain unbounded functions, but in this case we need to find a class C satisfying
the assumptions of the lemma to ensure that all second moments are finite.

Proof of Lemma [4.15] The statement is trivial for n = 0. Fix n > 1 and define
a function H : {0,...,n} - R by

H(k) == PH((P"*f)(P"*g))  (0<k <n).
Then
p(H(n) — H(0)) = pP"(fg) — n((P"f)(P"g))

= [uP"(fg) — (uP"f)(uP"g)] = [n((P"f)(P"g)) — (uP" f)(1P"g)]
= Cov,pn(f,g) — Cov,(P"f, P"g).
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It follows that
Cov,pn(f,g) — Cov,(P"f, P"g) Z,u - - 1)]

— Z ! [Pk ((P”—kf)(Pn—kg)) . Pk—l ((Pn—k—i-lf) (Pn_k—’_lg))}

k=1
=Y uPMIT (PR f P ).

k=1

Changing the summation order (setting k' :=n — k + 1), we arrive at (4.17). 1

We now apply this general formula to branching processes. To simplify matters,
we will only look at finite type spaces.

Proposition 4.16 (Second moment formula) Let X be a branching process
with finite type space S and offspring distribution Q). Let V' denote a random
variable with law Q(i, -) and assume that

A(i, 5) =E[V'(j)],

- S (4.18)
C(i;4, k) =E[V'())V' (k)]

are finite for all i,j,k € S. Let A be the linear operator with matriz A(i,j) and
for functions f,g: S — R, let C(f,g): S — R be defined by

= 3 ClEA R G)g).

J,kesS

For x € N(S) and f : S — R, let of = > ,x(i)f(i). Then, for functions
f,g: S — R, one has
E*[X,f] =zA",

n 4.1
Cov® (an, Xng) =Z$An_k0(z4k_1f, Ak_lg), (4.19)

k=1

where Cov® denotes covariance w.r.t. to the law P*.

Proof The first formula in (4.19)) has already been proved in Lemma As in
the proof of Lemma [4.13] for any real function f on S, let I; : N(S) — R denote
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the ‘linear’ function lf(x) := ). f(¢)x(i). Then the first formula in (4.19) says
that
PnlfIlAnf (fGRS),

which motivates us to take for the class C in Lemma I3l the class of ‘linear’
functions [y with f : S — R any function. Using the fact that C(¢; j, k) < oo for
all i, j, k € S, it is not hard to prove that C satisfies the assumptions of Lemma[£.15]
Let x = Z‘ﬁil 0;, and let V1, ...,V be independent such that V# is distributed
according to Q(ig, - ). We calculate

LIy, 1y)(x) = (P(sly) = (PLy)(Ply)) ()
= Cov( D FGHVPG), D gk)VI(k) =D f(i)glk) ) Cov(VP(), VP (k)
7,8 k,y jk B
= 2_eWfG)aR)Cisi k) = e g, ) (@)

where we have used that Cov(Vﬁ(z'), V(y )) = 0 for § # v by independence. Then
Lemma [£.15] tells us that

Covs, pr(ly,lg) = Y 0 PP FD(P* 1y PEMG) =Y 0 6, PP T Ly, Lyiony)
k=1

k=1
— n—k .
= ;&;P lC(Ak_lf, Ak—lg) - ;lAn_kC(Ak_lﬁ Ak_lg) (;(:),

which proves the second formula in (4.19)). |

4.6 Supercritical processes

The aim of this section is to prove that supercritical branching processes survive.

Proposition 4.17 (Supercritical process) Let X be a branching process with
finite type space S and offspring distribution Q). Assume that the first and second
moments A(i, j) and C(i; j, k) of Q, defined in ({4.18), are all finite and that A is
irreducible. Assume that the Perron-Frobenius eigenvalue o of A satisfies a > 1.
Then

PP Xy #0VE>0] >0  (zeN(S), z#£0).

