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Preface

Interacting particle systems, in the sense we will be using the word in these
lecture notes, are countable systems of locally interacting Markov processes.
Each interacting particle system is define on a lattice: a countable set with
(usually) some concept of distance defined on it; the canonical choice is
the d-dimensional integer lattice Z¢. On each point in this lattice, there
is situated a continuous-time Markov process with a finite state space (often
even of cardinality two) whose jump rates depend on the states of the Markov
processes on near-by sites. Interacting particle systems are often used as
extremely simplified ‘toy models’ for stochastic phenomena that involve a
spatial structure.

Although the definition of an interacting particle system often looks very
simple, and problems of existence and uniqueness have long been settled, it
is often surprisingly difficult to prove anything nontrivial about its behavior.
With a few exceptions, explicit calculations tend not to be feasible, so one has
to be satisfied with qualitative statements and some explicit bounds. Despite
intensive research for over more than forty years, some easy-to-formulate
problems still remain open while the solutions of others have required the
development of nontrivial and complicated techniques.

Luckily, as a reward for all this, it turns out that despite their simple
rules, interacting particle systems are often remarkably subtle models that
capture the sort of phenomena one is interested in much better than might
initially be expected. Thus, while it may seem outrageous to assume that
“Plants of a certain type occupy points in the square lattice Z?2, live for an
exponential time with mean one, and place seeds on unoccupied neighboring
sites with rate A\” it turns out that making the model more realistic often
does not change much in its overall behavior. Indeed, there is a general
philosophy in the field, that is still unsufficiently understood, that says that
interacting particle systems come in ‘universality classes’ with the property
that all models in one class have roughly the same behavior.

As a mathematical discipline, the subject of interacting particle systems is
still relatively young. It started around 1970 with the work of R.L. Dobrushin
and F. Spitzer,, with many other authors joining in during the next few years.
By 1975, general existence and uniqueness questions had been settled, four
classic models had been introduced (the exclusion process, the stochastic
Ising model, the voter model and the contact process), and elementary (and
less elementary) properties of these models had been proved. In 1985, when
Liggett’s published his famous book [Lig85], the subject had established itself
as a mature field of study. Since then, it has continued to grow rapidly, to
the point where it is impossible to accurately capture the state of the art
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in a single book. Indeed, it would be possible to write a book on each of
the four classic models mentioned above, while many new models have been
introduced and studied.

While interacting particle systems, in the narrow sense indicated above,
have apparently not been the subject of mathematical study before 1970,
the subject has close links to some problems that are considerably older.
In particular, the Ising model (without time evolution) has been studied
since 1925 while both the Ising model and the contact process have close
connections to percolation, which has been studied since the late 1950-ies.
In recent years, more links between interacting particle systems and other,
older subjects of mathematical research have been established, and the field
continues to recieve new impulses not only from the applied, but also from
the more theoretical side.

The present notes are loosely based on an older set of lecture notes for
courses that I gave at Charles University in Prague in 2009 and 2011. An-
other imput came from slides for a course I gave at Verona University in
2014. Compared to the lecture notes of 2011, most of the text has been
rewritten. Many figures have been added, as well as a chapter on the mean-
field limit. The old lecture notes were organized around three classical mod-
els: the contact process, the Ising model, and the voter model. Instead, the
present notes are organized around methods: the mean-field limit, graphical
representations, monotone coupling, duality, and comparison with oriented
percolation. Compared to the older notes, some results have been removed,
in particular about the Ising model, whose study requires rather different
techniques from the other models. Another omission are positive correla-
tions. On the other hand, a wide range of interacting particle systems not
(or barely) mentioned in the previous lecture notes are now used as examples
throughout the notes, to give a better impression of the modern literature of
the subject.

I am indebted to Tibor Mach for a careful reading of the lecture notes
from 2011 that led to a large number of typoes being corrected. For all new
errors introduced in the present text only I am responsible. I would like to
thank Aernout van Enter for a number of corrections and suggestions that
helped me improve the text from 2016.



Chapter 1

Introduction

1.1 General set-up

Let S be a finite set, called the local state space, and let A be a countable
set, called the lattice. We let S* denote the Carthesian product space of A
copies of S, i.e., elements = of S* are of the form

r = (:L‘(z))zeA with x(i) € SVieA.

Equivalently, S* is nothing else than the set of all functions = : A — S.

Interacting particle systems are continuous-time Markov processes X =
(X;)i>0 with a state space of the form S*, that are defined in terms of local
maps. Thus, (X¢)i>0 is a Markov process such that at each time ¢ > 0, the
state of X is of the form

We call X;(i) the local state of X at time t and at the position i. Positions
1 € A\ are also often called sites.

The time evolution of continuous-time Markov processes is usually char-
acterized by their generator G, which is an operator acting on functions
f S — R, where S is the state space. For example, in the case of Brownian
motion, the state space is R and the generator is the differential operator
G= 1‘9722. In the case of an interacting particle system, the state space is of

29
the form S = S* and the generator takes the form

Gf(x) =Y ru{f(m@) - f(x)}  (zes8") (1.1)
meg
Here G is a set whose elements are local maps m : S® — S* and (") meg

is a collection of nonnegative constants called rates, that say with which

7
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Poisson intensity the local map m should be applied to the configuration X;.
The precise definitions will be given in later chapters, but at the moment
it suffices to say that if we approximate (X;);>0 by a discrete-time Markov
chain where time is increased in steps of size dt, then

rmdt  is the probability that the map m
is applied during the time interval (¢,¢ + dt].

Often, the lattice A has the structure of an (undirected) graph. In this
case, we let E denote the corresponding edge set, i.e., a set of unordered
pairs {7, 7} called edges, with i,j € A, i # j, that in drawings of the graph
are connected by a line segment. We let

E:={(i,j):{i,j} € E}

denote the corresponding set of all ordered pairs (i, j) that correspond to an
edge. We call

Ni={jeA:{ij} € E} (1.2)

the neighborhood of the site 7.
Many well-known and well-studied interacting particle systems are de-

fined on the d-dimensional integer lattice Z%. We denote the origin by
0=1(0,...,0) € Z% For any i = (iy,...,iq) € Z¢, we let

d
4]]1 == Z lig] and  ||i]|e == kgaxd\ik| (i € 7%
k=1

denote the /;-norm and supremumnorm, respectively. For R > 1, we set

BU={{ig} i~ jllh=1} and B ={{i,j}:0<|li~jle <R}
(1.3)
Then (Z4, E) is the integer lattice equipped with the nearest neighbor graph
structure and (Z¢, E%) is the graph obtained by connecting all edges within
| - [leo-distance R with an edge. We let £% and £ denote the corresponding
sets of ordered pairs (i, j).

Before we turn to rigorous mathematical theory, it is good to see a number
of examples. It is easy to simulate interacting particle systems on a computer.
In simulations, the infinite graphs (Z%, E?) or (Z%, E4) are replaced by a
finite piece of Z?, with some choice of the boundary conditions (e.g. periodic
boundary conditions).



1.2. THE VOTER MODEL 9

1.2 The voter model

For each 4,5 € A, the voter model map voty; : S® — S is defined as

x(1 if k=,
voty; () (k) = { ) / (1.4)

z(k)  otherwise.

Applying vot;; to a configuration x has the effect that local state of the site i
is copied onto the site j. The nearest neighbor voter model. is the interacting
particle system with generator

Georf (z Z {f vot,;(x )—f( )} (z € SM). (1.5)

j)eEd

Here N is the neighborhood of the origin and |[Ay| = 2d denotes its cardinal-
ity. Similarly, replacing the set of oriented edges £% by £% and replacing N
by the appropriate set of neighbors in this new graph, we obtain the range
R voter model.

In the context of the voter model, the local state (i) at a site i is often
called the type at ¢. The voter model is often used to model biological
populations, where organisms with different genetic types occupy sites in
space. Note that since each site j has |[N;| = [Ny neighbors, the total rate
of all maps vot;; with i € N is one. In view of this, an alternative way
to describe the dynamics in ([1.5)) is to say that with rate 1, the organism
living at a given site dies, and is replaced by a descendant chosen with equal
probability from its neighbors.

An alternative interpretation, that has given the voter model its name, is
that sites represent people and types represent political opinions. With rate
one, an individual becomes unsure what political party to vote for, asks a
randomly chosen neighbor, and copies his/her opinion.

In Figure [1.1] we see the four snapshots of the time evolution of a two-
dimensional nearest-neighbor voter model. The initial state is constructed
by assigning i.i.d. types to the sites. Due to the copying dynamics, we see
patches appear where every site in a local neighborhood has the same type.
As time proceeds, these patches, usually called clusters, grow in size, so that
eventually, for any N > 1, the probability that all sites within distance N of
the origin are of the same type tends to one.E]

It turns out that this sort of behavior, called clustering, is dimension
dependent. The voter model clusters in dimensions 1 and 2, but not in

In spite of this, for the model on the infinite lattice, it is still true that the origin
changes its type infinitely often.
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Figure 1.1: Four snapshots of a two-dimensional voter model with periodic
boundary conditions. Initially, the types of sites are i.i.d. Time evolved in
these pictures is 0, 1, 32, and 500.

dimensions 3 and more. In Figure[1.2] we see the four snapshots of the time
evolution of a three-dimensional voter model. The model is simulated on a
cube with periodic boundary conditions, and the types of the middle layer
are shown in the pictures. In this case, we see that even after a long time,
there are still many different types near the originﬂ

20n a finite lattice, such as we use in our simulations, one would eventually see one
type take over, but the time one has to wait for this is very long compared to dimensions
1 and 2. On the infinite lattice, the probability that the origin has a different type from
its right neighbor tends to a positive limit as time tends to infinity.
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Figure 1.2: Four snapshots of the transsection of a three-dimensional voter
model with periodic boundary conditions. Initially, the types of sites are
i.i.d. Time evolved in these pictures is 0, 4, 32, and 250.

1.3 The contact process

The contact process is another interacting particle system with a biological
interpretation. For this process, we choose the local state space S = {0, 1}.
We interpret a site such that X;(i) = 1 as occupied by an organism, and a
site such that X;(i) = 0 as empty. Alternatively, the contact process can
be seen as a model for the spread of an infection. In this case, sites with
Xi(i) = 1 are called infected and sites with X,;(i) = 0 are called healthy.

For each 4,5 € A, we define a branching map bra,; : {0,1}* — {0,1}* as

z(@)Va(j) ifk=j,
bra;;(z)(k) := 1.6
i(@)k) { x(k) otherwise. (16)
Note that this says that if prior to the application of bra;;, the site 7 is
occupied, then after the application of bra,;, the site j will also be occupied,
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regardless of its previous state. If initially ¢ is empty, then nothing happens.
We interpret this as the organism at ¢ giving birth to a new organism at 7,
or the infected site i infecting the site j. If j is already occupied/infected,
then nothing happens.

For each i € A, we also define a death map death; : {0, 1}* — {0, 1}* as

deatni()(h)i= | - LETh (1.7
th; = .
sart z(k)  otherwise.

If the map death; is applied, then an organism at i, if there is any, dies,
respectively, the site 4, if it is infected, recovers from the infection.

Figure 1.3: Four snapshots of a two-dimensional contact process. Initially,
only a single site is infected. The infection rate is 2, the death rate is 1, and
time evolved in these pictures is 1, 5, 10, and 20.

Recalling (|1.3)), the (nearest neighbor) contact process with infection rate
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A > 0 and death rate 6 > 0 is the interacting particle system with generator

Geonrf(x) =X > {f((brag(z)) — f(z)}
(t)ees o (18)
+0 ) " {f((deathy(z)) — f(z)}  (x€{0,1}").

i€Z4

This says that infected sites infect each healthy neighbor with rate A, and
infected sites recover with rate 9.

In Figure [1.3] we see the four snapshots of the time evolution of a two-
dimensional contact process. Occupied sites are black and empty sites are
white. Initially, only the origin is occupied. The infection rate is 2 and the
death rate is 1. In this example, the infection spreads through the whole
population, eventually reaching a steady stateﬂ where a positive fraction of
the population is infected. Of course, starting from a single infected site,
there is always a positive probability that the infection dies out in the initial
stages of the epidemic.

Unlike the voter model, the behavior of the contact process is roughly
similar in different dimensions. On the other hand, the proportion \/é of the
infection rate to the death rate is important for the behavior. By changing the
speed of time, we can without loss of generality choose one of the constants
A and 0 to be one, and it is customary to set 6 := 1. In Figure [I.4] we have
plotted the survival probability

O(N) := PHO X, # 0 Vt > 0] (1.9)

of the one-dimensional contact process, started in X, = 1y}, i.e., with a
single infected site at the origin, as a function of the infection rate A. For
reasons that we cannot explain here, this is in fact the same as the probability
that the origin is infected in equilibrium.

It turns out that for the nearest-neighbor contact process on Z?, there
exists a critical value A\c = Ae(d) with 0 < A\, < oo such that 6(\) = 0 for
A < XA and #(N\) > 0 for A > A.. The function @ is continuous, strictly
increasing and concave on [\, 00) and satisfies limy_,, #(\) = 1. One has

Ae(1) = 1.6489 £ 0.0002. (1.10)

Proving these statements is not easy, however. For example, continuity of the
function 6 in the point A. was proved only in 1990 [BG90], seventeen years

3In fact, on the finite square used in our simulations, one can prove that the infection
dies out a.s. However, the time one has to wait for this is exponentially large in the
system size. For the size of system shown in Figure this time is already too long to
be numericaly observable.



14 CHAPTER 1. INTRODUCTION

\

A A

Figure 1.4: Survival probability of the one-dimensional contact process.

after the introduction of the model in [CS73, Har74]. The bestf]| rigorous
upper bound on the constant from (1.10)) is A¢(1) < 1.942 which is proved in
[Lig95].

1.4 Ising and Potts models

In an Ising model, sites in the lattice Z? are interpreted as atoms in a crystal,
that can have two possible local states, usually denoted by —1 and +1. In the
traditional interpretation, these states describe the direction of the magnetic
field of the atom, and because of this, the local state x(i) of a site i is
usually called the spin at i. More generally, one can consider Potts models
where each “spin” can have ¢ > 2 possible values. In this case, the local
state space is traditionally denoted as S = {1,..., ¢}, the special case ¢ = 2
corresponding to the Ising model (except for a small difference in notation
between S = {—1,+1} and S = {1,2}).

Given a state x and site 7, we let
Nyi(o) = Z 1{$(j) ! (c€f) (1.11)
JEN;

denote the number of neighbors of the site ¢ that have the spin value o € S.
In the Ising and Potts models, sites like or dislike to have the same spin

4There exists a sequence of rigorous upper bounds on the constant from 1} that is
known to converge to the real value, but these bounds are so difficult to calculate that the
best bound that has really been achieved by this method is much worse than the one in
[Lig95].
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value as their neighbors, depending on a parameter 5 € R. Adding a so-
called Glauber dynamics to the model, sites update their spin values with
rate one, and at such an event choose a new spin value with probabilities
that depend on the values of their neighbors. More precisely,

BNzi(0)

ZTES eBNzyi )

If 5 > 0, then this means that sites prefer to have spin values that agree
with as many neighbors as possible, i.e., the model is ferromagnetic. For
B < 0, the model is antiferromagnetic. These terms reflect the situation
that in some materials, neighboring spins like to line up, which can lead to
long-range order that has the effect that the material can be magnetized.
Antiferromagnetic materials, on the other hand, lack this effect.

site 7 flips to the value o with rate (1.12)

Alternatively, Potts models can also be interpreted as social or economic
models, where sites represent people or firms and spin values represent opin-
ions or the state (financially healthy or not) of a firm [BDO1].

In Figure 1.5 we see four snapshots of a two-dimensional nearest-neighbor
Potts model with four possible spin values. We have used periodic boundary
conditions, and the value of the parameter g is 1.2. Superficially, the behavior
is similar to that of a voter model, in the sense that the system forms clusters
of growing size that in the end take over any finite neighborhood of the origin.
Contrary to the voter model, however, even in the middle of large cluster that
is predominantly of one color, sites can still flip to other values as is clear
from , so in the simulations we see many small islands of different
colors inside large clusters where one color dominates. Another difference is
clustering actually happens only when the value of the parameter [ is large
enough. For small values of 3, the behavior is roughly similar to the voter
model in dimensions d > 3. There is a critical value 0 < 5, < oo where the
model changes from one type of behavior to the other type of behavior. In
this respect, the model is similar to the contact process.

To make this critical value visible, imagine that instead of periodic bound-
ary conditions, we would use frozen boundary conditions where the sites at
the boundary are kept fixed at one chosen color, say color 1. Then the system
has a unique invariant law (equilibrium), in which for sufficiently large values
of f the color 1 is (much) more frequent than the other colors, but for low
values of § all colors occur with the same frequency. In particular, for the
Ising model, where the set of possible spin values in {—1,+1}, we let

m.(f) := the expectation of z(0) with +1 boundary

conditions, in the limit of large system size. (1.13)
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LT
EI _.-I' .’;

Figure 1.5: Four snapshots of a ¢ = 4, § = 1.2 Potts model with Glauber
dynamics and periodic boundary conditions. Initially, the types of sites are
i.i.d. Time evolved in these pictures is 0, 4, 32, 500.

This function is called the spontaneous magnetization. For the Ising model in
two dimensions, the spontaneous magnetization can be explicitly calculated,
as was first done my Onsager [Ons44]. The formula is

m.(8) :{ (1 =sinh(8) )" for 62 foimlog(1+v2),

0 for 8 < B..

This function is plotted in Figure In this case, the critical point . is
known explicitly.

For Ising models in dimensions d > 3, the graph of m. (/) looks roughly
similar to Figure with S, ~ 0.442 |[GPAQI], but no explicit formulas are
known.

In dimension one, one has m*(8) = 0 for all B > 0. More generally,
one-dimensional Potts models do not show long range order, even if 3 is very
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m.(p)
1
075 f
0.5
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| | % % >
0 0.5 8.1 1.5 s

Figure 1.6: The spontaneous magnetization of the two-dimensional Ising
model.

large[’] By this we mean that in equilibrium, the correlation between the spin
values at 0 and a point i € Z tends to zero as i — oo for any value of 5 (even
though the decay is slow if § is large). In Figure we compare the time
evolution of a one-dimensional Potts model (with a large value of ) with
the time evolution of a one-dimensional voter model. In the voter model, the
cluster size keeps growing, but in the Potts model, the typical cluster size
converges to a finite limit.

The careful reader will have noticed that so far, we have not given a
formula for the generator of our Ising and Potts models, but instead described
the Glauber dynamics by formula . It is possible to give a formula for
the generator in terms of local maps that are defined with appropriate rates
as in (L.1), but this is a bit complicated (at least notationally) and in fact
there is more than one good way to do this.

1.5 Phase transitions

Figures and are examples of a phenomenon that is often observed
in interacting particle systems. As a parameter governing the dynamics is
crosses a particular value, the system goes through an abrupt change in
behavior. This is called a phase transition and the value of the parameter
is called the point of the phase transition or, in the mathematical literature,
critical point. As we will see in a moment, in the physics literature, the term

5This was first noticed by Ising [[si25], who introduced the model but noticed that it
was uninteresting, incorrectly assuming that what he had proved in dimension 1 would
probably hold in any dimension. Peierls [Pei36] realized that dimension matters and proved
that the Ising model in higher dimensions does show long range order.
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Figure 1.7: Time evolution of a one-dimensional voter model (above) and a
one-dimensional Potts model (below) with a high value of £.

critical point has a more restricted meaning. The term “phase transition”
of course also describes the behavior that certain materials change from a
gas, fluid, or solid phase into another phase at a particular value of the
temperature, pressure etc., and from the theoretical physicist’s point of view,
this is indeed the same phenomenon.

In both Figure and the point of the phase transition in fact
separates two regimes, one where the interacting particle systems (on the
infinite lattice) has a unique invariant law (below A. and (.) and another
regime where there are more invariant laws (above A. and ;). Indeed, for the
contact process, the delta measure on the empty configuration is always an
invariant law, but above ., a second, nontrivial invariant also appears. Potts
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models have ¢ invariant laws (one corresponding to each color) above the
critical point. Multiple invariant laws are a general phenomenon associated
with phase transitions.

Phase transitions are classified into first order and second order phase
transitionsﬁ Second order phase transitions are also called continuous phase
transitions. The phase transitions in Figures and are both second
order, since the functions 6 and m, are continuous at the critical points A,
and f., respectively. Also, second order phase transitions are characterized by
the fact that at the critical point, there is only one invariant law. By contrast,
if we would draw the function m. (/) of a Potts model for sufficiently large
values of ¢ (in dimension two, for ¢ > 4), then the plot of m, would make a
jump at [, and the system would have multiple invariant laws at this point,
which means that this phase transition is first order.

It can be difficult to prove whether a given phase transition is first or
second order. While for the two-dimensional Ising model, continuity of the
magnetization follows from Onsager’s solution [Ons44], the analogous state-
ment for the three-dimensional Ising model was only proved recently [ADS15]
(70 years after Onsager!).

For the Ising model, it is known (but only partially proved) that

m(B) o< (B —B.)° as B B,
where c is a critical exponent, which is given by
c=1/8indim2, ¢~0.326indim3, and c¢=1/2indim > 4.
For the contact process, one observes that
O(AN) ox (A= A)° as A A,
with a critical exponent

¢~ 0.276 in dim 1, ¢~ 0.583 in dim 2,
c~0.813indim3, and c¢=11indim > 4.
In theoretical physics, (nonrigorous) renormalization group theory is used

to explain these critical exponents and calculate them. According to this
theory, critical exponents are universal. For example, the nearest-neighbor

6This terminology was introduced by Paul Ehrenfest. The idea is that in first order
phase transitions, the first derivative of the free energy has a discontinuity, while in a
second order phase transitions, the first derivative of the free energy is continuous and
only the second derivative makes a jump.
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model and the range R models with different values of R all have different
values of the critical point, but the critical exponent ¢ has the same value
for all these modelsm Also, changing from the square lattice to, e.g., the
triangular lattice has no effect on c.

Critical exponents are associated only with second order phase transi-
tions. At the critical point of a second order phase transition, one observes
critical behavior, which involves, e.g., power-law decay of correlations. For
this reason, physicists use the term “critical point” only for second order
phase transitions.

So far, there is no mathematical theory that can explain critical behav-
ior, except in high dimensions (where one uses a technique called the lace
expansion) and in a few two-dimensional models.

1.6 Variations on the voter model

Apart from the models discussed so far, lots of other interacting particle sys-
tems have been introduced ans studied in the literature to model a phlectora
of phenomena. Some of these behave very similarly to the models we have
already seen (and even appear to have the same critical exponents), while
others are completely different. In this and the next section, we take a brief
look at some of these models to get an impression of the possibilities.

The biased voter model with bias s > 0 is the interacting particle system
with state space {0,1}%" and generator (compare )

Grinf (@)= 55 32 {/((vory(w) = (@)}
(n)ee (1.15)
+os > {F((brag(x)) - f(=)},

(i,5)e€d

where vot;; and bra;; are the voter and branching maps defined in and
. The biased voter model describes a situation where one genetic type of
an organism (in this case, type 1) is more fit than the other type, and hence
reproduces at a larger rate. Alternatively, this type may represent a new
idea of opinion that is more attractive than the current opinion. Contrary to
the normal voter model, even if we start with just a single invidual of type 1,
there is a positive probability that type 1 never dies out and indeed takes
over the whole population, as can be seen in Figure [1.8]

"Universality in the range R does not always hold. It has been proved that the ¢ = 3
ferromagnetic Potts model in dimension two has a first order phase transition for large
R [GB07], while the model with R = 1 is known to have a second order phase transition
[DST17).
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time
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Figure 1.8: Time evolution of a one-dimensional biased voter model with
bias s = 0.2.

Fix i € Z% and for any = € {0,1}%, let

1
fr(@) = > Mu(jy=ry (=01

be the frequency of type 7 in the neighborhood Nj. In the standard voter
model, if the present state is x, then the site i changes its type with the
following rates:

0—1  with rate fi(z),

1+—0  with rate fo(z).
In the biased voter model, this is changed to
0—1  with rate (1+ s)f1(x),
1—0  with rate fo(x).

Another generalization of the voter model, introduced in [NP99|, is de-
fined by the rates

0—1  with rate fi(2)(fo(z) + afi(z)),
1—=0 with rate fo(x)(f1($) + Oéfo(ﬁ)),

where 0 < a < 1 is a model parameter. Another way of expressing this is to
say that if the individual at ¢ is of type 7, then this individual dies with rate

fr(x) + afi—(z), (1.17)

(1.16)
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and once an individual has died, just as in the normal contact process, it is
replaced by a descendant of a uniformly chosen neighbor.

If « = 1, then the rate of dying in is one and we are back at the
standard voter model, but for @ < 1, individuals die less often if they are
surrounded by a lot of individuals of the other type. In biology, this models
balancing selection. This is the effect that individuals that differ from their
neighbors experience less competition, which results in a selective drive for
high biodiversity.

In the social interpretation of the voter model, we may interpret
as saying that persons change their mind less often if they disagree with a
lot of neighbors, i.e., the model in has “rebellious” behavior.

Numerical simulations, shown in Figure suggest that in one dimension
and for ranges R > 2, the model in exhibits a phase transition in a.
For « sufficiently close to 1, the model behaves essentially as a voter model,
with clusters growing in time, but for small values of « (which represent
strong rebellious behavior), the cluster size tends to a finite limit.

1.7 Further models

For each 4, j € Z?, we define a coalescing random walk map rw;; : {0, 1}Zd —
{0,1}%" by

0 if k=1,
ruy(z)(k) = § «(@) V() k= (1.18)
z(k) otherwise.

Applying rw;; to a configuration z has the effect that if the site ¢ is occupied
by a particle, then this particle jumps to the site j. If there is already a
particle at j, then the two particles coalesce.

The interacting particle system with generator

Grof(z Z {F(vwy(2) = f(2)}  (ze{0,1}%)  (1.19)

(i,j)e€

describes a system of coalescing random walks, where each particle jumps
with rate 1 to a uniformly chosen neighboring site, and two particles on the
same site coalesce; see Figure[[.10] Likewise, replacing the coalescing random
walk map by the annihilating random walk map defined as

0 it k=1,
ann;(z)(k) = { x(i)+2(j) mod(2) if k=, (1.20)

x(k) otherwise,
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Figure 1.9: Evolution of “rebellious” voter models with a = 0.8 and a = 0.3,
respectively.

yields a system of annihilating random walks, that kill each other as soon as
two particles land on the same site; see Figure [1.10
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Figure 1.10: Systems of coalescing random walks (above) and annihilating
random walks (below).

