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1 Continuous-time Markov chains

If A is any (finite, square, real or complex) matrix, then we define

A1,
e ’_ZﬁA’ (1.1)

where A° := I, the identity matrix. If A and B commute (i.e., AB = BA),
then one can check that ee? = €48, but this formula does not hold in
general if A and B do not commute. Let s,¢ > 0 be real numbers. Then
certainly sA commutes with tA, so

esAetAd — g5 +0A (5450 (1.2)
It is also clear that €’ = I, so the operators (e*4);so form a semigroup. It
is easy to check that

%em = At >0, (1.3)

Another useful formula, that is easy to prove, is

et = lim (T4 LAY, (1.4)

n—oo

Let X be a finite set and let P be a probability kernel on X. For any
integer n > 0, we let P™ denote the n-th matrix power of P, which corre-
sponds to the n-step transition kernel of the discrete-time Markov chain with
transition kernel P. For any real ¢ > 0, we define

po=et®=1) >0, (1.5)
Then clearly, Py = I and P,P, = P,,;. A simple calculation yields
_ - n n __ - 2 - n k n—k
P=) —S(P-I)=) — @P( 1)

n=0 n=0 k=0
x© n tn B © ( t)nfk tk
Sy = C
n=0 k=0 k=0 n=k

= € tHPk = Zpt(k)Pk,
k=0 k=0

where p; is the Poisson distribution with parameter ¢. This means that P; has
the following interpretation. Let (oy)r>1 be i.i.d. exponentially distributed
random variables with mean one. Set

Tp 1= Zak (n >0), (1.7)
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where 7 := 0. Let (X,,),>0 be a (discrete time) Markov chain with transition
kernel P and an arbitrary initial law v, and define (X;);>0 by

X, =X, for 7,<t< Tat1, N1 >0. (1.8)
Then, for any 0 =ty < --- < t,, and g, ..., z,, € X, one has
]P)[Xto - ‘1.07 L] 7Xtm = :Cm] == V(xO)thto ('CC()? xl) e Ptmftm_1 (xmfla xm)
(1.9)

Indeed, the set {7,, : n > 1} is a Poisson point set with intensity 1, which
means that the number of jumps made by the process (Xt)tzo in the time
interval [t;_1,1x) has a Poisson distribution with parameter ¢ — t;_1, and
disjoint time intervals are independent.

We recall that if P is a probability kernel, then we define its associated
lazy kernel as 3(P +I). Applying to A= P — I, we see that

P, = lim (tP+(1-1)1)". (1.10)
n—oo

This means that we may view continuous-time Markov chains as “extremely
lazy” chains. Another way of interpreting is as follows: we divide
the interval [0, ¢] into n pieces, and then independently in each time interval
apply P with probability ¢/n and do nothing with the remaining probability.
Letting n — o0, this means, of course, that we apply P at the times of a
rate one Poisson point process.

An invariant law is a probability law 7 such that 7P = n. If P is ir-
reducible and aperiodic, then it has a unique invariant law 7 and P™(z, -)
converges to m as n — oo. Even without aperiodicity, it is true that P(x, -)
converges to m as ¢ — 0o. This should not surprise us, since lazy chains are
always aperiodic and continuous-time Markov chains are extremely lazy.

2 The relaxation and mixing times

If pu, v are probability measures on X', then we let II(u, v) denote the space
of all probability measures v on X x X whose first and second marginals are
1 and v, respectively:

plw) = A(z,y) and wv(z) =) y(zy). (2.1)

We call v a coupling measure for u and v. The total variation distance
between p and v is given by

drv(p,v) = _inf > Y@yl 2 g1 (2.2)
TEE (z,y)eX?
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More probabilistically, we can formulate this by saying that
dry(p,v) := inf P[X #Y], (2.3)

X~p
Y~v

where the infimum is over all possible couplings of random variables X and Y
with laws p and v, respectively. One can check that the infimum is attained
for a suitable coupling. There are other, simpler formulas for drv, for example

drv(nv) = 3 3 () = vl (24)
reX
If P is an irreducible probability kernel with invariant law 7, then we set

Dp(n) :=sup dry (7, P"(z, -)),

Dp(t) ;:;Elp drv (7, Pi(z, -)). (2.5)

zeEX
It is shown in [Sal22] Lemma 11] that
Dp(n) < Dp(n) < Dp(n) with Dp(n) == sup dTv(Pn(fL": ), P(y, ))

T,YyeX
(2.6)
A similar claim holds in the continuous-time setting. We define the mizing
time in the discrete and continuous-time settings as:

1
2

tl(\i)IX(P) :=inf {n € N: Dp(n) <€}, @7)
ik (P)==inf {t > 0: Dp(t) <e}. '

Let Spec(P) denote the spectrum of P (i.e., the set of its complex eigen-
values) and let