Proof Let h be the (strictly positive) right eigenvector of A with eigenvalue a. We
have already seen in formulas (4.15)—(4.16) in the proof of Proposition that
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M, = o "X, h is a nonnegative martingale that converges to an a.s. limit M.
By Proposition [0.8] if we can show that M is uniformly integrable, then

E*[My] = zh > 0

for all x # 0, which shows that the process survives with positive probability.
Thus, it suffices to show that

sup B [M}}] < oco.
n>0

We write

E*[M}] = (IE""[OF"X,JL])2 + Var’(a " X,,h),
where by the first formula in (4.19))

(E* [0 " X,h))* = (a "z A"h)? = (xh)?

is clearly bounded uniformly in n. We observe that since h is strictly positive and
S is finite, we can find a constant K < oo such that

C(h,h) < Kh.

Therefore, applying the second formula in (4.19)), we see that

Var®(a " X,h) = a~ " Z Tz A"TFC(ARh, AR R)

k=1

— a2 Z :L,AAnkaYQ(kfl)Cv(h/7 h) < a2 K Z a:Anfk:aQ(k’fl)h
k=1

k=1

n n [o@)
=a K Z A" *a2tNah = Kah Z aF "2 < Keha™? Z a k< 0,
k=1 k=1 k=0

uniformly in n > 1, where we have used that o > 1. |

4.7 Trimmed processes

Let X be a multitype branching process with countable type space S and offspring
distribution Q. Recall from Lemma [4.7] that

p(i) =P [X}, # 0 Vk > 0] (i€S)
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is the largest solution of the equation Up = p, where U is the generating operator
of X. Let p € [0,1]° be any solution of Up = p. The aim of the present section
is to prove a result similar to conditioning on the future (as in Proposition or
intertwining of processes with one trap (Exercise , but now on the level of the
individuals in a branching process. More precisely, we will divide the population
into two ‘sorts’ of individuals, with probabilities (depending on the type) p(i) and
1—p(i). In particular, if p is the survival probability, then we divide the population
at each time £ into those individuals which we know are going to survive (or, more
precisely, that have living descendants at all times), and those whose descendants
are going to die out completely.

To this aim, let x = Z‘gil 0y, € N(S) and let x1,. .., x|z be independent Bernoulli
random variables with P[xs = 1] = p(ig). Doing this for any x € N(S), we define
a probability kernel L, from N(S) to N (S x {0,1}) by

|z|

Ly(w, ) = P[Y 8y €]
8=1

Another way to describe L, is to note that L, has the branching property (4.2))
and

Lo(01,y) = p(D)Liy=siny + (1= p())lgy=s0y (1 €S, y € N(I)).

Note that this is very similar to the thinning kernel K, defined in (4.6)).

We set
S = {(Z,O') 11 € S, o< {07 ]-}7 K((Si?(;(iva)) > 0}7

ie.,

S:=S5,US;, where
So:={(,0): 1 —p(i) >0} and S;:={(4,0):1— p(z) > 0}.

Then L, is in effect a probability kernel from A(S) to N(S).
For any z € N(S) and S’ C S, let us write

T|g = ([E(i))igsl e N(S")
for the restriction of = to S’ (and similarly for subsets of S ). With this notation,
if Y is a random variable with law L,(z, - ), then Y|g, (resp. Yg,) is a thinning

of x with the function p (resp. 1 — p).
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Recall that the offspring distribution ) of X is a probability kernel from S to
N(S). Let )
&= {y e N(5) :y’s1 =0}.

Observe that QL, is a probability kernel from S to A/ (5' ). For given i € S, the
probability of £ under QL,(i, -) is given by

QL(1.€)= 3 Q)1 —p) =1-Upli) =1-p(i),  (4.20)

zeN(S)

where we have used that Up = p. We define a probability kernel Q from S to

A

N(S) by
- QLG &) ifo=0,
Q(Z,U,-).—{ QLP(Z,lgc) ifazl,

where we are conditioning the probability law Q L, (i, - ) on the event £ and its com-
plement, respectively. By (4.20)), these conditional probabilities are well-defined,
ie., QL,(1,&) > 0 for all (7,0) € Sy and QL,(7,E°) > 0 for all (i,1) € 5.