For each i, j € Z¢, we define an exclusion map excl;; : Szt _y gzt by

2(j) ik =1,
excl;;(z)(k) == ¢ (i) it k =7, (1.21)

x(k)  otherwise.

Applying excl;; to a configuration x has the effect of interchanging the types
of j and j. The interacting particle system with state space {0, 1}Zd and
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generator

Gexclf (l‘) = :

W 2 e~ i@} @efon®) 12

(i,5)€€d

is called the (symmetric) ezclusion process. In the exclusion process, individ-
ual particles move according to random walks, that are independent as long
as the particles are sufficiently far apart. Particles never meet, and the total
number of particles is preserved.

The previous three maps (coalescing random walk map, annihilating ran-
dom walk map, and exclusion map) can be combined with, e.g., the branching
map and death map from and . In particular, adding coalescing
random walk or exclusion dynamics to a contact process models displacement,
(migration) of organisms. Since in many organisms, you actually need two
parents to produce offspring, several authors [Nob92, [Dur92 Neu94l [SS15a]
have studied particle systems where the branching map is replaced by the
cooperative branching map

1 ifl=k, a(i) =1, 2(j) =1,

_ (1.23)
x(l)  otherwise.

Coopijk(‘r)<l> = {
See Figure for a one-dimensional interacting particle system involving
cooperative branching and coalescing random walks.
We define a killing map by

0 if k=4, o(i) =1, 2(j) = 1,
Kill,(2)(k) = J i) b) (1.24)
xz(k)  otherwise.
In words, this says that if there are particles at ¢ and j, then the particle
at i kills the particle at j. Sudbury [Sud97, [Sud99] has studied a “biased
annihilating branching process” with generator of the form

Gbabpf(x) =A Z {f((bra,](x)) - f(l’)}
CIS 1.25
=Y {f((xill;(x) - f(z)}  (ze{0,1}%). (1.25)
(4.5)€€t
Figure shows a simulation of such a system when A = 0.2.

Although many interacting particle systems studied in the literature have
only two possible local states (usually denoted by 0 and 1), this is not always
so. For example, in [Kr099|, a two-stage contact process is introduced. Here,
the local state space is {0, 1,2} where 0 represents an empty site, 1 a young
organism, and 2 an adult organism. The behavior of this model is similar to
that of the contact process.
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Figure 1.11: A one-dimensional interacting particle system with cooperative

branching and coalescing random walk dynamics.
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Figure 1.12: A system with branching and killing.



Chapter 2

Continuous-time Markov chains

2.1 Poisson point sets

Let S be a a—compactﬂ metrizable space. We will mainly be interested in
the case that S = R x A where A is a countable set. We let S denote the
Borel-o-field on S. A locally finite measure on (S,S) is a measure p such
that p(C') < oo for all compact C C S.

Let (2, F,P) be our underlying probability space. A random measure
on S is a function £ : Q x & — [0,00| such that for fixed w € €, the
function &(w, -,) is a locally finite measure on (5,S), and for fixed A € S,
the function £(-,, A) is measurable. By [Kal97, Lemma 1.37], we can think
of £ as a random variable with values in the space of locally finite measures
on (5,8), equipped with the o-field generated by the maps u +— u(A) with
A € 8. Then the integral [ fd¢ defines a [0, oo]-valued random variable for
all measurable f : S — [0,00]. There exists a unique measure, denoted by
E[¢], such that

[ raEig =z [ rag

for all measurable f : S — [0,00]. The measure E[{] is called the intensity
of €.

The following result follows from [Kal97, Lemma 10.1 and Prop. 10.4]E]
Below, S := {A € § : A is compact} denotes the set of measurable subsets
of S whose closure is compact.

IThis means that there exists a countable collection of compact sets S; C S such that
U;Si=5.

2In fact, [Kal97, Prop. 10.4] shows that it is possible to construct Poisson point measures
on arbitrary measurable spaces, assuming only that the intensity measure is o-finite, but
we will not need this generality.

27
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Proposition 2.1 (Poisson point measures) Let p be a locally finite mea-
sure on (S,S). Then there exists a random measure &, unique in distri-
bution, such that for any disjoint Ay,..., A, € S, the random variables
€(Ay),...,&(A,) are independent and £(A;) is Poisson distributed with mean

1(As).

We call a random measure £ as in a Poisson point measure with
intensity p. Indeed, one can check that E[¢] = p. We note that £(A) € N for
all A e 8. Such measures are called (locally finite) counting measures. Each
locally finite counting measure v on S is of the form

V= Z Nz0s,

z€supp(v)

where the supp(v), the support of v, is a locally finite subset of S, the n,
are positive integers, and J, denotes the delta-measure at z. We say that v
is simple if n, = 1 for all x € supp(v). Recall that a measure p has an atom
at x is p({z}) > 0. A measure p is called atomless if it has no atoms, i.e.,
u({x}) =0 for all z € S. The already mentioned [Kal97, Prop. 10.4] tells us
the following.

Lemma 2.2 (Simple Poisson point measures) Let & be a Poisson point
measure with locally finite intensity . Then & is a.s. simple if and only if p
s atomless.

If 1 is atomless, then a Poisson point measure £ with intensity pu is char-
acterized by its support w := supp(§). We call w a Poisson point set with
intensity p. Intuitively, w is a set such that Plw Ndx # 0] = u(dz), indepen-
dently for each infinitesimal subset doz C S.

For any counting measure v on S and measurable function f : S — [0, 1]
we introduce the notation

Y= Hf(xz) where v = Z(Sm

Here, by definition, f° := 1, where 0 denotes the counting measure that is
identically zero. Alternatively, our definition says that

V= ef(logf)du,

where log0 := —oo and e~ := 0. It is easy to see that f*f” = fvtv.
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Lemma 2.3 (Laplace functionals) Let p be a localy finite measure on
(S,S) and let £ be a Poisson point measure with intensity . Then

E[(1-f)¥] = e~ J fdu 2.1)

for each measurable f : S — [0,1]. Conversely, if £ is a random counting
measure and holds for all continuous, compactly supported f, then £ is
a Poisson point measure with intensity .

Proof The fact that Poisson point measures satisfy (2.1)) is proved in [Kal97,
Lemma 10.2], which is written in terms of —log f, rather than f. The fact
that (2.1)) determines the law of £ uniquely follows from [Kal97, Lemma 10.1].

|

Formula (2.1)) can be interpreted in terms of thinning. Consider a count-
ing measure v = ). d,, let f : .S — [0,1] be measurable, and let x; be
independent Bernoulli random variables (i.e., random variables with values
in {0,1}) with P[x; = 1] = f(x;). Then the random counting measure

Vo= Z Xi0z,
is called an f-thinning of the counting measure v. Note that
Pl = 0] = [[ Pl = 0] = (1 = f)".

In view of this, the left-hand side of can be interpreted as the proba-
bility that after thinning the random counting measure £ with f, no points
remain. By [Kal97, Lemma 10.1], knowing this probability for each con-
tinuous, compactly supported f uniquely determines the law of a random
counting measure.

Using Lemma [2.3] it is easy to prove that if & and & are independent
Poisson point measures with intensities py and po, then & + &5 is a Poisson
point measure with intensity 1+ p2. We also mention [Kal97, Lemma 10.17],
which says the following.

Lemma 2.4 (Poisson points on the halfline) Let (7;)r>0 be real random
variables such that 1o =0 and oy := 1, — 7,—1 > 0 (k > 1). Then w = {7} :
k > 1} is a Poisson point set on [0,00) with intensity cl, where { denotes
the Lebesque measure, if and only if the random variables (oy)k>1 are i.i.d.

exponentially distributed with mean ¢ *.
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2.2 Transition probabilities and generators

Let S be any finite set. A (real) matrix indexed by S is a collection of real
constants A = (A(x,y))syes. We calculate with such matrices in the same
way as with normal finite matrices. Thus, the product AB of two matrices
is defined as

(AB)(z,2) == ZA(x,y)B(y, z) (z,z € 9).

yeS

We let 1 denote the identity matrix 1(x,y) = l;—,; and define A" in the
obvious way, with A° := 1. If f : S — R is a function, then we also define

Af(@) =Y Az, 9)f(y) and [fA@y) = f(2)Alx,y).  (22)

yes €S

A probability kernel on S is a matrix K = (K (x,y))syes such that K(z,y) >
0 (xz,y € S) and ZyES K(z,y) =1 (z € 5). Clearly, the composition of two
probability kernels yields a third probability kernel. A Markov semigroup is
a collection of probability kernels (P;);>o such that

1&%‘3 =F =1 and P,P,= P, (s,t >0).

Each such Markov semigroup is of the form

G L
P =ce ._;maa),

where the generator GG is a matrix of the form

G(z,y) >0 (z#vy) and ZG(m,y) = 0. (2.3)

Y

By definition, a Markov process with semigroup (P;);>o is a stochastic pro-
cess X = (X¢)i>o with values in S and piecewise constant, right-continuous
sample paths, such that

P[X, € | (Xo)ocs<t] = Puce(Xy, -) as. (0<t<w). (2.4)

Here, in the left-hand side, we condition on the o-field generated by the
random variables (Xj)o<s<;. Formula (2.4)) is equivalent to the statement
that

P[Xo = zg,..., Xs, = 2]

= P[Xo = 20) Pty —to(x0, ¥1) - -+ Prp—ty_y (Tn1, T0) O<ty < - <ty).
(2.5)
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From this last formula, we see that for each initial law P[X, = | = pu,
there is a unique Markov process with semigroup (F;);>o and this initial law.
Moreover, recalling our notation (2.2)), we see that

wPi(z) =P[X; = z] (x€9)

is the law of the process at time t. It is custom to let P* denote the law of
the Markov process with deterministic initial state Xg = = a.s. We note that

P[X; =y] = Pi(z,y) = Ly +tG(z,y) + O(t*) ast 0.

For x # y, we call G(x,y) the rate of jumps from z to y. Intuitively, if the
process is in z, then in the next infinitesimal time interval of length dt it has
a probability G(z,y)dt to jump to y, independently for all y # z.

Let X be the process started in = and let 7 := inf{t > 0 : X; # z}.
Then one can show that 7 is exponentially distributed with mean r—!, where
ri= Zy# G(z,y) is the total rate of all jumps from x. Moreover,

G(z,y)
Zz;«ém G(ZE, z)

Conditional on X, = y, the time of the next jump is again exponentially
distributed, and this leads to a construction of (X;);>¢ based on an embedded
Markov chain with transition kernel K(z,y) given by the right-hand side
of (2.6)), and exponential holding times. For us, a somewhat different con-
struction based on maps that are applied at Poissonian times will be more
useful.

PUIX, =y] = (y €S, y#u). (2.6)

2.3 Poisson construction of Markov processes

Let S be a finite set. Let G be a set whose elements are maps m : S — S,
and let (r,,)meg be nonnegative constants. We equip the space G x R with
the measure
p({m} x A) = r,, ((A) (A € B(R)),

where B(R) denotes the Borel-o-field on R and ¢ denotes the Lebesgue mea-
sure. Let w be a Poisson point set with intensity p. Then v := Z(m,t)ew 0y
is a Poisson point measure on R with intensity r¢, where r := Zmeg T
Since the Lebesgue measure is atomless, by Lemma this Poisson point
measure is simple, i.e., for each ¢ € R there exists at most one m such that
(m,t) € w. Since r < oo, the Poisson point measure v is moreover locally
finite, so, setting

wsu = {(m,t) Ew: t € (s,u]} (s <u),
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we can order the elements of w;,, as
wsu = {(ma,t1), ..., (M, tn)} with 5 < -+ <t,. (2.7)
We use this to define a collection of random maps (X ,,)s<u by
Xy =My 0---0my,

where my, ..., m, are as in (2.7). Here, by definition, the composition of no
maps is the identity map, i.e., X;, is the identity map if w,, = 0. It is not
hard to see that

liin Xst=Xss=1 and X;,0X,; =X;, (s <t <u), (2.8)
tls

i.e., the maps (X;;)s<: form a stochastic flow. Also, X, is right-continuous
in both s and ¢. Finally, (X,¢)s<; has independent increments in the sense
that

Xigtys- -3 X¢, 14, areindependent V ity <--- <t,.

Proposition 2.5 (Poisson construction of Markov processes)
Define a stochastic flow (Xs:)s<¢ as above in terms of a Poisson point set w.
Let Xy be an S-valued random variable, independent of w. Then

X, =Xou(Xo)  (t>0) (2.9)

defines a Markov process X = (X;)i>o with generator

Gf(x) = Zrm{f(m(:v)) — f(z)}. (2.10)
meg

Proof The process X = (X});>0, defined in ({2.9), has piecewise constant,
right-continuous sample paths. Define

Bz, y) = PXesn(e) =yl (20), (2.11)

where the definition does not depend on the choice of s € R since the law of
the Poisson process w is invariant under translations in the time direction.
Using the fact that (X;;)s<; has independent increments and X is inde-
pendent of w, we see that the finite-dimensional distributions of X satisfy
e3).

It follows from that the probability kernels (P;);>o defined in (2.11)
form a Markov semigroup. To see that its generator G is given by , we
observe that by the properties of Poisson processes,

Pllwo. > 2] = O(t?) ast |0,
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while
Plwoy = {(m, s)} for some s € (0,]] =rp,t +O(t?) ast 0.

Using this, it follows that for any f: S — R, as¢ | 0,

Pf(x) =E[f(Xou(@))] = fx) + Y _ ra{f(m(x)) = f(z)} + OF).

meg

Since P,f = f + tGf + O(t?), this proves that G is given by ([2.10)). |

2.4 Examples of Poisson representations

We call a random mapping representation of the generator GG. Such
random mapping representations are generally not unique. Consider the
following example. We choose the state space S := {0, 1} and the generator
G defined byf

G(0,1):=2 and G(1,0):=1,

which corresponds to a Markov process that jumps
0—1 withrate2 and 1+~ 0 with rate 1.

We define maps down, up, and swap, mapping the state space S = {0, 1} into
itself, by
down(x) :=0,
up(z):=1, (x € S).
swap(z):=1—=x
It is straightforward to check that the generator G can be represented in
terms of the set of maps G := {down, up} as

Gf(z) = raom{ f(down(z)) — f(2) } + rep{f(up(z)) — f(z)}, (2.12)

where
Taom = 1 and 1y 1= 2.

But the same generator GG can also be represented in terms of the set of maps
G' = {swap,up} as
Gf (@) = P S (d0un(@) — F ()} + g { Fup(@) — F (&)}, (213)

3By 1| if G is a Markov generator, then G(z,z) = — Zy:y;ﬁm G(z,y), so it order to
specify a Markov generator, it suffices to give its off-diagonal elements.
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where

/ o I
Tswap = 1 and 7y =1

The random mapping representations and lead to different ways
to construct the same Markov process. In the first construction, we start with
a Poisson point set w C G x R, which then defines a stochastic flow (X;)s<t,
while in the second construction, we start with a Poisson point set w’ C G’ xR,
which defines a different stochastic flow (X ;)s<;, that nevertheless can be
used to construct the same Markov process.

W

R t
' [
down Uup 0 1
g Xy
R w t
swap  up 0 1
g’ X,

Figure 2.1: Two stochastic flows representing the same Markov process.

The situation is illustrated in Figure 2.1} Note that in the second repre-
sentation, both the maps swap and up make the process jump 1 +— 0 if its
previous state is 1. Therefore, the total rate of jumps 1 — 0 is

/

Tswap +

just as in the first representation.



Chapter 3

The mean-field limit

3.1 Processes on the complete graph

In Chapter [I we have made acquaintances with a number of interacting
particle systems. While some properties of these systems sometimes turn
out easy to prove, other seemingly elementary questions can sometimes be
remarkably difficult. A few examples of such hard problems have been men-
tioned in Chapter [I} In view of this, interacting particle systems are being
studied by a range of different methods, from straightforward numerical sim-
ulations as we have seen in Chapter [I} to nonrigorous renormalization group
techniques and rigorous mathematical methods. All these approaches com-
plement each other. In addition, when a given problem appears too hard,
one often looks for simpler models that (one hopes) still catch the essence,
or at least some essential features of the behavior that one is interested in.

A standard way to turn a difficult model into an (often) much easier
model is to take the mean-field limit, which we explain in the present chapter.
Basically, this means that one replaces the graph structure of the underlying
lattice that one is really interested in (in practice often Z?) by the structure
of the complete graph with N vertices, and then takes the limit N — oo.
As we will see, many properties of “real” interacting particle systems are
already reflected in these mean-field models. In particular, phase transitions
can often already be observed and even the values of critical exponents of
high-dimensional models are correctly predicted by the mean-field model. In
view of this, studying the mean-field limit is a wise first step in the study of
any more complicated model that one may encounter.

Of course, not all phenomena can be captured by replacing the graph
structure that one is really interested in by the complete graph. Comparing
the real model with the mean-field model, one can learn which elements of

35
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the observed behavior are a consequence of the specific spatial structure of
the lattice, and which are not. Also for this reason, studying the mean-field
limit should be part of a complete study of any interacting particle system.

3.2 The mean-field limit of the Ising model

In this section we study the mean-field Ising model, also known as the Curie-
Weiss model, with Glauber dynamics.

We recall from formulas and in Chapter (1| that the Ising
model is an interacting particle system with local state space S = {—1,+1},
where each site ¢ updates its spin value x(i) € {—1,+1} at rate one. When
a spin value is updated, the probability that the new value is +1 resp. —1
is proportional to e®Nei(+1) resp. e#Nei(=1) where N, ;(0) := > jen: ()=o)
denotes the number of neighboring sites that have the spin value o.

For the aim of taking the mean-field model, it will be convenient to for-
mulate the model slightly differently. We let

— 1
in::_ 190':0'
) ‘M‘Z {z(j)=0c}

JEN;

denote the fraction of neighbors that have the spin value o, and consider the
model where (compare ((1.12]))

eﬁﬁm,l (U)
ZTGS eﬁNz,i ()

Assuming that |N;| is just a constant that does not depend on i € A (as is
the case, e.g., for the model on Z%), this is just a reparametrization of the
original model where the parameter f3 is replaced by §/|N;|.

We now wish to construct the mean-field model, i.e., the model on a
complete graph Ay with |[Ay| = N vertices (sites), where each site is a
neighbor of each other site. For mathematical simplicity, we even count a
site as a neighbor of itself, i.e., we set

site ¢ flips to the value o with rate (3.1)

N;:=Ay and |N;|]=N.

A consequence of this choice is that the average magnetization

X, = % SX()  (t>0)
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forms a Markov process X = (X;);>0. Indeed, X, takes values in the space

{-1,-1+2,...,1- 2,1},

and jumps
) | BNa(+1)/N
T—T+ & with rate Nx(—l)e,gNz(q)/N + eBNz(+1)/N”
BNa(~1)/N
T—T— %  withrate  Ny(+1)

eBN(—1)/N { oBN(+1)/N

where N,(0) := Ny i(0) = >2;cp, 1a(j)=0} does not depend on i € Ay. We
observe that

Ny(+1)/N = (1+7%)/2 and N,(—=1)/N = (1 -7)/2.

In view of this, we can rewrite the jump rates of X as

- | B eB1+7)/2
T—T++ with rate N(1-1)/2 eB1-7)/2 | oB(1+T)/2”

eB1-7)/2
T—T— %  withrate N(1+7T)/2 3

BA-2)/2 1 BT)/2°

In particular, since these rates are a function of Z only (and do not depend
on other functions of # = ((i))iea, ), We see that X = (X;);>0, on its own,
is a Markov process. (This argument will be made rigorous in Section
below.) Cancelling a common factor ¢?/2 in the nominator and denominator
of the rates, we can simplify our formulas a bit to

8%/2
EP—)I‘i‘% with rate T+(f) = N(l—f)/Qﬁ,

¢ e_[;:/j (3.2)
T—T—+  withrate r_(T):=N(1+7)/2

e—bT/2 + ebT/2”

In Figure we can see simulations of the Markov process in on
a lattice with NV = 10, 100, 1000, and 10,000 sites, respectively. It appears
that in the limit N — oo, the process X, is given by a smooth, deterministic
function.

It is not hard to guess what this function is. Indeed, denoting the gener-
ator of the process in by Gy g, we see that the local drift of the process
X is given by

E7[X] =7 +tgs(T) + O(t?) where ¢3(7) = Gnpf(T) with f(T):=7,
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Figure 3.1: The mean-field Ising model on lattice with N = 10, 100, 1000,
and 10, 000 sites, respec_tively. In these simulations, the parameter s 6 =3,
and the initial state is Xg = 0.1, except in the first picture, where Xy = 0.2.

where
_ _ 2 (1—=3)ef2 - (14 73)e /2
N R T

= eBT/2 o BT/2

(3.3)

— T = tanh(17) — 7.

Note that the constant /N cancels out of this formula. In view of this, by some
law of large numbers (that will be made rigorous in Theorem below), we
expect (X;);>0 to converge in distribution, as N — oo, to a solution of the
differential equation

2%, = g5(Xy)  (t>0). (3.4)

3.3 Analysis of the mean-field model

Assuming the correctness of for the moment, we can study the behavior
of the mean-field Ising model X in the limit that we first send N — oo, and
then t — co. A simple analysis of the function gz (see Figure reveals that
the differential equation has a single fixed point for § < 2, and three
fixed points for § > 2. Here, with a fixed point of the differential equation,
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we mean a point z such that 7o = z implies Z; = z for all t > 0, i.e., this is
a point such that gg(z) = 0.

0.3495(7)
B=2

Figure 3.2: The drift function gg for 8 = 1.8, 2, 2.1, and 2.3, respectively.
For 8 > 2, the fixed point T = 0 becomes unstable and two new fixed points
appear.

Indeed, using the facts that tanh is an odd function that is concave on
[0, 00) and satisfies 2= tanh(z)|,—o = 1, we see that:

e For § < 2, the equation gg(x) = 0 has the unique solution = = 0.

e For 5 > 2, the equation gg(x) = 0 has three solutions z_ < 0 < x.

For g < 2, solutions to the differential equation converge to the
unique fixed point z = 0 as time tends to zero. On the other hand, for
£ > 2, the fixed point z = 0 becomes unstable. Solutions X to the differential
equation starting in X, > 0 converge to z, while solutions starting in
X < 0 converge to z_.

In Figure [3.3] we have plotted the three fixed points x_ < 0 < z, as a
function of 5, and indicated their domains of attraction. The function

0 if 8 <2,
Tupp(B) = : . . (3.5)
the unique pos. sol. of tanh(;8z) =z  if 8> 2
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Figure 3.3: Fixed points of the mean-field Ising model as a function of 3,
with their domains of attraction. The upper fixed point as a function of 3 is
indicated with a bold line.

plays a similar role as the spontaneous magnetization m.,(3) for the Ising
model on Z< (see formula (1.13)). More precisely, for mean-field processes
started in initial states Xy > 0, the quantity z,,, describes the double limit
fim i X, = L

We see from ((3.5)) that the mean-field Ising model (as formulated in (3.1]))

exhibits a second-order (i.e., continuous) phase transition at the critical point
Be = 2. Since

xupp(ﬂ) X (ﬁ - 60)1/2 as 6 \l/ ﬂca

the mean-field critical exponent associated with the magnetizationﬂ isc=
1/2, which is the same as for the Ising model on Z¢ in dimensions d > 4 (see
Section . Understanding why the mean-field model correctly predicts the
critical exponent in sufficiently high dimensions goes beyond the scope of the
present chapter.

To conclude the present section, we note that the two limits in (3.6))
cannot be interchanged. Indeed, for each fixed N, the Markov process X is
irreducible, and hence, by standard theory, has a unique equilibrium law that
is the long-time of the law at time ¢, started from an arbitrary initial state.
In view of the symmetry of the problem, the magnetization in equilibrium
must be zero, so regardless of the initial state, we have, for each fixed N,

lim E[X] = 0.

t—o00

'In general, for a given second-order phase transition, there are several quantities of
interest that all show power-law behavior near the critical point, and hence there are also
several critical exponents associated with a given phase transition.
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The reason why this can be true while at the same time (3.6) also holds
is that the speed of convergence to equilibrium of the Markov process X
becomes very slow as N — oo.

J I ‘ —»

0 ‘ } } } >
5000 10,000 15,000 | 20,0001
0.5+
_1 j

Figure 3.4: Metastable behavior of a mean-field Ising model with N = 50
and § = 3. Note the different time scale compared to Figure [3.1]

In Figure [3.4] we have plotted the time evolution of a mean-field Ising
model X on a lattice with N = 50 sites, for a value of 3 above the critical
point (concretely 5 = 3, which lies above . = 2). Although the average of
X in the long run is 0, we see that the process spends most of its time around
the values z,pp, and —xp,, With rare transitions between the two. This sort
of behavior is called metastable behavior.

The value N = 50 was near the highest possible value for which I could
still numerically observe this sort of behavior. For N = 100 the transitions
between the two metastable states x,p, and —x,p, become so rare that my
program was no longer able to see them within a reasonable runtime. With
the help of large deviations theory, one can show that the time that the system
spends in one metastable state is approximately exponentially distributed
(with a large mean), and calculate the asymptotics of the mean waiting time
as N — oo. It turns out that the mean time one has to wait for a transition
grows exponentially fast in V.
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3.4 Functions of Markov processes

In the present section we formulate a proposition and a theorem that we
have already implicitly used. Both are concerned with functions of Markov
processes. Let X = (X;);>0 be a Markov process with finite state space
S, generator G, and semigroup (F;):>o. Let T be another finite set and let
f S — T be a function. For each x € S and y' € T such that f(z) # ¢/, let

H(z,y') = Z G(z,2) (3.7)

z'eS: f(z')=y’

be the total rate at which f(X;) jumps to the state y’, when the present state
is X; = x. The next proposition says that if these rates are a function of
f(z) only, then the process Y = (Y;):>0 defined by

Vi f(X)  (t20) (3.8)
is itself a Markov process.

