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The contact process

Let (A, E) be a finite graph with vertex set A and edge set E.
Let S:={0,1}". For i € A, define a death map dth; : S — S by

_Jo it j =k,
dthi(x)(k) := { x(k) otherwise.

For each (i,j) with {i,j} € E, define a reproduction map
rep;: S — S by

rep;(x)(k) := { i&)v <0) :t:erzwji';e.

The contact process with infection rate A is the Markov process
obtained by applying the maps dth; and rep; with the Poisson
rates

rath; =1 and Mrep; ‘= A
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The graphical representation

time

space Z

We denote rep;; by an arrow from i to j
and dth; by a rectangle at /.
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The graphical representation

. Xt = xo,t(XO)
time
0 1 1 0 1 0 1 0 0 0
A A A A
" [
) -

- R N

0 1 1 0 0 0 1 0 0 0

This construction defines random maps (Xs ,)s<y such that
Xt = X07t(X0) (t Z 0)

yields a contact process (X;)¢>0 for any initial state Xo € S.
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Open paths

Xi(i)=1

time (/)
1
A
. -

> -
-
1

Xe(i) =1 < 3Fopen path from (j,0) with Xo(j) =1 to (/, t).
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Open paths

Xi(i)=1
time (/)

Y

Xe(i) =1 < 3Fopen path from (j,0) with Xo(j) =1 to (/, t).

Tibor Mach and Jan M. Swart (UTIA AV CR) Mean-field dual of cooperative reproduction



Open paths

Xi(i)=1
time (/)

AN

Xe(i) =1 < 3Fopen path from (j,0) with Xo(j) =1 to (/, t).
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Dual process

. Xt
time
0 0 0 1 0 1 0 0 0
A A
h -
P — >
h
- -
R 7 7 2 7
1 1 0 1 0 0 0 1 1 1
Yi

All open paths with given endpoints form a dual process.

PX:N Yo #£0] =P[XonY:£0]  (t>0).
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Cooperative reproduction

Let (A, E) be a finite graph with vertex set A and edge set E.
Let S := {0, 1}\.

For each (i,j, k) with {/,j} € E and {j, k} € E, define a
cooperative reproduction map coop;y : S — S by

coop (x)(/) == { (Xl(i) Ax()) V x(k) if =k,

x(1) otherwise.
Give death and cooperative reproduction maps the Poisson rates

fatn; =1 and leoopy, “= Q-
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The graphical representation

time

space Z

We denote coop; by a suitable symbol
and denote dth; as before.
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The graphical representation

) Xt = Xo,+(Xo)
time
1 0 1 0 1 1 0 0 1 0
A A A A
P /A7\‘
==

A

The map x — Xo ¢(x).
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Open paths

time

N

)
)
)
/
)
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Open paths

time

N

)
)

/

)
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Open paths

time

P~
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Open paths

time

i
<N L<'\
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Open paths

time
1
[
i N N
P R il
1
1 1 dual process Y;

1 1
P[X; > y for some y € Vo] =P[Xo > y for some y € Y.].
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The dual process

The dual process Y; takes value in Ho(A), where:
Sin(A) == {y : A= {0,1} : Zy(i) < 00}

Ho(A) := {Y C Sn(A) : Y is finite and each y € Y
is a minimal element of Y} '

Pathwise duality:
1{Xt > y for some y € Yo} — 1{X0 > y for some y € Y,} &%

We can view Y € Ho(A) as a hypergraph with vertex set A and set
of hyperedges Y.
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The mean-field limit of the contact process

Consider the contact process on the complete graph Kp, where the
following maps are applied with the following rates:

rep; with rate  AN/N? Vi<i,j<N,

dth; with rate  1N/N V1<i<N.