In words, our definition of Q says that an individual of type (7,0) € Sy produces
offspring in the following manner. First, we produce offspring according to the
law Q(i, -) of our original branching process. Next, we assign to these individuals
independent ‘signs’ 0, 1 with probabilities depending on the type of the individual
through the function p. Finally, we condition on producing only offspring with sign
0. Individuals of type (i,1) € S; reproduce similarly, but in this case we condition
on producing at least one offspring with sign 1. Note that individuals of a type in
51 always produce at least one offspring in 57, and possibly also offspring in Sj.
Individuals in Sy produce only offspring in Sy, and possibly no offspring at all.

Theorem 4.18 (Distinguishing surviving particles) Let X = (Xj)i>o be a
branching process with finite type space S and irreducible offspring distribution Q).
Assume that X survives (with positive probability). Let p, L,, S, and Q be as
defined above. Then X can be coupled to a branching process Y with type space S
and offspring distribution Q, i such a way that

P[Y, =y | (Xioskn] = Lp(Xn, ©)  (y €S, n>0). (4.21)

Proof We apply Theorem [3.6l In fact, for our present purpose Theorem is
sufficient, where the function ¢ occurring there is given by

b(y)(@) == y(5,0) +y(i,1)  (ye N(S), i €S).



4.7. TRIMMED PROCESSES 101

Let P and P denote the transition kernels of X and Y, respectively. We need to
check that X
PL,=L,P.

Since P, L,, and P have the branching property , it suffices to check that
6,PL,=0&L,P  (i€8).
Indeed, by our definition of Q,
0iL,P = (1= p(i)Q(i,0; ) + p(1)QUi, 1; -)
= (1= p()QLy(i, [ €) + p(1)QL,(i, - | E) = QL,(i, -) = 6;PL,,
where we have used . n

Proposition 4.19 (TriAmmed process) Let X andY be the branching processes
with type spaces S and S in Theorem let p be as in that theorem and let U
be the generating operator of X. Then

(Yk ‘Sl ) k>0

s a branching process with type space S1 and generating operator U? given by

UPe(i) = p ' (D)U(pp) (i) (i € S1, ¢ €[0,1]™),

where pp denotes the pointwise product of p and ¢, which is extended to a function
on S by setting pod(j) = 0 for all j € S\S;.

Proof Since individuals in Sy never produce offpring in 57, it is clear that the
restriction of Y to S is a branching process. Let @' be the offspring distribution
of the restricted process. Then Q' (3, -) is just QK ,(¢, - ) conditioned on producing
at least one offspring, where K, is the thinning kernel defined in (4.6). Then,

setting G := N (S1)\{0}, we have by

S GQEKNG)  0.QKw(G)  Uls))
Uroi) = 6QKo(G) = =5 ot iar” = om0 G) — Ul

where we have used that Up = p. |

= p(i)"'U(p9)(3),

Remark In particular, if p is the survival probability, then the branching process
Y from Proposition has been called the trimmed tree of X in [F'S04], which
deals with continuous type spaces and continuous time. Similar constructions have
been used in branching theory long before this paper and go under different names.
It seems skeletal process is the term that is most used nowadays. An overview of
the literature on skeletal processes can be found in [EKW15].
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Exercise 4.20 (Nonbranching process) Let S be a countable set, let P’ be a
probability kernel on S, and let () be the offspring distribution defined by

Qi ;) == P'(i,j)  (i,j €9),

and Q(i,z) := 0 if |x| # 1. In other words: a particle at the position ¢ produces
exactly one offspring on a position that is distributed according to P'(i, -). Let
X be the branching process with type space S and ofspring distribution () and let
U be its generating operator. Show that U = P’. In particular, this says that a
function p € [0, 1]° solves Up = p if and only if p is harmonic for P’ and U? = (P')*
is just the classical Doob transform of P’.

