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The split real line

The split real lineis Ry := {tx: t € R, x € {—,+}}.
We let T := t denote the real part and
s(7) := * the sign of a split real number T = t*.

We equip Ry with the lexicographic order and the associated order
topology, which is generated by the open intervals
(0,p) ={r€eRs:0<T<p} (0,7 € Ry).
For 7,, t+ € R, one has 1, — t+ iff
T, — t and 7, > t+ for all n large enough.

For 7, t— € R, one has 7, — t— iff
7, — t and 7, < t— for all n large enough.

Jan M. Swart Monoid duality



The split real line

We also write
[o,p) ={r€Rs:0<7<p} (0,7€R,)

etc. The space R; is first countable, Hausdorff, and separable, but
not second countable and not metrisable. A subset C C RY is
compact iff it is closed and bounded.
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Cadlag functions

Let T be a Hausdorff topological space and let s,u € R, s < u.

Lemma Let ' : [s,u] — T be a cadlag function and let
f~ :[s,u] = T be its left-continuous modification, defined as

(s} limqe () if t € (s,u],
(8= { f*(s) ift=s.
Then setting

F(t£) == f=(t)  (t+ € [s+,t+])

defines a continuous function f : [s+, t+] — T, and each
continuous function f : [s+, t+] — T is of this form.

Remark A continuous function f : [s—, t+] — T can jump at
time s but this is not possible for a cadlag function.
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Stochastic flows

Let S be a set and let (X ,)s<, be a collection of random maps
Xs,u:S — S. We say that (X ,)s<y is a stochastic flow on S if

Xss=1 and X;,0Xs5;=X;, as. Vs<t<u.

Often, one even has a.s. equality jointly for all s <t < w.
In particular, this holds for all stochastic flows we have seen so far.
A stochastic flow has independent increments if

Xeg,trs- -3 Xt, 1.1, areindependent V tg < --- < tp.

If (Xs,u)s<u is a stochastic flow with independent increments, Xy is
an independent S-valued random variable, and s € R, then

Xt = X575+t(X0) (t Z O)

defines a Markov process (X¢)¢>0.
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Backward stochastic flows

A backward stochastic flow on a set R is a collection of random
maps (Y, s)u>s such that

Yss=1 and Yis0VY,;=VY,s as. Vu>t>s.

If (Y,s)u>s is a backward stochastic flow on R with independent
increments, Yy is an independent R-valued random variable, and
u € R, then

Yt = Yu,u—t(YO) (t 2 0)

defines a Markov process (Yt)¢>o.
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The cadlag property

Let A= {(0,7) € RZ:0 < 7}. Let (Xs,u)s<u be a stochastic
flow on a Hausdorff topological space S.
We say that (X ,)s<y is cadlag if there exists a continuous
function

AxS3(o,7,x) =X, (x)€S

such that
Xse(x) = X§+7t+(x) (s,teR, s<t, xe8).

Similarly, we call a backward stochastic flow (Y, s),>s on R cadlag
if there exists a continuous function

A xRS (0,7,y) > Y2, (y) € R
such that

Yes(y) =Yg oi(y) (t,seR, t>s, yeR).

Jan M. Swart Monoid duality



The cadlag property

If a stochastic flow (Xs ,)s<y is cadlag, then a Markov process
(Xt)t>0 defined as

Xt = X575+t(X0) (t > 0)

has cadlag sample paths.
However, if a backward stochastic flow (Y, s),>s is cadlag, then a
Markov process (Y:)t>o defined as

Yt = Yu7u_t(Y()) (t > 0)

has caglad sample paths.

Remark Without the split real line, it is quite tricky to define
cadlag functions of several variables. Kolmogorov (1956) already
pointed out that cadlag functions can be viewed as continuous
functions on the split real line.
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Pathwise duality

Let S,R, and T be sets, and let ¢ : S x R — T be a function.
By definition, two maps m: S — S and m: R — R are dual w.r.t.
the duality function v if

v(m(x),y) =¢(x,m(y))  (x€8, y€eR).