Then the fraction of occupied sites X; := N~1 ZlNzl X¢(7)
converges to the solution of the mean-field ODE

%Yt = )\yt(l - Yt) - Yt =: F)\(Yt)
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The mean-field limit of the contact process

For A < 1, the equation %Yr = Fx(X¢) has a single, stable fixed
point X = 0.
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The mean-field limit of the contact process

For A > 1, the fixed point at 0 becomes unstable and a new, stable
fixed point appears.
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The mean-field limit of the contact process

o.alz X* vV Vv \/ v Zupp(\)
LY YV s
N

0 | | | 5 Ziow(N)

Fixed points of atXt F)(X4) for different values of \.
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Mean-field limit of the dual process

| 1)

In the mean-field limit, the dual process is a branching process.

Tibor Mach and Jan M. Swart (UTIA AV CR) Mean-field dual of cooperative reproduction



Mean-field limit of the dual process

0 1 1 0 0

Y J—
{B;} i.i.d. with intensity Xg
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Mean-field duality

Let ¥ be an N-valued random variable and let X € [0, 1]. Let
B(X) = (Bi(X))ien, be i.i.d. Bernoulli random variables with
P[B;(X) = 1] =X, independent of Y. Define

Testp(x) (V) = 1{8;(?) =1forsomel << Y}
Let (Y¢)r>0 be a Markov process in N that jumps
y+—y+1with rate Ay and y— y —1 with rate y.
Then
P[Test gz, (V¢) = 1] = P[Testgz,y(Vo) = 1],

where (X;)¢>0 solves the mean-field ODE
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The survival probability

The survival of the N-valued branching process (V:)e>o started in
Yo =1 s given by

PV # 0Vt > 0] = zypp(A).
Proof

Pl [TestB(l)(Vt) = 1:|
=Pp! [TestB(yt)(l) =1] = X; hed Zupp(A)-
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The mean-field limit of cooperative reproduction

Consider a cooperative reproduction process on the complete graph
Kp, where the following maps are applied with the following rates:

coopji with rate  aN/N3 V1<i,j, k<N,
dth; with rate  1N/N Vi<i<N.

Then the fraction of occupied sites X; := N~1 ZlNzl X¢(7)
converges to the solution of the mean-field ODE

%yt = O[Y%(]. - Yt) - yt = Fa(yt)
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The mean-field of cooperative reproduction

For o < 4, the equation %Yt = F,(X}) has a single, stable fixed
point X = 0.
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The mean-field of cooperative reproduction

For o = 4, a second fixed point appears at x = 0.5.
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The mean-field of cooperative reproduction

For e > 4, there are two stable fixed points and one unstable fixed
point, which separates the domains of attraction of the other two.
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The mean-field of cooperative reproduction

08l v oo v v
4
0.4 I I Zmia 4 4 4
0.2 _ { ' : :

L L L L L a‘
0 3 p 3 3 10 >

Fixed points of %Yt = F,(X¢) for different values of a.
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Mean-field limit of the dual process

The mean-field dual can be embedded in a branching process.
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Mean-field limit of the dual process

dual process Y, { 1
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The mean-field dual

For Y, Y’ € Ho(N4), write ¥ ~ Y if they are equal up to a
permutation of N;. Denote the corresponding equivalence class by
Voi={Y' €Ho(Ny): Y ~ Y’} and set

Ho(N4) :={V : ¥ € Ho(Ny)}

We view Y; as a Markov process in Ho(N ).
Let B(X) = (Bi(X))ien, be i.i.d. Bernoulli with P[B;(x) = 1] =X,
independent of Y. Define

Testp(x) (V) = 1{8 > y for some y € Y}
Then
]P’[TestB(yo)(Vt) =1] = IP’[TestB(yt)(Vo) =1],
where (X;)¢>0 solves the mean-field ODE

%yt = OAY%(]. — Yt) — Yt.
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The survival probability

Let {{1}} denote the simplest nontrivial initial state for (Vt)tZOy
i.e., the hypergraph with a single vertex and a single hyperedge.
Then

Pt [V £ 0Vt > 0] = zypp(a).