If X is a multitype branching process with type space S and offspring distribution
@), then let us write i — j if Q(i,{z : z(j) > 0}) > 0 and i ~» j if there
exist ¢ = i9g — -+ — i, = j. We say that @Q is wrreducible if © ~» j for all
1,7 € S. In particular, if () has finite first moments, then this is equivalent to
irreducibility of the matrix A(7, j) in (4.18). We also define aperiodicity of @ in
the obvious way, i.e., an irreducible () is aperiodic if the greatest common divisior
of {n>1:P"(6;,{x:2>d}) > 0} is one for some, and hence for all i € S. If @
is irreducible and

p(i) =P"[X, #0Vk>0] (i€ 9), (4.22)

then it is not hard to see that either p(i) > 0 for alli € S, or p(i) = 0 for all i € S.
In the first case, we say that X survives, while in the second case we say that X
dies out.

Exercise 4.21 (Immortal process) Let X be a branching process with finite
type space S, offspring distribution (), and generating operator U. Assume that @)
is irreducible and aperiodic and that Q(7,0) = 0 for each i € S, i.e., each individual
always produces at least one offspring. Assume also that Q(i, {x : || > 2}) > 0
for at least one ¢ € S. Then it is not hard to show that

PP[X,(j)>N] — 1 (i€ S, N<oo).

n—oo

Use this to show that for any ¢ € [0,1]° that is not identically zero,

Uneli) — 1 (i€S).

n—o0

In particular, this shows that the equation Up = p has only two solutions: p =0
and p = 1.
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Exercise 4.22 (Fixed points of generating operator) Let X be a branching
process with finite type space S, offspring distribution (), and generating operator
U. Assume that @ is irreducible and aperiodic and that Q(i,{z : |z| > 2}) > 0 for
at least one ¢ € S. Assume that the survival probability p in (4.22)) is positive for
some, and hence for all i € S. Show that for any ¢ € [0, 1]° that is not identically
7Z€ro,

U"o(i) — p(i) (i €5).

In particular, this shows that p is the only nonzero solution of the equation Up = p.
Hint: use Proposition to reduce the problem to the set-up of Excercise [4.21]

Exercise 4.23 (Exponential growth) In the set-up of Excercise 4.22 assume
that @ has finite first moments. Let o be the Perron-Frobenis eigenvalue of the
first moment matrix A defined in and let h > 0 be the associated right
eigenvector. Assume that o > 0, let M = (M,,),>0 be the martingale defined in
(4.15), and let My, := lim,, o, M,. Set

p'(i) :==P% [ My > 0].

Prove that p’ = p, where p is the survival probability defined in (4.22). Hint: show
that Up' = p'.
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Appendix A

Supplementary material

A.1 The spectral radius

For any complex matrix A indexed by a finite set .S, we define
p(A) = lim A"/,
n—oo

where || - || denote the operator norm associated with some norm on C°. The
arguments around show that the limit exists and does not depend on the
choice of the norm on C®. It is also shown there that in the special case that
A is a nonnegative matrix, this definition coincides with the definition in (2.1]).
Let spec(A) denote the spectrum of A, i.e., the collection of all eigenvalues. The
following lemma links p(A) to spec(A). In particular, for nonnegative matrices, the
Perron-Frobenius theorem tells us that p(A) € spec(A) and the following lemma
identifies p(A) as the largest eigenvalue (in absolute value).

Lemma A.1 (Gelfand’s formula) One has
p(A) = sup{|A| : X € spec(A)}.

Proof of Lemma Suppose that A € spec(A) and let f be an associated eigenvec-
tor. Then ||A™f|| = |A|"||f|| which shows that ||A™||*/™ > |\| and hence p(A) > |A].

