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Abstract

We consider contact processes on the hierarchical group Qp with freedom N, where sites
infect other sites at hierarchical distance k with rate o, N~F, and sites become healthy
with recovery rate §. We show that the critical recovery rate d. is zero (i.e., the process
dies out for any § > 0) if liminf;_... N~ ¥log(8x) = —o0, where 3}, := > i 0. On the
other hand, in the special case that IV is a power of two, we show that d. > 0 provided
that ), N ~*log(ay) > —oo. The proof of this latter fact is based on a coupling argument
that compares contact processes on 2o with contact processes on a renormalized lattice.
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1 Introduction

1.1 Main result

Let A be a finite or countably infinite set, called lattice, let (a(7,7))i jen, iz be nonnegative
constants, and § > 0. Then the contact process on A with infection rates a(i,j) and recovery
rate § is the {0, 1}-valued Markov process X = (X;)i>0 with the following description. If
Xi(i) = 0 (resp. X¢(i) = 1), then we say that the site ¢ € A is healthy (resp. infected) at
time ¢ > 0. An infected site i infects a healthy site j with rate a(i,7) > 0, and infected
sites become healthy with rate § > 0. It can be shown (see [Lig85, Prop. 1.3.2]) that X is
well-defined provided the infection rates are summable, in the sense that

la| := supZa(i,j) < 0. (1.1)
JEA Gen

A contact process may be used to model the spread of an infection in a spatially ordered
population; see [Lig99| as a general reference. Historically, the main focus has been on nearest-
neighbor contact processes. For such processes, A is a connected, undirected graph, and a(i, )
equals some fixed constant A > 0 if ¢ and j are connected by an edge and is zero otherwise.
We will be interested in a situation where there is no graph structure, but A is the hierarchical
group. In the hierarchical group, sites are ordered into groups containing IV sites each, groups
are further ordered into 2-level groups containing N groups each, and so on. Sites are at
distance one if they are in the same group, and more generally at distance k if they are in the
same k-level group, but not in the same (k — 1)-level group. Such a hierarchical structure may
be a reasonable model for the spatial distribution of some species, including humans, which
are organised in townships, cities, countries, and continents. Population dynamical models on
the hierarchical group have been studied before in e.g. [SE83|, [DG93|, Daw00].

A basic feature of the contact process is that it exhibits a phase transition between survival
and extinction. Let 0 € A be some fixed site, called origin. We say that a contact process on
a lattice A with given infection rates (a(4,j))i jen, i»; and recovery rate § > 0 survives if there
is a positive probability that the process started with only the origin infected never recovers
completely, i.e., if

P[X; # 0Vt > 0] > 0, (1.2)

where 6; € {0,1}" is defined as 6;(j) := 1 if i = j and &;(j) := 0 otherwise, and 0 € {0,1}*
denotes the configuration with only healthy sites. (In typical cases, e.g. when the infection
rates are irreducible in an appropriate sense or if the process has some translation-invariant
structure, this definition will not depend on the choice of the origin 0.)

For given infection rates, we let

dc 1= sup {5 > 0 :the contact process with infection rates

1.
(a(i,j))ijen, i#j and recovery rate § survives} (13)

denote the critical recovery rate. A simple monotone coupling argument shows that X survives
for 6 < 6. and dies out for § > d..

By comparison with a subcritical branching process, it is not hard to show that . < |al,
where |a| is the constant defined in . For a large class of lattices, it is known that moreover
dc > 0. For example, this is the case for nearest-neighbor processes on infinite graphs, or if A is
a finitely generated, infinite group, and the infection rates are irreducible and invariant under
the left action of the group [Swa07, Lemma 4.18]. On groups that are not finitely generated,



the question whether §. > 0 becomes more subtle. Inspired by a question that came up in
[Swa08], the main aim of the present paper is to give sufficient conditions for §. > 0 (resp.
dc = 0) when A is the hierarchical group.

By definition, the hierarchical group with freedom N is the set

Qn = {i = (io,i1,...) 1 ig € {0,..., N = 1}, i), # 0 for finitely many k}, (1.4)
equipped with componentwise addition modulo N. We set
|li| :== inf{k > 0: iy, =0Vm >k}, (1.5)

and call |i—j| the hierarchical distance between two elements i, j € 2. We choose nonnegative
constants (ay)r>1 and define infection rates on Qx by

a(i,j) =y NI (i j € Qv i # ). (1.6)

In order for the infection rates a(i,j) to summable in the sense of ([I.1]) we must assume that
> pe o < oo. Here is our main result:

Theorem 1 ((Non-) triviality of the critical recovery rate) Let N > 2, let (ag)r>1
be nonnegative constants such that Y po; a < 00, and let . be the critical death rate of the
contact process on n with infection rates as in @

(a) Assume that
liénian*lC log(Br) = —o0, where f = Z an (k>0). (1.7)
e n==k

Then 6. = 0.
(b) Let M be the largest power of 2 such that M < N. Assume that

i M *log(ag) > —o0 (1.8)

k=m
for some m > 0. Then . > 0.

