Exam Quantum Probability
June 30th, 2017

Hints: You can use all results proved in the lecture notes (without proving them your-
selves), as well as claims one is supposed to prove in exercises from the lecture notes.
You can also use a claim you are supposed to prove in one excercise below to solve
another excercise (even if you did not prove the claim). Partial solutions also yield
points.

Exercise 1 (Lie algebras) Let A be an algebra. Recall that for any A, B € A, the
commutator of A and B is defined as [A, B] := AB — BA. A linear subspace B C A is
a Lie algebra if A,B € B = [A, B] € B. Recall that B is itself an algebra (in fact, a
subalgebra of A) if A,Be B = AB € B.

(a) Let V be a (finite dimensional) linear space and let £()V) be the algebra of all linear
operators A : V — V. Let tr(A) denote the trace of an operator A € £L(V). Prove that
B:={AecL(V):tr(A) =0} is a Lie algebra.

(b) Let A be a x-algebra. Prove that the real linear space B:={A € A: A* = —A} is
a Lie algebra.

(c) Show by example that not every Lie algebra is an algebra.

Exercise 2 (A particle with spin 1) For each a € [0, 27), let T, denote the hermitian
matrix

(a) Show that there exist an orthonormal basis {¢q, 74, ¥a } of C* such that

Ta¢a = _¢o¢a Tana = 07 and To/lvba = ,lvbom

i.e., @a,Na, Yo are eigenvectors of T, with eigenvalues —1, 0, 1, respectively.
(b) Show that 144 = Ads, where A € C (which may depend on «) satisfies |A\| = 1.

(c) We prepare a physical system in the pure state py, corresponding to the state
vector v¢,, which corresponds to the eigenvalue +1 of T, and then perform an ideal
measurement of the observable Tj. Calculate the probability py, (|15)(1g|) that this
ideal measurement yields the value +1.

Please turn over.



Exercise 3 (The original Bell inequality) Let A; and Ay be Q-algebras and let p
be a state on A; ® Ay. For projections P € A, and Q € A,, let

&(P.Q) =p(P®Q)+p((1-P)®(1-Q)
denote the probability that in a simultaneous measurement, P and () are either both
true, or both false.

(a) Show that if p = p; ® po is a product state, then for any projections P, P’ € A; and
Q,Q € Ay, one has

5P(Pa Q) < 5p(—Pa Q)+ 6,,(P/, Q)+ 5p(P/7 Q). (1)

Hint Set py := p1(P), p— := p1(1 = P), vy := p2(Q), v := pa(1 = Q), and define 1/, , v/,
similarly with P and @ replaced by P’ and )’. Show that the difference of the right-
and left-hand sides of (1) can be written as

Z Z Z ZM01M2’1V”2V;2(1{‘71:‘7§} + 1{032%} + 1{0'1=U2} - 1{01:02})’
)

o1 o] 02

where we sum over oy € {—,+} etc.

(b) Show that (1) holds if p is not entangled.



Solutions

Ex 1
(a) We need to check that A, B € B implies [A, B] € B. We calculate tr([A, B]) =
tr(AB) — tr(BA) = 0 where we have used the property of the trace that tr(AB) =
tr(BA).
(b) Again, we need to check that A, B € B implies [A4, B] € B. We calculate

[A,B]* = (AB — BA)" = B*A* — A*B*

= (=B)(=A4) = (-A)(=B) = —=(AB - BA) = —[4, B],

proving that [A, B] € B.
(c) In view of parts (a) and (b), it suffices to show that either 1. tr(A) = 0 and tr(B) =
do not imply tr(AB) =0, or 2. A* = —A and B* = —B do not imply (AB)* = —(AB).
A counterexample of type 1 is:

01 1 0
ame (V1) ame ().

A counterexample of type 2 is:

1 0 -1 0
wene () ame (1),

(In fact, the latter example works in any dimension, including dimension one.)

Ex 2
(a) For a vector of the form

x
V=1
z
we calculate T,1 as
1 0 e 0 T 1 e "y

eza O 672(1 y — elax + e*laz

V2 0 e« 0 2z V2 ey

The eigenvalue equation 7,1 = A\ then becomes the system of equations

| \%efiay = \z,
\/Li(emm - e*l"“z) = \y,
\/iiemy =\z.

Setting w = 1/4/2y, we can simplify this to

e = \x,
e'r + e "z =2 \w,
e'“w = A\z.
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For A = —1,0, 1, these equations can easily be solved to find unnormalized eigenvectors

—ix —ia —lx

—€ e €
\/§ ) 0 ) ) \/5 )
—el —elo eta

Since T, is hermitian, these eigenvectors are orthogonal. We can normalize them to get

] _e—ioc ] efia ] e—ioc
(/ba =5 \/§ o N = 5 0 ) wa =35 \/§
2 1o 2 1o’ 2 et
—e —e e
(b) Since e'@+™ = —¢i@ and e = —e7® we see that Yair = da, SO in our case

A = 1. (Since there is some freedom in how one defines 1, and ¢,, the constant A\ may
be something different for other definitions of 1, and ¢,.)

(c) We need to calculate

Pua(|5) (s]) = (alths) (Waltba) = | (Waltos)]

e~
“))

et

This yields

1
= Z_l e 42+ e ) =1 4+ Leos(a - B) :COS(Q(Q—B))Q,
so the requested probability is

4

pua([05) (Ws]) = (L + L cos(a — B))* = cos (2(a — B))".

Ex 3
(a) We observe that

2222 Heibet¥nto ooy

o1

(S ) (S i)
Y (n-vl + u+l/’+) 2
= p1(P)p2(Q) + p1(1 = P)pa(1 = Q)
=p(PeQ)+p(1-P)®(1-Q) =¢(P,Q).
Treating the other terms similarly, we see that

DD DD Houklo VoV, (Y=ot + Lot=oat + Liot=ot} = Lior=oa))

o1 of o2 J)

= 5/)(P7 Q/) + EP(PI7Q/> + Ep(PI7Q) - 5p<P7 Q).
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We need to prove that this expression is > 0. It suffices to show that
Lioi=ot} + Lot =o} + Lot =00} — Lio1=00} = 0
for any choice of 01,07, 09,0, € {—,+}. The statement is clearly true if at least one

of the events o1 = o}, 0] = 0}, and o] = 0y is true. But if oy # 0 # 0] # 09, then
01 # 09, so we are fine in this case as well.

(b) If p is not entangled, then it is a convex combination of product states, i.e.,

p= Prpr Where pp=pis® poy
k

are product states and p; > 0 are constants such that ), p, = 1. We observe that

e(P.Q)=p(P2Q)+p((1-P)®(1-Q))

is linear as a function of p, so

5P(P’ Q) = Zpkgpk(P’ Q)

Now
ep(P, Q) +e,(P, Q') +¢,(P,Q) — £,(P, Q)
= Zpk(gpk(P7 Q) +ep (P Q) +ep (P, Q) — g, (P, Q)) >0
k
by part (a).