Proposition 3.1 (Autonomous Markov process) Assume that the rates

n are of the form
H(x,y) = H(f(x),y) (z€S, yeT, flx)#Y) (3.9)

where H is a Markov generator of some process in T'. Then the process Y
defined in (@ 1s a Markov process with generator H. Conversely, if for
each initial law of the process X, it is true that Y is a Markov process with
generator H, then must hold.

Proof of Proposition We start by noting that if (3.9) holds for all
x € S and ¢y’ € T such that f(x) # ¢/, then it also holds when f(x) =1'. To
see this, we write

H(f(x), f(@) == > H(f(x)y)=- > > Gz
vy #f(z) vy #f (@) o' f(a)=y
=— Z G(x,2') = Z G(z,2),
' (e =f

' f(z')#f (x) @ )

where we have used that since H and G are Markov generators, one has
YoyerH(f(x),y) = 0and >, ¢G(x,2') = 0. We have thus shown that
(3.9) is equivalent to

H(f(z),y) = Z G(z,2) (xeS, yeT). (3.10)
=" f(2')=y’
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We claim that this is equivalent to

Qi(f@)y)= Y PRlza) (120, ze8 yeT), (311

o @)=y

where (Q¢)i>0 is the semigroup generated by H. To prove this, we start by
observing that for any function g : T' — R,

Glgo f)(x) =D Gx,a")g(f(e)=>_ Y, Glz,a)g()),
o Y @ @)=y
(Hg)o f(x) =) H(f(x),y)9().

The right-hand sides of these equations are equal for all g : T" — R if and
only if (3.10) holds, so (3.10]) is equivalent to the statement that

G(gof)=(Hg)of (t>0, g:T —R). (3.12)

By exactly the same argument with G replaced by P, and H replaced by @,
we see that (3.11)) is equivalent to

P(go f)=(Qg)of (t>0, g:T—R). (3.13)
To see that (3.12) and (3.13)) are equivalent, we write

= 1 — 1
P =ef = Z mt”G” and Q; = et = Z mt”H”. (3.14)
n=0 n=0 "~

We observe that (3.12]) implies
G*(go f) = G((Hg)o f) = (H?g) o f,

and similarly, by induction, G"(g o f) = (H"g) o f for all n > 0, which by
implies . Conversely, if holds for all ¢ > 0, then it must
hold up to first order in ¢ as ¢ | 0, which implies . This completes the
proof that is equivalent to .

If holds, then by (2.5)), the finite dimensional distributions of Y are
given by

P[Sfo :y()va)/tn :yn]
= Z e Z P[Xo = 20] Pyt (T0, 21) * + + Pyt 1 (T—1, Tn)

zo: f(zo)=yo Zn: f(Tn)=Yn
= ]P[Yb = yO]Qt1—to<y07 yl) s Qtn—tnfl(yn—la yn)
(3.15)



44 CHAPTER 3. THE MEAN-FIELD LIMIT

0=ty <--- <t,). Again by (2.5), this implies that Y is a Markov process
with generator H.

Conversely, if Y is a Markov process with generator H for each initial
state of X, then for each zy € S, must hold when Xy = z( a.s. and for
n = 1, from which we see that and hence hold. [ |

Summarizing, Proposition says that if ¥; = f(X;) is a function of a
Markov process, and the jump rates of Y are a function of the present state
of Y only (and do not otherwise depend on the state of X), then Y is itself
a Markov process. In such a situation, we will say that Y is an autonomous
Markov process. We have already implicitly used Proposition [3.1] in Sec-
tion , when we claimed that the process X is a Markov process with jump
rates as in (3.2)).

Remark For the final statement of the proposition, it is essential that Y is
a Markov process for each initial law X. There exist interesting examples of
functions of Markov processes that are not autonomous Markov processes,
but nonetheless are Markov processes for some special initial laws of the
original Markov process.

Our next aim is to make the claim rigorous that for large /N, the process
X can be aproximated by solutions to the differential equation . We will
apply a theorem from [DNO§]. Although the proof is not very complicated,
it is a bit lengthy and would detract from our main objects of interest here,
so we only show how the theorem below can be deduced from a theorem in
[DNO§|. That paper also treats the multi-dimensional case and gives explicit
estimates on probabilities of the form below.

For each N > 1, let X¥ = (X});5¢ be a Markov process with finite
state space Sy, generator Gy, and semigroup (P )0, and let fy : Sy — R
be functions. We will be interested in conditions under which the processes
(fn (X))o apprioximate the solution (y;);>0 of a differential equation, in
the limit N — oco. Note that we do not require that fy(XY) is an au-
tonomous Markov process. To ease notation, we will sometimes drop the
super- and subscripts N when no confusion arises.

We define two functions o = ay and § = [y that describe the quadratic
variation and drift, respectively, of the process f(X;). More precisely, these
functions are given by

a(w)i=Y G, a)(f(z') - f(2))’,

z'eS

Blx):=>  Glw,a)(f(z') = f(x)).

' €S
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The idea is that if o tends to zero and [ approximates a nice, Lipschitz
continuous function of f(X;), then f(X;) should in the limit be given by the
solution of a differential equation.

We assume that the functions fy all take values in a closed interval I C
R with left and right boundaries /_ := inf I and I, := sup/, which may
be finite or infinite. We also assume that there exists a globally Lipschitz
function b : I — R such that

sup |An(z) —b(fn(2))] fonde (3.16)

rESN

i.e., the drift function S is uniformly approximated by bo fy. Assuming also
that

b(I-) >0 ifI_>—o0 and b(I;) <0 if I, < —o0, (3.17)
the differential equation

Sy=by) (>0

has a unique /-valued solution (y;):>o for each initial state yo € I. The follow-
ing theorem gives sufficient conditions for the I-valued processes (fx (X))o
to approximate a solution of the differential equation.

Theorem 3.2 (Limiting differential equation)  Assume that fx(XQ)
converges in probability to yo and that apart from , one has

sup ay(x) A:go(). (3.18)

TESN

Then, for eachT' < oo and € > 0,

Pl fv(X]) =y <eVte[0,T]] — 1. (3.19)
N—oo

Proof We apply [DNOS, Thm 4.1]. Fix T < oo and ¢ > 0 and also fix
yo € I. Let L denote the Lipschitz constant of b. The assumptions of [DNOS,
Thm 4.1] allow for the case that fx does not in general take values in I, but
only under the additional condition that fy(x) is not further than e from
a possible value the solution of the differential equation. In our case, these
more general assumptions are automatically satisfied. Set ¢ := tee 7. We
consider the events

O = {£(X0) =l <6} and = { [ 180%) ~b(7(X0) t < 5.
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For K > 0, we also define

Qg = {/OTa(Xt)dt < KT}.

Then [DNO8, Thm 4.1] tells us that

P[ sup |[f(Xy) —w| >¢e] SAKTS? +P(Q5UQTU Q% ,). (3.20)
te[0,T]
Our assumption that fy(X{) — yo in probability implies that P(5) — 0
as N — 00. Set

Ayn := sup an(z) and By := sup WN(?C) - b(fN(x))‘

€SN reSN

Then Ay — 0 by (3.18) and By — 0 by (3.16]). Since

/OT’B(Xt) —b(f(Xy))|dt < BNT <6

for N sufficiently large, we see that P(£2{) = 0 for N sufficiently large. Also,
since

T
/ OZ(Xt) dt S ANT,
0

we see that P(Q5  ,) = 0 for all N. Inserting K = Ay in (3.20]), we see that
the right-hand side tends to zero as N — oc. [

Using Theorem |3.2] we can make the approximation of the mean-field
Ising model by the differential equation rigorous. Let XV = (XM)i>o
denote the Markov process with state space {—1,+1}*¥ where Ay is a set
containing N elements and the jump rates of XV are given in (3.1). By
Propositon the process 71{\{ = % Yieay Xi(1) is itself a Markov process
with jump rates as in . We can either apply Theorem directly to

the Markov processes X" and the functions f(z) := & > ,cx, #(i), or we

can apply Theorem to the Markov processes X" and choose for fn the
identity function fy(Z) = Z. In either case, the assumption (3.16)) is already
verified in (3.3]). To check also (3.18)), we calculate

7 23\2 /22 ) _ePE/2 _ oPT/2
av(e) =r@(5) +-@(5) = 5 (47 )

which clearly tends uniformly to zero as N — oo.
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3.5 The mean-field contact process

Recall the definition of the generator of the contact process from ([1.8)). We
slightly reformulate this as

Geont f (T |N| Z {f bray;(z f( )}

i~ (32
+ 37 {f((deathi(@)) — f(x)} (v € {0,1}Y),
ISy
where as customary we have set the death rate to 6 = 1, and we have

also reparametrized the infection rate so that A denotes the total rate of
all outgoing infections from a given site, instead of the infection rate per
neighbor.

We will be interested in the contact process on the complete graph, which
means that we take for A = Ay a set with N elements, which we equip with
the structure of a complete graph with (undirected) edge set £ = Ey :=
{{i,7} : 1,7 € Ax} and corresponding set of oriented edges & = Ey. We will
be interested in the fraction of infected sites

Xt :_ZXt (t20)7

1EAN

which jumps with the following rates

T—T+~  withrate r (T):=ANZ(1—7),

(3.22)

T—T—~  withrate r_(T):=NT.

Here N(1 — Z) is the number of healthy sites, each of which gets infected
with rate AZ, and N7 is the number of infected sites, each of which recovers
with rate one. Note that since these rates are a function of T only, by
Proposition , the process (Yt >0 1s an autonomous Markov chain.

We wish to apply Theorem to conclude that X can, for large N be
approximated by the solution of a differential equation. To this aim, we
calculate the drift 8 and quadractic variation function a.

an () =14 (@) +7-(T) 7z = %(Af(l —T)+7),
5N( )—T+(T)N—7’ ( ) —)\%(1—.13) T.

By Theorem it follows that in the mean-field limit N — oo, the fraction
of infected sites can be approximated by solutions of the differential equation

9X, =0b\(X;) (t>0), where by\(T):=Az(1—-7T)—7. (3.23)
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The equation b)(Z) = 0 has the solutions
T=0 and T=1-X""

The second solution lies inside the interval [0, 1] of possible values of X if
and only if A > 1. Plotting the function by for A < 1 and A > 1 yields the
following pictures.

We see from this that the fixed point T = 0 is stable for A < 1 but
becomes unstable for A > 1, in which case T = 1 — A~! is the only stable
fixed point that attracts all solutions started in a nonzero initial state. The
situation is summarized in Figure [3.5]

I
0.8 fuppO‘)

0.6

<+ <+ <«
> > |\«
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>\« «
> >\ <«
> > |\«
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0 . [ : [ >
1 2 3 4 5

Figure 3.5: Mean-field analysis of the contact process.

Letting Typp(A) := 0V (1 — A1) denote the stable fixed point, we see
that the mean-field contact process exhibits a second-order phase transition
at the critical point \. = 1. Since

Tupp()‘) X ()‘ - )‘c) as A \L )\07

the associated critical point is ¢ = 1, in line with what we know for contact
processes in dimensions d > 4 (see the discussion in Section |1.5]).
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3.6 The mean-field voter model

Recall the definition of the generator of the voter model from (1.5). For
simplicity, we will only consider the two-type model and as the local state
space we will choose S = {0, 1}. Specializing to the complete graph A = Ay
with NV vertices, the generator becomes

Grot f (2 Z {f((voty(2)) — f(2)}  (x€{0,1}").  (3.24)

(3,5)€€

Note that the factor |A|~! says that each site ¢ updates its type with rate
one, and at such an event chooses a new type from a uniformly chosen site j
(allowing for the case i = j, which has no effect).

We are interested in the fraction of sites of type 1,

X, = :_ZXt (t >0),

1EAN

which jumps as (compare ((3.22)))

T—T++  withrate 7(Z):=Nz(l-7),

T—T—~  withrate r_(T):=Nz(1-7).

Note that N(1 — Z) is the number of sites of type 0, and that each such
site adopts the type 1 with rate Z. The derivation of r_(Z) is similar. We
calculate the drift 8 and quadractic variation function a.

an(z) =14 (T) 5z +7-(T) 7z = Nf(l -,
Bn(x)=r (T)x —r-(T)~5 = 0.

Applying Theorem , we see that in the limit N — oo, the process (X;);o
is well approximated by solutions to the differential equation

2X,=0 (t>0),

i.e., X, is approximately constant as a function of t.

Of course, if we go to larger time scales, then X, will no longer be con-
stant; compare Figure 3.4 In fact, we can determine the time scale at which
X, fluctuates quite precisely. Scaling up time by a factor |A| = N is the same
as multiplying all rates by a factor |A|. If we repeat our previous calculations
for the process with generator

Cof@) = 3 {f((voty(@) = F(2)}  (@e{0.1})),  (3.25)

(4,5)€E
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Figure 3.6: The fraction of type 1 individuals in the mean-field voter model
from (3.25)) on N = 100 sites. This process approximates the Wright-Fisher
diffusion.

then the drift and quadractic variation are given by

ay(z)=2z(1 —T),

In this case, the quadratic variation does not go to zero, so Theorem is
no longer applicable. One can show, however, that in the limit N — oo the
new, sped-up process is well approximated by solutions to the (It6) stochastic
differential equation (SDE)

dyt - \/ QYt(l - Yt) dBt (t Z O),

where 2X,(1 — X,;) = a(X,) is of course the quadratic variation function we
have just calculated. Solutions to this SDE are Wright-Fisher diffusions ,
i.e., Markov processes with continuous sample paths and generator

Gf(@) =7(1-7)% f(3). (3.26)

These calculations can be made rigorous using methods from the theory of
convergence of Markov processes; see, e.g., the book [EK86]. See Figure
for a simulation of the process X when X has the generator in 1) and
N = 100.
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3.7 Exercises

Exercise 3.3 Do a mean-field analysis of the process with generator

Gf(x)=b/A|2 Z {f(coop;y;x) — f(z)}

i’

+ Z {f(deathix) — f(x) },

where the maps coop,,; and death; are defined in and , respec-
tively. Do you observe a phase transition? Is it first- or second order? Hint:

Figure[3.7,

gl
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Figure 3.7: Mean-field analysis of a model with cooperative branching and
deaths.

Exercise 3.4 Same as above for the model with generator

Gf(x)=bA|2 Z {f(coop;y,;x) — f(z)}

i’

HAT D {F (rwiw) = £ (o)}

Exercise 3.5 Derive an SDE in the limit |A| — oo for the density of the
mean-field voter model with small bias and death rates, with generator

Gf(@)=1A"*) " {f(votyx) - f(2)}

ijeA

sl AIT Y {f (braye) = [ ()}

ijeEA

+d Z {f(deathix) — f(x) }

(IS
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Hint: You should find expressions of the form

which leads to a limiting generator of the form
Gf (@) = 30(T) 2 f(T) + b(@) & f ().

Exercise 3.6 Do a mean-field analysis of the following extension of the
voter model, introduced in [NP99]. In this model, the site i flips

01 with rate (fo + ozglfl)fl,

1— 0 with rate (fl + Oélofo)fo,
where ag, g > 0 and f, = [Nj|™! Zje./\/} Liz(j)=r} 1 the relative frequency
of type T in the neigborhood of i.

Find all stable and unstable fixed points of the mean-field model in the
Tegimes: I Qp1, g < 1, I oy <1< a9, Il agp < 1< Qp1, V. 1 <
Qo1, A10-



Chapter 4

Construction and ergodicity

4.1 Introduction

As explained in Chapter[I], interacting particle systems are Markov processes
with a state space of the form S* where S is a finite set, called the local
state space, and A is a countable set, called the lattice. The generator of an
interacting particle system can usually be written in the form

Gf(x) = Z ro{ f(m(z)) — f(z)} (z € SM), (4.1)

meg

where G is a set whose elements are local maps m : S — S™ and (r,,)meg
is a collection of nonnegative rates. If A is finite, then S™ is also a finite set
and we can use Proposition to construct a Markov process X = (X;)i>0
with generator G in terms of a Poisson process w.

On the other hand, if A is countable but infinite, then the space S? is not
finite, and, in fact, not even countable. Indeed, as is well-known, {0, 1} has
the same cardinality as the real numbers. As a result, the construction of
interacting particle systems on infinite lattices is considerably more involved
than in the finite case. Nevertheless, we will see that they can be constructed
using more or less the same approach as in Proposition 2.5l The only com-
plication is that the total rate of all local maps is usually infinite, so that it is
no longer possible to order the elements of the Poisson set w according to the
time when they occur. However, since each map is local, and since in finite
time intervals only finitely many local maps can influence the local state at
any given site ¢, we will see that under certain summability assumptions, the
Poisson construction still yields a well-defined process.

In practice, one usually needs not only the Poisson construction of an in-
teracting particle system, but also wishes to show that the process is uniquely

93
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characterized by its generator. One reason is that, as we have already seen in
Section [2.4] sometimes the same process can be constructed using different
Poisson constructions, and one wants to prove that these constructions are
indeed equivalent.

To give a generator construction of interacting particle systems, we will
apply the theory of Feller processes. We start by equipping S* with the
product topology, which says that a sequence z,, € S* converges to a limit
if and only if

xp (1) — x(i) Vi e A.
n—oo

Note that since S is finite, this says simply that for each ¢ € A, there is an
N (which may depend on i) such that z,(i) = z(i) for all n > N. Since S
is finite, it is in particular compact, so by Tychonoft’s theorem, the space
SA is compact in the product topology. The product topology is metrizable.
For example, if (a;);es are strictly positive constants such that ) .., a; < oo,

then
d(x,y) =) ail ey
ieA
defines a metric that generates the product topology.

In Section 4.2 we will collect some general facts about Feller processes,
which are a class of Markov processes with compact, metrizable state spaces,
that are uniquely characterized by their generators. Since this is rather
functional theoretic material, which is moreover well-known, we will state
the main facts without proof, but give references to places where proofs can
be found.

In Section [4.3] we then give the Poisson construction of interacting parti-
cle systems (including proofs). In Section [4.4] we show that our construction
yields a Feller process and determine its generator.

Luckily, all this abstract theory gives us more that just the information
that the systems we are interested in are well defined. In Section [4.5] we will
see that as a side-result of our proofs, we can derive sufficient conditions for an
interacting particle system to be ergodic, i.e., to have a unique invariant law
that is the long-time limit starting from any initial state. We will apply this
to derive lower bounds on the critical points of the Ising model and contact
process. Applications to other interacting particle systems are directed to
the exercises.

4.2 Feller processes

In Section we gave a summary of the basic theory of continuous-time
Markov processes with finite state space S. In the present section, we will
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see that with a bit of care, much of this theory can be generalized in a rather
elegant way to Markov processes taking values in a compact metrizable state
space. The basic assumption we will make is that the transition probabil-
ities (P;);>0 are continuous, which means that we will be discussing Feller
processes.

Let E be a compact metrizable spaceﬂ We use the notation

B(E):= the Borel-o-field on E,
B(FE) := the space of bounded, Borel-measurable functions f : £ — R,
C(FE) := the space of continuous functionsf : £ — R,

M (E) := the space of probability measures p on E.

We equip C(F) with the supremumnorm
[flloo == Sup @) (feC(E)),

making C(E) into a Banach space. We equip M;(E) with the topology of
weak convergence, where by deﬁnitionﬂ [y, converges weakly to p, denoted
o = g, if [ fdp, — [ fdp for all f € C(E). With this topology, M;(E)
is a compact metrizable space.

A probability kernel on E is a function K : E x B(E) — R such that

(i) K(z, -) is a probability measure on F for each = € E,

(i) K(-,A) is a real measurable function on E for each A € B(FE).
This is equivalent to the statement that z — K(x, -) is a measurable map
from E to M;(E) (where the latter is equipped with the topology of weak
convergence and the associated Borel-o-field). By definition, a probability
kernel is continuous if the map x — K(x, -) is continuous (with respect to

the topologies with which we have equipped these spaces).
If K(x,dy) is a probability kernel on a Polish space E, then setting

Kf(z) = /E K(r.dy)f(y) (v€E feBE))

defines a linear operator K : B(E) — B(FE). We define the composition of
two probability kernels K, L as

(KL)(z,A) = /EK(:(;,dy)L(y,A) (x€ E AeB(E)).

1Such spaces are always separable and complete in any metric that generates the topol-
ogy; in particular, they are Polish spaces.

2More precisely, the topology of weak convergence is the unique metrizable topology
with this property. Since in metrizable spaces, convergent subsequences uniquely charac-
terize the topology, such a definition is unambiguous.



26 CHAPTER 4. CONSTRUCTION AND ERGODICITY

Then KL is again a probability kernel on F and the linear operator (KL) :
B(E) — B(F) associated with this kernel is the composition of the linear
operators K and L. It follows from the definition of weak convergence that a
kernel K is continuous if and only if its associated linear operator maps the
space C(FE) into itself. If p is a probability measure and K is a probability
kernel, then

W)= [ pde)K (e 4) (A€ B(E)

defines another probability measure pu/K. Introducing the notation uf :=
[ fdp, one has (uK)f = p(Kf) for all f € B(E).

By definition, a continuous transition probability on E is a collection
(P;)i>0 of probability kernels on E, such that

(i) (z,t) = Py(z, -) is a continuous map from E X [0, 00) into M;(FE),
(i) Py=1and PP, = Psyy (s,t>0).

In particular, (i) implies that each P, is a continuous probability kernel, so
each P, maps the space C(E) into itself. One has

(i
(ii

(i

limtﬁgptfzpof:f (fEC(E>)7
PsPthPertf (SthO)’
f > 0implies P.f > 0,

)
)
)
) P1=1,

(iv

and conversely, each collection of linear operators P; : C(E) — C(E) with
these properties corresponds to a unique continuous transition probability on
E. Such a collection of linear operators P, : C(E) — C(FE) is called a Feller
semigroup. We note that in (i), the limit is (of course) with respect to the
topology we have chosen on C(F), i.e., with respect to the supremumnorm.

By definition, a function w : [0, 00) — E'is cadlag if it is right-continuous
with left limitsE] ie.,

(i) ltlfl Wy = Wy (s >0),
(ii) ltl%n Wy =: ws_ exists (s >0).

Let (P;)i>0 be a Feller semigroup. By definition a Feller process with semi-

3The word cadlag is an abbreviation of the French continue & droit, limite & gauche.
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group (P)i>o is a stochastic process X = (X;);>o with cadlag sample paths]
such that

P[X, € - | (Xo)ocoxt] = Put(Xy, -) as. (0<t <) (4.2)

Here we condition on the o-field generated by the random variables (X )o<s<t-
Formula (4.2]) is equivalent to the statement that the finite dimensional dis-
tributions of X are given by

]P’[Xo € dxg,..., Xz, € dxn}

(4.3)
= P[Xo € dxo| Py, (0, d1) - Prpp iy, (Tn1, dwy)

(0 <ty <---<tp,). Formula (4.3) is symbolic notation, which means that
E[f(XO, e ,th)}
:/]P)[XO € de] /-Ptl—to (.’,UO, dxl) e /Ptn—tn1 (xn—la dxn)f(x07 s )xn>

for all f € B(E™). By , the law of a Feller process X is uniquely
determined by its initial law P[X, € -] and its transition probabilities (P;)s>o.
Existence is less obvious than uniqueness, but the next theorem says that
this holds in full generality.

Theorem 4.1 (Construction of Feller processes) Let E be a compact
metrizable space, let p be a probability measure on E, and let (P;)i>o be a
Feller semigroup. Then there exists a Feller process X = (X;)i>o with initial
law P[Xy € -] = u, and such a process is unique in distribution.

Just as in the case for finite state space, we would like to characterize a
Feller semigroup by its generator. This is somewhat more complicated than

in the finite setting since in general, it is not possible to make sense of the
formula P, = e'“ := "> L(tG)". This is related to the fact that if G is the
generator of a Feller semigroup, then in general it is not possible to define
Gf for all f € C(FE), as we now explain.

Let V be a Banach space. (In our case, the only Banach spaces that we

will need is are spaces of the form C(FE), equipped with the supremunorm.)

41t is possible to equip the space Dg|[0,00) of cadlag functions w : [0,00) — E with a
(rather natural) topology, called the Skorohod topology , such that Dg[0,00) is a Polish
space and the Borel-o-field on Dg[0, 00) is generated by the coordinate projections w — w;
(t > 0). As a result, we can view a stochastic process X = (X;);>0 with cadlag sample
paths as a single random variable X taking values in the space Dg[0, 00). The law of such
a random variable is then uniquely determined by the finite dimensional distributions of
(Xt)t0-
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By definition, a linear operator on V is a pair (A, D(A)) where D(A) is a
linear subspace of V, called the domain and A is a linear map A : D(A) — V.
Even though a linear operator is really a pair (A, D(A)), one often writes
sentences such as “let A be a linear operator” without explicitly mentioning
the domain. This is similar to phrases like: let V be a Banach space” (without
mentioning the norm) or “let M be a measurable space” (without mentioning
the o-field).

We say that a linear operator A (with domain D(A)) on a Banach space
V is closed if and only if its graph {(f, Af) : f € D(A)} is a closed subset of
V x V. By definition, a linear operator A (with domain D(A)) on a Banach
space V is closable if the closure of its graph (as a subset of V x V) is the
graph of a linear operator A with domain D(A). This operator is then called
the closure of A. We mention the following theorem.

Theorem 4.2 (Closed graph theorem) LetV be a Banach space and let
A be a linear operator that is everywhere defined, i.e., D(A) = V. Then the
following statements are equivalent.

(i) A is continuous as a map from V into itself.

(ii) A is bounded, i.e., there ezists a constant C' < oo such that ||Af] <

CllfIF eV
(iii) A is closed.

Theorem shows in particular that if A is an unbounded operator
(i.e., there exists 0 # f, € D(A) such that ||Af.|l/||fzll = o0) and A is
closable, then its closure A will not be everywhere defined. Closed (but
possibly unbounded) linear operators are in a sense “the next good thing”
after bounded operators.

As before, let E be a compact metrizable space and let (F;);>0 be a
continuous transition probability (or equivalently Feller semigroup) on E.
By definition, the generator of (P;);>o is the linear operator

1 -1 o
Gf =limt™ (Pf - f),
with domain

D(G) := {f € C(E) : the limit g%fl(af — f) exists}.