To complete the proof, it suffices to show that p(A) < i, where A, := sup{|]| :
A € spec(A)}. We start with the case that A can be diagonalized, i.e., there
exists a basis {ej,...,eq} of eigenvectors with associated eigenvalues Aq,..., A4
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By Excercise the choice of our norm on V is irrelevant. We choose the /-
norm with respect to the basis {ej,...,eq}, i.e.,

ol = > I,

where ¢(1),...,¢(d) are the coordinates of ¢ w.r.t. this basis. Then

d d
14"l = 11> d@Areill = D 1@ A" < Nl¢ll,
=1 =1

which proves that ||A"|| < A% for each n > 1 and hence p(A) < Ay.

In general, A need not be diagonalizable, but we can choose a basis such that
the matrix of A w.r.t. this basis has a Jordan normal form. Then we may write
A = D+ E where D is the diagonal part of A and E has ones only on some places
just above the diagonal and zeroes elsewhere. One can check that E is nilpotent,
ie., E™ = 0 for some m > 1. Moreover E commutes with D and ||[E|| < 1 if we

choose the ¢;-norm with respect to the basis {ej,...,es}. Now
m—1
A"=(D+E)"=>" ( )D”—’fEk
k=0

and therefore

m—1 m—1
a7 Z ( Nt = X0 ()t = X (1 )ask = gt

=0 k=0

3

where
g(n) =1+nX"+In(n— DA+

is a polynomial in n of degree m. In particular, this shows that ||A™]| < (Ay+¢&)"
as n — oo for all € > 0, which again yields that p(A) < A,. |
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English-Czech glossary

A inverse

A squared, A cubed
assume values

binary branching process
birth-and-death process
Borel sigma-field
Brownian motion (Wiener process)
closed set

closure

complement
(conditional) probability
continuous in probability

continuous-time Markov chain
coupling

differentiable

distribution function

embedded Markov chain

event

explosion time

first exit time

first hitting time
Galton-Watson branching process
homogenoeus Markov process
initial distribution

integer valued random variable
intertwining

invariant law

invariant measure

irreducible

joint law

Kolmogorov differential equation
backwards/forwards

Markov chain with discrete time
mean
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A na minus prvni

A na druhou, tfeti

nabyvat hodnot

linearni proces mnozeni a zaniku
proces mnozeni a zaniku

borelovska sigma-algebra

Wieneruv proces/Brownuv pohyb
uzaviena mnozina

Uzaver

doplnék

podminénd/absolutni pravdépodobnost
stochasticky spojity

/ spojity podle pravdépodobnosti
Markovovy Tetézec se spojitym ¢asem
parovani (nebo coupling)
diferencovatelny

distribu¢ni funkce

vnoreny diskrétni fetézec skoku

jev

cas exploze

¢as vystupu

¢as prvniho nastupu, vstupu do stavu =
Galton-Watsonuv proces vétveni
homogenni Markovovy proces
pocatecni rozdéleni

¢elociselna nahodna velic¢ina

777

stacionarni rozdélent

invariantni mira

(ne)rozlozitelnd /irreducibilni
sdruzené rozdéleni

Kolmogorovovy diferencidlni rovnice
retrospektivni a prospektivni
Markovovy fetézec s diskrétnim casem
stfedni hodnota
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nearest-neighbor random walk
nonexplosive chain

null /positive recurrent state
(a)periodic state

Poisson process

probability kernel

process with independent increments
proper subset

Q-matrix, generator

queueing systems

random walk on the real line
reachable (from state 1)
recurrent / transient state

reversible

singleton

standard deviation
state space

step function

stochastic matrix
stochastic process
stopping time

strong markov property
square matrix

thinning

trajectory

transition probabilities
(n-step)

transition rates

trap

unique up to a multiplicative constant
white noise

APPENDIX A. SUPPLEMENTARY MATERIAL

777

regularni fetézec
nulovy/nenulovy trvaly stav
(ne)periodicky stav

Poisonuv proces
pravdépodobnostni jadro
proces s nezavislymi prirustky
vlastni podmnozina

matice intenzit (prechodu)
systémy hromadné obsluhy
nahodné prochazka na piimce
dosazitelny stav (ze stavu i)
tvrvaly/prechodny stav
rekurentni/transientni
reversibilni (vratny)
jednoprvkova mnozina
rozptyl

stavovy prostor

schodovita funkce
stochasticka matice

nahodny /stochasticky proces
Markovsky cas, zastavovaci ¢as
silna markovska vlastnost
¢tverecova matice

ztenceni

trajektorie

pravdépodobnosti prechodu
(n-tého tadu)

intenzity prechodu

absorpéni stav

jednoznacné az na nasobek skalarem
bily Sum



Bibliography

[AS10]