A stochastic flow (X ,)s<y on S and a backward stochastic flow
(Yys)u>s on R are dual w.r.t. ¢ if

w(xs,U(X)J/) = w(&Yu,s(y)) (s<u, x€8S, yeR).

Two Markov processes (X;)¢>0 and (Y:)e>o are pathwise dual if
they can be constructed from a stochastic flow and a backward
stochastic flow that are dual.
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The backtracking process

Let S and T be compact metrisable spaces.
Equip C(S,T) with the topology of uniform convergence.

Lemma If (X, ,)s<, is a cadlag stochastic flow on S, then
Fus(f) :=foXs, (u > s, C(S,T))

defines a cadlag backward stochastic flow (F, s),>s on C(S,T).

The associated backtracking process (F¢):>o is pathwise dual to
(Xt)e>0 with duality function

Upack(X, F) := f(x) (X €S, fe C(S,T)).
Indeed:

Yback (Xs,u(x)a f) =fo Xs,u(x) = Yback (X, IE‘u,s(f:))-
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Invariant subspaces

Def a subspace £ C C(S,T) is invariant under the backward
stochastic flow (F, s)y>s of the backtracking process if

fefE = TF,f)eé (u>s).

Claim Useful pathwise dualities are associated
with invariant subspaces of the backward stochastic flow
of the backtracking process.
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A bit of order theory

Let S be a partially ordered set.

Def A dual of a partially ordered set S is a partially ordered set S’
together with a bijection S 5 x — x’ € S’ such that

x<y & xzy.

Example 1 S’ := S equipped with the reverse order
x<'y & x>y and x — x' is the identity map.

Example 2 If S C P(A) := {x : x C A}, equipped with the order
of set inclusion, then we may take x’ := A\x the complement and
S ={x":xeS}

Naturally $” = S.
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A bit of order theory

Define the upset AT and downset At of AC S as

AT::{yES:erAs.t.xgy},
A¢2:{y€SZE|XEAS.t.XZy}.

Then A is increasing if A= AT and decreasing if A= At.
S is a lattice if Vx,y € S AxVy,x Ay € Ss.t.

iy ={xvy}" and {x}n{y}={xry}-

A finite lattice has a unique least element 0 and greatest element 1.
A map m: S — T is additive if

m(0) =0 and m(xVy)=m(x)V m(y) (x,y €5).
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Additive duality

Let S, T be finite lattices and let A be countable.
Equip S := S” with the product order and let 0(i) := 0 (i € A).
Let Cada(S, T) := {m € C(S, T) : mis additive}.

Lemma If m: S — S additive for all m € G, then C,qq4(S, T) is
invariant under the backward stochastic flow (F,s),>s of the
backtracking process,

Proof Since the concatenation of additive maps is additive,
Fys(f) = f o X, , is additive for each f € Coq4(S, T). |
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Additive duality

Let S be a finite lattice, let R be its dual, and let T := {0, 1}.
For each y € Rg,,, define

f,(x) = 1{x £y} (x €5).

Lemma f, € C,q4(S, T) and for each f € C,qa(S, T) there exists a
unique y € Rgy, such that f = f,.
Partial proof f,(0) = 1{0 £y} = 0 and
flbave) =1i v, ¢y
= 1{X1 e y/} V 1{X2 £ y/} = fy(Xl) V f:v(Xg). |

Jan M. Swart Monoid duality



Additive duality

The abstract duality function

wback(xy f) = f(X) (X € S, fe Cadd(S, T))

now takes the concrete form
Yaad(x,y) = Yhack(x: fy) =1 2y (x €S, y € Rn).