Ae(P) :=max {|A] : X € Spec(P), X #1}. (2.8)
Then one can prove that
(Dr(n)""" — A(P). (2.9)
In other words,
Dp(n) = (A(P) +0(1))", (2.10)

where o(1) is a term that tends to zero as n — oo. Defining the relazation

time by
-1

treL(P)

:= log (A(P)), (2.11)



we can rewrite ([2.10]) as
Dp(n) = e~"/tren(P) +o(1), (2.12)

In other words, for large n, the quantity Dp(n) decays exponentially fast,
and the relaxation time trgr(P) is the time needed for this quantity to get
a factor e~! smaller (comparable to the half-life in nuclear decay).

In the continuous-time setting, we can define something similar. We start
by observing that

Spec(P — I) = {A —1: X\ € Spec(P)}. (2.13)

We can order the (complex) eigenvalues of P according to their real parts,
such that

IL=X2>R(A) > >R(\). (2.14)
Letting Ao(P) denote the second eigenvalue in this order, we set
trew(P) = ! (2.15)
T TR0 |

(Note that this definition is unambiguous even though there may be several
complex eigenvalues with the same real part as Ay(P).) One can prove that

A 1

1
— —logDp(t) — ———, 2.16
> log p(t) — -y (2.16)
which can be rewritten as
Dp(t) = e~ t/tren(P) +o(1), (2.17)

For probability kernels that are irreducible but periodic, the discrete time
relaxation time tggg,(P) is infinite while fggy,(P) is finite. This is because in
this case P has eigenvalues that are different from one, but whose absolute
value is equal to one.

3 Reversibility

If 7 is an invariant law of P, and (X, ..., X,) is a Markov chain with tran-
sition kernel P and initial law 7, then the reversed chain (X,,...,Xo) is a
Markov chain with transition kernel

P*(z,y) = 7(y)P(y, )m(z)™" (2, € X), (3.1)
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as follows by observing that

(o) [ [ Pwn-r,2i) = w(n) [ [ P* (i 211) (3.2)

k=1 k=1
for all xg,...,z,. A Markov chain is reversible if P = P*, i.e., if the detailed
balance equation
m(x)P(z,y) =7(y)P(y,x)  (z,y € X) (3.3)

holds. We can define an inner product on R¥ by
(f.9) =) m(@)f(x)g(x). (3.4)
zeX

Then it is easy to see that

(f,Pg) = (P"f,9), (3.5)

so P* is the adjoint of P with respect to the inner product (-, -) and re-
versibility is equivalent to P being self-adjoint.

If P is reversible, then there exist ¢1,...,¢, € RY that are eigenvectors
of P, i.e.,

Poi = Nigi (3.6)
for some Ay,..., A\, € R, and that are moreover orthonormal in the sense
that .

1 ifi=y,

oo ={ o itz @7

Without loss of generality we can assume that 1 = X\y > --- > \,. If P is
irreducible, then A\; > \,. If P is moreover aperiodic, then also A,, > —1 and
hence |\;| < 1 for all i =2,...,n. One has

n

P (z,y)=7(y) +7(y) Y Aroi(x)ei(y),

=2 (3.8)
Py(z,y)=m(y) + 7(y) Z e = Vg, (2)0i(y).
We observe that
Spec(3(P + 1)) = {3(A+1) : X € Spec(P)}, (3.9)

which implies that the spectrum of a lazy, reversible kernel is contained in
[0,1] and as a result

M(3(P+1)) =N (3(P+1)). (3.10)



4 Covariance formulas

For any probability law p on X and functions f,g € RY, we let
Covu(f. 9) = u(fg) — (uf)(ng) (4.1)

denote the covariance of f and g under . There is a nice way to calculate
the covariance of two functions of a Markov chain, that is not as well-known
as it should be. If P is a probability kernel on X and f, g € R¥, then we set

Tp(f.9) == 1(P(f9) — (Pf)(Pg)). (4.2)
The factor % is there for historical reasons.
Lemma 4.1 (Covariance formula). One has

Covyupn(f. g) = Cov,(P"f, P"g) +2 Y uP"™*Tp(P*1f, P*1g).  (4.3)

k=1

Proof The statement is trivial for n = 0. Fix n > 1 and for each 0 < k <n
define a function H, : X — R by

Hy = P*((P" ") (P"*g))  (0<k<n).
Then
p(H, — Ho) = uP"(fg) — u((P"f)(P"9))

= [P (fg) — (WP" f)(uP"g)] — [n((P"f)(P"g)) — (uP" f) (P g)]
= Cov,pn(f,g) — Cov,(P"f, P"g).