[Bils6]
[Chu74]

[DF90]

[DMO9]

[DS67]

[DZ98]

[EKW15]

[Fil92]

[Fro12]

[FS04]

S.R. Athreya and J.M. Swart. Survival of contact processes on the hier-
archical group. Probab. Theory Relat. Fields 147(3), 529-563, 2010.

P. Billingsley. Probability and Measure. Wiley, New York, 1986.

K.L. Chung. A Course in Probability Theory, 2nd ed. Academic Press,
Orlando, 1974.

Strong stationary times via a new form of duality. P. Diaconis and J. Fill.
Ann. Probab. 18(4), 1483-1522, 1990.

P. Diaconis and L. Miclo. On times to quasi-stationarity for birth and
death processes. J. Theor. Probab. 22, 558-586, 2009.

J.N. Darroch and E. Seneta. On quasi-stationary distributions in absorb-
ing continuous-time finite Markov chains. J. Appl. Probab. 4, 192-196,
1967.

A. Dembo and O. Zeitouni. Large deviations techniques and applications
2nd edition. Applications of Mathematics 38. Springer, New York, 1998.

M. Eckhoff, A.E. Kyprianou, and M. Winkel. Spines, skeletons and the
Strong Law of Large Numbers for superdiffusions. Ann. Probab. 43(5)
(2015), 2545-2610.

J.A. Fill. Strong stationary duality for continuous-time Markov chains.
I. Theory. J. Theor. Probab. 5(1), 45-70, 1992.

G. Frobenius. Uber Matrizen aus nicht negativen Elementen. Sitzungs-
ber. Konigl. Preuss. Akad. Wiss. (1912), 456-477.

K. Fleischmann and J.M. Swart. Trimmed trees and embedded particle
systems. Ann. Probab. 32(3A), 2179-2221, 2004.

109



110

[Gan00]

[Geo88|

[Ken59)

[Kin63]

[KRAS]

[Lach12]

[Lig10]

[Lig99]

[LL10]

[LP11]

[LPW09)

[Mar06]

[Per07]

BIBLIOGRAPHY

F.R. Gantmacher. The Theory of Matrices, Vol. 2. AMS, Providence RI,
2000.

H.-O. Georgii. Gibbs Measures and Phase Transitions. De Gruyter,
Berlin, 1988.

D.G. Kendall. Unitary dilations of Markov transition operators, and the
corresponding integral representations for transition-probability matri-
ces. Pages 139-161 in: U. Grenander (ed), Probability and Statistics.
The Harald Cramér volume. Almqvist & Wiksell, Stockholm, 1959.

J.F.C. Kingman. The exponential decay of Markov transition probabil-
ities. Proc. London Math. Soc. (3) 13 (1963), 337-358.

M.G. Krein and M.A. Rutman. Linear operators leaving invariant a cone
in a Banach space [in Russian|. Uspehi Matem. Nauk 3 (1948), No. 1(23),
3-95.

P. Lachout. Disktrétni martingaly. Skripta MFF UK, 2012.

T.M. Liggett. Continuous Time Markov Processes. AMS, Providence,
2010.

T.M. Liggett. Stochastic interacting systems: contact, voter and exclu-
sion processes. Springer-Verlag, Berlin, 1999.

G.F. Lawler and V. Limic. Random Walk: A modern introduction. Cam-
bridge Studies in Advances Mathematics 123. Cambridge University
Press, Cambridge, 2010.