Here, when we say that the limit exists, we mean (of course) with respect to
the topology on C(E), i.e., w.r.t. the supremumnorm.
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Since we cannot use the exponential formula P, = €', we need another

way to characterize (P;):>o in terms of G. Let A be a linear operator on
C(E). By definition, we say that a function [0,00) 3 ¢t +— u; € C(E) solves
the Cauchy equation

Sy = Auy (t>0) (4.4)

if uy € D(A) for all ¢ > 0, the maps ¢t — wu; and t — Awu; are continuous
(w.r.t. the topology on C(FE)), the limit %ut = lim,_,0 s (usps — us) exists
(w.r.t. the topology on C(F)) for all ¢ > 0, and holds. The following
proposition shows that a Feller semigroup is uniquely characterized by its
generator.

Proposition 4.3 (Cauchy problem) Let G be the generator of a Feller
semigroup (P;)i>0. Then, for each f € D(G), the Cauchy equation Su, =
Guy (t > 0) has a unique solution (ut)i>o with initial state ug = f. Denoting
this solution by U.f = u; defines for each t > 0 a linear operator U, with
domain D(G), of which P, = U, is the closure.

We need a way to check that (the closure of) a given operator is the
generator of a Feller semigroup. For a given linear operator A, constant
A >0, and f € C(F), we say that a function p € C(FE) solves the Laplace
equation

(A= Ap=f (4.5)

if p € D(A) and (4.5) holds. The following lemma shows how solutions to
Laplace equations typically arise.

Lemma 4.4 (Laplace equation) Let G be the generator of a Feller semi-
group (P;)i>0 on C(E), let A > 0 and f € C(E). Then the Laplace equation
(A= G)p = f has a unique solution, that is given by

p= / P, f e Mdt.
0

We say that an operator A on C(E) with domain D(A) satisfies the pos-
itive maximum principle if, whenever a function f € D(A) assumes its max-
imum over E in a point z € E and f(z) > 0, we have Af(z) < 0. The
following proposition gives necessary and sufficient conditions for a linear
operator GG to be the generator of a Feller semigroup.

Theorem 4.5 (Generators of Feller semigroups) A linear operator G
on C(E) is the generator of a Feller semigroup (P;)i>o if and only if

(i) 1 € D(G) and G1 = 0.
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(ii) G satisfies the positive mazimum principle.
(iii) D(G) is dense in C(E).

(iv) For every f € C(E) and A > 0, the Laplace equation (A — G)p = f has
a solution.

In practice, it is rarely possible to give an explicit description of the (full)
domain of a Feller generator. Rather, one often starts with an operator that
is defined on a smaller domain of “nice” functions and then takes its closure.
Here the following theorem is very useful.

Theorem 4.6 (Hille-Yosida) A linear operator A on C(E) with domain
D(A) is closable and its closure G := A is the generator of a Feller semigroup
iof and only iof

(i) There exist f, € D(A) such that f, — 1 and Af, — 0.

(i)
(iii) D(A) is dense in C(F).
)

A satisfies the positive maximum principle.

(iv) For some (and hence for all) A € (0,00), there exists a dense subspace
R C C(FE) such that for every f € R, the Laplace equation (A\—A)p = f
has a solution p.

Conditions (i)—(iii) are usually easy to verify for a given operator A, but
condition (iv) is the “hard” condition since this means that one has to prove
existence of solutions to the Laplace equation (A — G)p = f for a dense set
of functions f.

If K is a probability kernel on £ and r > 0, then

Gf:=r(Kf—-f) (f € C(E) (4.6)

defines a Feller generator that is everywhere defined (i.e., D(G) = C(E))
and hence, in view of Theorem [£.2] a bounded operator. For generators
of this simple form, one can construct the corresponding semigroup by the
exponential formula

Pf=elCf .= Z (G,

nO

where the infinite sum converges in C(E). The corresponding Markov process
has a simple description: with rate r, the process jumps from its current
position x to a new position chosen according to the probability law K (z -).
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As soon as Feller processes get more complicated in the sense that “the
total rate of all things that can happen” is infinite (as will be the case for
interacting particle systems), one needs the more complicated Hille-Yosida
theory. To demonstrate the strength of Theorem [4.6] consider E := [0,1]
and the linear operator A defined by D(A) := C?[0,1] (the space of twice
continuously differentiable functions on [0, 1]) and

Af(x) =2l —2) L f(z)  (xe0,1]). (4.7)
Then one can show that A satisfies the conditions of Theorem (4.6l and hence
A generates a Feller semigroup. The corresponding Markov process turns out
to have continuous sample paths and is indeed the Wright-Fisher diffusion
that we met before in formula ([3.20)).

Some notes on the proofs

In the remainder of this section, we indicate where proofs of the stated the-
orems can be found. Readers who are more interested in interacting particle
systems than in functional analysis may skip from here to the next section.

The fact that there is a one-to-one correspondence between continu-
ous transition probabilities and collections (P;);>o of linear operators sat-
isfying the assumptions (i)—(iv) of a Feller semigroup follows from [Kal97,
Prop. 17.14].

Theorem 4.1| (including a proof) can be found in [Kal97, Thm 17.15] and
[EK86, Thm 4.2.7]. Theorem (the closed graph theorem and character-
ization of continuous linear maps) can be found on many places (including
Wikipedia).

Proposition summarizes a number of well-known facts. The fact that
w; := P,f solves the Cauchy equation if f € D(G) is proved in [EKSG,
Prop 1.1.5 (b)], [Kal97, Thm 17.6], and [Ligl0, Thm 3.16 (b)]. To see that

solutions to the Cauchy equation are unique, we use the following fact.

Lemma 4.7 (Positive maximum principle) Let A be a linear operator
on C(E) and let u = (u;)i=o be a solution to the Cauchy equation Su, = Au,
(t > 0). Assume that A satisfies the positive mazimum principle and uy > 0.
Then u; > 0 for allt > 0.

Proof By linearity, we may equivalently show that uy < 0 implies u; < 0.
Assume that u;(z) > 0 for some x € E. By the compactness of E, the
function (z,t) — e 'uy(x) must assume its maximum over E X [0,t] in some
point (y, s). Our assumptions imply that e *us(y) > 0 and hence s > 0. But
now, since A satisfies the positive maximum principle,

0< Z(ePus(y)) = —e us(y) + e * Aus(y) < —eus(y) <0,
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so we arrive at a contradiction. [ |

By linearity, Lemma implies that if u, v are two solutions to the same
Cauchy equation and ug < vg, then u; < v, for all ¢ > 0. In particular, since
by Theorem [4.5] Feller generators satisfy the positive maximum principle,
this implies uniqueness of solutions of the Cauchy equation in Proposition 4.3
Again by Theorem [.5] the domain of a Feller semigroup is a dense subspace
of of C(E), so the final statement of Proposition |4.3|follows from the following
simple lemma and the fact that || P,.f|c < ||f]]co-

Lemma 4.8 (Closure of bounded operators) Let (V,||-) be a Banach
space and let A be a linear operator on'V such that D(A) is dense and ||Af|| <
ClIfll (f € D(A)) for some C < oo. Then A is closable, D(A) =V, and
[AfI < ClIfI(f € V).

Proof (sketch) Since D(A) is dense, for each f € V we can choose D(A) >
fn — f. Using the fact that A is bounded, it is easy to check that if (f,,)n>0
is a Cauchy sequence and f, € D(A) for all n, then (Af,),>0 is also a
Cauchy sequence. By the completeness of V, it follows that the limit Af :=
lim,,_,c Af, exists for all f € V. To see that this defines A unambiguously,
assume that f, — f and g, — f and observe that |Af, — Ag.|| < C||fn —
gnll = 0. The fact that |[Af|| < C||f|| (f € V) follows from the continuity
of the norm. [

Lemma [4.4] follows from [EK86, Prop 1.2.1]. Theorems 4.5 and 4.6| both
go under the name of the Hille-Yosida theorem. Often, they are stated in
a more general form without condition (i). In this generality, the operator
G generates a semigroup of subprobability kernels (P;)i>o, i.e., Pi(z, ) is a
measure with total mass P,(z, F) < 1. In this context, a Feller semigroup
with Py(z, E) = 1 for all ¢,z is called conservative. It is clear from Proposi-
tion |4.3| that condition (i) in Theorems [4.5/and |4.6|is necessary and sufficient
for the Feller group to be conservative.

The versions of the Hille-Yosida theorem stated in [EK86] [Kal97] are more
general than Theorems [4.5 and [4.6) since they allow for the case that F is not
compact but only locally compact. This is not really more general, however,
since what these books basically do if F is not compact is the following. First,
they construct the one-point compactification £ = EU{co} of E. Next, they
extend the transition probabilities to E by putting P;(oco, -) 1= 64 for all
t > 0. Having proved that they generate a conservative Feller semigroup on E
of this form, they then still need to prove that the associated Markov process
does not explode in the sense that P*[X; € F V¢t > 0] = 1. In practical
situations (such as when constructing Markov processes with state space R?)
it is usually better to explicitly work with the one-point compactification of
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R? instead of trying to formulate theorems for locally compact spaces that
try hide this compactification in the background.

Theorems and are special cases of more general theorems (also
called Hille-Yosida theorem) for strongly continuous contraction semigroups
taking values in a general Banach space. In this context, the positive max-
imum principle is replaced by the assumption that the operator under con-
sideration is dissipative. In this more general setting, Theorems [£.5] and
correspond to [EK86, Thms 1.2.6 and 1.2.12]. In the more specific set-up of
Feller semigroups, versions of Theorem {.6|can be found in [EK86, Thm 4.2.2]
and [Kal97, Thm 17.11]. There is also an account of Hille-Yosida theory for
Feller semigroups in [Ligl0, Chap 3], but this reference does not mention the
positive maximum principle (using a dissipativity assumption instead).

Feller semigroups with bounded generators such as in (4.6)) are treated in
[EKS86], Sect 4.2] and [Kal97, Prop 17.2]. The fact that the operator A in (4.7))
satisfies the assumptions of Theorem 4.6|is proved in [EK86, Thm 8.2.8].

4.3 Poisson construction

We briefly recall the set-up introduced in Section S is a finite set, called
the local state space, and A is a countable set, called the lattice. We equip
the product space S* with the product topology, making it into a compact
metrizable space. Elements of S* are denoted z = (2(i));cs. Given a set G
whose elements are maps m : S* — S* and a collection of nonnegative rates
(rm)meg, we wish to give sufficient conditions so that there exists a Feller
process with state space S and generator

Gf(x) = ru{f(m) - f(x)}  (zes8") (4.8)

meg

As explained in the previous section, we cannot expect Gf to be defined for
all f € C(S%), but instead define Gf first for a class of “nice” functions and
then find the full generator by taking the closure.

At present, we will not follow this generator approach but instead give
a Poisson construction of the processes we are interested in, in the spirit of
Proposition 2.5 In the next section, it will then be shown that the process
constructed in this way indeed has a generator of the form (|4.8)).

We will only consider processes whose generator can be represented in
terms of local maps, i.e., maps that change the local state of finitely many

sites only, using also only information about finitely many sites. For any map
m: SN — SA let

D(m) = {i € A: 3z € S" s.t. m(x)(i) # =(i) }
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denote the set of lattice points whose values can possibly be changed by m.
Let us say that a point j € A is m-relevant for some i € A if

Jz,y € S s.t. m(x)(i) # m(y)(i) and x(k) = y(k) Vk # j,

i.e., changing the value of x in j may change the value of m(x) in i. For
1 € A, we write

Ri(m) = {j € A : j is m-relevant for z}
We observe that if i € D(m), then m(z)(i) = z(i) for all z, and hence
Ri(m)={i} ifi & D(m).

We say that a map m : SN — S™ is local if it satisfies the following three
conditions.

(i) D(m) is finite.
(ii) Ri(m) is finite for all i € A.
(iii) For each i € A, if x(j) = y(j) for all j € R;(m), then m(x)(i) =
m(y)(i).

Note that it is possible that D(m) is nonempty but R;(m) = 0 for all i €
D(m). The following exercise shows that condition (iii) is not automatically
satisfied. In fact, one can show that a map m : S* — S* is continuous w.r.t.
the product topology if and only if it satisfies conditions (ii) and (iii) of the
definition of a local map; see [SS15b, Lemma 24].

Exercise 4.9 (A discontinuous map) Define m : {0, 1} — {0, 1} by

1 ifz(i) =1 for finitely many i € N,

m(x)(0) := { 0 otherwise, (4.9)

and m(z)(k) := z(k) for k > 0. Show that m satisfies conditions (i) and (ii)
of the definition of a local map, but not condition (iii).
The following exercise describes yet another way to look at local maps.

Exercise 4.10 Show that a map m : S* — S is local if and only if there
exists a finite A C A and a map m’' : S — S® such that

m(w) (k) = { ' ((2(i)iea) (k) i k€A,

x(k) otherwise.
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Before we continue, it is good to see a number of examples.

e The voter map vot;; defined in (1.4) satisfies
D(vot;;) = {j} and R;(vot;;) = {i},

since only the type at j changes, and it suffices to know the type at ¢
to predict the new type of j.

e The branching map bra;; defined in (1.6]) satisfies
D(bra;;) = {j} and R;(bra;) = {i,j},

since only the type at j changes, but we need to know both the type
at 7 and j to predict the new type of j since bra;;(z)(j) = x(7) V z(j).

e The death map death; defined in (|1.7) satisfies
D(death;) = {i} and R;(death;) =10

since only the type at ¢ changes, and the new type at ¢ is 0 regardless
of x.

e The coalescing random walk map rw;; defined in (1.18)) satisfies
D(I‘Wij) = {’L,j}, RZ‘<I'WZ‘]‘> = @, and Rj(rwij) = {l,]},

since the types at both ¢+ and j can change, the new type at 7 is 0
regardless of the previous state, but to calculate rw;;(z)(j) we need to
know both x(i) and x(j).

Exercise 4.11 Recall the exclusion map excl;; defined in and the
cooperative branching map coop,; defined in . For m = excly; or
m = coop,;, determine D(m), and determine R;(m) for all i € D(m).

Let G be a countable set whose elements are local maps m : S* — S4,
let (r,,)meg be nonnegative constants, and (as in Proposition let w be
a Poisson point set on G x R with intensity r,,dt. The difficulty is that we
will typically have that ) .7, = co. As a result, {t : (m,t) € w} will
be a dense subset of R, so it will no longer possible to order the elements of
ws ¢ according to their times as we did in . Nevertheless, since our maps
m are local, we can hope that under suitable assumptions on the rates, only
finitely many points of wy; are needed to determine the local state X,(7) of
our process at a given lattice point ¢ € A and time ¢ > 0.
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time X,(4)

Figure 4.1: Graphical representation of a one-dimensional contact process,
with paths of potential influence and the set C§4}’t of lattice points at time

zero whose value is relevant for X;(4).

For example, for a contact process with a generator as in , elements
of w are points of the form (bra;;,t) or (death;,t), which indicate that the
corresponding local map should be applied at time ¢. In Figure 4.1, we
have drawn space horizontally and time vertically and vizualized one random
realization of w in such a way that for each element (m,t) of w we draw a
symbol representing the map m at the time ¢ and at the sites that are involved
in the map. Such a picture is called a graphical representation (also called
graphical construction) for an interacting particle system. In practice, various
symbols (such as arrows, squares, stars etc.) are used to indicate different
maps. Our aim is to find sufficient conditions under which such a graphical
representation almost surely yields a well-defined process.

As a first step, we observe that for each ¢ € A, the set

{teR:3meGst.ieD(m), (mit)€w}

is a Poisson point set with intensity Zmeg D(m)si "'m- Therefore, provided
that

Ko :=sup Z T < 00, (4.10)

meg
D(m)>i

each finite time interval contains only finitely many events that have the
potential to change the state of a given lattice point i. This does not auto-
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matically imply, however, that our process is well-defined, since events that
happen at ¢ might depend on events that happen at other sites at earlier
times, and in this way a large and possibly infinite number of events and
lattice points can potentially influence the state of a single lattice point at a

given time.

For any 7,7 € A and s < u, by definition, a path of potential influence
from (i,s) to (j,u) is a cadlag function 7 : (s,u] — A such that v,_ = 1,
Yu = J, and

(i) if 4 # v for some t € (s, u], then there exists some m € G

such that (m,t) € w, v € D(m) and 3 € R,,(m), (4.11)
(ii) for each (m,t) € w with ¢t € (s,u] and ~ € D(m), .

one has vy, € R, (m).

We write (7, s) ~ (j,u) if there is a path of potential influence from (i, s) to
(j,u). Similarly, for any A C A, we write (i,s) ~» A x {u} if there is a path
of potential influence from (i,s) to some point (j,u) with j € A. For any
finite set A C A and s < u, we set

(=i e N (i,8) ~ Ax {u}}, (4.12)

and we let (/4% := A. If we start the process at time zero, then CéA’t will
be the set of lattice points whose values at time zero are relevant for the
local state of the process in A at time ¢t. See Figure for a picture of A
and the collection of all paths of potential influence that end in A x {t}.
The following lemma will be the cornerstone of our Poisson construction of
interacting particle systems.

Lemma 4.12 (Exponential bound) Assume that the rates (r,)meg satisfy

and that

K :=su rm(|Ri(m)| — 1) < oo. 4.13
sup > v (Rim)] = 1) (4.13)
meg
D(m)>i

Then, for each finite A C A, one has
E[GM] < A0 (s < u). (1.14)
Proof To simplify notation, we fix A and u and write

&=¢M  (t>0).
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The idea of the proof is as follows: since (&) is constructed from Poisson
events in the spirit of Proposition [2.1] it is in fact a Markov process. Us-
ing a simple generator calculation, one finds that ZE[|¢]] < KE[|¢]], which
implies that E[|&|] < E[|&|]e®?. To make this idea precise, we use a cut-off
to ensure that the state space of our Markov process is finite and Propo-
sition [2.1] is applicable, and we also modify & so that its sample paths are
right-continuous, as is the habit for Markov processes.

We start with the cut-off. Let A,, C A be finite sets such that A, 1 A.
For n large enough such that A C A,,, let us write

& ={ieA:(i,t) ~, Ax{u}},

where (i, s) ~, A x {u} denotes the presence of a path of potential influence
from (i,s) to A x {u} that stays in A,. We observe that since A,, T A, we
have

& 1 & (t>0).

The process (§;')¢>0 is left-continuous; let &, := lim,, &' denote its right-
continuous modification. We claim that (/' );>o is a Markov process. To see
this, note that one can have &, # & only when (m,u —t) € w for some
m € G and at such an instant, if the previous state is ' = A, then the new
state is £, = A™, where we define

A" = A0 U Ri(m).

€A

Since R;(m) = {i} if i ¢ D(m), it suffices to consider only those events
for which m € G, .= {m € G : D(m) N A, # 0}. It follows from (4.10)
that the total rate ), 7, at which maps from G,, are applied is finite.
Proposition now implies that the process (£ )i>0 is a Markov process
taking values in the (finite) space of all subsets of A,,, with generator

Guf(A) = ) ru(f(A™) = f(A)).

megn

Let (P]");>0 be the associated semigroup and let f be the function f(A) :=
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|A|. Then

Y ra(f(A™) = £(4))

€Gn

3

<y rm(|A\D > [Rim)l - 14])
meGn zeAmD( )
=S (Y (Rl -1))
meGn, zeAﬂD(m)
= > rm(IRi(m)| 1) < K|A].
€A meG,
D(m)>1

It follows that
%(e_Kt.Ptnf) — _Ke—KtPtnf + e—KtPtnan — e—KtEn(an . Kf) S 0

and therefore e K'P1 f < e K0P f = f which means that

B[] < 14! (¢ 0). (4.15)
Letting n 1 oo we arrive at (4.14)). |

Recall that ws; := wN (G x (s,t]). The next lemma shows that under suit-
able summability conditions on the rates, only finitely many Poisson events
are relevant to determine the value of an interacting particle system at a
given point in space and time.

Lemma 4.13 (Finitely many relevant events) Assume that the rates

(Tm)meg satisfy and that

Ki:=su m|Ri(m)| < oo. 4.16
s Y R )] < o0 (4.16)
meg
D(m)>i

Then, almost surely, for each s < u and i € A, the set

{(m,t) € Wsy : D(m) x {t} ~ (z,u)}
s finite.
Proof Set
_ U]

={ieN:(i,s) ~ Ax{u}},
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where ~~' is defined in a similar ways as ~, except that we drop condition (ii)
from the definition of a path of potential influence in . Lemma does
not automatically imply that [£4%] < oo for all s < u. However, applying the
same method of proof to the Markov process (fffff)tzo, replacing by
the slightly stronger condition , we can derive an exponential bound
for E[|¢24¢|], proving that £ is a.s. finite for each finite A and s < w.
Since by lﬁp, there are only finitely many events (m,t) € ws, such that
D(m) NEL £ (), our claim follows. |

Remark Conditions (4.10) and (4.16) can be combined in the condition

su rm(|[Ri(m)|+ 1) < o0. 4.17
sup - v ((Ralm) +1) (4.17)
meg
D(m)>i

We are now ready to define a stochastic flow, similar to what we did
for finite state spaces in Proposition 2.5 that can be used to construct the
interacting particle systems we are interested in. For any s < u and finite set
w C wsy, we can order the elements according to the time when they occur:

@:{(ml,tl),...,(mn,tn)} with tl < v <tn
Then, setting

X% (x) :=myo---0omy(r) (x € S*, s <u)

s,u
defines a map X, : S* — S*. Below is the main result of this chapter.

Theorem 4.14 (Poisson construction of particle systems) Let G be
a countable set whose elements are local maps m : S* — SA et (rm)meg
be nonnegative constants satisfying , and let w be a Poisson point set
on G x [0,00) with intensity r,,dt. Then, for each x € S* and s < u, the
pointwise limit

Xu(z) = ~1iTm X2, (x) (4.18)

WnTws,t

exists a.s. and does not depend on the choice of the finite sets &, T wsy. If
Xy is an SM-valued random variable, independent of w, then

Xy = Xo.(Xo) (t>0) (4.19)
defines a Feller process with semigroup (P;)t>o given by

Pz, ) =P[Xou(x) -] (ze S t>0). (4.20)
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Proof We start by showing that the pointwise limit in (4.18)) exists. Fix
s <wand i € A. By Lemma [£.13] the set
wi = {(m,t) € wy, : D(m) x {t} ~ (3,u)}

S
is a.s. finite, and since these are the only events that are relevant for the
value of X, (x)(7), we have

X (2)(i) = X‘S‘ﬁw (z)(i) whenever @, D w(®¥

S Y

i.e., after the first n such that @, D w§i7u), adding more events to @, has no

influence on X%7 ()(7) anymore, so the pointwise limit in (4.18) exists.

We next observe that the process (X;);>o defined in (4.19) has cadlag
sample paths. Indeed, since we equip S* with the product topology, this is
equivalent to the statement that ¢ — X, (i) is cadlag for each i € A. But this
follows directly from the way we have defined X, and the fact that the set
of events that have the potential to change the state of a given lattice point
i is a locally finite subset of [0, c0).

It is straightforward to check that (X;:)s<; is a stochastic flow with in-
dependent increments. The proof that (X)o<s<: is a Markov process with
semigroup (P;);>0 now follows in exactly the same way as in the proof of
Proposition , with taking the place of .

The fact that PP, = Psy, follows from the fact that (X ;)s<: is a stochas-
tic flow. Thus, to see that (P;):>o is a Feller semigroup, it suffices to show
that (z,t) — Pi(z, -) is a continuous map from S* x [0,00) to M;(S?). In
order to do this, it is convenient to use negative times. (Note that we have
defined w to be a Poisson point process on G x R, even though for (4.19) we
only need points (m,t) € w with ¢ > 0.) Since the law of w is invariant under
translations in the time direction, we have (compare (4.20))

Pz, ) =P[X_o(x) -] (x€8* t>0).

Therefore, in order to prove that P;, (z,, -) converges weakly to Pj(x, -) as
we let (z,,t,) — (x,t), it suffices to prove that

X _t,0(zn) @X,to(x) a.s.

as (T, t,) — (z,t). Since we equip S* with the product topology, we need
to show that

X_t,.0(xn)(i) QOX—LO(JU)(Z') a.s.

for each i € A. By Lemmal[4.13] there exists some ¢ > 0 such that there are no
events in w_;_. ;. that are relevant for (i,0), while by Lemma |4.12] Cg}’o is
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a finite set. Therefore, for all n large enough such that —t,, € (—t —¢e, —t+¢)
and z,, = z on ('°, one has X _t,0(xn) (i) = X_to(x)(7), proving the desired
a.s. convergence. |

4.4 (Generator construction

Although Theorem gives us an explicit way how to construct the Feller
semigroup associated with an interacting particle system, it does not tell us
very much about its generator. To fill this gap, we need a bit more theory.
For any continuous function f: S* — R and i € A, we define

0f (i) :=sup {[f(x) = f)| : x,y € S*, x(j) = y(j) Vj # i}

Note that 0 f(i) measures how much f(z) can change if we change x only in
the point 7. We call  f the variation of f.
We claim that

[flx) = f)| < > 6fG)  (feC(SY), zyesh). (4.21)
iz (i) #y(4)

To see this, let n be the number of sites ¢ where x and y differ. Enumerate
these sites as {i : x(i) # y(i)} = {i1,...,in} or = {iy,4s,...} depending on
whether n is finite or not. For 0 < k <n + 1, set

o) ::{ y(i) ifie {iy, ... i},

x(i) otherwise.

If n is finite, then

n

|f@) = F)] < D01 F () = Fzr) Zéfzk

k=1

and we are done. If n is infinite, then the same argument gives

m

[f(@) = f(za)] <D 6f(ik)  (m=1).

k=1

Since z, — y pointwise and f is continuous, (4.21)) now follows by letting
m — 00.
We define spaces of functions by

Coum = Coum (S™) == {f € C(S") : de < oo},
Cin = Cn(S™) :={f € C(S"): 5f(z) = 0 for all but finitely many ¢}.
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We say that functions in Cg,,, are of ‘summable variation’. The next exercise
shows that functions in Cg, depend on finitely many coordinates only.

Exercise 4.15 Let us say that a function f : S® — R depends on finitely
many coordinates if there exists a finite set A C A and a function f': S* —
R such that

F@@)iea) = F(((0)iea)  (z€SY).