It follows that

COV,U,P"(f7 g) - COV,LL(Pnfv PnQ) = ZM[Hk - kal}
k=1

=D u[PH(PEf)(PEg)) = PP ) (PR g))

k=1
=23 P Tp(PYRf P ),
k=1
Changing the summation order (setting k' :=n — k + 1), we arrive at (4.3).

In the continuous-time setting, we have a similar formula. The carré du
champ of f and g is the function I'p(f, g) defined as

Lp(f,9)(x) =5 ) Pla,y)(f(y) = f(2) (9(y) —g(x)).  (4.4)

yeX



It seems there is no English name for this object. We claim that
20'p(f,9) = G(fg) — (Gf)g — f(Gg) with G:=P—1. (4.5)
To see this, we calculate

G(f9)(x)=>_ Plz,y)(f(W)9(y) — f(z)g(x))

yeX

= Pz, y){ (fw) = f(2)) (9(y) — 9(2))
+ 1@ (9y) - (@) + (f(y) = fl2))g(x)}

=20p(f, 9) () + (Gf)(x)g(x) + f(2)(Gg)(x).
(4.6)
Note that I +eG = (1 —¢)I +¢€P is a probability kernel for all £ € [0, 1], and
that

M riea(f,9) =T +£G)(fg9) — (I +eG)f)((I +eG)g)

=¢[G(f9) + (Gf)g + f(Gg)] + O(e?) = 2¢Tp(f, 9) + O(?)
) (4.7)
as € — 0. This explains why I'p is the right continuous-time analogue of the
object I'p. We state the following lemma without proof.

Lemma 4.2 (Covariance formula in continuous time). One has

t
Cov,p,(f,9) = Covu (P f, Prg) + 2 / pP_ L' p(Ps f, Psg)ds. (4.8)
0

~ The Dirichlet form associated with an irreducible kernel P is the function
Ep : RY — R defined as

Er(f) =Y m(@)lp(f, f), (4.9)

where 7 is the invariant law of P. Contrary to the carré du champ, which
is not very well-known outside the French literature, the Dirichlet form is a
well-known and much studied object. We claim that

Ep(f) = —(f,Gf) with G=P—1. (4.10)

Indeed, this follows from (4.5) and the observation that for any function
h € RY (and hence in particular for h = fg)

Z 7(2)Gh(z) = m(P — I[)h = mPh — wh = 0. (4.11)

reX

Formula (4.10)) is historically the oldest definition of the Dirichlet form, which
explains the factor % in the definition of the carré du champ.
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Lemma 4.3 (Equilibrium variance). Let P be an irredicuble probability ker-
nel with invariant law 7. Then

VmAf%:?/m&iaﬁd& (4.12)

0
Proof Since 7 is an invariant law, formula (4.8]) simplifies to

Covx(f,g) = Cov.(P.f, Prg) + 2 /t 7 Lp(Pf, Pog) ds. (4.13)
0

Setting f = g and letting t — oo, using (4.9)), we arrive at (4.12]), where we
use that since P is irreducible, P, f(z) — wf for all x € X and the variance

of a constant function is zero. [ |
Inserting (4.4) into (4.9)) we see that
) 2
Ep(f) =3 > m(@)P(xy)(fly) — f(2)" (4.14)

z,yeX

We see from this formula that Ep(f) > 0, with equality if and only if f is
constant. We recall that the time-reversed kernel P* satisfies w(x)P(z,y) =

7(y)P*(y, ). We see from (4.14]) that

Ep(f) = Ep(f) = Eprpoyalf). (4.15)
By definition, the Poincaré constant is defined as
£
v(P) := inf r(/) (4.16)

" Var(f)

where we take the infimum over all f that are not constant. Since Ep(f)
and Var,(f) do not change if we add a constant to f, it suffices to take the
infimum over all non-constant functions f with 7f = 0. For such functions
Var.(f) = (f, f) =: ||f|l5- Since the fraction does not change if we multiply
f by a constant, we conclude that

Y(P):=inf {Ep(f): fERY, nf =0, ||fllo =1} (4.17)

In [Sal22, Def 19], a similar claim is made but it seems || f||2 is replaced by
the supremumnorm. I do not see why this should hold. In view of (4.15)),

V(P) =~(P*) =~((P+ P)/2). (4.18)
In [Sal22) Lemma 21], it is proved that
Y(P)=1=X((P+ P*)/2). (4.19)
In particular, by (2.15)), this implies that
R 1
t P)=—— if P= P~ 4.20
reL(P) (P (4.20)
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5 The Wasserstein distance

Assume that P is irreducible reversible. Then we can equip X with the
structure of a connected graph with set of edges E such that

{z,y}e £ & Pr,y)>0 <« P(y,z)>0. (5.1)
We define the graph distance by
dist(z,y) := inf{n > 0: P"(z,y) > 0}. (5.2)

Equivalently, dist(z,y) is the length of the shortest path between x and y
in the graph we have just defined. For probability measures u, v on X, we

define (compare ([2.2)))

W(p,v) ;= inf Z y(z, y)dist(z, y). (5.3)

YEI(p,v
(h) (z,y)ex?