The special role played by powers of 2 in part (b) is entirely due to our methods of proof and
has no real significance. In fact, we will carry out most of our calculations for the case N = 2
and then generalize to the statement in part (b) by some simple comparison arguments. Note
that if N is a power of 2 and

ap=e?"  (k>1), (1.9)

then our results show that 6. > 0 for 1 < # < N and 6. = 0 for § > N. There is a gap
between the conditions and . We guess that is not necessary for d. > 0, since
this condition is violated when infinitely many of the «j’s are zero, while it seems unlikely
that the latter should imply d. = 0. We do not know if condition is sharp.



1.2 Discussion and outline

Finding upper bounds on the critical recovery rate of a contact process is generally easier than
finding lower bounds. In line with this, it turns out that the proof of Theorem (1] (a) is rather
simple, but part (b) is much more involved.

Before we discuss our method for proving Theorem [1| (b), we recall how survival is proved
for contact processes on other lattices. Since most of the literature deals with nearest-neighbor
processes, for which there is just a single infection rate, it has become customary to fix the
recovery rate to 1, consider the infection rate as a variable, and prove upper bounds on the
critical infection rate. By a trivial rescaling of time, we may instead fix the infection rate and
vary the recovery rate, hence any upper bound on the critical infection rate in the traditional
setting can be translated into a lower bound on the critical recovery rate in our setting.

If A is an infinite (connected, undirected) graph, then it is always possible to embed a
copy of Z in A, hence the problem can be reduced to proving survival of the nearest-neighbor
contact process on Z. (It is often possible to do better than just embedding copy of Z in A,
see |Lig85, Thm VI.4.1].)

For the nearest-neighbor contact process on Z, we are aware of two independent proofs that
dc > 0. If the recovery rate ¢ is sufficiently small, then it is not hard to set up a comparison
between the contact process on Z and oriented percolation on Z x Z,, with a percolation
parameter p close to one. The problem can then be reduced to showing that p. < 1 for
oriented percolation on Z x Z., which is known to follow from a Peierls argument (see [Dur88|
Chapter 5)).

An independent aproach for proving survival of the nearest-neighbor contact process on Z,
which gives a better bound on the critical value, is the method of Holley and Liggett [HLT78]
(see also [Lig85 Section IV.1]). Their basic observation is that if there exists a translation
invariant probability law on {0, 1}Z such that the process X started in this initial law satisfies

2PEi€ Ast. Xu(i) =1]|,_, > 0 (1.10)

for all finite A C A, then by duality P[X((0) = 1] gives a lower bound on the survival
probability of the process started with a single infected site. Holley and Liggett then explicitly
construct a renewal measure that solves . Their method has been refined in [Lig95],
leading to the best rigorous lower bound on §. available to date.

For lattices different from Z, there exist other, independent methods for obtaining lower
bounds on d.. On Z2, one may use comparison with a stochastic Ising model. One Z? with
d > 3, one may use comparison with certain linear systems; this method gives the sharpest
known bounds in high dimensions. (For both these techniques, see [Lig85, Section VI.4].) For
processes on trees, there is a very simple lower bound on J. resulting from a supermartingale
argument (see [Lig99, Thm I.4.1]).

In general, one can say that proving survival for contact processes is easier in higher
dimensions. In this context, returning to the hierarchical group, the following observation is
useful. Let & = (&)+>0 be a random walk on Qy that jumps from a point ¢ to j with rates
a(i,j) as in (L.6), with

o = N7FC/D (> 1)), (1.11)

where d > 0 is some real constant. Then

Plgy = 0] ~ ¢(logt)t™%?  as t— oo, (1.12)



where f(t) ~ g(t) means that f(¢)/g(t) — 1 and ¢ is a positive, periodic, continuous real
function. Thus, if d is an integer, then such a random walk is similar to a usual short-range
random walk on ZZ. Also, ¢ is recurrent if and only if d < 2.

These observations are relevant when we consider comparison with linear systems as a
method to prove survival of contact processes on the hierarchical group. Indeed, since this
technique depends on the transience of the underlying random walk, for processes with rates
ay as in (1.11)), it seems this technique can only work if d > 2. Note that our Theorem (1| (b)
shows that d. > 0 for any d > 0, and in fact for processes with much faster decaying rates.

If we forget about other ‘high-dimensional’ techniques, this leaves us with two known
techniques for establishing lower bounds on the critical recovery rate that might be succesful
on the hierarchical group: comparison with oriented percolation plus a Peierls argument, or
the method of Holley and Liggett.

It is not hard to set up a comparison between a contact process on {25 and some form of
oriented percolation on Qy x Zy (with a whole set of percolation parameters p; depending
on the hierarchical distance), but this only moves the problem to proving that the latter
percolates if the py are sufficiently large. Since long-range infections are essential for survival,
it is not obvious, and seems rather difficult, to define suitable contours which could then be
counted and estimated in a Peierls argument.

While we did not spend much time investigating oriented percolation on Qy X Z4, we
did spend a considerable amount of effort trying to adapt the method of Holley and Liggett.
As explained in [Lig95], the renewal measure of Holley and Liggett may be interpreted as
a certain type of Gibbs measure with the property that in , equality holds if A is an
interval. The difficult part of the proof is then to show that this equality for intervals extends
to an inequality for general subsets A C A. For the hierarchical group Qu, it is not hard
to dream up a good analogue of Liggett’s Gibbs measures and to show that may be
satisfied with equality for certain special sets. (In fact, we used blocks of sites within a given
hierarchical distance of each other.) We were not able, however, to carry out the difficult step
in the argument, which is to extend the equality in for special A (the blocks) to an
inequality for general A C Q. It may be that this method can be carried out succesfully; our
failure to do so is no proof that it cannot be done.