Our arguments so far show that for each continuous additive map
m:S — S, there exists a unique map M : Rgn — Ry, such that

wadd(m(x)vy) = Q;Z)add(xa ﬁ?(y)) (X € S7 y e Rﬁn)'

Remarkable fact m is also additive. If m is local, then so is m.
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Additive duality

Theorem Let (X, ,)s<, be the cadlag stochastic flow of an
interacting particle system with state space S = S” and generator

GF(x) = D rm{f(m(x)) — f(x)}.
meg

Assume that S is a finite lattice with dual R and that all local
maps m € G are additive. Then there exists a cadlag backward
stochastic flow (Y, s)u>s on Rgy, such that

zpadd(Xs,u(X)vy) = wadd(vau,s(Y)) (5 <u, xe 57 y € Rﬁn)-

The generator of the associated Markov process takes the form

HE(y) = > rm{f((y)) — f(y)}.

meg
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Additive duality

Remark If the rates satisfy

sy/;z Z rm(\R(rAn([l])| + 1) < 00,
' meg
D(f)>i

then (Y, s)u>s can be extended to R, and

wadd(Xs,u(X)’y) = ¢add(X’Yu,s(}/)) (5 <u, x€S, y€ R)
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The contact process

For the contact process we set S = R = {0,1} and define
Sox—x'€Rbyx':=1—x. Then
Yaad(x,y) =1 2y =liay 20y (x€S, y€R).
We observe that
Vadd (braji(x), y) = Vadd (x, brajj(y)),
Yadd (dthj(x), ) =Yada (X, dthi(y)).

The generators of the forward process X and dual process Y are

GF(x) =Y A, ){f (bra;i(x)) - }+Z{fdth(x —f(x)},

ijen ieN

Gf(y)=>_ AU N{f(braz(v) = ()} + D_{f(athi(y)) = f(y)}.

i,jeN ien
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The contact process

X
time O’t(x)
1 1 1 0 1 0 0 0
A A A A
ﬁ
]
e ) L
h
- —
0 0 0 1 0 0 1 0 0 0

space A\
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The contact process

time

space A\
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The contact process

Pada (Xo,e(x),y) = LiXoe(x) Ay # 0}
= 1{there is an open path from x to y}
= l{X AYeo(y) # 0} = add (X,Yt,o(}/))~
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The contact process

Lemma The contact process X = (X;)>o started in Xp = 1 with
infection rates A(j, i) satisfies

PliX; € -] =7,
where 7 is an invariant law that is uniquely characterised by

/U(dx)l{x/\y#o}:IP’y[Yt;éOVtZO] (y € Stn),

where Y = (Y:)¢>0 is the contact process with reversed infection
rates AT(j, i) := A\(i,j).

Proof
PLHX: Ay #0] =P'[LAY: #0] — P/[Y; #£0Vt >0].
Since this holds for all y € Sg,,, the claim follows. [ |
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The contact process

Theorem Assume that A = Z9.

Assume that A(j, i) = A(j — i) depends only on the difference j — i.
Assume that ]P’[Xo € ] is translation invariant and

P[Xo =0] =0. Then

P[X; € -] =v.

Proof idea Need to show

P[XeNy #0] — PY[Ye £0Vt 20] = p(y) (y € Spn)-
Fix N > 0. Then
P[X; Ay # 0] = P[Xo,1(X0) A Yea(y) # 0]
= P[Xo,1(Xo0) A Yea(y) # 0| [Yea(y)| = 0] P[[Yea(y)| = 0]
+P[Xo,1(Xo) A Ye1(y) #0]0 < [Yea(y)l < NJ P[0 < [Yea(y)| < N
+P[X01(X0) A Yea(y) # 0| N < [Yea(y)|] PN < [Yea(y)l]-
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The contact process

Almost surely

dt <oost Yei(y)#0 or [Yei(y)l el

As a consequence
P[X0,1(Xo) A Ye1(y) # 0| [Ye1(y)| = 0] P[[Yea(y)l = 0]
=0
+P[Xo,1(X0) A Ye1(y) #0]0 < [Yea(y)| < N] P[0 < [Yea(y)| < N

— 0
t—o00

+P[Xo,1(Xo) A Ye1(y) # 0| N < [Yea(y)|] P[N < [Yea(y)]] -
%vl

— p(y)

t—o00
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The two-stage contact process

Krone (1999) has studied a two-stage contact process.
Here S = R ={0,1,2} and x’' := 2 — x. The duality function is

Ykrone(X, ¥) 1= 1{x(i) + y(i) > 2 for some i € A} (x,y € SM).