Show that each function that depends on finitely many coordinates is contin-
uous, that

Can(S™) = {fe C(S™) : f depends on finitely many coordinates},

and that Cg,(S™) is a dense linear subspace of the Banach space C(S™) of all
continuous real functions on S™, equipped with the supremumnorm.

Lemma 4.16 (Domain of pregenerator) Assume that the rates (7p,)meg

satisfy . Then, for each f € Coum(S™),
Sl fm(@) - £@)] < Ko 3650,

meg TSN

where Ky is the constant from . In particular, for each f € Csum(SA),
the right-hand side of @ is absolutely summable and G'f is well-defined.

Proof This follows by writing

Sl fm(@) — f@) <Y S 8500

meg meg i€D(m)
= 0f(i) > rm <KoY df(i).
ieA meg ieA
D(m)>i

The following theorem is the main result of the present section.

Theorem 4.17 (Generator construction of particle systems) Assume
that the rates (1,)meg Satisfy , let (P;)i>o be the Feller semigroup de-

fined in and let G be the linear operator with domain D(G) = Csum
defined by (4.8). Then G is closable and its closure G is the generator of

(P)i>0. Moreover, if Glc,, denotes the restriction of G to the smaller do-
main D(G|e,.) := Can, then Gle,. is also closable and Glc, = G.
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Remark Since D(G|¢,, ) C D(G) and G is closable, it is easy to see that G|¢,.
is also closable, D(Glc,.) C D(G), and Gle, f = Gf for all f € D(G|e,,). It
is not immediately obvious, however, that D(Glc,. ) = D(G). In general, if

A'is a closed linear operator and D’ C D(A), then we say that D' is a core
for A if Alpr = A. Then Theorem says that Cqy is a core for G.

To prepare for the proof of Theorem [4.17| we need a few lemmas.

Lemma 4.18 (Generator on local functions) Under the asumptions of
Theorem one has limy ot Y (P.f — f) = Gf for all f € Cqn, where the
limit exists in the topology on C(S™).

Proof Since f € Cgy, by Exercise there exists some finite A C A such
that f depends only on the coordinates in A. Let G4 := {m € G : D(m)NA #
()} denote the set of maps m € G that can potentially change the state in A
and for B D A, let G48 := {m € G* : R;(m) C B Vi € A} denote those
maps who only need information from B to update the state in A. For s <,
we write wﬁt and wﬁ;B to denote the sets of Poisson points (m, s) € w,,; with
m € G4 resp. m € GAP. If wyl, = 0, then f(Xo,(2)) = f(z). Also, if w);”
contains a single element (m, s) while w{ft contains no further elements, then

f(Xo(z)) = f(m(z)). Therefore

Pif(x) =E[f(Xou(z ))} = f(x)IP’[wglt = (]
+ Z f WOt :w(i:{(m,s)}forsome0<s§ﬂ

meg4.B

+E[f (XOvt(”)l{wa\wazB 20 or wlh| > 2}
Here Plwg, = 0] =1 — e ™ with R:=3" 4 T, SO

F@)Plugy =0 = f(z) = D raf(2)+OF) f(2),

megA

where O(#?) is a function such that limsup, . t2|O(#?)| < co. Similarly,

Z f(m th = wgy = {(m,s)} for some 0 < s < {]
megA:B
=t Z rmf +OB(x ) =t Z rmf )) + teg(z) + Op(z, ),
megA.B megA

where the error terms satisfy lim sup,_, .. ¢t~ 2sup,cg |Op(x, t?)| < oo for each
fixed B D A, and limpsp sup,cg|ep(x)| = 0. Similarly

P[wét\wéf # () or ]wft\ > 2} = teg + Op(t?),
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where the term of order ¢ comes from the event that wét contains exactly one

element, which is not in wé ;B. Combining our last three formulas, we obtain
Prf(z) — f(x) =t Z rm{ f(m(z)) — f(2)} + tep(z) + Op(z, t?).
mega

It follows that for each fixed B D A,
i sup [ (Puf () = £(@)) = G @] < el
—00
Since ||eg|| — 0 as B 1 A, the claim of the lemma follows. n

Lemma 4.19 (Approximation by local functions) Assume that the

rates (Tm)meg Satisfy . Then for all f € Cqum there exist f,, € Cp, such
that ||fn, — f|| = 0 and ||Gf, — Gf]| — 0.

Proof Choose finite A,, T A, set I',, ;== A\A,,, fix z € S*, and for each z € S

define x,, — x by
N Jox@)  ifieA,,
Tald) = { 2(i)  ifieT,.
Fix f € Coum and define f,(z) := f(z,) (x € S*). Then f, depends only on

the coordinates in A,,, hence f, € Cg,. Formula (4.21)) tells us that for any
x € Sh,

o) = f@)] <Y 6f6)  (we st n>1)

i€y
Since f € Coum, it follows that

1o = FIL< Y 6F(0) — 0.

iEF’!L

Moreover, we observe that
|G ful(z) — Gf(2)]
= | Y rulfu(m(@)) = ful2)) = Y ru(f(m(@) = f(2))]

= eo (4.22)
<Nl fmla)) = f(aa) = fm(a) + f(x)].
meg

On the one hand, we have
|f(m(@)n) = f(zn) = f(m(z)) + f(z)|
< | f(m@)) = f@)] + | f(m(z) = f(z)] <2 Y 8f(0),

1€D(m)
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while on the other hand, we can estimate the same quantity as

< |f(m(@)n) = fm(@)] + [ f(2a) = f(@)] <2 0 (i)

i€ly

Let A C A be finite. Inserting either of our two estimates into (4.22)), de-
pending on whether D(m) N A # () or not, we find that

IGfn = GAI=2 3 D 0FG)+2 3 ™m }j 51 (i)

D(m)NAAD D(m)NA=0
<S2KA Y SFE) +2) () D rm
i€l iEA meg
D(m)NA=0
D(m)>i

It follows that

limsup |G f, — GfI| <2 > 6f(0)> rm <2Ky Y 0f(i)

n—oo . .
1€A\A meg i€EA\A

D(m)>i

Since A is arbitrary, letting A T A, we see that limsup,, |Gf, — Gf||=0. B

Lemma 4.20 (Functions of summable variation) Under the asumptions

of Theorem[[.17, one has
STORf) <KUY afG) (820, f € CounlSY)),

1€EA 1SN

where K is the constant from . In particular, for each t > 0, P, maps
Coum (S™) into itself.

Proof For each i € A and x,y € S* such that x(j) = y(j) for all j # i, we
have using
|Pif () = Pof(y)] = |E[f(Xou(2))] — E[f(Xou(y))]]
< E“f(Xot(l')) f(Xoy y))”
< B[ Xou)0 %0000 ()]
= ZP Xo.i(2)(7) # Xou(y)(1)]0f (1)

gzp@mwumwm
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By Lemma [4.12] it follows that

Zm ZP [(3,0) ~ (5, £)] £ (5)
ZE g{]}t 16f( Ktzfsjf

Proof of Theorem Let H be the full generator of (P;);>¢ and let D(H)
denote it domain. Then Lemma shows that Cs, C D(H) and Gf = H f
for all f € Cy. By Lemma[d.19] it follows that Coym C D(H) and Gf = H f
for all f € Cyum.

To see that G is closable and its closure is the generator of a Feller semi-
group, we check conditions (i)—(iv) of the Hille-Yosida Theorem [4.6] It is
easy to see that 1 € Cyum(S™) and G1 = 0. If f assumes its maximum in a
point x € SA, then each term on the right-hand side of is nonpositive,
hence G f(x) < 0. The fact that Cyum(S™) is dense follows from Exercise [4.15]
and the fact that Cg,(S™) C Coum(S?). To check condition (iv), we will show
that for each r > K, where K is the constant from , and for each
f € Can(S™), there exists a p, € Coum(S™) that solves the Laplace equation
(r — G)p, = f. In the light of Lemma a natural candidate for such a

function is

Dr ::/ e "Pfdt
0

and we will show that this p, indeed satisfies p, € Csum(S*) and (r—G)p, = f.
It follows from Theorem that p, € D(H) and (r — H)p, = f. Thus, it
suffices to show that p, € Cyum. To see this, note that if z(j) = y(j) for all
j # 1, then

(o) =) = | [ e Rp@ = [T s
< /0 B (2) - Pf(y)] dt < /0 TSP f(i) i

and therefore, by Lemma

Z(Sp(z') < / ”Z(SPt )dt < ( Zéf / e "Rt dt < oo,

which proves that p, € Caqm. This completes the proof that G = H. By
Lemma [4.19, we see that D(G|e, ) D Coum and therefore also Glo, = H. B

We conclude this section with the following lemma, that is sometimes
useful.
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Lemma 4.21 (Differentiation of semigroup) Assume that the rates
(rm)meg Satisfy , let (P;)i>o be the Feller semigroup defined in
and let G be the linear operator with domain D(G) := Ceun(S™) defined by
(@. Then, for each f € Coum(S™), t — Pif is a continuously differentiable
function from [0,00) to C(S?) satisfying Pof = f, Pif € Coum(S™), and
%Ptf =GP, f for eacht > 0.

Proof This is a direct consequence of Proposition Lemma [4.20, and
Theorem [1.17] A direct proof based on our definition of (P,);>o (not using
Hille-Yosida theory) is also possible, but quite long and technical. [ |

Some bibliographical remarks

Theorem is similar to Liggett’s [Lig85, Theorem 1.3.9], but there are
also some differences. Liggett does not write his generators in terms of local
maps, but in terms of local transition kernels, that, using information about
the total configuration (z(7));es of the system, change the local configuration
(2(7))ien, with A a finite subset of A, in a random way. This way of writing
the generator is more general and sometimes (for example, for stochastic Ising
models) more natural than our approach using local maps. It is worth noting
that Liggett’s construction, like ours, depends on a clever way of writing the
generator that is in general not unique.

Unlike our Theorem [4.14] Liggett does not give an explicit construction
of his interacting particle systems using Poisson point sets, but instead gives
a direct proof that the closure of G generates a Feller semigroup (P;):>o,
and then invokes the abstract result Theorem about Feller processes to
prove the existence of a corresponding Markov process with cadlag sample
paths. Later in his book, he does use explicit Poisson constructions for some
systems, such as the contact process. He does not actually prove that these
Poisson constructions yield the same process as the generator construction,
but apparently finds this self-evident. (Equivalence of the two constructions
follows from our Theorem but alternatively can also be proved by ap-
proximation with finite systems, using approximation results such as [Lig85,
Cor. 1.3.14].)

Liggett’s [Lig85, Theorem 1.3.9] allows for the case that the local state
space S is a (not necessarily finite) compact metrizable space. This is occa-
sionally convenient. For example, this allows one to construct voter models
with infinitely many types, where at time zero, the types (Xo(7));ea are i.i.d.
and uniformly distributed on S = [0,1]. For simplicity, we have restricted
ourselves to finite local state spaces.



4.5. ERGODICITY 79

4.5 Ergodicity

Luckily, our efforts in the previous chapter are not wasted on knowing only
that the systems we are interested in exist, but actually allow us to prove
something interesting about these systems as well.

If X is a Markov process with state space E and transition probabilities
(P;)i>0, then by definition, an invariant law of X is a probability measure v
on F such that

vP =v (t>0).

This says that if we start the process in the initial law P[Xy € -] = v,
then P[X; € -] = v for all £ > 0. As a consequence, one can construct a
stationarif’| process (X;);er such that (compare (4.2)))

P[X, € | (Xy)-oocs<t] = Puct( X, ) as. (t <), (4.23)

and P[X,; € -] = v forallt € R. Conversely, the existence of such a stationary
Markov process implies that the law at any time v := P[X; € -] must be
an invariant law. For this reason, invariant laws are sometimes also called
stationary laws.

Theorem 4.22 (Ergodicity) Let X be an interacting particle system with
state space of the form S™ and generator G of the form @, and assume

that the rates (rm)meg satisfy (4.17).
(a) Assume that the constant K from satisfies K < 0. Then the
process ¢ defined in satisfies

lim (=0 as. (i€A ucR). (4.24)

§——00

(b) Assume that the process ( defined in satisfies . Then the

interacting particle system X has a unique invariant law v, and

PlX, €] =v (zesh). (4.25)
t—o0

Proof Part (a) is immediate from Lemma If (4.24)) holds, then the a.s.

limit
X,(i) = lim X,,(2)(i) (i€A, teR) (4.26)

S——00

does not depend on the choice of a point z € S, since the set Csi}’t of lattice
points whose value at time s is relevant for X, ,(z)(¢) is empty for s suffiently

SRecall that a process (X;)er is stationary if for each s € R, it is equal in distribution
to (X/)ier defined as X, := X,_, (t € R).
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small. As a result, (4.26)) unambiguously defines a stationary process that is
also Markov with respect to the transition probabilities (P;)¢>o in the sense

of . It follows that
v:=P[X, € -] (t € R)
does not depend on t € R and defines an invariant law v. Since
Pr[X, € -] =P[X_o(2)(i) € -]
and since by , we have

X_to(x) — Xy as.

with respect to the topology of pointwise convergence, we conclude that

[.25) holds. N

We note that says that if we start the process in an arbitrary initial
state r, then the law at time ¢ converges weakly’| as t — 0o to the invariant
law v. This property is often described by saying that the interacting particle
system is ergodic. Indeed, this implies that the corresponding stationary
process (X;)ier is ergodic in the usual sense of that word, i.e., the o-field of
events that are invariant under translations in time is trivial. The converse
conclusion cannot be drawn, however, so the traditional way of describing
as “ergodicity” is a bit of a bad habit.

We have split Theorem into a part (a) and (b) since the condition
(4.24]) is sometimes satisfied even when the constant K from is positive.
Indeed, we will later see that for the contact process, the condition (4.24) is
sharp but the condition K < 0 is not.

Theorem is similar, but not identical to |[Lig85, Thm I.4.1]. For
Theorem [1.22] (a) and (b) to be applicable, one needs to be able to express
the generator in terms of local maps such that the constant K from (4.13))
is negative. For |Lig85, Thm I.4.1], one needs to express the generator in
a convenient way in terms of local transition kernels. For certain problems,
the latter approach is more natural and [Lig85, Thm 1.4.1] yields sharper
estimates for the regime where ergodicity holds.

4.6 Application to the Ising model

The Ising model with Glauber dynamics has been introduced in Section [1.4]
So far, we have not shown how to represent the generator of this interacting

6Here weak convergence is of course w.r.t. our topology on S%, i.e., w.r.t. the product
topology.
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particle system in terms of local maps. In the present section, we will fill
this gap. As an application of the theory developed so far, we will then show
that the Ising model with Glauber dynamics is well-defined for all values of
its parameter, and ergodic for  sufficiently small. Our construction will also
prepare for the next chapter, where we discuss monotone interacting particle
systems, by showing that the Ising model with Glauber dynamics can be
represented in monotone maps.

We recall from Section [I.4]that the Ising model with Glauber dynamics on
a graph (A, E) is the interacting particle system with state space {—1, +1}*
and dynamics such that

eBN:c,i(o—)

eﬁNac,z‘("Fl) _|_ eﬁNx,i(_l) ’

site ¢ flips to the value o with rate

where

Npi(o) =Y Lal) = oy (0€{-1+1})

JEN;
denotes the number of neighbors of ¢ that have the spin value o. Let
My = Npa(+) = Noa(=) = > 2(j)
JEN:

denote the local magnetization in the neighborhood N; of i. Since N, ,;(+) +
N.i(=) = |N;|, we can rewrite the rate of flipping to the spin value +1 as

eBNaz,i(+1) eBNil+Mz.:)/2
BNi(F1) § eBNei(C1) — BN +M)/2 4 oBINI—M,.0)/2
03BMa,i ) e3PMai _ o= 3BMa,
- eéﬁMx,i + e—%ﬁMx,z‘ - 5( * e%ﬁMx,i + e_éﬁMx,i>

= 1(1+ tanh(35M,)).

Similarly, the rate of flipping to —1 is %(1 — tanh(%ﬂMx,i)). Define maps
mi {1, +1}* — {1, +1}* by

L 1 ifj =i,
m; (x)(j) = . .
x(j)  otherwise.

Then we can write the generator of the Ising model in the form

Grsing f (%) := % Z (1 + tanh(%ﬂMx,i)) {f(mf(x)) N f((x)}

+Z§ > (1= tanh(38M,.)){ f (m; (z)) = f((z)}. (4.27)

i€Z4
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This is not yet a representation in terms of local maps of the form , since
the rates
ri(z) == 1(1 + tanh(38M,)) (4.28)
at which the local maps mzjE are applied depend on the actual state x of the
model[]

To fix this, we proceed as follows. For (mainly notational) simplicity, let

us assume that the size of the neighborhood
Ni= [N (ieA)

does not depend oni € A. For L = —-N,—N+2,..., N, we define local maps
+
m;L by

. +1 it j=vand M,;, > L,
mTL(f)(]) 3:{

x(j)  otherwise.
(4.29)
‘ —1 it j =vand M, <L,
mi_,L(x)(]) = {

We observe that the hyperbolic tangent is an increasing function. As a result,
the rates r;tL defined by (see Figure }

+ .
T’L,L .—{
TiL 3:{

are all positive.
We claim that we can rewrite the Ising generator (4.27)) in the form

Gringf(2) =) Y~ > r? {f(m () — f((2)}. (4.31)

€A oe{—,+} Le{—N,—N+2,..,N}

z(j)  otherwise.

1+ tanh(—18N)) if L=—N,
anh(36L) — L tanh(38(L —2))  otherwise.

—_- —~

(4.30)
1 — tanh(38N)) if L=0N,

anh(36L) — L tanh(38(L +2))  otherwise

= —~

To see this, note that if the present state is x, then the total rate at which
the site 4 flips to the spin value +1 is

Z T:L = %(1 + tanh(%ﬁMa;,i)) =rf (),

L:L<M,

where () is defined in (4.28). The argument for flips to —1 is the same.

"On the other hand, (4.27) is an expression for Giging of the form considered in Liggett’s
[Lig85, Theorem 1.3.9].
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A%(l + tanh(%BMx,z))

2 4

Figure 4.2: Definition of the rates r;LL from (4.30)). In this example N = 6
and 8 = 0.4.

Theorem 4.23 (Existence and ergodicity of the Ising model) Con-
sider an Ising model with Glauber dynamics on a countable graph A in which
each lattice point i has exactly |N;| = N neighbors, i.e., the Markov process
X with state space {—1, —i—l}A and generator Gisng given by or equiv-
alently . Then, for each B > 0, the closure of Gising generates a Feller
semigroup. Moreover, for each B such that

N
BN
<
N -1’

e

(4.32)

the Markov process with generator alsmg has a unique invariant law v, and
the process started in an arbitrary initial state x satisfies

PX,€e -] =v (ze{-1+1}").

t—o00

Proof We use the representation (4.31)). We observe that
D(m;y) = {i}

is the set of lattice points whose spin value can be changed by the map me.
The set of lattice points that are me—relevant for ¢ is given by

R, (m?,L) =

0 ifo=+, L=—N or oc=—, L=N,
N; otherwise.

6
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Here we have used that —N < M, ; < N holds always, so m* y(z)(i) = +1
and my(z)(i) = —1 regardless of what x is. On the other hand, in all other
cases, the value of each lattice point j € N; can potentially make a difference
for the outcome me(x)(z)

By Theorem to conclude that the closure of Gy, generates a Feller

semigroup, it suffices to check (4.17)), which in our case says that

sup Z Z TfL(lRZ(meN + 1)

N e{— 4} Le{~-N,—N+2,...N}

should be finite. Since ), r7; < $(1 + tanh(36N)) < 1 and [Ri(mg ;)| <
|IN;| = N, this expression is < 2(N + 1) < oo regardless of the value of £.

To prove ergodicity for § small enough, we apply Theorem (.22 We
calculate the constant K from . By the symmetry between minus and
plus spins,

K=2 Z TjL(|Rl(mjL)| - 1)
Le{-N,—N+2,...N}
=—2r7_ v +2 Z ri (N =1)
Le{-N+2,..,N}
= —(1+ tanh(—38N)) + (tanh(38N) — tanh(—38N)) (N — 1),

which is negative if and only if

1+ tanh(—18N) > (tanh(38N) — tanh(—18N)) (N — 1)

1

1 1 1 1 1
—§ﬁN . GEBN eé,@N . 6—5,8N 6_56]\[ . eiﬂN

e
e 1 lonv | —lgn ” ( lon | “lov  Ian | Iy
e2 +e 2 e2 +e 2 e2 +e 2

& 272> 2(e%5N —~ e—%ﬁN) (N —-1)

J(v 1)

eféﬁN
& G%ﬁN_e_%6N>N—1 & eﬂN—1>N_1
N eﬁN—1<N_1 2N 66N<N]\11’
which is condition (4.32)). [

4.7 Further results

In the present section we collect a number of technical results of a general
nature that will be needed in later chapters. On a first reading, readers are
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adviced to skip the present section and refer back to specific results when the
need arises. The only result of the present section that is perhaps of some
intrinsic value is Theorem which together with Corollary below
implies that the transition probabilities of interacting particle systems on
infinite lattices can be approximated by those on finite lattices, something
that we have been using implicitly when doing simulations.

Let E be a compact metrizable space. By definition, a collection of func-
tions H C C(FE) is distribution determining if

uf=vfVfeH implies pu=uw.

We say that H separates points if for all x,y € E such that x # y, there exists
an f € H such that f(x) # f(y). We say that H is closed under products if
f,g € H implies fg € H.

Lemma 4.24 (Application of Stone-Weierstrass) Let E be a compact
metrizable space. Assume that H C C(E) separates points and is closed under
products. Then H is distribution determining.

Proof If uf = vf for all f € H, then we can add the constant function 1 to
‘H and retain this property. In a next step, we can add all linear combinations
of functions in H to the set H; by the linearity of the integral, it will then
still be true that puf = vf for all f € H. But now H is an algebra that
separates points and vanishes nowhere, so by the Stone-Weierstrass theorem,
Hisdensein C(E). If f, € H, f € C(E), and || f,— f|looc — 0, then pf, — pf
and likewise for v, so we conclude that uf = vf for all f € C(E). f ACE
is a closed set, then the function f(x) := d(z, A) is continuous, where d is
a metric generating the topology on E and d(z, A) := inf,c4 d(x,y) denotes
the distance of x to A. Now the functions f,, := 1 Anf are also continuous
and f, T 14c, so by the continuity of the integral with respect to increasing
sequences we see that u(O) = v(O) for every open set O C E. Since the
open sets are closed under intersections, it follows that p(A) = v(A) for every
element A of the o-algebra generated by the open sets, i.e., the Borel-o-field
B(E). |

Lemma 4.25 (Weak convergence) Let E be a compact metrizable space.
Assume that p, € My(E) have the property that lim, o i, f exists for all
f € H, where H C C(F) is distribution determining. Then there exists a
€ My(E) such that p, = p.

Proof By Prohorov’s theorem, the space M;(F), equipped with the topol-
ogy of weak convergence, is compact. Therefore, to prove the statement, it
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suffices to show that the sequence pu, has not more than one cluster point,
i.e., it suffices to show that if u, ' are subsequential limits, then ' = pu.
Clearly, u, i/ must satisfy @/ f = pf for all f € H, so the claim follows from
the assumption that H is distribution determining. |

Lemma 4.26 (Continuous probability kernels) Let E be a compact
metrizable space and let K be a continuous probability kernel on E. Then,

Jor any Hony b € Ml(E) and fn, [ € C(E')7

Wy = p implies p, K = pk
n—00 n—00
and || fo— flloo — 0 implies ||Kf, — K f|lco — 0.
n—00 n—00

Proof Since K is a continuous probability kernel, its associated operator
maps the space C(E) into itself, so u,, = w implies that p,(Kf) = u(Kf)
for all f € C(F), or equivalently (u,K)f = (uK)f for all f € C(E), i.e., the
measures p, K converge weakly to u.

The second statement follows from the linearity and monotonicity of K
and the fact that K1 = 1, which together imply that [|[Kf, — K[|l <

an_fHoo |

Lemma 4.27 (Long-time limits) Let E be a compact metrizable space
and let (Py)i>o be the transition probabilities of a Feller process in E. Let
pw e My(E) and assume that

ulPy = v

t—o0

for some v € My(E). Then v is an invariant law of the Feller process with
transition probabilities (P;);>o-

Proof Using Lemma [4.26] this follows by writing
vP, = (lim pP)P, = lim pP, P, = lim puPsy = v.
§—00 S—00 §—00

The following theorem follows from [Kal97, Thm 17.25], where it is more-
over shown that the condition implies convergence in distribution of
the associated Feller processes, viewed as random variables taking values in
the space Dg[0,00) of cadlag paths with values in E. Note that in (4.33)
below, — (of course) means convergence in the topology we have defined on
C(E), i.e., convergence w.r.t. the supremumnorm.
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Theorem 4.28 (Limits of semigroups) Let E be a compact metrizable
space and let Gy, G be generalors of Feller processes in E. Assume that there
exists a linear operator on C(E) such that A= G and

Vf e D(A) 3f, € D(G,) such that f, — f and G.f, — Af. (4.33)

Then the Feller semigroups (P}")i>o and (P;)i>o0 with generators G, and G,
respectively, satisfy

sup | P/'f = Pifllec — 0 (f €C(E), T < ).
te[0,T n—00

Moreover, if p,, n € My(E), then
U = 1 implies pu,P' = pP, (t >0).
n—oo n—oo

We note that in the case of interacting particle systems, Theorem [4.17]
implies the following.

Corollary 4.29 (Convergence of particle systems) Let S be a finite
set and let A be countable. Let G,,G be generators of interacting particle
systems in S and assume that G, G can be written in the form @ with

rates satisfying . Assume moreover that

Han - GfHoo 730 0 (f € Cﬁn(SA))-

Then the generators G, G satisfy .

Theorem [4.28 has the following useful consequence.

Proposition 4.30 (Limits of invariant laws) Let E be a compact metriz-
able space and let G,,G be generators of Feller processes in E satisfying
. Let v,,v € M1(E) and assume that for each n, the measure v, is an
invariant law of the Feller process with generator G,,. Then v, = v implies
that v is an invariant law of the Feller process with generator G.