The method we finally used for proving Theorem [1| (b) is a coupling argument. The
intuitive idea behind the argument is easily explained. For given ¢ = (ig, i1,...) € Qn, set

B; :={(j,i0,i1,...) € An:j €{0,...,N}} (1.13)

Then (B;)icq, is a collection of blocks B; C 2, each B; containing N sites at distance 1 from
each other. We would like to consider B; as a single site in a ‘renormalized’ lattice, such that
B; can be either infected or healthy. Indeed, if N is large and a1 > §, then it can be shown
that there exists a ‘metastable’ state on B; in which roughly a (1 — §/aq)-fraction of the sites
is infected, and that transitions from this metastable state to the all-healthy state are fast and
happen rarely. Thus, as long as d/«a; is sufficiently small, we expect our ‘renormalized’ blocks
B; to behave effectively as a single site, with an effective ‘renormalized’ recovery rate § that is
much smaller than the original §. Iterating this procedure, we expect the system to be more
and more stable as we move up the spatial scale, until, in the limit, we never get extinct.
The problem with making this intuition rigorous is that we are not allowed to send N to
infinity. If one tries to make the heuristic picture above rigorous in a straightforward way,
then one is forced to give exact bounds, for fixed N, on how stable the ‘metastable’ state on



B; is, and how fast transitions between this state and the all-healthy state are. This soon
becomes very messy and technical.

The solution we found for this problem is a technique the second author learned about from
a talk by Tom Kurtz on the look-down construction for Fleming-Viot processes [DK96, [DK99).
Basically, this is a technique for adding structure to a Markov process X, such that if in the
enriched process (X,Y), one forgets the added structure Y, one obtains back the original
process X. An interesting feature of this technique is that in the enriched process (X,Y’), the
process X is in general not an autonomous Markov process, i.e., the dynamics of X depend
on Y. In practice, we will set up a coupling between a contact process X on the hierarchical
group s with freedom 2, and an ‘added-on’ process Y that lives on a renormalized lattice
and that is almost a contact process itself. In particular, Y can be stochastically estimated
from below by a contact process Y, which is sufficient for our purposes.

After proving Theorem [l| (a) in Section [2| we present and prove our coupling of contact
processes on )y in Section [3]below. A more detailed discussion of our coupling can be found in

Sections while Sections contain proofs. The proof of Theorem 1] (b) is given in
Section ] Appendix [A] contains a simple, but rather tedious argument needed in Section [3.6

2 Extinction

2.1 Some general notation

Fix N > 2 and let Q = Qpy denote the hierarchical group with freedom N. We introduce
contact processes whose state spaces are finite analogues of €. For n > 1, set

Q"= {i=(io,...,in-1) 1ip € {0,...,N = 1}} (2.1)

and

00 = {(0)}, (2.2)
where () denotes the empty sequence. We equip Q" with componentwise addition modulo 2.
For m,n > 0, we define the concatenation i o j € Q™% of elements i € Q™ and j € Q" by

$0§ =60y ime1,]0s- -+ Jn1)- (2.3)
Given 0 < m < n, by definition, the m-block in Q™ with index j € Q" ™ is the set
B (j) :={ioj:ie€Q™} (€™ 0<m<n). (2.4)
We define the set of spin configurations on 2" by
Sp = {0,1}%¥" = {x = (z(i))icqn : (i) € {0, 1}} (n>0). (2.5)

Note that Q0 is a set containing one element and therefore Sy = {0,1}. For 0 < m < n,
1€ Q"™ and x € S, we define x; € S, by

xi(j) :=x(j 01) e jeQ™ xeS, 0<m<n). (2.6)

Note that z; describes what the spin configuration x looks like on the m-block with index 1.
For i € Q" we define [i| as in (L1.5) with |i| := n if 4,1 # 0. For given 6 > 0 and

nonnegative constants aq,...,a,, we define infection rates a(7,j) on Q" as in (1.6)), and we
call the contact process with these infection rates and with recovery rate § the (0, g, ..., ap)-

contact process.



2.2 Extinction
Proof of Theorem (1| (a) For n > 0, let X be the (6, a,. .., ay,)-contact process, and set

I(n) :=E%[inf{t >0: X" =0}]  (n>0). (2.7)

We will estimate [(n) by a very crude argument. By a simple rescaling of time, we may assume
that the constant |a| in satisfies |a| = 1. By an obvious coupling, it follows that X (™ may
be stochastically bounded from above by a process XM in S, = {0, I}Qn where sites jump
independently of each other from 0 to 1 with rate 1 and from 1 to 0 with rate §. Obviously,
the process X (™ has a unique equilibrium law, which is of product form, and if XCEZ ) denotes
a random variable distributed according to this law, then

e (2.8)

On the other hand, since the Markov process X (™) stays on average a time (N™)~! in the state
0 every time it gets there, one has