Let U be a partially ordered set and Pge.(U) := {A C U : At = A}
Then S := (Paec(U), C ) is a distributive lattice

Birkhoff's representation theorem says that each distributive lattice
S is of this form.

In Krone's example, we can take U = {0, 1}.

Each additive duality on a distributive lattice has an interpretation
in terms of open paths.
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The two-stage contact process

Xo,+(Xo) Yo
0 2 0 2 0 1 2
S A A L JL,
) L I » 7 - - *
L 21| -
> \{N L A 4 A 4
0 1 0 2 0 2 2 1
Xo Y¢.0(Y0)
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Cancellative duality

Let @ denote (componentwise) addition modulo 2.
A map m: {0, 1} — {0,1}" is cancellative if

mO) =0 and m(x@y)=m)Emy)  (xye {01,
Let S= T = {0,1}, let A be countable, and let S = S".
Let Ceanc(S, T) := {m € C(S, T) : m cancellative}.

Lemma If m:S — S cancellative for all m € G, then Ceanc(S, T)
is invariant under the backward stochastic flow (F, s),>s of the
backtracking process,

Proof Since the concatenation of cancellative maps is cancellative,
Fus(f) = f o X, is cancellative for each f € Ceanc(S, T). |
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Cancellative duality

For each y € Sg,, define

f(x) =P x(y() (xeS).

ieN

Lemma f, € Ceanc(S, T) and for each f € Ceanc(S, T) there exists
a unique y € Sgy, such that f = .
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Cancellative duality

The abstract duality function

Ypack(X, F) := f(x) (X €S, f € CaulS, T))

now takes the concrete form

wcanc(x7y) = wback(x’ fy) = @X(’)Y(’) (X € S7 ye Sﬁn)'
ieN

The abstract theory now implies that for each continuous
cancellative map m: S — S, there exists a unique map
m : Sgn — Sgn such that

wcanc(m(x)a)/) = wcanc(xa ﬁ"()/)) (X € Sa y e sﬁn)'

Remarkable fact /m is also cancellative. If m is local, then so is m.
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Cancellative duality

Theorem Let (X, ,)s<, be the cadlag stochastic flow of an
interacting particle system with state space S = S” and generator

GF(x) = > rm{f(m(x)) — f(x)}.

meg

Assume that S = {0,1} and that all local maps m € G are
cancellative. Then there exists a cadlag backward stochastic flow
(Yy,s)u>s on Sgy such that

¢canc(Xs,u(X)aY) = wcanc(XaYu,s()/)) (5 <u, x€ S, VAS Sﬁn)

The generator of the associated Markov process takes the form

HE(y) = m{f(m(y)) — f(y)}.

meg
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Cancellative duality

Remark Under suitable assumptions on the rates, the backward
stochastic flow (Y, s)u>s on Sg, can be extended to S.

However, the duality function

wcanc(va) = @X(i)y(i) = 1{|Xy| is Odd}

ien

may fail to be defined unless at least one of x and y lies in Sgy,.
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The cancellative contact process

Lemma The cancellative contact process X = (X;)¢>o started in a
product law with intensity 1/2 satisfies

P[Xt S ] = V1/2;

where vy 5 is an invariant law that is uniquely characterised by

/ P(dx)eme(x,y) = LY [Ye £0VE > 0] (y € San),

where Y = (Y:)>0 is the cancellative contact process with
reversed infection rates AT(j, i) := A(i, ).

Proof
P[|Xcy| is odd] = PY[|Xo Y¢| is odd]
1
=P[Ye #£0] — P/[Ye #£0Vt >0].
Since this holds for all y € Sg,, the claim follows. [ |
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The cancellative contact process

Theorem Assume that A = Z9.