Proof
P{{l}'{ [TestB(l)(Vt) = 1]
= P Testgx, ({{11)) = 1] = Xe — zupp(@)-
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Distribution determining functions

The law of an N-valued random variable Y is uniquely determined
by the function ¢ : [0, 1] — [0, 1] defined as

¢(x) == P[Testpr)(¥)=1] =E[1-(1-x)"].

But the law of an Hg-valued random variable Y is not uniquely
determined by the analogue function.

What have we missed?
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Coupled processes

Recall that (X:):>0 is constructed from a stochastic flow (Xs ,)s<u-
Using the same stochastic flow, we can couple processes started in
initial states XZ, ..., X{ by setting

XK =Xo(XE) (t>0, k=1,...,n).

The coupled process (X2, ..., X/)>0 is a Markov process.
Pathwise duality:

1{th > y for some y € Yo}l{th > y for some y € Y}
- 1{XO1 > y for some y € Yt}l{Xg >y forsome y € V,} &%

And similarly for three or more coupled processes.
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The n-variate mean-field ODE

On the complete graph, let
i=1

In the mean-field limit, (x; (n ))t>0 solves an ODE.
Let (B;(1t™))ien, = ((B},- .-, BI) (™)) ey, be ii-d. with law
1" independent of Y. Then

P[(TestBl(Mén))(Vt), o ’TeStBn(ug"))(Vf)) =o|
= [P)[(TeStBl(ugn))(Yo), e ,TeStBn

(o0 € {0,1}"). In particular, for n =1 and 0 = 1 we retrieve our
previous formula.
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The n-variate mean-field ODE

For each ¥ € Ho(N,) and p(" € P({0,1}"), define
(1", V) € P({0,1}") by

1a(1™, V) (0) = P[(Testgi(umy(YV), - -, Testgog,my(¥)) = o).
Then our duality formula reads
Enn(n”, V)] = E[na(ut”, ¥0).

Conjecture Knowing E[n,,(ué"), v;)] for all u ) e P{0,1}")
determines the law of Y} uniquely.

Tibor Mach and Jan M. Swart (UTIA AV CR) Mean-field dual of cooperative reproduction



Moment measures

Let w be a [0, 1]-valued random variable with law .
Conditionally on w, let BY(w), ..., B"(w) be i.i.d. Bernoulli
random variables with P[B*(w) = 1] = w.

Then (B'(w),. .., B"(w)) has law u("), given by

1oy, . o) = /,u(dw) H Ber,(ok),
k=1
where Ber, denotes the Bernoulli distribution with mean z.
peP([0,1]) and ul” e P({0,1}").

The measure (") is the n-th moment measure of .

Note: Not every measure u(") € P({0,1}") arises in this way.
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The higher-level ODE

Define ¢ : P([0,1]) — P([0,1]) by
P(p) = P[w1 + (1 — w1)wows € ] with wy, wo, w3 i.i.d. p.
Proposition If (11t)¢>0 solves the higher-level ODE
Fne = a(V(pe) — pe) + (S0 — pe),

then its n-th moment measures (ME”))QO solve the n-variate ODE.

Conjecture To determine the law of Y uniquely, it suffices to
know E [1,(1{", Y)] for all (" € P({0,1}") that are the moment
measure of some u € P([0,1]).
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Duality with the higher-level ODE

Let © € P([0,1]). Let w(p) = (wi(p))ien, bei.i.d. with law p.
Conditionally on w, let B(w(x)) = (Bi(w(w)))ien, be independent
with P{B(w(1)) = 1] w(u)] = wiln).

For each V' € Ho(N,) and 1 € P([0,1]), define

p(u, ) € P([0,1]) by

p(1, V) = P[P[Test g (V) = 1] w(p)] € -].
Then we have the duality
E[p(uo, 1) = E[p(pe, ¥0)],

where (/1)¢>0 solves the higher-level ODE.
Note: the n-th moment measure of p(u, Y') is given by

P, V) = (™, V).
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Long-time behavior

Just as we did for the mean-field ODE, we wish to find all fixed
points of the higher-level ODE and their domains of attraction.