PG =0 = = (2.9
I(n)+ N—™ 1+ N™(n)
where 3 .
i(n) :=E%[inf{t >0: X" =0}]  (n>0). (2.10)
Solving I(n) from (2.9) and (2.10) and comparing with I(n), we find that
I(n) <In) =N""((1+6HN" —1) < N1+ HN". (2.11)

Now consider our original contact process on the (infinite) hierarchical group Qx. We may
stochastically estimate this process from above by a process where infections over a hierarchical
distance > n yield infections of a new type, in such a way that infections of different types
do not interact with each other (in particular, sites may be multiple infected with infections
of different types). Thus, in our new process, each type evolves as a (J,aq, ..., a,)-contact
process in some n-block, and in addition, for each k£ > n, each site that is infected with this
type establishes with rate oy, N~¥(N* — N¥=1) another type at a uniformly chosen site in some
uniformly chosen n-block at hierarchical distance k. Since at any point in time there are at
most N infected sites of a given type, and each type exists for an expected time of length
I(n), it follows that the expected number of new types created by a type during its lifetime is
bounded from above by

N"l(n)(1—- N1 i . (2.12)
k=n+1

In view of (2.11)) and the definition of 3,, we may estimate this quantity from above by
(1-NHA+5HN B (2.13)

If, for some n > 1, this quantity is less than 1, then types create new types according to a
subcritical branching process, hence a.s. at most finitely many types are created at all time,



hence our contact process dies out. Taking logarithms and dividing by N", we see that for all
d > 0 there exists an n > 1 such that the quantity in (2.13)) is less than one, provided that

liminf N""log (1 = N (1+6 )" Bas1) <0 V5> 0. (2.14)

n—oo

This is equivalent to

log(1 4671 + liminf N""log(Bps1) <0 V& >0, (2.15)

which is in turn equivalent to (1.7)). |

3 Coupling of contact processes

3.1 A coupling

Throughout this section, we fix N = 2 and consider finite (J, aq, . . ., a;)-contact processes on
Q" as defined in Section We will prove the following result.

Proposition 2 (Coupling of contact process) Letn >1, 6 >0, and aq,...,an, > 0. Let
X = (Xy)i>0 be the (8, au, . .., an)-contact process started in any initial law. Set ' := 26§ and
of = sags1 (k=1,...,n—1), where { = f(a1/8) and f denotes the function

f(r) ::7—\/72—% with 7::%(3—1—%7’) (r >0). (3.1)

Then X can be coupled to a process (?lY) such that (Xt, Yi)i>0 is a Markov process, (Y3)i>0
is a (8,0, ...,al,_1)-contact process, Yo =Yy, Yy > Yy for all t >0, and

PlY; = y| (Xs)o<s<t] = P(X1,y)  as. (t>0, yeSu), (3.2)

where P is the probability kernel from S, to S,—1 defined by (recall (@)

P(z,y) = H p(xi,y(1)) (x € Sp, ¥y € Sp—1), (3.3)
ieQn—1
with
p(00,0) p(00,1) 1 0
p(OLO) p(0171) — g 1 _g (3 4)
p(l0,0) p(l()? 1) § 1 _f .
p(ll,O) p(ll, 1) 0 1

The coupling in Proposition [2| achieves the intuitive aim explained in Section [1.2] namely,
to view blocks, consisting of two sites at distance one from each other, as single sites in a
‘renormalized’ lattice, which can either be infected or healthy. Indeed, says that the
conditional law of Y; given X; has the following description. First, we group the sites of X;
into blocks, each consisting of two sites at distance one from each other. Then, independently
for each block, if the configuration in such a block is 00 (resp. 11), then we let the corresponding
single site in Y; be healthy (resp. infected), while if the configuration is 01 or 10, then we let
the corresponding site in ¥; be healthy with probability ¢ and infected with probability 1 — &.
This stochastic rule is demonstrated in Figure[l] The transition there has probability £(1 — &)
and sites in Q3 and Q2 are depicted as leaves of a binary tree.
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Figure 1: Coupling of X; (left) and Y; (right). The conditional probability of the transition
depicted here is £(1 — &).

It is interesting that a stochastic rule for deciding whether a block is healthy or infected
seems to work better than a deterministic rule. We will choose the function p(-,1) in in
such a way that this is the leading eigenfunction of a one-level (4, a)-contact process. Thus,
our methods combine some elements of spectral analysis with probabilistic coupling tools.

The next lemma (which is proved in Section below) lists some elementary properties
of the function f defined in .

Lemma 3 (The function f) The function f defined in is decreasing on [0,00) and
satisfies f(0) = 1 and
fry=2r"1+0(r7?) as 1 — 0o. (3.5)

3.2 Markov processes with added structure

In Proposition [2, the coupling between the processes X and Y is of a special kind. There
exist general results that tell us how to construct processes with conditional probabilities as in
, such that in addition (X3)¢>0, on its own, is a Markov process. In the present section, we
formulate one such result, which will then be used to construct the coupling in Proposition

Let S, S’ be finite sets and set S := S x §'. Let (X,Y) = (X3, Y;)i>0 be a Markov process
with state space S and generator G. For each y € S’ (resp. x € S), we define an operator
Gy : RS — RS (resp. G, : RY — RY) by

Gyf(x) = Gf(z,y) where f(z,y):=f(z) (z€8,yes, feR),
GLf(y) = Gf(z,y) where f(z,y):=f(y) (ze8, yes, feRY).