P. Lachout and Z. Praskova. Zaklady ndhodnych procesu I. Skripta MFF
UK, 2011.

D.A. Levin, Y. Peres and E.L. Wilmer. Markov Chains and Mizing
Times. AMS, Providence, 2009.

A.A. Markov. Extension of the law of large numbers to dependent quan-
tities [in Russian]. Izv. Fiz.-Matem. Obsch. Kazan Univ. (2nd Ser.) 15
(1906), 135-156.

O. Perron. Zur Theorie der Matrices. Mathematische Annalen 64(2)
(1907), 248263



BIBLIOGRAPHY 111

[RPS1]

[Sen73]

[Sen81]

[Swall]

[Swal7]

[Ver62]

[Ver67]

(WGT5]

[Woe00]

[Woe09]

L.C.G. Rogers and J.W. Pitman. Markov functions. Ann. Probab. 9(4),
573 582, 1981.

E. Seneta. Non-Negative Matrices: An Introduction to Theory and Ap-
plications. George Allen & Unwin, London, 1973.

E. Seneta. Non-negative Matrices and Markov Chains. 2nd ed. Springer,
New York, 1981.

J.M. Swart. Intertwining of birth-and-death processes. Kybernetika
47(1), 1-14, 2011.

J.M. Swart. Necessary and sufficient conditions for a nonnegative matrix
to be strongly R-positive. preprint (2017), ArXiv:1709.09459.

D. Vere-Jones. Geometric ergodicity in denumerable Markov chains.
Quart. J. Math. Ozford Ser. 2 13 (1962), 7-28.

D. Vere-Jones. Ergodic properties of non-negative matrices - 1. Pacific
J. Math. 22(2) (1967), 361-386.

H.W. Watson and F. Galton. On the Probability of the Extinction of
Families. Journal of the Anthropological Institute of Great Britain 4,
138-144, 1875.

W. Woess. Random walks on infinite graphs and groups. Cambridge
Tracts in Mathematics 138. Cambridge University Press, Cambridge,
2000.

W. Woess. Denumerable Markov chains. Generating functions, boundary
theory, random walks on trees. EMS Textbooks in Mathematics. EMS,
Ziirich, 2009.



Index

absorbing state,
adaptedness, [6]
autonomous Markov chain, [T4]

Bernoulli random variable,
boundary conditions,
branching process,
branching property,

communicating

class,

states, [I§]
compensator, [§]
convergence of o-fields, 9]
convolution,
coupling,

detailed balance,
Doob transform,
generalized,

escape probability,
excursion, [63]

extinction, [I102]

Fekete’s lemma, [40]

filtered probability space, [7]
filtering equation,
filtration, [6]

first entrance time, [6]
Foster’s theorem,

Galton-Watson process,
Gelfand’s formula, {105

generating operator, [87]
Gibbs measure,
Green’s function,

h-transform,
harmonic function,
homogeneous Markov chain,

increments

independent,
integer lattice,
intertwining, [69
invariant

law,

measure, [2]]

irreducibility, [19]
Local Central Limit Theorem,

Markov
chain,
functional,

property, [L0] [16]

strong property, [16]
martingale,
convergence, [J]

nonnegative definite,
null recurrence,

offspring distribution,
optional stopping,

period of a state,

112



INDEX

periodicity,
positive recurrence, [I9 2]]

quasi-stationary law,

R-null recurrent,
R-positive,
R-recurrence, [48]
R-transience,
random mapping representation,
random walk

on integer lattice,
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sample path,
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spectral radius, [46]
stochastic process,
stopped
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stochastic process, |z|
submartingale,
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strong Markov property,
strong positive recurrence, [64]
subadditivity,
subharmonic function,
submartingale, [7]
convergence, [J]
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superadditivity,
superharmonic function,
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survival,
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total variation distance,
transfer matrix,
transience, [19)
transition
kernel,
probabilities,
trap, [26]

type space, [83]
uniformly integrable,
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