Note that since dist(z,y) < 1{;,), an immediate consequence of (2.2) and

is that
dry(p,v) <W(u,v). (5.4)

The infimum in (5.3)) is obtained, since it is the infimum of the continuous
function

v Z v(z, y)dist(z, y) (5.5)

(z,y)ex?

over the compact and convex set II(u,r). Any v for which the infimum is
obtained is called an optimal coupling. We claim that the function

(1, v) = W(p, v) (5.6)

is convex. To see this, fix 0 < p < 1 and (p;, ;) (i = 1,2). Let ; be an
optimal coupling for pu;,v;. Then py; + (1 — p)ys is a coupling measure for
p:=pp1 + (1 — p)us and v := pvy + (1 — p)ve. Therefore,

W) <p D mlzy)dist(z,y)+ (1—p) Y (e, y)dist(z, y)
(z,y)EX? (z,y)eX?
=pW(p1,v1) + (1 = p)W(pa, 1v2).
(5.7)

Lemma 5.1 (Wasserstein metric). The Wasserstein distance is a metric on
the space of probability laws on X.
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Proof If W(u,v) = 0, then we can (optimally) couple random variables X
and Y with laws p and v such that E[dist(X,Y)] = 0. This implies X =Y
a.s. and hence p = v. It is also clear that W(u,v) = W(v, ), so it remains
to prove the triangle inequality. Let u, v, p be probability measures on X. By
Lemma below, we can construct random variable X, Y, Z so that the law
of (X,Y) is an optimal coupling for p, v, while (Y, Z) is an optimal coupling
for v, p. Now

W(, p) =E[dist(X, Z)]

: : (5.8)
<E[dist(X,Y) + dist(Y, Z)] = W(u,v) + W(v, p),

where we have used the triangle inequality for the graph distance. |

Lemma 5.2 (Combined coupling). Let (X1,Y1) and (Y, Z3) be random vari-
ables with values in X?, so that Y, and Y, have the same law. Then it is
possible to construct a random variable (X,Y, Z) with values in X* such that
(X,Y) has the same law as (X1,Y1) and (Y, Z) has the same law as (Ya, Z3).

Proof Let u(y) := P[Y; = y] = P[Y> = 9] (y € X). For each y € X such
that p(y) > 0, define Py(y,x) := P[X; = 2| Y] = y] and Ps(y, z) := P[Zy =
2| Yo =y]. If u(y) =0, then define P, (y, z) and Ps(y, 2) in an arbitrary way.
Then

2.y, 2) o= p(y) Py 0) Py, 2) - (29,2 € X) (5.9)
defines a probability measure on X3, where it does not matter how P (y, z)
and P»(y, z) are defined when u(y) = 0. Let (X, Y, Z) be a random variable
with law v. Then (X,Y’) has the same law as (X1,Y;) and (Y, Z) has the
same law as (Ys, Z3). Note that moreover, due to our construction, Z and X
are conditionally independent given Y. |

For any f € RY, we define the Lipschitz “norm” as

Il == sup |f(z)— f(y)

{z,y}€FE

, (5.10)

where E is the set of edges defined in (5.1)). It is not hard to see that || - ||Lip
is a pseudonorm and that ||f|lLrp = 0 if and only if f is constant. For any
x,y € X, we can find z = xg, ..., x4 = y with d = d(z,y) and {x)_1, 21} € E
for all 1 < k < d. Using the triangle inequality for W, we then get

f(x) = f)] < I fluedz,y) (.9 € X). (5.11)

The following theorem says that for any f € RY and probability measures
i, v on X, one has

f = vf| < W v) | fllre, (5.12)
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and W(u,v) is the optimal constant for which this inequality holds. This
theorem is known under the name Kantorovich duality.

Theorem 5.3 (Wasserstein distance and Lipshitz functions). For probability
measures (1, v on X, one has

W(u,v) = sup |pf—yf‘. (5.13)

[IfllLip<1

For better overview, we will split the proof of Theorem into several
steps. The proof of the inequality > in (5.13]) is easy.

Lemma 5.4 (One-sided bound). For probability measures u,v on X, one
has

W(p,v) > sup ‘,uf—yf|. (5.14)

I fllLip<1

Proof Let v be an optimal coupling for x4 and v and let (X,Y") have law ~.
Then for any f € RY,

E[£00] - E[f()]] = [E[f(X) - f(V)] | S E[|£(X) = £(¥)]]
< || flluee E[dist(X, Y) ]| = W(, v) || flre-

This proves (5.12)) and the inequality > in (5.13)). |

The inequality < in is a bit deeper. We will present a proof based
on the strong duality theorem of linear programming (Theorem below).
In order for that theorem to be applicable, we first need to reformulate the
definition of the Wasserstein distance in a suitable form.