We say that X evolves according to the generator G, while Y =y (resp. Y evolves according
to the generator G/, while X = z). In particular, if G, does not depend on y, i.e., if G, =G
(y € S’) for some operator G : R® — R, then we say that X is an autonomous Markov
process with generator GG. This is equivalent to the statement that for every initial law of
the joint process (X,Y’), the process X, on its own, is the Markov process with generator
G. The next proposition (which will be proved in Section demonstrates that even when
X is not autonomous, it may happen that there exists an operator G such that for certain
special initial laws of the joint process (X,Y’), the process X, on its own, is the Markov process
with generator G. It seems that Rogers and Pitman [RP81] were the first who noticed this
phenomenon. We will prove the proposition below by elaborating on their result.



Proposition 4 (Markov process with added structure) Let X be a continuous-time
Markov process with finite state space S and generator G. Let S’ be a finite set, let P be
a probability kernel from S to S’, and let (G)zes be a collection of generators of S'-valued
Markov processes. Define an operator G : RS" — RS> py

Gf(z,y) =GLf(y) (xeS8 yes, feR), (3.7)

and define P : RS — RS and P : RS*5" - RS py

)= 3 Ple.y)f(y) and Pf(z):= > Pla,y)f(r.y). (3.8)

yes’ yes’

Assume that
GPf=PGf (feRY). (3.9)

Then X can be coupled to an S'-valued process Y such that (X,Y) = (X, Yi)i>o0 is a Markov
process with state space S x S', the process Y evolves according to the generator G, while
X ==z, and

PIY; =y | (Xs)o<s<t] = Pz, y) as. (>0, y€S). (3.10)

Remark 1 If X and Y are coupled as in Proposition [4] then it is typically not the case that
X is an autonomous Markov process. Nevertheless, the joint Markov process (X,Y’) has the
property that if the initial law satisfies

P[Yo=y|Xo=2a|=P(z,y) (t>0), (3.11)

then X, on its own, is the Markov process with generator G, and ({3.10]) holds.

Remark 2 If X and Y are coupled as in Proposition [4] then it may happen that Y is an
autonomous Markov process. In this case, we will say that Y is an averaged Markov process
associated with X. In the general case, we will say that Y is an added-on process.

3.3 Discussion

We mention a few open problems concerning our _coupling.

1° Can one modify Proposition I Such that Y =Y, i.e., (in terminology invented in the
previous section), for a given (4, a, . . ., o, )-contact process X canwe find a (¢, o, ..., af,_4)-
contact process Y such that Y is an averaged Markov process of X7 This would probably
involve a kernel P and constants ¢, a/,...,a/,_; that are more difficult to describe and less
explicit than the ones in Proposition [2| but would have great theoretical value, since the
resulting map (9, oy, ..., ap) — (0',a),...,al,_;) would represent a rigorous renormalization
transformation.

2° Is it possible to construct a similar coupling as in Proposition but with ¥; < Y;? This
could potentially be used to relax condition .

3° Can one use Proposition [2| to construct a probability law on {0,1}2 that satisfies
condition of Holley and Liggett? This would not add much in the line of proving
survival (which is already achieved) but might add to our understanding of the method of
Holley and Liggett, which is rather poor. In particular, in [Lig95] it is shown that this method
may be used to calculate a sequence of approximations of the critical recovery rate, but beyond
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the second member of that sequence, there is no proof that these approximations are lower
bounds on d. (though they are conjectured to be so).

4° Is it possible to make the methods of the present paper work on Z instead of 97 At
first sight, it seems that the hierarchical structure of s is essential to Proposition[2] However,
when we think of the latter as ‘forgetting the fast modes of the spectrum’, something may be
possible. Any link between Proposition [2] and the method of Holley and Liggett might also
provide a clue.

3.4 Added-on processes

Proof of Proposition @ We adopt the convention that sums over z,z’, 2" always run over
S and sums over y,v’,y” always run over S’. Write

Gf(a)=) r(za)(f(2') — f(z)),

i) =3 ) () — ). (3.12)

where r(x,2’) (resp. r.(y,y’)) denotes the rate at which the Markov process with generator G
(resp. G) jumps from a state = to a state ' (resp. from y to y').

Set S := S x 8. We let (X,Y) = (X;,Y:)s>0 be the Markov process in S started in an
initial law satisfying , with generator G defined by

Gf(:n,y) ::Zty(:c,m')(f(:n',y) - f(xvy))

+ > W) @y - ) (3.13)
y': P(z,y")>0

+ > W) gy (@) (@ y) — @)
y': P(z,y")=0 ’

(x,y) €S, fe Ré), where
r(z, 2" )P(2',y) r(z, 2" )P(z',y)
P(x7y) Zx” r(x,x”)P(x”,y)'

These formulas are not defined if P(x,y) = 0 resp. »_ . r(z,2”")P(2”,y) = 0, so in the first
case we define ¢, (z,z'), in some arbitrary way, while in the second case we choose for g,/ (z, -)
some arbitrary probability distribution on S. In any case, it will be true that

( Z r(z,2")P(2", y)) qy(z,2") = r(z,2")P(a',y), (3.15)

$N

ty(z,2') = and qy(z,2') = (3.14)

since the right-hand side of this equation is zero if Y _, r(z,2”)P(z",y) = 0.

