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Monotone maps

Let S be a finite lattice. A map m: S — S is monotone if
x<y = m(x)<m(y)
and additive if
m(0) =0 and m(xVy)=m(x)V m(y).

Note If m is monotone, then

so every monotone map is “superadditive”.
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Monotone maps

A typical example of a monotone map that is not additive is the
cooperative branching map coop; : {0, N - {o,1}A

(x(7) A x(j)) V x(k) if I =k,

coop;y (x)(1) :=
Pk (x)(/) { x(1) otherwise.
Let A= {1,2,3}. Then

x = (1,0,0) "2 (1,0,0),
=(0,1,0) “2%% (0,1,0),
xVy = (1,1,0) "= (1,1,1).

And coopy,3(x V y) > coopyps(x) V coopyas(y).
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Monotone particle systems

Let S be a finite partially ordered set with least element 0.
Equip S := S” with the product order and let 0(i) :=0 (i € A).

Let (Xs,4)s<u be the stochastic flow of a particle system with

generator
GF(x) = D rm{f(m(x)) — f(x)}.

meg

Assume that each m € G is monotone with m(0) = 0.

Let T :={0,1} and let C_(S, T) be the space of continuous
monotone functions f : S — T with £(Q) = 0. Then

fe C+(S, T) = Fu,s(f) =fo X57u € C+(S, T),

so C4(S, T) is invariant under the backward stochastic flow.

Can we make a pathwise duality out of this?
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Lower semi-continuous monotone functions

We need a way to characterise elements of C.(S, T).

Let £.(S, T) be the space of lower semi-continuous monotone
functions f : S — T with f(0) = 0. Then

feli(S,T) < =14 with ACS open increasing, 0 ¢ A.
Moreover
fe £+(S, T) = ]F,_,,s(f) =fo Xs,u € £+(S, T),

so also £,(S, T) is invariant under the backward stochastic flow.
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Lower semi-continuous monotone functions

Recall A increasing & A = AT with
Al = {XES:EIyeAs.t.ygx}.

A minimal element of Aisan y € As.t. thereisnoy #y' € A
with y’ < y. Let
A°:={y € A:y minimal}.

Let

San = {X €S:0< Z 1{X(;)750} < OO},
ien
Z(S):={ACS: Ais open and increasing, 0 ¢ A},
H(S):={Y CSpn: Y=Y},

Hin(S):={Y € H(S) : |Y| < 0}.
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Encoding of open increasing sets

Recall that 14 € £4(S,T) < A€ Z(S).

Lemma The map Y +— YT is a bijection from H(S) to Z(S) and
the map A — A° is its inverse.
Moreover 1y+ € C4(S, T) < Y € Han(S).

Recall that (X ,)s<y is dual to (F, s)u>s with duality function
Upack(X, f) = f(x). Through the bijection

H(S) > Y+ 1ys € L(S, T), this abstract duality function now
takes the concrete form

¢mon(X7 Y) = 1YT(X) = 1{Ely €Yst x> _)/}

(x €S, Y € H(S)).
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Monotone duality

Proposition There exists a backward stochastic flow (Y, s),>s on
H(S) such that

wmon (XS,U(X)) Y) = wmon (X7 Yu,s(Y))
(x €S, Y € H(S)). One has
Y eHin(S) = Yus(Y) € Han(S).

Remark The law of an S-valued random variable X is uniquely
determined by

(IE [¥mon (X, Y)] ) sy

The law of an #(S)-valued random variable Y is uniquely
determined by

(E [ ’]‘_[1 Ymon (Xi’ Y)} ) n>1, X1, Xn€San
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A cooperative contact process

Example

For i € A, let pi(i,-) and pa(/,-) be probability laws on A and on
{(j, k) € N2 : j # k}, respectively.