(5.15)

Lemma 5.5 (Alternative definition). For probability measures p,v on X,
the Wasserstein distance W(u,v) is the minimum of the function

RY" 57— Zv(z, y)dist(z, y) (5.16)
x’y
subject to the constraints

Y(wy) > 0Va,y, Y y(wy) < pl) Yo, Y A(wy) <vly) Yy (5.17)

Y

Proof Any v that satisfies the constraints is a subprobability measure,
ie., Zw,y ~v(z,y) < 1. Since the space of subprobability measures is compact
and the function in is continuous, there exists a v in which the function
in assumes its minimum. To complete the proof, it suffices to show
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that such a v must necessarily be a probability measure with marginals g
and v. Imagine that it is not. Set

i) = p(z) =Y (x,y) and o(y):=viy) =Y v(zy). (518

By assumption, p := > j(z) =13, ~(z,y) = >, U(y) satisfies p > 0
so we can define probability measures 7i := p~1ji and 7 := p~'&. We now see
that

v (x,y) = v(z,y) + pi(z)v(y) (5.19)

satisfies ([5.17]) while the function in (5.16]) has a strictly higher value in +/
than in v, contradicting our assumption that the maximum is assumed in 7.
|

For our next lemma, we let

A = sup dist(z,y) (5.20)

T,YyeX
denote the diameter of the graph (X, F).

Lemma 5.6 (Dual formulation). For probability measures p,v on X, the
Wasserstein distance W(p,v) is the mazimum of the function

RY X RY 3 (f,9) = Y v(2)f(x) = Y pu(x)g(x) (5.21)

subject to the constraints
g(x) >0V, f(z) <AV, fly) <g(z)+dist(x,y) Ve, y. (5.22)

Proof By Lemma 5.5, A — W(p,v) is the maximum of the function

v Zv(x, Y) [A — dist(z, y)} (5.23)

Y

subject to the constraints (5.17)). In order to apply the strong duality theorem
of linear programming (Theorem [5.7| below), we rewrite ((5.23]) and (5.17)) in
a more abstract form. For each x,y,2 € X and i = 1,2, we define

N /L(Z) if 1 = 1, . L 1{z=m} if 1 = 1,
plz1) = { v(z) ifi=2. and - A(z,6;7,y) := lmy  ifi=2.
(5.24)
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Then we can rewrite the constraints (5.17)) as

¥=0, Y Az y)y(r,y) < p(z,i). (5.25)

x’y

The strong duality theorem of linear programming (Theorem [5.7| below) now
tells us that A — W(u, v) is the minimum of the function

g Zg(z,i)p(z,i) (5.26)

subject to the constraints

g >0, ZA(Z,i; z,y)g9(z,1) > A —dist(z,y) VY, y. (5.27)

2,0

Let us write g;(z) := g(z,4) and define f(z) := A —go(2). Then A —W(u,v)

is the minimum of the expression
Y on@)gi(x) + A=Y wv(x)f(x) (5.28)

subject to the constraints

9120, f<A, fly) — gi(z) < dist(z,y) Vz,y. (5.29)
Therefore, W(u, v) is the maximum of the expression (5.21]) subject to the
constraints ([5.22]). |

Proof of Theorem We first prove the statement under the additional
assumptions that p(z) > 0 and v(z) > 0 for all z € X. Lemmalp.€] says that
the Wasserstein distance W(pu, ) is the maximum of the function in
subject to the constraints (5.22)). Let (f,g) be a pair of functions for which
the function in assumes its maximum. (The formulation of Lemma [5.6|
is meant to include the fact that the maximum is assumed. This follows from
Theorem on which Lemma [5.6is based.) We claim that ||g||Lip < 1. To
see this, define

§(z) == inf [g(y) + dist(z, y)]. (5.30)

yey

Setting y = x in the right-hand side we see that g(z) < g(x) for all z. Since
g(y) > 0 and dist(z,y) > 0 for all y we also have § > 0. The triangle

inequality and imply that
g(z) + dist(z,y) =inf [g(z) + dist(z, 2)] + dist(z,y)
= irzlf [9(2) + dist(z, 2) + dist(z,y)] (5.31)
zirilf [g(z) —I—dist(y,z)] > f(y) Va,y.
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This shows that (f,g) satisfies the constraints while g < g. If g(x) <
g(z) for some x € X, then by our assumption that p(z) > 0 for all z € X,
the value of the function in (5.21)) in (f, g) is strictly larger than in (f,g),
which contradicts the assumption that the maximum is assumed in (f, g).