Proof Using Theorem {4.28, this follows simply by observing that

vP, = lim v, P = lim v, = v
n—oo n—o0

for each t > 0. [ |
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Chapter 5

Monotonicity

5.1 The stochastic order

We recall that if S and T are partially ordered sets, then a function f : S — T
is called monotone iff x < y implies f(z) < f(y). In particular, this definition
also applies to real-valued functions (where we equip R with the well-known
order). If the local state space S of an interacting particle system is partially
ordered, then we equip the product space with the product order

r<y iff z(i) <y(i)VieA.

Many well-known interacting particle systems use the local state space S =
{0,1}, which is of course equipped with a natural order 0 < 1. Often, it
is useful to prove comparison results, that say that two interacting particle
systems X and Y can be coupled in such a way that X; <Y for all £ > 0.
Here X and Y may be different systems, started in the same initial state,
or also two copies of the same interacting particle system, started in initial
states such that Xy < Yj.

The following theorem gives necessary and sufficient conditions for it to
be possible to couple two random variables X and Y such that X <Y. A
coupling of two random variables X and Y, in the most general sense of the
word, is a way to construct X andY together on one underlying probability
space (£, F,P). More precisely, if X and Y are random variables defined
on different underlying probability spaces, then a coupling of X and Y is
a pair of random variables (X', Y”) defined on one underlying probability
space (2, F,P), such that X’ is equally distributed with X and Y” is equally
distributed with Y. Equivalently, since the laws of X and Y are all we really
care about, we may say that a coupling of two probability laws p, v defined on
measurable spaces (F, &) and (F, F), respectively, is a probability measure

89
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p on the product space (E x F,E ® F) such that the first marginal of p is p
and its second marginal is v.

Theorem 5.1 (Stochastic order) Let S be a finite partially ordered set,
let A be a countable set, and let p,v be probability laws on S*. Then the
following statements are equivalent:

(i) [(dz)f(z) < [v(dz)f(z) ¥V monotone f € C(S),
(ii) [ u(dz)f(z) < [v(dz)f(z) V monotone f € B(S™),

(i) 1t is possible to couple random variables X,Y with laws
p=PX € ]andv =P[Y € -] in such a way that X <Y.

Proof The implication (iii)=-(ii) is easy: if X and Y are coupled such that
X <Y and f is monotone, then

E[f(Y)] —E[f(X)] =E[f(Y) - f(X)] =0,

since f(Y) — f(X) > 0 a.s. The implication (ii)=-(i) is trivial.

For the nontrivial implication (i)=-(iii) we refer to [Lig85 Theorem I1.2.4].
For finite spaces, a nice intuitive proof based on the max flow min cut theorem
can be found in [Pre74]. |

If two probability laws u,v satisfy the equivalent conditions of Theo-
rem [5.1] then we say that pu and v are stochastically ordered and we writd]|
uw < v. Clearly p < v < p implies i < p. In light of this, the next lemma
shows that the stochastic order is a bona fide partial order on M, (S%).

Lemma 5.2 (Monotone functions are distribution determining) Let
S be a finite partially ordered set and let A be countable. Then the set {f €
C(S™) : f is monotone } is distribution determining. In particular, p < v
and p > v imply = v.

Proof Since the finite-dimensional distributions uniquely determine a prob-
ability measure on S?, it suffices to prove the statement for finite A. In view
of this, it suffices to show that if S is a finite partially ordered set, then the
space of all monotone functions f : S — R is distribution determining.

By definition, an increasing subset of S'isaset A C Ssuchthat Az <y
implies y € A. If A is increasing, then its indicator function 14 is monotone,

!This notation may look a bit confusing at first sight, since, if y, v are probability
measures on any measurable space (w, F), then one might interpret x4 < v in a pointwise
sense, i.e., in the sense that pu(A) < v(A) for all A € F. In practice, this does not lead
to confusion, since pointwise inequality for probability measures is a very uninteresting
property. Indeed, it is easy to check that probability measures u,v satisfy p < v in a
pointwise sense if and only if = v.
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so it suffices to show that {14 : A increasing} is distribution determining.
By Lemma [£.24] it suffices to show that this class separates points and is
closed under products.

If x # y, then either x & {2z : 2z >yt ory &€ {z : 2z > x}, so {14 :
A increasing} separates points. If A, B are increasing, then so is AN B, so
by the fact that 1415 = 1405 we see that {14 : A increasing} is closed under
products. |

We continue to consider spaces of the form S* where S is a finite partially
ordered set and A is countable. In particular, since A be a set with only one
element, this includes arbitrary finite partially ordered sets. By definition, a
probability kernel K on S* is monotone if it satisfies the following equivalent
conditions. Note that in (i), < denotes the stochastic order. The equivalence
of (i) and (ii) is a trivial consequence of Theorem [5.1]

(i) K(z,-) < K(y, ) for all z < y.
(ii) K f is monotone whenever f € C(S*) is monotone.

We note that if K is monotone, then
pw<v implies puK <vK. (5.1)

Indeed, for each montone f € B(S™), the function K f is also monotone and
hence p < v implies that uK f < vKf.

By definition, a random mapping representation of a probability kernel
K is a random map M such that

K(z,-)=PM(z) € -] Va. (5.2)

We say that K can be represented in the class of monotone maps, or that
K is monotonically representable, if there exists a random monotone map
M such that (5.2) holds. We recall from Section that when a Markov

generator (G is written in the form

Gf(z) =) ru{f(m(z)) - f(2)}, (5.3)
meg
then we call (5.3) a random mapping representation of G. If the set G can
be chosen such that all maps m € G are monotone, then we say that G is
monotonically representable.

Lemma 5.3 (Monotone representability) FEach monotonically represent-
able probability kernel is monotone. If the generator of an interacting particle
system 1s monotonically representable, then, for each t > 0, the transition
probability P, is a monotonically representable probability kernel .
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Proof If a probability kernel K can be written in the form with M a
random monotone map, then for each z < y, the random variables M (z) and
M (y) are coupled such that M (x) < M(y) a.s., so their laws are stochastically
ordered as K(z, -) < K(y, - ). Since this holds for all z < y, the kernel K is
monotone.

Given a random mapping representation of the form of the gener-
ator G of an interacting particle system, we can construct a stochastic flow
(Xst)s<t as in Theorem based on a Poisson set w C G x R. If all maps
m € G are monotone, then the random maps X, : S* — S* are also mono-
tone, since they are pointwise defined as the concatenation of finitely many
maps from G. It follows that

Pz, )= P[X07t(aj) € }

is a representation of P, in terms of the random monotone map X, so B
is monotonically representable. [

We say that an interacting particle system is monotone if its transition
kernels are monotone probability kernels, and we say that it is monotoni-
cally representable if its generator is monotonically representable. Somewhat
surprisingly, it turns out that for probability kernels, “monotonically repre-
sentable” is a strictly stronger concept than being “monotone”. See [FMOI]
for an example of a probability kernel on {0,1}* that is monotone but not
monotonically representable. Nevertheless, it turns out that (almost) all
monotone interacting particle systems that one encounters in practice are
also monotonically representable.

The following maps are examples of monotone maps:

e The voter map vot;; defined in (1.4)).

e The branching map bra;; defined in (1.6

e The death map death; defined in .

e The coalescing random walk map rw;; defined in ({1.18)).
e The exclusion map excl;; defined in (|1.21]).

e The cooperative branching map coop,; defined in (1.23).
e The maps me defined in (4.29)).

As a result, the following interacting particle systems are monotonically rep-
resentable (and hence, in particular, monotone):
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e The voter model with generator as in (|1.5]).
e The contact process with generator as in (|1.8)).

e The ferromagnetic Ising model with Glauber dynamics, since its gen-
erator can be written as in (4.31)).

e The biased voter model with generator as in ([1.15)).
e Systems of coalescing random walks with generator as in (|1.19)).
e The exclusion process with generator as in .
e Systems with cooperative branching and coalescence as in Figure [1.11]
On the other hand, the following maps are not monotone:
e The annihilating random walk map ann;; defined in (|1.20)).
e The killing map kill;; defined in (|1.24)).
Examples of interacting particle systems that are not monotoneﬂ are:
e The antiferromagnetic Ising model with Glauber dynamics.
e “Rebellious” voter models as in (|1.16|).
e Systems of annihilating random walks.

e The biased annihilating branching process of [Sud97, [Sud99].

5.2 The upper and lower invariant laws

In the present section, we assume that the local state space is S = {0, 1},
which covers all examples of monotone interacting particle systems mentioned
in the previous section. We also use the symbols 0 and 1 to denote the states
in SA that are identically 0 or 1, respectively. Below, d, denotes the delta,
measure at the configuration that is identically 0, so dyP; denotes the law at
time t of the process started in Xy(i) =0 a.s. (i € A).

2Note that the fact that a given interacting particle system is represented in maps that
are not monotone does not prove that the system is not monotone. Indeed, it is conceivable
that the same system can also be monotonely represented.



94 CHAPTER 5. MONOTONICITY

Theorem 5.4 (Upper and lower invariant laws) Let X be an interacting
particle system with state space of the form {0, 1}* and transition probabilities
(P)i>0. Assume that X is monotone. Then there exist invariant laws v and
v such that

0o, = v and 6P — 7.

t—o00 t—00

If v is any other invariant law, then v < v < D.

The invariant laws v and 7 from Theorem [5.4] are called lower and upper
invariant law, respectively. Before we give the proof of Theorem [5.4], we start
with two preparatory lemmas.

Lemma 5.5 (Equal mean) Let i, v be probability laws on {0,1}% such that
uw<vand

/ u(da) 2(i) > / Wdz) (i) (i€ A).
Then p = v.

Proof By Theorem we can couple random variables with laws P[X €
‘]=pand PY € -] = v in such a way that X <Y. Now E[X(i)] > E[Y ()]
implies E[Y' (i) — X ()] < 0. Since Y (i) — X(i) > 0 a.s., it follows that
X(i) = Y(i). In particular, if this holds for all i € A, then p = v. |

Lemma 5.6 (Monotone convergence of probability laws) Let (v,,),>0
be a sequence of probability laws on {0, 1}* that are stochastically ordered as
v < gy (K> 0). Then there exists a probability law v on {0,1}* such that
Vp = U, t.€., the v, ’s converge weakly to v.

Proof Since v, f increases to a finite limit for each monotone f € C({0, 1}*),
this is an immediate consequece of Lemmas and [4.25] |

Proof of Theorem [5.4| By symmetry, it suffices to prove the statement for
v. Since 0 is the lowest possible state, for each ¢t > 0, we trivially have

0o < 0o
By (5.1)), this implies that
50Ps S §O-PtPs - 6O-Pt+s (S,t 2 0)7

which shows that ¢ — &g P; is nondecreasing with respect to the stochastic
order. By Lemma 5.6, each monotone sequence of probability laws has a
weak limit, so there exists a probability law v on {0, 1}* such that

(Sopt — V.
t—00
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It follows from Lemma that v is an invariant law.
To complete the proof of the theorem, we observe that if v is any other
invariant law, then, by (5.1)), for any monotone f € C({0,1}*),

do<v = 0P <vP=v (t>0).

Letting ¢t — oo, if follows that vf < vf for all monotone f € C({0,1}"),
which by Theorem [5.1] implies that v < v. |

Theorem 5.7 (Ergodicity of monotone systems) Let X be a mono-
tone interacting particle system with state space {0,1}* and upper and lower
invariant laws v and . If

/ v(dz)z(i) = / v(dz)z(i)) Vi€ A, (5.4)

then X has a unique invariant law v == v = U and is ergodic in the sense
that
T . A
P*[X, € ]t?oo” (z € {0,1}).

On the other hand, if does not hold, then X has at least two invariant

laws.

Proof By Lemma , is equivalent to the condition that v =v. It is
clear that if v # 7, then X has at least two invariant laws and ergodicity
cannot hold. On the other hand, by Theorem [5.4] any invariant law v satisfies
v<v<uv,soifv=v,thenv=v="1.

To complete the proof, we must show that v = v =: v implies , P, = v
as t — oo for all x € {0,1}*. Since

ool f < 0P f <P f
for all monotone f € C({0,1}"), we see that

vf <liminf P, f < limsup B f <7f
—00

t—o00

The claim now follows from Lemmas [4.25 and [5.2] |

To state the final result of this section, we need a bit of theory. We
observe that for any interacting particle system, the set Z of all invariant
laws is a compact, convex subset of M;(S?). Indeed, if 4 and v are invariant
laws and p € [0, 1], then clearly

P(pp+ (A =pv)=pPip+ (1 —-p)Pwv=pu+(1-pr (t>0),
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proving that pu + (1 — p)v is an invariant law. The fact that Z is closed
follows from Proposition . Since M (S™) is compact, T is also compact.

By definition, an element v € 7 is called extremal if it cannot be written
as a nontrivial convex combination of other elements of Z, i.e.,

v=npv+ (1 —p 0<p<l, vy,ry €Z) implies vy =1y =1v.
We let
Z.:={v € 7 : v is an extremal element of Z}.

Since 7 is compact and convex, Choquet’s theorem implies that each invariant
law v can be written as

V= / pu(dp)p,

where p, is a probability measure on Z.. In practice, it happens quite oftenE|
that Z, is a finite setﬁ In this case, Choquet’s theorem simply says that each
invariant law is a convex combination of the extremal invariant laws, i.e.,
each invariant law is of the form

v="> pwp,

HELe

where (p(¢)) ez, are nonnegative constants, summing up to one. In view of
this, we are naturally interested in finding all extremal invariant laws of a
given interacting particle system.

Lemma 5.8 (The lower and upper invariant law are extremal) Let X
be a monotone interacting particle system with state space {0,1}* and upper
and lower tnvariant laws v and U. Then v and U are extremal invariant laws

of X.
Proof By symmetry, it suffices to prove the statement for 7. Imagine that
v=pn+ (1 —plry, forsome 0<p<l1, vy, €.

By Theorem [5.4] for each monotone f € B({0,1}*), one has v, f < 7f and
vof <Tf. Since

p@wf—wnf)+ 1 -p)@f—rf) =0,

it follows that vf = vy f = U5 f. Since this holds for each monotone f, we
conclude (by Lemma that 7 = v; = 5. |

3Though the voter model in dimensions d > 3 is a counterexample.
4This may, however, be quite difficult to prove!
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Exercise 5.9 Let X be an interacting particle system with state space
{0,1}* and generator G. Assume that G has a random mapping represen-
tation in terms of monotone maps and let (Xs;)s<t be the corresponding
stochastic flow as in Theorem[{.14). Show that the a.s. limits

X, = lim X,,(0),
$——00
Yt = lim Xs,t(l) (t < R>

§——00
define stationary Markov processes (X, )ier and (X,)ier whose invariant laws
v=PX,€-] and 7=P[X; € -] (t € R)

are the lower and upper invariant law of X, respectively. Show that
implies that
lim X, (z) =X, =X, as. (ze{0,1}* teR).

S——00

5.3 The contact process

We recall the definition of the contact process from . Since both the
branching and death map are monotone, this is a monotonically representable
interacting particle system, so by Theorem [5.4] it has a lower and upper
invariant law v and 7. Since bra;;(0) = 0 and death;(0) = 0 for each 4, j € A,
the all-zero configuration 0 is a trap for the contact process, so dgP; = dg for
all ¢ > 0 and hence

VvV = (50.

Therefore, by Theorem [5.7], the contact process is ergodic if and only if the
function

O(N) = /ﬁ(dx) x(7) (i € 79 (5.5)

satisfies #(A) = 0. Here A denotes the infection rate and we stick to the
convention to take the recovery rate ¢ equal to 1. We note that by
translation invariance, for the model on Z? (either nearest-neighbor or range
R), the density [7(dz)x(i) of the upper invariant law does not depend on
i € Z% For reasons that will become clear in the next chapter, 6()\) is
actually the same as the survival probability started from a single occupied
site, i.e., this is the function in Figure (1.4

By definition, we say that a probability law p on {0, 1}* is nontrivial if

p({0}) =0,

i.e., if p gives zero probability to the all-zero configuration.
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Lemma 5.10 (Nontriviality of the upper invariant law) For the con-
tact process, if U # &y, then U is nontrivial.

Proof We can always write 7 = (1 — p)dy + pp where p € [0,1] and pu is a
nontrivial law. By assumption, 7 # §y, so p > 0. Since 7 and J, are invariant
laws, p must be an invariant law too. By Lemma v cannot be written as
a nontrivial convex combination of other invariant laws, so we conclude that
p=1. [ |

Proposition 5.11 (Monotonicity in the infection rate) Let 7y denote
the upper invariant law of the contact process with infection rate A. Then A <
X implies Uy < Uy. In particular, the function A\ — 0(\) is nondecreasing.

Proof Let X and X’ be contact processes started in the initial state Xy =
1 = X{, and with infection rates A and \'. It suffices to prove that X and X'
can be coupled such that X; < X] for all ¢t > 0.

We use a Poisson construction, based on the random mapping represen-
tation . We write G = Gira U Ggeatn, Where

Gira 1= {bray; : (i,7) € £ and  Ggean = {death; : i € Z9}.

Then X can be constructed as in Theorem from a Poisson point set w
on

g xR = (gbra U gdeath) X Ra

with intensity measure p, given by

M(A) i m € Goa,

Ac BR
0(A) if M € Gaeatn, (4 € BR)).

pa({m} x A) = {

where ¢ denotes the Lebesgue measure. Likewise, X’ can be constructed from
a Poisson point set w’ with intensity py. We claim that we can couple w and
w’ in such a way that the latter has more branching events, and the same
death events as w. This can be done as follows. Let w” be a Poisson point
set on G X R, independent of w, with intensity measure p” := py — py, i.e.,

(N = N(A)  if m € Gora,

A e B(R)).
0 it me gdeath7 ( ( ))

pr({m} x A) == {

Since the sum of two independent Poisson sets yields another Poisson set,
setting
W= w4 W
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defines a Poisson point set with intensity py. We observe that
x <z’ implies bra;(z) < bra;(z'),
x <z’ implies death;(x) < death;(z’),
z <z’ implies x <bra;(z).
The first two statements just say that the maps bra;; and death; are mono-
tone. The third statement says that if we apply a branching map only to the
larger configuration z’, then the order between x and 2’ is preserved.
Since w’ has the same branching and death events as w, plus some extra

branching events, we conclude that the stochastic flows (X ¢)s<: and (X ;)s<s
constructed from w and w’ satisfy

v <z’ implies X, (z) <X/, (2) (s <t).

In particular, setting X; := Xo,(1) and X; := X{ (1) yields the desired
coupling between X and X'. |

Exercise 5.12 Let X be a contact process on a graph A where each site 1
has ezactly |N;| = N neighbors. Calculate the constant K from and
apply Theorem [{.29 to conclude that

AN <1 implies U= dy.

In Chapter [7, we will prove that #(X) > 0 for A sufficienty large.

5.4 Other examples

The Ising model with Glauber dynamics

We have seen in (4.31)) that the generator of the Ising model with Glauber
dynamics is monotonicaly representable, so by Theorem [5.4} [[] it has a lower
and upper invariant law v and 7. We let

ma(B) = / 7(da) 2(0),

which is independent of ¢ if the processes has some translation invariant
structure (like the nearest neighbor or range R processes on Z<). For reasons
that cannot be explained here, this function is actually the same as the

5The difference between the local state space {—1,1} of the Ising model and {0,1} of
Theorem is of course entirely notational.
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one defined in ([1.13)), i.e., this is the spontaneous magnetization of the Ising
model, see Figure[l.6| By the symmetry between +1 and —1 spins, we clearly
have

/g(dzz)z(z) = —m.(f).
By Theorem {4.23] we have

"N < implies v =7,

N -1

from which we conclude that m,(5) = 0 for § sufficiently small,

The function 5 +— m,(5) is nondecreasing, but this cannot be proved
with the sort of techniques used in Proposition [5.11} The lower and upper
invariant laws of the Ising model with Glauber dynamics are infinite volume
Gibbs measures, and much of the analysis of the Ising model is based on this
fact. In fact, the Ising model with Glauber dynamics is just one example of
an interacting particle system that has these Gibbs measures as its invariant
laws. In general, interacting particle systems with this property are called
stochastic Ising models, and the Gibbs measures themselves are simply called
the Ising model. We refer to [Lig85, Chapter IV] for an exposition of this
material. In particular, in [Lig85 Thm IV.3.14], it is shown that for the
nearest-neighbor model on Z2, one has m,(3) > 0 for 3 sufficiently large.

The voter model

Consider a voter model with local state space S = {0,1}. Since the voter
maps vot;; from (|1.4) are monotone, the voter model is monotonically rep-
resentable. Since both the constant configurations 0 and 1 are traps,

v=20p and V=0,

so we conclude (recall Theorem that the voter model is never ergodic.
For the model on Z¢, it is proved in [Lig85, Thm V.1.8] that if d = 1,2, then dg
and d; are the only extremal invariant laws. On the other hand, in dimensions
d > 3, the set Z, of extremal invariant laws is of the form {v, : p € [0,1]}
where the invariant measure v, has intensity [v,(dz)z(i) = p. We will give
a partial proof of these statements in Chapter [6]
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5.5 Exercises

Exercise 5.13 Give an example of two probability measures p,v on a set
of the form {0, 1} that satisfy

[ntazysti) < [uanyst) e,
but that are not stochastically ordered as p < v.

Exercise 5.14 Let (X}')i>o denote the contact process with infection rate \
(and death rate one), started in X3 = 1. Apply C’orollary to prove that
for each fized t > 0, the function

0:(\) == P[Xg, (1)(i) = 1] (5.6)

depends continuously on A. Use this to conclude that the function 6(X\) from
18 right-continuous. Hint: Use that the decreasing limit of continuous
functions is upper semi-continuous.

For the next exercise, let us define a double death map

0 if ke {ij},

deathy;z(k) := { z(k) otherwise. (5:7)

Recall the branching map bra,; defined in , the death map death; de-
fined in , and the cooperative branching map coop,; defined in (1.23)).
Consider the cooperative branching process X with values in {0,1}* with
generator

Gxf(r)=A Z Z {f(COOPi,z'+a,z'+2ox) - f(x)}

1€Z oc{—1,+1}

+ Z {f(death;z) — f(x)},

i€z
and the contact process with double deaths Y with generator

Gyf(y)=A Z Z {f(brai,z’-‘ray) - f(y)}

i€Z ge{—1,+1}

+ Z {f(deathi,prly) - f(y) }’

1€EZL

Exercise 5.15 Let X be the process with cooperative branching defined above
and set
2) /. ‘
Xt( )(2) = Lix,()=1=X, (i+1)} (1eZ, t>0).
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Show that X can be coupled to a contact process with double deaths Y (with
the same parameter \) in such a way that

Yo < X implies Y, < X®  (t>0).

Exercise 5.16 Show that a system (Xi)i>0 of annihilating random walks
can be coupled to a system (Y:)i>o of coalescing random walks such that

Xo <Yy dmplies X; <Y, (t>0).
Note that the annihilating random walks are not a monotone particle system.

Exercise 5.17 Let X be a system of branching and coalescing random walks
with generator

GXf(iU):%bZ Z {f(brajisoz) — f(z)}

1€Z oe{—1,+1}

+13 0 Y {f(rwiien) — f(2) ),

1€Z oe{—-1,+1}

and let Y be a system of coalescing random walks with positive drift, with
generator

Gy f(y)=31+b)> {f(rwiiny) — f(v) }

1EZL

+1 Z {f(rwiiy) = fy) }-

i€z
Show that X and 'Y can be coupled such that

Yo < Xo implies Y, < X, (t>0).

Exercise 5.18 Let d < d' and identify Z% with the subset of Z* consisting
of all (iy,...,iq) with (ige1,...,i¢) = (0,...,0). Let X and X' denote the
nearest-neighbor contact processes on Z¢ and Z , respectively, with the same
infection rate . Show that X and X' can be coupled such that

Xo(@) < Xp(i)  (ieZ?)

implies

X,(i) < X)) (>0, ieZ.
Prove the same when X is the nearest-neighbor process and X' is the range
R process (both on Z2).



Chapter 6

Duality

6.1 Introduction

In Figure 4.1, we have already seen an example of a graphical representation
of a contact process, together with an example of the set Cs{k}’u of sites whose
value at time s is relevant for the value of k at time w. In Lemma [4.12] we
have already seen that for quite general interacting particle systems, under
suitable summability conditions on the rates, the “backwards in time” process

(Cﬁ}{u)tzo

is a Markov process with values in the set of finite subsets of the lattice A,
and that the expected size of Cﬁ}t" grows at most exponentially in .

In the particular case of the contact process, by looking at Figure and
remembering how the maps bra;; and death; are defined, we can make some
interesting observations:

(i) The set-valued process ((ﬁ}t’u)tzo, or rather the process of the corre-
sponding indicator functions, is itself a contact process.

(ii) The site k is infected at time w if and only if at least one site in iR

is infected at time s.

Observation (ii) means that we can construct X; only by knowing the initial
state Xy and knowing the sets Cék}’t for each k € A. This idea of “looking
back in time” leads to the very useful concept of duality.

To demonstrate the usefulness of this idea, in Section [6.5] we will use
“looking back in time” considerations to show that the voter model clusters
in dimensions d = 1,2, but not in dimensions d > 3. In Section [6.6, we use
the self-duality of the contact process to prove that for processes with some

103
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sort of translation invariant structure, the upper invariant law is the limit
law started from any nontrivial translation invariant initial law, and we will
show that this in turn implies that the function #(\) from is continuous
everywhere, except possibly at the critical point. Finally, in Section [6.7]
we use duality to show that for a model with a mixture of voter model
and contact process duality, the critical points associated with survival and
nontriviality of the upper invariant law coincide.

Before we come to these applications, we first develop the observations
(i) and (ii) into a more general idea, which will first lead to the concept of
additive systems duality, and then Markov process duality more generally.

6.2 Additive systems duality
By definition, a map m : {0, 1}* — {0,1}* is additive iff
(i) m(0) =0,
(i) m(z Vy) = m(z) Vm(y) (z,y € {0,1}*).