Consider the interacting particle system with generator

Gf(x):=(1—-«a) Z Zpl(i,j){f(braj,-) — f(x)}

ieN jeN
+az Z p2(i, ], k){f(COOiji) —f(x)}
ieN (j,k)eN
+) {f(ath)) — f(x)}.
ieh

For o = 0 this is a contact process, which is additive.
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A cooperative contact process

For Y € H(S) ={Y C Sgn: Y° = Y}, define

braj;(V):= (Y U {dthi(y) V& : ¥ € Shn, y(i) =1})°,
cB5230(Y) = (Y U {at) v 5V € S (1) = 1)
dth;(Y): ={y e Y:y(i)=0}.
Then
Prmon (bT2i(x), Y) = Ymon (x,bra;i(Y))  (x €S, Y € H(S)),
etcetera. Indeed

dy e Vst brajx)>y <« dye b/r\aj,-(Y) sit. x> y.
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A cooperative contact process

The maps b/r\aj,- and dth; preserve the subspace
Haqa(S) :={Y € H(S) : ly|=1Vy e Y}

This reflects the fact that the contact process is additive.
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The contact process

time

space Z

Jan M. Swart Monotone duality



The contact process

X
time 0.¢(X:)
0 1 1 0 1 0 0 0
A A A
ﬁ
|
h
|
h
ﬁ T
0 0 0 1 0 0 1 0 0 0

space Z
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Open paths

space Z
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Open paths

Y

space Z
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Open paths

4

space Z
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Open paths
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Open paths
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Open paths

Yt 0 0 0 1 1 0 1 0 0 0

space Z
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A cooperative contact process

time

space Z
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A cooperative contact process

Xo,e(Xe)

1 1 1 0 1 0 0 0
A

time

space Z
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The dual process

time

L N
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The dual process

time

L N
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The dual process
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The dual process
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The dual process
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The dual process
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The dual process
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The dual process

time

L N

AN
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The dual process

time
1
L N
-
-
- P <
~ N

L N -
i 0 0 0 1 0 0 0 0 0 0
y2 0 0 0 0 1 0 0 0 0 0
¥3 0 0 0 0 0 0 1 0 0 0
Y4 0 0 0 0 0 1 0 1 1 0

Ye ={y1,)2,¥3,ya}



The dual state space

Lemma It is possible to equip H(S) with a metric such that
Yn Y g Q[)mon(xa Yn) — Q;Z)mon(xa Y) Vx S sﬁn

and #H(S) is compact in this topology.
We equip H(S) with a partial order by setting

i<Y, & Y/ cv]
Then #(S) has a least element ) and a greatest element

T::{5;ZiEA}.
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The upper invariant laws

Lemma The process X = (X¢)t>0 started in Xy = 1 satisfies

where 7 is an invariant law, called the upper invariant law. One has

PLX.()) = 1] =PL[X, > §;] =PU} [Ty € YV, st 1 > y]
=PUIY, £ 0] — POy, #0 vt >0].

So 7 is nontrivial iff the dual process Y = (Y})¢>0 started from an
initial state of the form {4;} survives with positive probability.
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The upper invariant laws

Lemma The process Y = (Y;)r>0 started in Yo = T satisfies
T _
P [Yie ]| =T
where Tz is an invariant law. For each x € Sg,,, one has

B{Y e H(S):Ty € Y st. x > y})
= lim PT[3y € Vst x > y| = lim Py € T sit. X > y]
t—o0 t—00

= lim P[X; # 0] = P*[X; # 0Vt > 0].

So 11 = 4y iff the forward process X dies out started from any finite
initial state x.
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Some simulations

T

i

For each i = (i1, i2) € 72, let i i~
= (ip+1,ix) and it := (ig, ir + 1).

Let p,d € [0,1] and let X = (X;)ten be a Markov chain with

values in {0,1}%" such that independently for each i and t,

Xep1(7) = Xe(i) V (Xe(i77) A Xe(iT)) - w. prob. p(1 — d),
Xep1(1) = Xe(1) V Xe(i77) w. prob. (1 — p)(1 —d),
Xex1(i) = Xe (i) V Xe (i) w. prob. (1 — p)(1 - d),
Xer1(1) =0 w. prob. d.

For p = 0 this model is additive.
For p =1, it does not survive for any d > 0.
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Some simulations

0.2

0.2 0.4 0.6 0.8 1
—>
Density of the upper invariant law.
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Some simulations

0.2

0.2 0.4 0.6 0.8 1
—>
Survival probability started from a single one.
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