We therefore conclude that § = ¢g. By ([5.30]), this means that

g(x) < g(y) + dist(z,y) Vz,v. (5.32)
Thus,

g(r) — g(y) < dist(z,y) and g(y) — g(x) < dist(y, ), (5.33)

which means that |g(z) — g(y)| < dist(x,y) and hence ||g||Lp < 1.

By our arguments so far, there exists a pair of functions (f, g) for which
the function in assumes its maximum, and each such pair must satisfy
llglluie < 1. We claim that there exists a pair (f, ¢g) for which the maximum
is assumed such that moreover inf, g(z) = 0. Indeed, it this is not the case,
then we can make it true by subtracting the same constant from both f and
g, which does not change the value of the function in and also does
not change the fact that the constraints are satisfied.

Let (f, g) be such a pair in which the maximum is achieved and for which
inf, g(z) = 0 and ||g|lLip < 1. We claim that f = ¢. Setting x = y in
the constraint that f(y) < g(z) + dist(x,y) forall z,y yields f < g. If
f(z) < g(x) for some x € X, then by our assumption that v(z) > 0 for all
x € X, the value of the function in in (g, g) is strictly larger than in
(f,g). Therefore, by maximality, we can conclude that f = g provided we
show that the pair ( 1, g) with f := g satisfies the constraints (5.22). Indeed
f(y) < g(x) +dist(z, y) since f = g and ||g||Lip < 1. Moreover, recalling the
definition of A, we see that inf, g(x) = 0 and ||g|jlLip < 1 imply g < A, so
f < Ais also satisfied by f = g.

We have now proved that there exists a function f with || f||Lp < 1 such
that W(u,v) = vf — pf. In particular, this proves that

Winv) < sup |uf —vf]. (5.34)
[IfllLip<1

Together with Lemma [5.4] this proves Theorem under the additional
assumptions that p(z) > 0 and v(z) > 0 for all z € X. To remove these
assumptions, it suffices to show that both the left- and right-hand sides of

(5.13]) are continuous as a function of (u,v).
By Lemma the Wasserstein distance is a metric on the space of
probability laws on X. A metric is always continuous with respect to the
topology that it generates, which here is just the topology in which p, —
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if p,(x) — p(z) for all z € X. This shows that W(u,v) is continuous in
(u,v). It is easy to see that the right-hand sides of (5.13]) also defines a

metric and hence is also continuous. [ |

Below is the strong duality theorem of linear programming.

Theorem 5.7 (Strong duality). Let A(7, j)i<i<n, 1<j<m be a real matriz, and
let (b(1),...,b(m)) and (c(1),...,c(m)) be real vectors. Assume that the
function x> Y700 c(j)x(j) assumes its mazimum M, over the set

{zeR™:2(j) >0V1<j<m, iA(i,j)x(j) <b(i) V1 <i<n}. (5.35)

=1

Then the function y— Y b(i)y(i) assumes its minimum M_ over the set

n

{yeR :y(i) =0V1<i<n, Y A(i,j)yi) > c(j) V1 <j<m}, (536)

i=1

and one has M_ = M,.

6 Curvature

We continue to assume that P is irreducible and reversible. The (Ollivier-
Ricci) curvature of P is the quantity x(P) < 1 defined as

k(P):=1- {msu};;EW(P(x, ), Py, ), (6.1)

where F is the set of edges defined in (5.1)). A Markov chain is said to have
positive curvature if kK(P) > 0. In view of Theorem |5.3[ and (/5.10)),

1—rk(P)= sup sup |Pf(z)—Pf(y)|

{zy}el || fllLip<1 6.2
= sup ||Pf|luw. 62
I fllLip<1

For positively curved Markov chains, in the light of (2.6) and (5.4), the
following lemma gives a bound on the total variation distance to equilibrium.

Lemma 6.1 (Curvature bound). For any probability measures pu,v on X,
one has

Vv

0 (6.3)
0

() WEP" vP") < (1-w(P)" Wiv)  (n
’ )

(i) WP, vP) < e Pl v) (n

v
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Proof In the discrete time setting this is proved in [Sal22, Lemma 20]. Note,
however, that the notation there is a bit different. What we call 1 — x(P) is
called e *(") there. Our definition is more suitable for the continuous-time
setting and coincides with the definition in [Sal21].