Formula says that the process (X,Y) jumps from a state (z,y) to a state (z/,y)
with rate t,(z,2’). In addition, while X is in the state x, the process Y jumps from the state
y to the state y’ with rate r(y,3’). During such a jump, if P(x,y’) = 0, then the process
X does nothing but if P(x,y’) = 0, then the process X jumps at the same time to a state
«’ chosen according to the probability kernel ¢,/ (z,2’). In particular, these rules say that the
process Y evolves according to the generator G/, while X = z.
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It is known that (3.10)) holds for the process (X,Y) started in any initial law satisfying

(3.11)), provided that A
GPf=PGf  (f€R"). (3.16)

The sufficiency of follows, for example, from [Kur98 Corollary 3.5], which is a rather
technical statement about martingale problems. A much less technical version of this result
can be found in [RP8]1].

We may rewrite G in the form

) —Zt z, ') ( ’y)—f(ﬂ%y))
+Z (z.y) = f(z,9))
+ Z v y)Y ay (@) (f@y) = fa,y)  (xeS, yeR)
y':P(a,y')=0 o
(3.17)

We calculate, remembering the definition of t,(x,2’), and letting G(z,2’) denote the matrix
associated with the operator G,

GPf(x )—Z (ZPx y) f ZPmy )
—ZZ a,2) [P(z',y) (f(2',y) — f(w,y))+(P(x,y)—P(x,y))f(x,y)]
—ZP“/ Zt z, ') (f(@',y) = f(z,y)) (3.18)
+ > Z z,a")P(a',y) (f(z',y) — f(,9))

+ Z <Z G(x,2")P(2, y))f(% Y),
y @’

and

PGf pry Zt JIJZ‘ ,y)—f(x,y))

+ZP:):y Z "y, y qu z,2')(f(2,y) — flz.y))

y": P(z,y")=0

—pryztywx y)—f( \Y))
> Z(ZM V) 0) )y oo (£ 9) — f(x,9))

y: P(x,y)=0

+Z(2Pw N ,>)f<w,y>,
Y '

where to get the second equality we have reordered our terms and relabelled indices. The first
terms on the right-hand sides of (3.18)) and (3.19)) are equal while the third terms agree by

(3.19)
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(13.9). Since by (3.9), for each z,y such that P(z,y) = 0, one has

> P,y ) y) = Pla,y)Galyy) = > Gz, 2" P, y) = > r(w,a")P(a",y),

x//
(3.20)
we see by 1) that also the second terms on the right-hand sides of (3.18)) and (3.19)) agree,

hence ) holds. ]

Remark For fixed y E S’ set Sy :={x € S : P(x,y) > 0} and consider the operator @y

defined by (compare )
yf(fU) = Z y(@.2)(f@@) = f&)) (xS, feRY). (3.21)

/€Sy

Then éy is a ‘compensated h-transform’ of the operator G, with the function h(x) := P(x,y).
Here, if G is the generator of a Markov process on S and h is a nonnegative function on S,
then

G"f .= h7'G(hf) — R "1 (Gh)f (3.22)
defines a generator of a Markov process on the space Sp, := {x : h(z) > 0}. This sort of
transformation has been called a compensated h-transform in [FS04]. In particular, if h is
harmonic, i.e., Gh = 0, then G” is the usual h-transform of G.

3.5 Definition of the added-on process

In this section, we prove Proposition [2] Our proof depends on some calculations that will be
done in the next three sections. We wish to construct an S™ !-valued added-on process Y

on X, such that ¥ can be stochastically estimated from below by a (¢, alf,...,al _)-contact
process. We introduce the notation
(i, §) = (2(i),2(4)) (2 € G, 1,5 €Q"). (3.23)

With this notation, the generator of X can be written as

=6 Z L=y (f(z — &) — f(x))

1EQ™
+) a2t Y L=y (@ +6) — f(2). (3.24)
k=1 .
1,JEQ
ji=l=k

For any = € S = {0,1}2, we write

00 if z = (0,0),
T: =4 01 ifz=(0,1)or (1,0), (3.25)
11 ifz=(1,1),

For each z € S,,, we define a generator G/, of an S,,_1-valued Markov process by (recall (2.6))
Gofy) =08 > lyu=—y(fly—38) - f®)

ieQn—1

n—1
o2 Y [a(@T) g0y (3.26)
k=1 i,jGQn_l
li=il=k 4 (T, ) Ly =000} (F(y + 6:) — F (),

13



where ¢’ is defined as in Proposition [2| and a,b are the functions

a(00,00) a(00,01) a(00,11) x 1-¢ 2(1-¢)
a(01,00) a(01,01) a(01,11) | =| = 3 1 (3.27)
a(11,00) a(11,01) a(11,11) % *
and
b(00,00) b(00,01) b(00,11) 0 1—¢ =
b(01,00) b(01,01) b(01,11) | = 0 1 =« (3.28)
b(11,00) b(11,01) b(11,11) % %

Here £ is defined as in Proposition [2| and the symbol * indicates that the definition of a and
b in these points is irrelevant. Indeed, in the next three sections, we will prove the following
fact.