Assume that A(j, /) = A(j — i) depends only on the difference j — i.
Assume that IP[XO € ] is translation invariant and

IP’[XO = Q} = 0. Then

P[Xt € ] = 1/1/2.
Proof idea Similar to what we did before:
P[|Xey| is odd] = P[|Xo,1(Xo)Ye,1(y)] is odd]

= P[|X0,1(X0)Ye1(y)| is odd | [Ye1(y)| = O] P[|Ye1(y)| = 0]
+P[|X0,1(X0)Ye1(y)| is odd | 0 < [Ye1(y)| < N] P[0 < [Yea(y)| < N
+ P[[X0,1(Xo)Ye,1(y)| is odd | N < [Ye1(y)[] P[N < [Yea(y)l]-

~1/2
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The threshold voter model

The threshold voter model has a random mapping representation
in terms of monotone maps

Gf(x)= Z {f(min;(x)) — f(x)}
+ 3 {Fmaxi(x)) — f(x)}  (x€{0,1}").

ien

and another random mapping representation in terms of
cancellative maps

Gf(x) = 227“\["‘ Z {f(flipi,A(X)) - f(x)}.
ieN ACM
|a] is odd

Remarkably, the latter is more useful for proving ergodic
statements.
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Parity preservation

Except in the 1D nearest-neighbour case, it is known that the
threshold voter model (X;)¢>o has three extremal invariant laws,
and complete convergence holds: for arbitrary initial laws,

P[X: € -] = Podo + P11 + (1 — po — p1)ra 2,

where ps = P[3t > 0 s.t. X; = s].
The cancellative dual (Y:)e>o is parity preserving:

|Yo| mod(2) = |Y¢| mod(2) (t>0).
If P[Xo -] is product law with intensity 1/2, then

PIX:(7) # Xe(7)] = P[1X:(6; + )] is odd]

=P [|XoYe| is odd] = 1P Y, £ 0]

— APY, £ 0Vt >0].

t—>oo
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Monoid duality

A semigroup is a set S equipped with an associative operation +.
A monoid is a semigroup S with a neutral element 0.

If S, T are monoids, then we let H(S, T) denote the set of
homomorphisms h : S — T, which satisfy

h(0) =0 and h(x+y) = h(x)+ h(y) (x,y €5).
Def Let S, R, T be commutative monoids.
Then S is T-dual to R with duality function ¢ : S x R — T if:
1. ¥(x1,y) = ¥(x,y) for all y € R implies x; = x2 (x1,x2 € S),
2. 1(S, T)={y(-,y) -y € R},

3. ¥(x,y1) = ¥(x, y2) for all x € S implies y1 = y» (y1,¥2 € R),
4. H(R, T)={v(x, ) :x € S}.
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Monoid duality

Example Let S be a finite lattice, let R be its dual, and let
T ={0,1}.

We view S, R, and T as commutative monoids with neutral
element 0 and sum V.

Then SN is T-dual to R with duality function

Vadd(X, ¥) = Ligyy-

Example Let S = T = {0, 1}, equipped with addition modulo 2.
Then SN is T-dual to S with duality function

wcanc(x7y) = @ieA X(i)Y(i)'

Example Let S = {0,1}?, equipped with the operation

(x1,x2) + (y1,¥2) = (x1 V x2, y1 B y2).

Let T ={—1,0,1} equipped with the usual product. Then S" is
T-dual to SN with duality function . _
6 (0a,0), (n,y2)) = [T (1= (@ (i)) (~1y 22200,

ieh
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Monoid duality

Theorem Assume that A = Z9.

Let (X, Y) be a combination of a contact process and a
cancellative contact process, constructed using

the same graphical representation.

Assume that \(j, /) = A(j — /) depends only on the difference j — i.
There exists an invariant law v, such that for each initial law
P[(Xo, Yo) € -] that is translation invariant and satisfies

P[Xo =0 or Yo =0] =0, one has

P[(X:, Y:) € -] = v

Note The marginals of v, are 7 and vy 5.
The law v, is concentrated on {(x,y) tXx > y}.
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