To prove (6.3)) (i), we use (6.2)) and induction to obtain
1P flle < (1= &(P)" [ flle (0> 0). (6.4)

By Theorem and ((5.12)), it follows that

W(uP", vP") = sup |pP"f — VP”f|

Il fllLp <1 " (6.5)
< sup W, v)|[P" fllue < (1= &(P)) " W(p, v),

IfllLrp <1

proving (6.3)) (i). To prove also (6.3]) (ii), we use ((1.6]), which says that

Lt

Po=) m(m)P" with pn):=e"'— (n>0). (6.6)

The Lipschitz “norm” is not really a norm but only a pseudonorm. Using
the triangle inequality for this pseudonorm, as well as the continuity of the
map f +— || f|lLp, we obtain

1P fllee = | D () P | < D pe()[| P o
w D = (6.7)
< S )1~ w(P)If e = e £

The final equality here is not completely obvious. Recall that x(P) < 1 by
definition. If x(P) > 0, then we can interpret x = x(P) as a probability.
Now Y >  pi(n)(1 — k)™ is the probability that if we have a random num-
ber of particles with a Poisson distribution with mean ¢, and we perform a
random thinning of these particles, where each particle has an independent
probability x that we keep it, then no particles survive the thinning. Now it
is well-known that after thinning, the number of particles that is left is Pois-
son distributed with mean xt. Thus p.;(0) = e " is the probability that no
particles survive the thinning. For general x, one can verify the final equality
in by direct computation. We leave this as an exercise to the reader.

Formula (6.3)) (ii) follows from in the same way we derived (6.3) (i)
from (6.4]). |
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7 Cut-off

For any probability kernel P, we define the sparsity parameter A(P) by

A(P) - !

‘= max 7.1
{z,y}eFE p(i[}, y) ( )

For positive functions f,,g,, we write f, < g, as n — oo if f,/g, — 0.
Recall the definitions of the mixing and relaxation times (in the continuous-

time setting) in 1} and l} We set tyx(P,) = fl(\}{f()(Pn). Below is a
simplified version of the main result of [Sal21].

Theorem 7.1 (Conditions for cut-off). Let P, be a sequence of irreducible
reversible probability kernels on finite sets X,,. Assume that |X,| > 3 and
K(P,) >0 for all n. Assume that for each e € (0,1),

(treL(Py) log A(Pn))Q < fl(\?IX(Pn) asmn — oo. (7.2)
Then for each 0 < € < %, there exists a constant C. such that

frx (Pa) = 850 (Pa) < Cor/Eairx (Po) fren(Pa) log A(P,) - (7.3)

for all n large enough.

Remark 1 Assmption 1} implies that fREL(Pn) log A(P,) < fMIX(Pn)
so that the right-hand side of ([7.3)) satisfies

tvix (Po) treL(Py) log A(P) < taix (P). (7.4)

This shows that the sequence of Markov chains with transition kernels P,
exhibits cut-off: the total variation distance bpn () changes from being close
to one to close to zero in a time interval centered around fyyx(P,) whose
duration is in the limit much shorter than fMIX(Pn).

Remark 2 In these notes, we use a hat to indicate that a certain quantity
belongs to the continuous-time setting. This is why our notation is a bit
different from the notation in [Sal21].

Remark 3 The main result of [Sal2l] is considerably more general than
Theorem (7.1}  The condition x(FP,) > 0 says that P, has non-negative
Ollivier-Ricci curvature. In [Sal21], it is shown that the result remains true
if Ollivier-Ricci curvature is replaced by Bakry—Emery curvature, a concept
that we have not treated here. The main result of [Sal21] moreover applies
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to a large class of non-reversible chains as well. In that case, however, the re-
laxation time from Theorem |7.1 has to be replaced by the relaxation time of
the symmetrised kernel (P + P*)/2 and one needs the additional assumption
that P(x,y) > 0 if and only if P(y,z) > 0.

Remark 4 The assmption is inspired by the so-called product condition
tren(P) < fl(\f[)IX(Pn) (e € (0,1)), that has in the past been conjectured to
imply cut-off. This conjecture is known to be wrong, however. Typical
counterexamples, however, are extremely non-sparse, in the sense that the
Markov chain can jump from any point in the state space to any other point
with positive probability. For these counterexamples, A(P,) would grow very
fast with n and would not be satisfied. This justifies the occurrence of
A(P,) in (7.2)).

Remark 5 The occurrence of the square in is a less pleasant feature of
the theorem. It seems natural that in order to prove a quantitative statement
like on the size of the “critical window” where Dp, (t) changes from
being close to one to being close to zero, one needs a quantitive version of
the product condition, i.e., one needs to say how much larger fl(\f[)IX(Pn) is
in comparison with tgrgr(P,). However, is quite a strong assumption

in the sense that even when A(P,) is of order one, it requires fl(\f[)IX(Pn) to

be much larger than the square of tggr,(P,) (for example, fl(\fI)IX(Pn) could be
of order (frpL(P,))**® for any ¢ > 0). In [Sal22, Section 5] we have seen
that the random walk on the hypercube has cut-off with tggp(P,) ~ n and
tvix (Py) ~ %n logn. In this example, the mixing time grows only a little bit
faster than the relaxation time (the difference is the logaritmic term) so this
example cannot be covered by Theorem In future, one would hope to
relax condition in this respect..