Lemma 5 (Added-on process) Let G be the generator of the (6, cu, ..., ay)-contact process
on Sy, let P be the probability kernel from S, to S,,_1 defined in Pmposition@ and let (G")zes,,
be the generators defined in , where the functions a and b are defined as in f.

Then, no matter how we define a and b in points indicated with the symbol x, one has
GPf=PGf  (f € R, (3.29)
where G, P, and P are defined as in 7(@.

Based on Lemma |5 we can now prove Proposition

Proof of Proposition ~By Proposition 4| and Lemnla we can couple X to an S,_1-valued
process Y such that (Xy,Y;);>0 is a Markov process, Y evolves according to the generator G,

while X = x, and (3.2)) holds.

By Lemma |3} 0 < & < % It follows that the functions a and b in 1)1) satisfy
a > % and b > 0. From this and |i it is easy to see that (X, 17) can be coupled to a
(8,4, ..., al,_|)-contact process Y, such that Yy = Yy and Y; > V; for all t > 0. |

For completeness, we give here the:

Proof of Lemma (3| Set () = v — (/72 — % Then it is straightforward to check that

£(8) = 3. Moreover, Z&(7) =1—-9(2 =52 =1-(1- 372 <0on [},

v = &(7) is decreasing on [3,00). Set e := 471 Then £(e71) = e71(1 — (/1 — 2e2). We

observe that

00), SO

(1= /1= 382y =3e(1 = 372, =0, (3.30)
(1= \1-32)| = £3e(1- 3277

() =3v"+0(7%)  as y— oo (3.31)

To translate this to the statements in Lemma it suffices to note that the function r —
v(r) := 1(2+ 4r) is increasing on [0, 00), satisfies v(0) = 2, and y(r) = 3r+ O(1) as r — co.l
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3.6 Reduction to a one- and two-level system

In this section, we prove Lemma [} Our proof is based on two lemmas which will be proved
in the next two sections.

Proof of Lemma (5| We start by rewriting the generator in (3.24)) as follows:

Gf(x)=4¢ Z Z Lig(iroiy=1} (f (z = 6ii) — f())

icQn—14/cQl

+on27! Z Z Lig(iroi)=0, a(ivoi)y=1} (f (2 + 6iei) — f(x))

ieQn—1 il i el

|i/7i"|=1

+Y a2t N D Laion—o, agrof—1} (f(@ + dvei) = f(2))  (3.32)
k=2

i,jGQn_l i/,j'EQI

i glk—1
n—1
= > Rif(@)+Y apa2" D Lif(x),
eQn-1 k=1 ijeqn—1
i—gl=h

where

Rif(x):=0 > lg(iron—1y (f(& = dvei) — f(x))

i/€{0,1}
+ay Z Lz (iroi)=0, z(ioi)=1} (f (x + 8iroi) — f(x)),
¢ dreqo) (3.33)
Z’l#ill
Lijf(z):=2"" Z Lz (iroi)=0, 2(j'of)=1} (f (T + iei) — f ().
i’,j'e{0,1}
Likewise, we may write the operator in (3.26]) as
n—1
Gofy)= > RifW+Y o2 > Iify), (3.34)
ieqnt k=1 ijeQn=1
li—jl=k
where
Rif(y):=8" =1y (f(y — &) — f(y)), (3.35)
£ () = (@i, %5) Ly(ay=o, y(i)=13 + 0(Fi Tj) Liy(y=0, yy=03] (F (v + 61) = F(v))-
In view of (3.32)) and (3.34)), in order to prove (3.29)), it suffices to show that
i) R;Pf=PR,
W =g (f RS i jeQ™ ! i+ j), (3.36)
(ii) Ii;Pf=Plif

where I;; : RSn—1 — RS2 *Sn-1 ig defined as Lijf(z,y) = I’f}f(y). Note that since R} does not
depend on z, there is no need to define R;.

The operators R;, R}, I;;, and Tij act only on certain coordinates. In view of this, our
problem reduces to a lower-dimensional one, and (3.36) follows from Lemmas [6] and [7] stated
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below. It is not difficult, but notationally cumbersome, to give a formal derivation of (|3.36]
from Lemmas [6] and [7} For completeness, we give this derivation in Appendix [A] [ |

Recall that S; = {0,1} and Sy = {0,1}2" = {0,1}. Let 6 > 0, oy > 0, and let &' be defined
as in Proposition |2l Let P be the probability kernel from S; to Sy defined in f and
let P : R — R be defined as in . Let R be the generator of the (4, ay)-contact process
X on S and let R’ be the generator of the ¢’-contact process Y on Sy. The latter is just the
Markov process with state space {0,1} that jumps from 1 to 0 with rate ¢’. The next lemma
implies that Y is an averaged Markov process associated with X, i.e., X and Y can be coupled

such that (3.10]) holds.

Lemma 6 (One-level system) One has
RPf=PR'f  (f € R%). (3.37)

Formula (3.37)) implies (3.36) (i). We next formulate a lemma that implies (3.36) (ii).
Let § > 0, a3 > 0, let P be the probability kernel from Sy to S; defined in (3.3))—(3.4)), and

let a,b be the functions in (3.27)—(3.28). We define a generator I of a Markov process in Sy
and generators (I})es, of Markov processes in S; by

If(z):= % Z Lie@i,00=0, 2(j,1)=1} (f(ﬂT +d3,0) — f(x))a
i,j€{0,1} (3.38)
I f(y) = [a(To, Z1)11y(0,1)=(0,1)} + b(T0, T1) 1 {y0,0)=0,0)1] (f (¥ + do) — f()).