For measures i, v on [0, 1], define the convex order

w<y vV & /fd,ug /fdy Vconvex f.

1 <cv v implies that 4 and v have the same mean.
A general measure p with mean z satisfies K, <cv W Zev f,, Where

p, =0, and T, :=(1—2z)d + z01.

The n-th moment measures of these measures are
" =P[(X',...,X") € -],

) } X, XY, ..., X"iid. Ber,.
e’ =P[(X,...,X) € -],
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Long-time behavior

If (1t¢)¢>0 solves the higher-level ODE, then its mean (ug )( 1))t>0
solves the mean-field ODE.

Let (1, ,)e>0 denote the solution of the higher-level ODE with
initial state pu_ o i=pu.

Proposition If z = 25y, Zmid, Zupp IS a fixed point of the
mean-field ODE, then

(a) 1, is a fixed point of the higher-level ODE.

(b) There exists a fixed point v, of the higher-level ODE such

thatu vl 2
t—00

(c) Any fixed point v of the higher-level ODE with mean z
satisfies v, <.y v <cy [i,.
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Fixed points and domains of attraction

Write fiyoy, 1= H_ etc.

Proposition v, = T, and Vupp = Hupp» but Vniq # Bmid-

Theorem Let o > 4 and let (u+)s>0 be a solution of the
higher-level ODE with initial mean [ x po(dx) = z.

(a) If z > zyiq, then p = Fapp-
(b) If z < zpiq, then puy = Tioy-
t—o00
(c) If z = zpiq and o # fiq, then pe = Vg
t—00

(d) If po = Fimia, then pe = Fipyq VE = 0.
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A random tree process

AN

In a 3-regular tree, place death symbols with probability 1/(1 + «)
and color the leaves blue with probability zyiq. In the limit of an
infinite tree, this yields a stationary picture. Such a process is
called a Random Tree Process. A Markov chain with tree-like time.

Tibor Mach and Jan M. Swart (UTIA AV CR) Mean-field dual of cooperative reproduction



Endogeny

Each fixed point z = Zjow, Zmid, Zupp Of the mean-field ODE defines
a Random Tree Process (RTP).

Following Aldous and Bandyopahyay [AB '04], we call a RTP
endogenous if the state at the root (blue or black) is a function of
the random variables at the nodes (death or coop maps).

Proposition The RTPs corresponding to zj,y and zup, are
endogenous, but the RTP corresponding to z;q is not.

Proof Following [AB '04], this follows from an analysis of the
bivariate ODE. Alternatively, for zjoy, and z,pp, in [AB '04] it is
proved that for monotone systems, the RTP corresponding to a
lower or upper fixed point is always endogenous. |
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A random tree process

We label the nodes i of
the tree T in the obvious
way.

11
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A random tree process

We attach i.i.d.
maps (7i)ier with
7 € {dth, coop}.

11
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A random tree process

3

11

And we define
(Xi)ier such that
Xi = 7i(Xit, Xiz, Xi3).

1001001010001 111000000T11100
~~

i.i.d. with intensity z
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A higher level RTP

The Random Tree Process (i, Xj)ieT is endogenous iff
Xp =P[Xp=1|(mi)ier] as.
Observation: Setting
wi = P[X; = 1] (v)jer]

defines a higher-level RTP (%;,wj)icT corresponding to the
higher-level maps

coop(w1, w2, w3) = wi+ (1 —wi)wpws and  dth(wy,ws,ws) ;= 0.

Moreover
VYmid = P[W(D € ]
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A discrete evolution

On finite trees, if we assign the leaves i.i.d. w; with law pg, then n
levels above this the wj; are i.i.d. with law p,, where

«Q 1
o+ 1¢(anl) et

do.

Hn =
We start with o = d,_,, and plot the distribution function
Fa(s) = pa([0,s]) (s €[0,1])

for the parameters o = 9/2, zyiqg = 1/3, zypp = 2/3.

As n — oo, this converges to the distribution function of v ;.
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Numerical results
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