Remark 6 In order to check assumption ([7.2)) of Theorem , one only needs

upper bounds on fggr(P,) and lower bounds on fl(\f[)IX(Pn). In particular, one

does not need to determine the precise asymptotics of fl(\f[)IX(Pn), including

the preconstant, which is often very difficult. Theorem is one of very few
results of this sort and the first one that applies to a very general class of
probability kernels, instead of only to very special classes such as birth-and-
death chains etc. In this sense, Theorem is a breakthrough result.

8 Strategy of the proof

The relative entropy (or Kullback-Leibler divergence) or a probability measure
i on a finite set X with respect to another probability measure 7 is defined
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as

dir(pl|7) == ZN 10?5

zeX

(8.1)

Here, for simplicity, we assume that m(x) > 0 everywhere. A related quantity,
relatively unknown, the varentropy, is defined as

Vi) = 3t ) (105 ; ~ ) (82)
Note that
Vi (p||m) = Var,(f) with f(x) := log /;Eg, (8.3)

since clearly puf = dgp(p||7). Following [Sal21], we define
Vi 1) = sup Vi (P, ) ). (5.4)
Te

The following theorem, which is [Sal21, Thm 5], is key to the proof of Theo-
rem [ 1l

Theorem 8.1 (Entropic concentration). Let P be an irreducible probability
kernel on a finite set X and let 0 < € < % Then

K (P) — 85 (P) < 2 i (P)[1 4y Vi (i (P)] . (89)

The second incredient of the proof of Theorem is [Sal21l Thm 5],
which we cite here in simplified form.

Theorem 8.2 (Varentropy estimate). Let P, be a sequence of irreducible
reversible probability kernels with k(P,) > 0. Fiz 0 < e < 1 and assume that

fREL(Pn) < fl(\i%x(Pn) as n — 00. (8.6)
Then there exists a constant C' < oo such that
* e (e 2
Viw ((x (Pn) < CHix(Pa) (log A(P,)) (8.7)
for all n large enough.

We now show how Theorems and [8.2] imply Theorem [7.1]

Proof of Theorem [7.1] We first make some trivial observations. Since
|X,| > 3 and P, is irreducible and reversible, there must be at least one
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x € X that has degree two in the graph (X, E,), where E, = {{z,y} :
P,(z,y) > 0}. It follows that P(z,y) < 3 for at least one {z,y} € E,
and hence A(P,) > 2 for all n. Since P, is a probability measure, |A| < 1
for all eigenvalues \ of P,. Since P, is irreducible, the multiplicity of the
eigenvalue one is one, so —1 < R(A\(P,)) < 1, which by implies
% < iREL(Pn) < 00. Thus

A(P,)>2 and itppr(Pn) >1 V. (8.8)
In view of this, (7.2]) implies that
8 (P)) =00 asn—ooV0<e< 1. (8.9)

Fix 0 < e < 3. Since A(P,) > 2, (7.2) implies that
~ 2 c
(treL(Pn))” < i (Pa)
- <€) &) (8.10)
= tren(Pn) < tyx(Pa )< tyirx (P,

where in the last step we have used . This shows that Theorem is
applicable. Using moreover Theorem [8.1], inserting (8.7)) into (8.5]), we obtain

tl(\fI)IX(P> tl(\/III;)(P ) < 2e *igpL(P [1 + \/CtMIX logA(P )) }
<2 *lppL(P )[1 +VC tl(\/lﬂ)g (Fn) log A(F, )}
(8.11)

In view of (8.8) and , the expression under the square root tends to
infinity, so for sufficiently large n we can forget about the term that is 1, at
the cost of making the constant v/C' a bit larger. Thus, we see that for some
C. <

(ax (Po) = i (o) < CoAJ 8t (Po) fren(Pa) log A(P,). (8.12)

This is almost the same as ([7.3)), except that in the right-hand side we need
to replace tl(\/HX)(Pn> by tyrx(P,), which is defined as Eﬁ{;?(Pn). Assmption

7.2) implies that fgren(P,)log A(P,) < \/tu’(P.). Inserting this into
[8.12) yields

e N(1—e l1—e
R (P) = i (Pa) << By (o). (8.13)
This shows that the chain exhibits cut-off, and hence, for each 0 < ¢ < %,

2(e)

t P,

%” 1 (8.14)
tMIX (PH> nree
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As aresult, in the right-hand side of (8.12)), it asymptotically does not matter
if we write tﬁfxs)(Pn) or fl(vl[{;)(Pn). We can replace one by the other and the

inequality will remain true for large n, at the cost of perhaps having to change

the constant C. a bit. |
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