Since we will only be interested in local maps, in view of Exercise[4.10}, we can
assume without loss of generality that A is finite. For i € A, let 1y; denote
the indicator function of 4, i.e., the element of {0, 1}* such that 13 () = 1
and 1p;(j) = 0 for all 4 # 5. Since

m(z) = \/ m(ly),

irx(1)=1

an additive map is uniquely characterized by its action on configurations of
the form 1. It is easy to see that additive maps are monotone. Examples
of additive maps are:

e The voter map vot;; defined in (1.4).
e The branching map bra;; defined in (1.6]).
e The death map death; defined in .
e The coalescing random walk map rw;; defined in .
e The exclusion map excl;; defined in .
On the other hand, the following maps are monotone, but not additive:

e The cooperative branching map coop;; defined in (1.23).
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e The maps me used to construct the Ising model with Glauber dynam-

ics in (4.31)).

An interacting particle system is called additive if its generator can be rep-
resented in additive local maps. Examples of additive particle systems are

e The voter model with generator as in (|1.5).
e The contact process with generator as in (|1.8)).

e The biased voter model with generator as in (|1.15]).

Systems of coalescing random walks with generator as in ([1.19)).
e The exclusion process with generator as in (|1.22]).

In the graphical representation of an additive particle system, we visualize
an event (m,t) € w where m is an additive local map in the following way:

(i) For each i # j such that m(1y;)(j) = 1, we draw an
arrow from (i,t) to (j,1)

(ii) For each i such that m(1g;)(¢) = 0, we draw a blocking
symbol mm at (i,t).

In Figure we drew the graphical representation of a contact process in
the following fashion:

time

0 1 2 3 4 ) 6 7 8 9

space Z

With our new conventions, the same graphical representation looks as follows:
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time

0 1 2 3 4 5 6 7 8 9

space Z

The voter model map vot;;, coalescing random walk map rw;;, and exclusion
map excl;; look in the same convention as follows:

voti o Ty exclyo

For any i,j € A and s < u, by definition, an open path from (i, s) to (j, u)
is a cadlag function v : (s,u] — A such that v, =1, v, = j, and

(i) if 4— # v for some t € (s, u], then there is an

arrow from (y,_,t) to (y,1), 6.1)
(i) there exist no t € (s, u] such that 3 = .
t).

while there is a blocking symbol at (v,

In the context of additive systems, one can check that these open paths
are exactly the paths of potential influence defined in . Moreover, the
stochastic flow (X;;)s<; associated with the graphical representation of an
additive particle system has the following simple description:

Xst(z)(7) =1 iff  there exists an ¢ € A such that z(i) =1

2
and an open path from (i, s) to (j,1). (62)

For example, for the graphical representation of the contact process that we
earlier used as an example, the time evolution of the process X; := X (X))
(t > 0) might look as follows:
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time Xy
0 0 1 1 1 0 1 0 0 0

Thanks to formula (6.2)), there is a simple way to find out if at a given time
t, the site j is in the state X;(j) = 1: we simply follow all open paths ending
at (j,t) backward in time, and check if at time zero one of these paths arrives
at a site ¢ with Xo(¢7) = 1. We observe that open paths backwards in time are
in fact the open paths forward in time of a different graphical representation,
that is obtained by turning the original graphical representation upside down
and reversing the direction of all arrows. In other words, setting

Y:s(y)(i) =1 iff  there exists a j € A such that z(j) =1

6.3
and an open path from (i, s) to (j, ). (63)

defines a collection of random maps (Y ):>s that is almost a stochastic flow,
except that time runs backwards; more precisely, setting

A~

Ys,t = Y—s,—t (5 < t)

defines exactlyf] a stochastic flow that belongs to an (a priori) different ad-
ditive particle system. For example, for the graphical representation of our
contact process, reversing the direction of all arrows and letting time run
downwards, the picture is as follows:

T Actually, this is still not completely correct, since YA'S_,t(y), for fixed y and s, is left
continuous with right limits as a function of ¢, instead of cadlag. But since we will mostly
be interested in deterministic times s,t, we can ignore this small technical complication
for the moment.
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0 0 0 1 1 1 1 0 0 0
time Y,

We fix t > 0 and deterministic Xo, Yy € {0,1}*, and using the stochastic
flows (Xs1)s<t and (Y )s<¢ from (6.2]) and (6.3), we define additive particle
systemsﬂ X and Y by

X :=X(X
0.s(Xo) (s >0).
Y, ::Yt,tfs(YE])
Then
Xt /\ % == 0

& there is no open path from a point (i,0) to a point (j,t)
such that Xy(i) =1 and Y(j) =1

& XoNY,=0.

In other words, we have coupled the processes X and Y in such a way that

In particular, taking expectations, this shows that
PX; AYy=0]=P[X,AY; =0 (t >0).

We note that these relations are also true for processes with random initial
states Xy and Yj, as long as we take Xy and Yj independent of each other
and of the graphical representation w. In this case X, is independent of Y
and Y; is independent of Xj.

The following proposition summarizes what we have discovered so far.

2The paths of Y, defined in this way, will be left continuous with right limits, but as
before we ignore this small complication for the moment.
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Proposition 6.1 (Additive systems duality) For each additive local map
m : {0,1}* — {0,1}* there exists a unique dual map m’ : {0,1}* — {0,1}4
such that

Lm@) Ay =0} = Yo am/(y) =0y (@ve{01}Y), (6.4)

and this dual map m' is also an additive local map. Let G be a collection of
additive local maps, let (rm)meg be nonnegative constants, and assume that
the generators

Gf(x):= ra{f(m(z)) — f ()},
, (S , (6.5)
G'fy)=>_ ra{f(m ) - f(v)}
meg
both satisfy the summability condition ([{.17). Let X = (Xi)>0 and Y =
(Y2)t>0 be interacting particle systems with generators G and G', respectively.
Then, for each t > 0, it is possible to couple X and Y in such a way that for
each s € [0,t], the processes X5 and Y;_s are independent, and

In particular, if X; is independent of Yy and Y; is independent of Xy, then
PX; AYy=0] =P[XoAY; =0] (t >0). (6.7)

Proof We have already seen that each additive local map m has a dual which
can graphically be represented by reversing the arrows of m and keeping the
blocking symbols in place. Knowing 1iam (=0} for all z € {0,1}* clearly
determines m’(y) uniquely, since 1y Am/(y) = 0 if and only if m/(y)(i) = 0.

If G and G’ bothE| satisfy the summability condition , then by Theo-
rem[4.14] their graphical representations can be used to construct well-defined
processes X and Y. We have alread seen how using these graphical represen-
tations, for fixed t > 0, it is possible to couple the processes X and Y such
that

In fact, for the same coupling, if we fix any s € [0,¢], then X is a function
only of Xy and Poisson events with times in (0, s], while Y;_ is a function
only of Yy and Poisson events with times in (s,t], so by the fact that the

3Tt is easy to find examples where G satisfies the summability condition (4.17)) while
G’ does not, so in general, one has to check this condition for both G' and G’.
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restrictions of Poisson point sets to disjoint parts of space are independent,
we see that X, is independent of Y;_,. Moreover, we observe that

XsNYs=0

< there is no open path from a point (,0) to a point (j, 1), (6.8)
such that Xy(i) =1 and Yy(j) =1

SO follows from our earlier argumentsﬁ Taking expectations, this implies

in particular (6.7)). n

If two additive local maps m and m’ are related as in , then we say
that they are dual to each other. Using the recipe: “reverse the arrows and
keep the blocking symbols in place”, it is easy to find the duals of the additive
local maps we have already seen. Indeed:

[
VOtij =TIWy4,
/ B ..
bra;; =braj;,
death; =death;,

/ f— ..
excl;; = excly;.

(6.9)

We say that two additive interacting particle systems X and Y are dual if
their generators G and G’ satisfy . In particular, we see that the voter
model is dual to a system of coalescing random walks, while the contact and
exclusion processes are self-dual, i.e., they are their own dualsﬁ

We note that if we known the expression in for all finite initial states
Y, = y, then this determines the law of X; uniquely. Indeed:

Lemma 6.2 (Distribution determining functions) The functions {f, :
y € {0,1}, |y| < oo} with fy(x) := Lizay—oy are distribution determining.

Proof Since x A 1g;3(i) = (i), the class {f, : |y| < oo} separates points,
and since f, f,, = fyvy, this class is closed under products. The claim now
follows from Lemma (424 |

4Formula holds a.s. for each fixed, deterministic s € [0,¢]. If we want to hold
a.s. for all s € [0,¢] simultaneously, then we need to construct the processes X and Y in
such a way that one has right-continuous sample paths while the other has left-continuous
sample paths.

5For contact processes, this is only true provided that the process is symmetric in the
sense that for each 4, j, the map bra;; is applied with the same rate as bra;;.
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6.3 Cancellative systems duality

If we define a duality map 1 : {0, 1}* x {0,1}* — {0,1} by

U y) =l gy =0y (@ye{01}), (6.10)
then the additive systems duality (6.7)) takes the form
E[¢(X,. %)) =E[(X0,Y)]  (t>0), (6.11)

where it is understood that X; is independent of Y and Y; is independent
of Xy, if the initial states are random. More generally, if holds for a
given bounded measurable function 1 and given Markov processes X and Y
(for all initial states), then we say that the processes X and Y are dual with
respect to the duality function .

Also, if two maps m, m’ satisfy

then we say that m and m’ are dual with respect to the duality function .
If two Markov generators G and G’ are related as in , where m’ denotes
the dual of m with respect to some given duality function v, then exactly
the same arguments as those leading up to show that for each t > 0,
it is possible to couple X and Y in such a way that for each s € [0,1], the
processes X, and Y;_, are independent, and

V(X Yo) = (X5, Yies) = ¥(Xo, V7)) as. (6.13)

In this case, we say that the processes X and Y are pathwise dual to each
other w.r.t. 1.

To show that there are nontrivial examples of such sort of dualities, apart
from additive systems duality, we start by considering cancellative systems
duality. Let & denote addition modulo two, i.e.,

000:=0, 0@1:=1, 1®0:=1, and 1&1:=0.
By definition, a map m : {0,1}* — {0,1}" is cancellative if
n(0) =0 wd mzoy)=m@)emy) (nye {01},

Since
m(z) = @ m(ly),
x(t)=1
a cancellative map is uniquely characterized by its action on configurations of
the form 1. In graphical representations of cancellative particle systems,
we use the same conventions as for additive systems, i.e., we visualize an
event (m,t) € w where m is a cancellative map as follows:
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(i) For each i # j such that m(1gy)(j) = 1, we draw an
arrow from (i,t) to (j,1)

(ii) For each i such that m(1y;)(:2) = 0, we draw a blocking
symbol wm at (i,t).

With these conventions, each graphical representation for an additive particle
system can also be used to construct a cancellative system. For example,
reusing the graphical representation of the contact process in this way, we
obtain something that looks like this:

time Xy
0 0 1 1 1 0 1 0 0 0

In this example, arrows represent the annihilating branching map bran;; :
{0,1}* — {0,1}* defined as

x(i) @x(j) k=4,

. (6.14)
x(k) otherwise,

bran;;(z)(k) := {

and blocking symbols mm still correspond to the death map death; as before.
Other cancellative maps that we have already seen are represented as follows:

votio annj o excly o
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Here ann;; is the annihilating random walk map. The maps vot;; and
excl;; are both additive and cancellative, and represented in the same way
as additive and cancellative maps. The following proposition is very similar
to Proposition . Below, for any configuration z € {0, 1}*, we let

2| := Zx(i)

denote the number of ones. For any z,y € {0,1}" such that either |z| < oo
or |y| < oo, we define

(2, y) = P =(i)yi).

ieA
Proposition 6.3 (Cancellative systems duality) For each cancellative
local map m : {0, 1}* — {0,1} there exists a unique dual map m’ : {0,1}* —

{0, 1}* such that
{(m(z),y) = (=, m'(y)) (6.15)

for all x,y € {0,1}* such that |z| A |y| < oo, and this dual map m’ is also
a cancellative local map. Let G be a collection of additive local maps, let
(rm)meg be nonnegative constants, and assume that of the generators

Gf(x) = ru{f(m(@) - ()},
G fy)=> ralf(M'®) - f(¥)}. (6.16)

meg

G satisfies the summability condition . Let X = (Xi)>0 and Y =
(Yy)i>0 be interacting particle systems with generators G and G', respectively,
and assume that |Yy| < oo is a.s. Then, |Y;| < oo for allt > 0 a.s. and
for each t > 0, it is possible to couple X and Y in such a way that for each
s € [0,t], the processes X, and Y;_s are independent, and

(X0 Yol = (Xo Yios) = (Xo, Vi) aus. (6.17)
In particular, if X; is independent of Yy and Y; is independent of Xy, then
P X (i)Yo(i) is odd] = P[> Xo(i)Y1(i) is odd] ~ (t>0). (6.18)
€A 1€EA

Proof The proof is almost identical to the proof of Proposition (6.1, where
instead of we now have that

<<X87 Y;t—s» =1

< the number of open path between points (7,0) and (7,1),
such that Xy(i) = 1 and Yy(i) = 1 is odd.



114 CHAPTER 6. DUALITY

There is also a small technical complication: the cancellative duality function

U(z,y) =P i)y (6.19)

1EA

is not well-defined for all x,y € {0,1}*. To overcome this, we assume that
|Yo| < oo is a.s. Since open paths and paths of relevance are the same,
Lemma[4.12] tells us that if the generator G of the forward process X satisfies
the summability condition (£.17)), then the dual process Y satisfies |V;| < oo
a.s. for all t > 0. In fact, by Lemma [4.13] almost surely |Y;| < oo for all
t > 0 simultaneously. |

We note that if we known the expression in (6.18)) for all finite initial
states Yy = y, then this determines the law of X; uniquely. Indeed:

Lemma 6.4 (Distribution determining functions) The functions {f, :
y € {0, 1}, |y| < oo} with f,(z) := ((z,y)) are distribution determining.

Proof We may equivalently show that the functions

gy(x) == 1 —2f,(z) = (1) (& ¥)

are distribution determining. Since ((x, 1{;y)) = «(i), the class {g, : |y| < oo}
separates points, and since

9yGy = Gyay’,

this class is closed under products. The claim now follows from Lemma [4.24]
|

Some models that a priori do not look like cancellative systems turn out to
be representable in cancellative maps. An example is the Neuhauser-Pacala
model, defined by its transition rates in ([1.16]). We define a rebellious map
by

(1) P x(j) ®x(k if |l =k,
rebel;,(z)(l) := 0 ®2(j) & (k) _ (6.20)
z(l) otherwise.
In words, this says that x(k) changes its state if (i) # z(j).

Exercise 6.5 Show that the map rebely;, is cancellative. Show that the
generator of the Neuhauser-Pacala model defined in can be represented

as G f (@ ]N!ZZN{f vot;i(z)) — f(x)}
SWEY X lesteriyto) - 1)}

J#k
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Exercise 6.6 In the threshold voter model, the site i changes its type x(i)
from 0 to 1 with rate one as long as at least one site in its neighborhood N
has type 1, and likewise, i flips from 1 to 0 with rate one as long as at least
one site in N; has type 0. Show that the generator of the threshold voter
model can be written as

Gunresn f(x) = 27NN N {f(mai(x) — f(2)},

' AcN;UL)
|A| is even

where ma ; s the cancellative map defined by

v(0) @ Djearll) k=1

z(k) otherwise.

mai(z)(k) = {

Exercise 6.7 Show that the threshold voter model is monotone.

6.4 Other dualities

The additive systems duality function (6.10]) and cancellative systems duality
function (6.19)) are not the only choices of ¢ that lead to useful dualities. For
q € [—1,1), consider the function

Yolay) = [OVD = @0 (2,y € {0,134, (6.21)

ieA
where we use the conventions
0°:=1 and (x,y):= Zx(z)y(z)
icA

and in (6.21)), if ¢ = —1, we assume in addition that |z| < oo or |y| < oo to
ensure that the infinite product is well-defined. The usefulness of this duality
function has been discovered by Lloyd and Sudbury [SLI5, [SLI7, [Sud00]. In
particular,

wO(l‘ay> = 1{1’ ANy = 0}7
bz, y) = (—1){e v,

S0 1y is the additive systems duality function (6.10) and v_; is simple repara-
metrization of the cancellative systems duality function from ((6.19)).
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It seems that for ¢ # 0, —1, particle systems are nevelﬁ pathwise duals
in the sense of with respect to 1, but nevertheless there are many
nontrivial examples of particle systems that are (plain) dual with respect
to 1, in the sense of . If two particle systems are dual w.r.t. v,
then we will say that they are ¢-dual. Although a lot of the known duals
of particle systems are g-duals, occasionally different duality functions are
used. Examples can be found in [SL95| [SLI7, [Sud00, [Swal3a].

To give an example of ¢-duality with ¢ # 0, —1, consider an interacting
partice system whose dynamics are a mixture of contact process and voter
model dynamics, with generator of the form:

Geovof () =X Y {f((bray(z)) — f(z)}

(i,j)e€
+2_ {/((dgeathi(@) - f(x)} (6.22)
+y >0 {f((voty(2)) — f(z)}  (xe{0,1}*).
(i,5)e€d

Such systems are studied in [DLZ14], who are especially interested in the
fast-voting limit v — oo. The contact-voter model is additive (but not can-
cellative, because the branching map is not), and by results from Section
0-dual to a system with branching, death, and coalescing random walk dy-
namics. Perhaps surprisingly, it is also self-dual.

Proposition 6.8 (Self-duality of the contact-voter model) The contact-
voter model with generator as in 1s q-dual to itself, with

Proof We first show how the result follows directly from a general theorem
of [Sud00], and then sketch the steps one would have to take to prove the
result oneself.

The paper [Sud00] considers interacting particle systems on graphs where
the configuration along each edge makes the following transitions with the

6Except some very trivial and pathological cases.



6.4. OTHER DUALITIES 117

following rates{|
“annihilation” 11— 00 at rate a,

“branching” 01— 11 and 01+~ 11 each at rate b,

“coalescence” 11— 01 and 11+~ 10 each at rate c,
“death” 01— 00 and 10+ 00 each at rate d,
“exclusion” 01— 10 and 10+ 01 each at rate e.

In this notation, the model in (6.22)) corresponds to
a=0, b=XA+7v, c=1, d=1+7v e=0.

Now [Sud00, Thm 1] says that provided b # 0, such a model is always self-
dual, with parameter
d—a—c

b
Filling in the values of a,b, ¢, d, e yields ¢ = v/(v + A).

If one wants to prove such a result oneself, then as a first step one needs to
use Theorem [£.28 and Corollary [£.29] to reduce the problem to finite lattices
A. Having reduced the problem to finite spaces, one wishes to show that

ZPtx:v be(2',y) Z%xy VB (y.y),

q:

where (P;):>o and (F});>0 denote the transition probabilities of the process
and its dual (in this case, P, = P} since we are looking for a self-duality).
Differentiating, this is equivalent to

Zwawqu qu:vyG/(yy)

which can also be written as

G (-, y)(x) = Go(, - )(y), (6.23)
i.e., letting the generator GG of the original process act on the first variable of
Y (z,y) yields the same as letting the generator G’ of the dual process act on
the second variable of ¢ (z,y). This part of the argument is quite general and
can be used to prove dualities for all kind of Markov proceses and duality
functions. To actually do the calculations when G = G' = Govo and ¢ = 9y

is somewhat cumbersome, but straightforward. These calculations can be
found in [Sud00] and also in [Swal3b]. |

"The meaning of the words “annihilation”, “branching”,...here is a bit different from
the way we have used these words so far. In particular, the “death” rate d refers only to
“deaths while the neighboring site is empty”, while “deaths while the neighboring site is
occupied” are called “coalescence”.
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6.5 Invariant laws of the voter model

By and Proposition the voter model X is dual, in the sense of ad-
ditive systems duality, to a collection Y of coalescing random walks. Mainly
since |Y;| is a nonincreasing function of ¢ (i.e., the number of walkers can
only decrease), it is much easier to work with this dual system than with
the voter model itself, so duality is really the key to understanding the voter
model.

Proposition 6.9 (Clustering in low dimensions) Let X be a nearest-
neighbor or range R voter model on 7. Assume that d = 1,2. Then, regard-
less of the initial law,

PX: (1) = Xu(5)] T 1 Vi,j € 77,

Moreover, the delta measures 0y and d; on the constant configurations are the
only extremal invariant laws.

Proof In the graphical representation of the voter model, for each (i,t) €
7% x R and s > 0, there is a unique site

j =€ € 74 such that (j,t — s) ~ (i,1).

Here (é"éi’t))szo is the path of a random walk starting at féi’t) =4 and “running
downwards in the graphical representation”. Two such random walks started
from different space-time points (i,t) and (i’,¢') are independent up to the
first time they meet, and coalesce as soon as they meet. Moreover, if X; =
XO,t(XO)u then

Xi(1) = Xt—s(f(i’t)) (0<s<t),

S

ie., §§i’t) traces back where the site ¢ at time ¢ got its type from.

Since the difference éi’t) — ¢99 of two such random walks is a random
walk with absoption in the origin, and since random walk on Z¢ in dimensions
d = 1,2 is recurrent, we observe that

PX,(6) = X,(j)] > P& = 7] =Pl = 677 — 1 vijez’

This clearly implies that all invariant laws must be concentrated on constant
figurations, i.e., a general invariant law is of the form pdy + (1 — p)d; with
p € [0,1]. |

For product initial laws we can be more precise. Although we state the
following theorem for two-type processes only, it is clear from the proof that
the statement generalizes basically unchanged to multitype voter models.

8This construction works in fact generally for multitype voter models, where the local
state space S can be any finite set, and which are in general of course not additive systems.
For simplicity, we will focus on the two-type voter model here.
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Theorem 6.10 (Process started in product law) Let X be a nearest
neighbor or range R woter model on Z%. Assume that the (Xo(i));eza are
i.i.d. with intensity P[Xo(i) = 1] = p € [0,1]. Then

PX; € -] = v, (6.24)

t—o00

where v, is an invariant law of the process. If d = 1,2, then
vp = (1 = p)do + pd1. (6.25)

On the other hand, if d > 3 and 0 < p < 1, then the measures v, are
concentrated on configurations that are not constant.

Proof As in the proof of Proposition ., let (53’”)520 be the backward ran-
dom walk in the graphical representation starting at (i,t). Define a random
equivalence relation ~ on Z¢ by

i~ g iff féi’o) = 5§ij> for some s > 0.

We claim that if we color the equivalence classes of ~ in an i.i.d. fashion
such that each class gets the color 1 with probability p and the color 0 with
probability 1 —p, then this defines an invariant law v, such that holds.
Since random walk in dimensions d = 1,2 is recurrent, there is a.s. only
one equivalence class, and v, = (1 — p)dy + pd;. On the other hand, since
random walk in dimensions d > 3 is transient, there are a.s. infinitely manyﬂ
equivalence classes and hence for p # 0,1 the measure v, is concentrated on
configurations that are not constant.

To prove (6.24), we use coupling. Let (x());cze be iid. {0,1}-valued
with P[x(i) = 1] = p. For each ¢ > 0, we define a random equivalence
relation ~; on Z? by

1~y g iff 53‘,0) = fgj’o) for some 0 < s <'t.
We enumerate the elements of Z¢ in some arbitrary way and define
X,(i) :== x(j) where j is the smallest element of {k € Z% : i ~; k}. (6.26)

Then X, is equally distributed with X, and converges a.s. as t — oo to a
random variable with law v,. |

9 Although this is intuitively plausible, it requires a bit of work to prove this. A quick
proof, that however requires a bit of ergodic theory, is as follows: since Poisson point
processes are spatially ergodic, and the number N of equivalence classes is a translation-
invariant random variable, this random number N must in fact be a.s. constant. Since the
probability that two paths coalesce tends to zero as the distance between their starting
points tends to infinity, for each finite n we can find n starting points sufficiently far from
each other so that with positive probability, none of the paths started at these points
coalesce. This implies that P[N > n] > 0 for each finite n and hence by the fact that N
is a.s. constant P[N = co] = 1.
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6.6 Homogeneous invariant laws

In the present section, we show how the self-duality of the contact process
can be used to prove that for contact processes with some sort of translation
invariant structure, the upper invariant law is the limit law started from
any nontrivial translation invariant initial law, and we will show that this
in turn implies that the function #(\) from is continuous everywhere,
except possibly at the critical point. The methods of the present section are
not restricted to additive particle systems. Applications of the technique to
cancellative systems can be found in [SSO8| [CP14]. Applications to systems
whose duals are systems of interacting diffusion processes can be found in
[AS04, [AS09, [AS12].

We start with a simpler observation, that has been anticipated before,
and which says that the functions #()\) from and are the same.

Lemma 6.11 (The function theta) Let X denote the contact process with
infection rate A on a graph A and let U denote its upper invariant law. Then

/ P(de) z(i) = PO [X, £0 Ve > 0] (i € A).
More generally, for any y € {0,1}* such that |y| < oo,

/v(dm{my%o}:Py[xt%owzoy

Proof By and Proposition [6.1] the contact process X is self-dual with
respect to the additive systems duality function, i.e.,

P*[X; Ay =0] =Pz A X =0 (t>0).

In particular, setting x = 1, we see that

/7(d£L‘) 1{56/\3; ” 0} = tli}rgoPl[Xt/\y #+ O]
= tliglopy[l NXy # 0] =PY[X, # 0Vt >0].

In what follows, we will be interested in contact processes that have some
sort of translation invariant structure. For simplicity, we will concentrate on
processes on Z? with a nearest-neighbor or range R graph structure, even
though the arguments can be generalized to other graphs such as infinite
regular trees.
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We define translation operators T; : {0, 1}2* — {0,1}%" by
Ti(x)(j) =a(i—i) (i€

We say that a probability law px on {0, 1}Zd is homogeneous or translation
invariant if o T, * = p for all i € Z4.

The main aim of the present section is to prove the following result, which
is originally due to Harris [Har76]. We can think of this result as a sort of
spatial analogue of the observation in Section that for the mean-field
contact process, solutions of the differential equation started in any
nonzero initial state converge to the upper fixed point. Recall from Chapter
that a probability law p on {0, 1}2" is nontrivial if u({0}) = 0, i.e., if p gives
zero probability to the all-zero configuration.

Theorem 6.12 (Convergence to upper invariant law) Let (X;);>o be
a contact process started in a homogeneous nontrivial initial law P[X, € -].
Then
PX, € -] =7,
t—o00

where U 1s the upper invariant law.

We start with two preparatory lemmas. We will use the graphical rep-
resentation of the contact process as an additive particle system (see Sec-

tion and use the shorthand
X7 =Xou(z) (>0, z € {0,1}),

where (X, ¢)s<; is the stochastic flow constructed from the graphical repre-
sentation as in (6.2)). We continue to use the notation |z| := ) z(i). We
say that z is finite if |z| < oo.

Lemma 6.13 (Extinction versus unbounded growth) For each finite
z € {0,1}%, one has

X7 =0 for somet>0 or |X/| —2 o0 as. (6.27)
Proof Define
p(z) :==P[X] # 0Vt > 0] (z € {0,1}%, |z| < o0).
It is not hard to see that for each NV > 0 there exists an € > 0 such that

|z] < N implies p(z) <1-—e. (6.28)
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We first argue why it is plausible that this implies and then give a
rigorous proof. Imagine that | X7| 4 oco. Then, in view of , the process
infinitely often gets a chance of at least ¢ to die out, hence eventually it
should die out.

To make this rigorous, let

Ay ={XF 40Vt >0} (ze{0,1}*, |z| < ).

denote the event that the process (X[);>o survives and let F; be the o-field
generated by the Poisson point processes used in our graphical representation
till time ¢. Then

p(X7) =P[A, | F] — 14, as, (6.29)

t—o00

where we have used an elementary result from probability theory that says
that if 7, is an increasing sequence of o-fields and Fo, = o(|J,, ), then
lim,, P[A|F,] = P[A|F] a.s. for each measurable event A. (See [Loe63) § 29,

Complement 10 (b)].) In view of (6.28)), formula (6.29)) implies (6.27)). |

Lemma 6.14 (Nonzero intersection) Let (X;):>o be a contact process
with a homogeneous nontrivial initial law P[ X, € -]. Then for each s, > 0
there exists an N > 1 such that for any x € {0,1}%"

|| > N implies P[QZ ANX, = O] <e.
Proof By duality,

Plz A X, =0] =P[X? A Xy = 0]

where X is independent of the graphical representation used to define X?7.
Set Ay := {—M, ..., M} Tt is not hard to see that for each z € {0,1}%
with || > N we can find an 2’ < x with |2/| > N/|Aj;| such that the sets

{i+ Ay :a'(i) =1}

are disjoint, where we define i + Ay := {i 4+ j : j € Apr}. Write ~;44,, to
indicate the presence of an open path that stays in i + A, and set

XS{Z}(M) = {j - Zd . (Z,O) Wi+AM (.77 8)}
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Then, using Holder’s inequalitym in the inequality marked with an exclama-
tion mark, we have

P[XZ A Xy =0] :/JP[XO € dy|P[X? Ay =0]

g/P[Xoedy]P[ \/ XD Ay = 0]

iz’ (i)=1

= /]P’[XO edy] J[ PXHODAy=0]

i (i)=1

- H /P Xo € dy|P X{O} 0] |a;'|>1/|w|

2 (1)=1

= / P[X, € dy] P[X[0 ) Ay — 0]

'l

’

where we have used the homogeneity of P[Xj € -] in the last but one equality.
Our arguments so far show that |x| > NN implies that

Plz A X, =0] < /]P’[Xo € dy|P[X [ OD py = o]l —. (N, ).

Here, using the fact that
IP’[X;{D}(M) Ay=0] <1 ify(i) =1 for some i € Ay,

we see that

]{[1%{)10 f(N M) /P[XU € dy]l{y(z)zo VieAn } - P[Xo(l) - O \V/Z S AM}

Since P[X € -] is nontrivial, we have that

Mtoo
Together with our previous equation, this shows that

lim lim f(N,M) =0.

M—o00 N—o0

By a diagonal argument, for each € > 0 we can choose N and My such that
f(N,My) < g, proving our claim. |

10Recall that Holder’s inequality says that 1/p + 1/¢ = 1 implies || fgllx < || fllpll9llq,
where || f[l, := (' |f|Pdu)"/?. By induction, this gives | TTi_; filln < TTiZ, [l filln-
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Exercise 6.15 Show by counterexample that the statement of Lemma|0.1
1s false for s = 0.

Proof of Theorem As in the proof of Lemma [6.13] we set
p(z) :=P[X] # 0Vt > 0] (z € {0,1}%, |z| < o0).
By Lemmas [4.25] [6.2] and [6.11], it suffices to show that

lim Pz A X, # 0] = p(z)

t—o00

for all finite x € {0, 1}Zd. By duality, this is equivalent to showing that
: x _ 74
L‘?OP[XH ANX#0] =p(x)  (z€{0,1}*, |z] < o0),

where (X7)i>0 and (X;);>0 are independent and s > 0 is some fixed constant.
For each € > 0, we can choose N as in Lemma [6.14] and write

P[X] A X, # 0] =P[X] A X, #0]|X]| = 0] P[|X}] = 0]
+P[XF A X, #0]0 < |X]| < N|P[0 < |X]| < N|
+P[XP A X, #0||X7| > N]P[|X7| > N].

Here, by Lemma [6.13] and our choice of N,
P[XP A X, #0]]X7]=0] =0,

(i)
(ii) lim P[0 < |X]| < N] =0,
—00

(iii) litminf]P’[Xf ANX,#0[|XF| > N]>1—c¢,
—00

: . 2l s N

(iv) lim P[X?| = N] = p(a),

from which we conclude that

(1 —¢)p(z) < li%nianP’[Xf A X, # 0] <limsupP[X] A X # 0] < p().
—00

t—o00

Since € > 0 is arbitrary, our proof is complete. [ |

Theorem has a simple corollary.

Corollary 6.16 (Homogeneous invariant laws) All homogeneous invari-
ant laws of a contact process are convexr combinations of dy and U.
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Proof Let v be any homogeneous invariant law. We will show that v is a
convex combination. of dyp and 7. If v = §y we are done. Otherwise, as in the
proof of Lemma [5.10, we can write v = (1 — p)dy + pu where p € (0,1] and
1 is a nontrivial homogeneous invariant law. But now Theorem [6.12] implies
that
H = /vLPt = va
t—00

so we conclude that y =v. |

Recall from Exercise that the function A — @(\) from (5.5)) is right-
continuous everywhere. We let

A 1= inf{A € R: 6()) > 0} (6.30)

denote the critical point of the contact process. As an application of Theo-
rem [6.12] we prove the following result.

Proposition 6.17 (Continuity above the critical point) The function
A= O(N) is left-continuous on (A., 00).

Proof Let 7, denote the upper invariant law of the contact process with
infection rate A. Fix A > A, and choose A, 1 . Since the space M ({0, 1}%")
of probability measures on {0, 1}Zd, equipped with the topology of weak
convergence, is compact, it suffices to show that each subsequential limit v,
of the measures 7, equals 7y. By Proposition [£.30] each such subsequential
v, limit is an invariant law. It clearly is also homogeneous. Since A > A., by
Lemma the measures 7, are nontrivial for n large enough, and hence,
using also Proposition [5.11] the same is true for v,.. By Corollary we
conclude that v, = 7. This argument shows that the map

(/\C,OO) ED NS\

is left-continuous w.r.t. the topology of weak convergence. Since x +— (i) is
a continuous function and () is its expectation under 7, the claim follows.
|

6.7 Equality of critical points

The contact voter model X, that has a mixture of contact process and voter
model dynamics, has been introduced in (6.22)). It has two parameters: the
infection rate A and the voter rate v. We say that X survives if

PHOH X, £ 0Vt > 0] > 0.
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For each v > 0, we define critical infection rates A.(y) and \.(7) by
Ac(7y) :=inf {)\ € R : the upper invariant law is nontrivial},
A,(7):=inf {\ € R : the process survives}.

The paper [DLZ14] studies the asymptotics of Ac(7) as v — oo. Here, we will
use duality to prove a more simple statement, namely, that A.(y) = A.(~) for
all v > 0.

For v = 0 (i.e., the pure contact process), we already know this, as it
is a direct consequence of Lemma [6.11] which follows from self-duality. We
will use a similar argument here using Proposition [6.8 which says that the
contact voter model is g-dual to itself, with ¢ = v/(v+ ). Note that if v =0
(the pure contact process), then ¢ = 0 which corresponds to additive systems
duality.

Proposition 6.18 (Characterization of the upper invariant law) Let
q:=7/(y+A). The upper invariant law U of the contact voter model satisfies

/ﬁ(dx) q<$’ y) = pv [ X =0 for some t > 0] (6.31)

for all finite y € {0,1}%". In particular, o(v) = N.(7) for all v > 0.

Proof Letting X! and XY denote the processes started in X! = 1 and
XY =y, we observe that by Proposition ,

/?(d:c) q<x’ Y) = lim ]E[q<Xt1’ y>] = lim E[q<1’ Xty>} = lim E[q|Xty|}

t—o00 t—o00 t—o00

The proof of Lemma [6.13| carries over without a change to the contact voter
model, so

X/ =0forsomet>0 or |X/|— oo as.
t—00

Using this, we see that
lim E[q’Xﬂ] =P [Xt = 0 for some ¢t > O],

t—o00

completing the proof of (6.31).
Inserting y = 1oy into (6.31]), we see that

/ 7(de) (1 — (1 — g)e(i)) = P [X, = 0 for some ¢ > 0],

or equivalently, using the fact that 1 — ¢ = \/(y + \),
A

)

This shows that 7 = §, if and only if the process survives. |

v(dz) z(i) = Py [X, # 0Vt > 0].



Chapter 7

Oriented percolation

7.1 Introduction

Although we have seen phase transitions in our simulations of interacting
particle systems in Chapter (1|, and we have seen how phase transitions are
defined and can be calculated in the mean-field limit in Chapter [3, we have
not yet proved the existence of a phase transition for any of the spatial models
that we have seen so far.

In the present chapter, we fill this gap by proving that the contact process
on Z% undergoes a phase transition by showing that the critical point A
defined in is nontrivial in the sense that 0 < A\, < oo. Note that by
Lemma [6.11},

Ae=inf{\ € R: the contact process survives}

=inf{\ € R: the upper invariant law is nontrivial}.

In Exercise which is based on Theorem we have already proved

for the process that
1

YA < Aes

where |[Np| = 2d or = (2R+1)?—1 is the size of the neighborhood of the origin
for the nearest-neighbor process and for the range R process, respectively. In
view of this, it suffices to prove that A, < co. A simple comparison argument
(Exercise shows that if the nearest-neighbor one-dimensional contact
process survives for some value of A\, then the same is true for the nearest-
neighbor and range R processes in dimensions d > 2. Thus, it suffices to
show that A\. < oo for the nearest-neighbor process in dimension one.

The method we will use is comparison with oriented percolation. This
neither leads to a particularly short proof nor does it yield a very good up-
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per bound on A., but it has the advantage that it is a very robust method
that can be applied to many other interacting particle systems. For exam-
ple, in [SSO8] and [SS15a], the method is applied to rebellious voter models
and systems with cooperative branching and coalescencing random walk dy-
namics, respectively. An important paper for propagating the technique was
[Dur91], where this was for the first time applied to non-monotone systems
and it was shown that “basically, all one needs” to prove survival is that a
particle system spreads into empty areas at a positive speed.

7.2 Oriented percolation

In order to prepare for the proof that the critical infection rate of the contact
process is finite, in the present section, we will study oriented (or directed)
bond percolation on Z4. TFor i,j € Z2, we write i < j if i = (i1,...,i4) and
Jj=(j1,--.,Ja) satisty i, < jj forall k =1,... d. Let

A={67):i,j ez i<j, |i—jl=1}. (7.1)

We view Z? as an infinite directed graph, where elements (i, j) € A represent
arrows (or directed bonds) between neighbouring sites. Note that all arrows
point ‘upwards’ in the sense of the natural order on Z¢.

> > > >
> > > > >

Y
Y
A\ 4
A\ 4
y

Now fix some percolation parameter p € [0,1] and let (w( j))j)ea be a
collection of i.i.d. Bernoulli random variables with Plw; ;) = 1] = p. We say
that there is an open path from a site i € Z¢ to j € Z% if there exist n > 0
and a function 7 : {0,...,n} — Z% such that v(0) =i, y(n) = j, and

('y(k: — 1),7(1{7)) €A and W(y(k—1),y(k)) = 1 (k =1,... ,n).

We denote the presence of an open path by ~~. Note that open paths must
walk upwards in the sense of the order on Z¢. We write 0 ~» oo to indicate
the existence of an infinite open path starting at the origin 0 € Z<.
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T 1

Exercise 7.1 Show that the number of vertices that can be reached by an
open path from the origin is infinite if and only if there starts an infinite open
path in the origin.

Theorem 7.2 (Critical percolation parameter) For oriented percolation
in dimensions d > 2, there exists a critical parameter p. = p.(d) such that
P[0 ~~ o0] =0 for p < p. and P[0 ~» o] > 0 for p > p.. One has

1 8
= < peld) < 2.
d_p()_9

Proof Set
pe :=1inf {p € [0,1] : P[0 ~ oo] > 0}.

A simple monotone coupling argument shows that P[0 ~» oco] = 0 for p < p,
and P[0 ~ oo] > 0 for p > p..

To prove that 0 < p., let N,, denote the number of open paths of length n
starting in 0. Since there are d" different upward paths of length n starting
at the origin, and each path has probability p™ to be open, we see that

E[il\fﬂ} —id”p"<oo (p<1/d)

This shows that >~ N, < oo a.s., hence P[0 ~» oo] = 0 if p < 1/d, and
therefore 1/d < p.(d).

To prove that p.(d) < 8/9 for d > 2 it suffices to consider the case d = 2,
for we may view Z?2 as a subset of Z¢ (d > 3) and then, if there is an open
path that stays in Z2, then certainly there is an open path in Z¢. (Note, by
the way, that in d = 1 one has P[0 ~» oco] = 0 for all p < 1 hence p.(1) =1.)

We will use a Peierls argument, named after R. Peierls who used a similar
argument in 1936 for the Ising model [Pei36]. In Figure [7.1]} we have drawn
a piece of Z? with a random collection of open arrows. Sites i € Z? such that
0 ~» ¢ are drawn green. These sites are called wet. Consider the dual lattice

2% ={(n+Lm+iy:(nm)ez?.
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©)
©)
©)
(©)

O

O

Figure 7.1: Peierls argument for oriented percolation. The green cluster of
points reachable from the origin is surrounded by a red contour. The north
and west steps of this contour cannot cross open arrows.

If there are only finitely many wet sites, then the set of all non-wet sites
contains one infinite connected component. (Here ‘connected’ is to be inter-
preted in terms of the unoriented graph N? with nearest-neighbor edges.) Let
v be the boundary of this infinite component. Then v is a nearest-neighbor
path in ZQ, starting in some point (k + %, —%) and ending in some point
(—%,m + %) with k&, m > 0, such that all sites immediately to the left of ~
are wet, and no open arrows starting at these sites cross v. In Figure[7.1], we
have indicated v with red arrows.

From these considerations, we see that the following statement is true:
one has 0 + oo if and only if there exists a path in 72, starting in some point
(k+3,—3) (k> 0), ending in some point (—3,m+ 3) (m > 0), and passing
to the northeast of the origin, such that all arrows of 7 in the north and west
directions (solid red arrows in the figure) are not crossed by an open arrow.
Let M,, be the number of paths of length n with these properties. Since there
are n — 1 dual sites from where such a path of length n can start, and since
in each step, there are three directions where it can go, there are less than
n3" paths of length n with these properties. Since each path must make at
least half of its steps in the north and west directions, the expected number
of these paths satisfies

B3] £ S s oY
n=2 n=2

and therefore
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This does not quite prove what we want yet, since we need the right-hand
side of this equation to be less than one. To fix this, we use a trick. (This
part of the argument comes from [Dur88|.) Set D,, := {0,...,m}?. Then,
by the same arguments as before

P[Dy, 4> 0] < P f: M, >1] <E| f: M,] < f: n3"(1 — p)™/?,

n=2m n=2m n=2m

which in case p > g can be made arbitrarily small by choosing m suffiently
large. It follows that P[D,,, ~» oo] > 0 for some m, hence P[i ~» oo] > 0 for
some i € D,,, and therefore, by translation invariance, also P[0 ~ oo] > 0.

7.3 Survival

The main result of the present chapter is the following theorem, which rigor-
ously establishes the existence of a phase transition for the contact process
on Z<.

Theorem 7.3 (Nontrivial critical point) For the nearest-neighbor or
range R contact process on Z (d > 1), the critical infection rate satisfies
0< A < 0.

Proof As already mentioned in Section [7.1], the fact that 0 < A has already
been proved in Exercise [5.12] By Exercise [5.18] to prove that A\, < oo, it
suffices to consider the one-dimensional nearest-neighbor case.

We will set up a comparison between the graphical representation of the
one-dimensional nearest-neighbor contact process and oriented bond perco-
lation on Z?; see Figure

We fix T' > 0 and define a map 1 : Z> — Z x R by

(i) = (ki,00) == (in —io, T(in +42)) (i = (ir,42) € Z%).

The points (k;, 0;) with ¢ € N? are indicated by open circles in Figure . As
before, we make Z? into an oriented graph by defining a collection of arrows
Aas in (7.1). We wish to define a collection (w(; j)) @ j)e.a of Bernoulli random

variables such that
wij) =1 1implies (k;,04) ~ (kj,0;) ((4,5) € A).
For each i € Z? we let
=

7;7:=inf{t > o; : at time ¢ there is an infection arrow from x; to x; £ 1}
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Figure 7.2: Comparison with oriented percolation. Good events in the graph-
ical representation of the contact process (blue) correspond to open percola-
tion arrows (black). An infinite open path along percolation arrows implies
an infinite open paths in the graphical representation of the contact process.

denote the first time after o; that an arrow points out of k; to the left or
right, respectively, and we define “good events”

gf = {Tf < 0; + T and there are no blocking symbols on
{r:} x (07, 77) and {r; £1} x (7;5,0: + T}
Clearly,
G, implies (i1, i2) ~ Y (i1, iz + 1),
and G, implies (iq,ia) ~ (i1 + 1,142).

In view of this, we set

“((ir, i2), (i1, 39 + 1)) " 19[ and “((iy,dq), (i1 + 1,d9)) "~ 1gi+‘

Then the existence of an infinite open path in the oriented percolation model
defined by the (w( j))@,j)ea implies the existence of an infinite open path in
the graphical representation of the contact process, and hence survival of the
latter.

We observe that

p=Plwiy=1=PG")=1-e)e" (i) €A, (7.2)
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Figure 7.3: Good events use information from partially overlapping regions
of space-time.

which tends to one as A — oo while 7' — 0 in such a way that AT" — oco. It
follows that for A sufficiently large, by a suitable choice of T', we can make
p as close to one as we wish. We would like to conclude from this that
IP[(0,0) ~» oo] > 0 for the oriented percolation defined by the w; ;’s, and
therefore also P[(0,0) ~» oo] > 0 for the contact process.

Unfortunately, life is not quite so simple, since as shown in Figure [7.3], the
good events G have been defined using information from partially overlap-
ping space-time regions of the graphical representation of the contact process,
and in view of this are not independent. They are, however, 3-dependent in
the sense of Theorem below, so by applying that result we can estimate
the Bernoulli random variables (w; j))a,j)ea from below by ii.d. Bernoulli
random variables (@ ;))(,j)e.a Whose succes probability p can be made arbi-
trarily close to one, so we are done. |

7.4 K-dependence

To finish the proof of Theorem we need to provide the proof of Theo-
rem below, which states that k-dependent random variables with succes
probability p can be estimated from below by i.i.d. random variables with a
succes probability p that tends to one as p — 1.

By definition, for £ > 0, one says that a collection (X;);cza of random
variables, indexed by the integer square lattice, is k-dependent if for any
A, B C 7% with

inf{|i —j|: i€ A, j € B} > F,
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the collections of random variables (X;);ca and (Xj),ep are independent of
each other. Note that in particular, O-dependence means independence.

It is a bit unfortunate that the traditional definition of k-dependence is
strictly tied to the integer lattice Z?, while the structure of Z¢ has little to
do with the essential idea. Therefore, in these lecture notes, we will deviate
from tradition and replace(!) the definition above by the following definition.

Let A be countable and let (X;);ca be a countable collection of randm
variables. Then we will say that the (X;);cn are K-dependent if for each
i € A there exists a A; C A with i € A; and |A;| < K, such that

xi is independent of (x;)jea\a,-

Note that according to our new definition, 1-dependence means indepen-
dence. The next theorem is taken from [Lig99, Thm B26], who in turn cites
[LSS97].

Theorem 7.4 (K-dependence) Let A be a countable set and let p € (0,1),
K < 0o. Assume that (x;)iean are K-dependent Bernoulli random variables
with Plx; = 1] > p (i € A), and that

pi=(1—01=p)") >

1
Z.

Then it is possible to couple (X;)ica to a collection of independent Bernoulli
random variables (X;)ien with

Plxi=1=p (i€, (7.3)
in such a way that x; < x; for all i € A.

Proof Since we can always choose some arbitrary denumeration of A, we
may assume that A = N. Our strategy will be as follows. We will choose
{0, 1}-valued random variables (¢;);en with P[i; = 1] = r, independent of
each other and of the (x;)ien, and put

X: = i (i € N).

Note that the (x}):en are a ‘thinned out’ version of the (x;)ien. In particular,
Xi < xi (i € N). We will show that for an appropriate choice of r,

P, =1|Xb, -, Xo ]l >D (7.4)

for all n > 0, and we will show that this implies that the (x})ieny can be
coupled to independent (X;)ica as in ([7.3)) in such a way that x; < x} < i
(i € N).
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We start with the latter claim. Imagine that (7.4]) holds. Set pf :=
Plx; = 1] and

p;(EOa ey En1) = P[X;L =1] X6 =<0y 7X;Lfl = €n—1]

whenever P[x{ = €0,y X1 = €n—1] > 0. Let (U,)nen be independent,
uniformly distributed [0, 1]-valued random variables. Set

Xn = 1{Un<ﬁ} (HEN)

and define inductively

/ Py—
Xo = LU < (xhe.x. )y (mEN).

Then
PIX, =¢€n, -3 X0 = €0l = Di(€0ys- -1 En—1) *** D

This shows that these new x/,’s have the same distribution as the old ones,
and they are coupled to y;’s as in in such a way that x; < x..

What makes life complicated is that does not always hold for the
original (x;)ien, which is why we have to work with the thinned variables
(x)ien]] We observe that

P[X%:1|Xf):50>---aX;_1:5n—1]

(7.5)
=7rP[Xn =1]X0 =260 Xo1 = En_1]-
We will prove by induction that for an appropriate choice of 7,
Plxn =0]X0 =€0s-++r X1 =6En-1] <1—1. (7.6)

Note that this is true for n = 0 provided that r < p. Let us put

By={ieA,:0<i<n—1, ¢ =0},
Elz{ZGAnOSZﬁn—l, Eizl},
F={i¢gA,:0<i<n-—1}

ndeed, let (¢,)n>0 be independent {0, 1}-valued random variables with P[¢, = 1] =
/P for some p < 1, and put X, := ¢nPpy1. Then the (x,)n>0 are 3-dependent with
Plxn = 1] =p, but P[xn = 1llxn-1=0,Xn-2=1]=0.
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Then

Plxn =0]X0=¢€0s--sXo1 = En_1]
=Plx,=0|X,=0Vi€ Ey, xiy=1=9; Vi€ By, X, =¢; Vi € F]
= Plxn=0]xX,=0Vi€ Ey, xs=1Vi€ Er, X, =& Vi € F]
Plxn=0, X;=0Vi€ Ey, xi=1Vi€ Ey, X, =¢; Vi € F]
- PlX;=0Yi€ Ey, x,=1Vi€ Ey, X,=¢; Vi€ F|
< Plx,=0, X, =¢; Vi€ F|
TPy =0Yi€Ey, y,=1Vi€Ey, x,=¢ Vi€ F|
Px, =0|x|=¢; Vi€ F]
Plyi=0Vi€ By, xi=1Vi€ By |x; =& Vi€ F]
< 1-p < l—p
T (L—r)BIP[i =1Vi€ By |x,=¢ Vi€ F] ~ (L—r)Blrml’
(7.7)

where in the last step we have used K-dependence and the (nontrivial) fact
that

Plx;=1Vi€ E|x,=¢ Vi€ F| >r/Fl (7.8)

We claim that is a consequence of the induction hypothesis . In-
deed, we may assume that the induction hypothesis holds regardless
of the ordering of the first n elements, so without loss of generality we may
assume that F1 = {n—1,... ,m} and FF = {m—1,...,0}, for some m. Then
the left-hand side of may be written as

n—1
HP[Xk:1|Xi:1Vm§i<k;, ngaiVO§i<m}
k=m
n—1
ZHP[szl‘X2:1Vm§i<k, X;:»si‘v’Ogi<m}2r"_m.
k=m

If we assume moreover that r > %, then &1l > (1-— T)‘E” and therefore the
right-hand side of ((7.7)) can be further estimated as

1—p 1—0p 1—p
(1 — r)lBol plBal = (1 — p)[Aan{0uen=1} = (1 — p)K-1"

We see that in order for our proof to work, we need % <r <pand

e :)fj(_l <i-r (7.9)
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In particular, choosing r = 1 — (1 — p)'/¥ yields equality in (7.9). Having
proved ([7.6)), we see by (7.5 that (7.4)) holds provided that we put p := 2. B

Exercise 7.5 Combine Theorem and formulas and to derive
an explicit upper bound on the critical infection rate \. of the one-dimensional
contact process.

Exercise 7.6 The one-dimensional contact process with double deaths has
been introduced just before Exercise|5.1d. Use comparison with oriented per-
colation to prove that the one-dimensional contact process with double deaths
survives with positive probability if its branching rate X is large enough. When
you apply Theorem what value of K do you (at least) need to use?

Exercise 7.7 Use the previous exercise and Ezercise to conclude that
for the cooperative branching process considered there, if A is large enough,
then: 1° If the process is started with at least two particles, then there is a
positive probability that the number of particles will always be at least two.
2° The upper invartant law is nontrivial.

Exercise 7.8 Assume that there exists some t > 0 such that the contact

process satisfies
ri=E[1X]] < 1.

Show that this then implies that
ENO [| X ]] < 7 (n>0)

and the process started in any finite initial state dies out a.s. Can you use
this to improve the lower bound 1/|N;| < A from Excercise e.qg., for
the one-dimensional nearest-neighbor process?
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