Our next lemma says that the (I])ecs, define an added-on Markov process associated with
the process with generator I.

Lemma 7 (Two-level system) One has
IPf=PIf (feR%), (3.39)
where P, P are defined as in (@ and Tf(z,y) == ILf(y) (x € S2, y € S1).

3.7 The one-level system

Proof of Lemma [6] We may write (3.37) in the matrix form

Y > R )Py fly)= > > Py )R, u)fly) (z€8, feRD),

x’'€S1 y€Sp y' €S0 yE€So
(3.40)
which is equivalent to
> Rz, a)pa,y) = Y p@,y)R(,y) (€S, ye S, (3.41)
z’'eS y' €S0
where p is the function in (3.4). Here
> R(z.a)p(a',y) = Rp(-,y)(x) (€ {0,1}% ye{0,1}). (3.42)

' €S,
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Thus, says that Rp(-,0) and Rp(-,1) can be written as a linear combination of the
functions p(-,0) and p(-,1). It follows that F := span{p(-,0),p(-,1)} is an invariant sub-
space of the operator R. Since p(-,0)+p(-,1) = 1, the space F contains the constant function
1. We will show that F is in fact the span of 1 and one nontrivial eigenfunction of R.

We start by noting that by symmetry, the space H := {f € RS : f(0,1) = f(1,0)}
is invariant under R. Since (0,0) is a trap of the (4, «;)-contact process, the space Hy :=
{f € H: f(0,0) = 0} is also invariant under R; in fact, H is the span of Hy and the trivial
eigenfunction 1. In view of this, we look for eigenfunctions of R in Hg. We observe that for

f € HO?
Rf(1,1) 20(£(0,1) = £(1, 1)) (3.45)
_( -0+ 3) a1 f(0,1) .
- 28 —26 1) )
To find the eigenvalues, we must solve
—(6+ a1) — A Lo
gt [ O T2 . ) (3.44)
26 —20 — A
which gives
(64 301+ A)(26 + A) = da
S NHBS+ia)A+202=0
30+ 301\2 304 FonN\2
< (A + 2 ) N ( 2 ) - (3.45)
30 + %al 30 + %al 2 9
o e () (# Y

& A=-20(vE£/7?—3),

where v := (3 +1 5%) (compare (3.1)). In particular, the leading eigenvalue is A = —26¢ =
—4', where { and (5’ are defined as in Proposition [2| To find the corresponding eigenfunction,
we need to solve

26(f(0,1) — f(1,1)) = Af(11)
& 20(0,1) = (25 + N F(1,1) = 26(1 — ) f(1,1) (3.46)
& f0,)=0-9f(1,1),
which yields the eigenfunction
£(0,0) 0
;E?ég _ ig —p(-1), (3.47)
(1,1) 1

Our calculations so far show that F := span{1, p(-,1)} = span{p(-,0),p(-,1)} is an invariant
subspace of the operator R. It follows that there exist constants (R'(y',y))yef0,13 such that

Rp(-,y)= > p(-,¥ )R, y). (3.48)

y'€{0,1}
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In fact

(i )= (ot )= P00 (5 g) o

hence 0.0 o
R'(0,0) R'(0,1 B 0 0

( R'(1,0) R'(1,1) ) - < 5§ ) (3.50)

which we reckognize as the generator of a Markov process on {0,1} that jumps from 1 to 0

with rate §’. :

3.8 The two-level system
Proof of Lemma (7| We may write (3.39)) in the matrix form

S S 1@ )Py f) = S S P ) LW ) (o€ Sa fERT), (351)

z'€Sy yeST y' €S yeST

which is equivalent to

Y I(x,a)P(x',y)= > P,y )L(y,y)  (x€ S yeS) (3.52)
/€Sy y' €St
Here
> I(x,2)P(a',y) =IP(-,y)(x)  (z € Sh, y€Sh). (3.53)
z’'€So

Note that S, = {0,1}¥" = {0, 1}{%1}" has 22" elements, so |S;| = 22 = 4 and |Sy| = 2* = 16,
hence (IP(-,y)())zes,, yes, is a matrix with 4 - 16 = 64 entries. Luckily, using symmetry,
we can reduce the size of our problem quite a bit. We start by calculating

P(z,y) = By(z0,21) = p(z0,y(0))p(z1,y(1)) (3.54)

for xg,z1,y € {(0,0),(0,1),(1,1)}. For brevity, we write 00 = (0,0), 01 = (0,0), and 11 =
(1,1). We have

Pyo(00,00)  Pao(00,01)  Poo(00,11) 1
Pyo(01,00) Pa(01,01) Pyo(01,11) | = [ ¢
Pyo(11,00)  Pao(11,01) Poo(11,11) 0

£
52
0

(3.55)

o O O

0 1-¢ 1
=10 &1-9 ¢ |, (3.56)
0 0

Py1(01,00) Py (01,01) Py (01,11)
) 0

Py1(11,00) Ppi(11,01) Pyy(11,11
and
P11(00,00)  Py1(00,01) Pr1(00,11)

P11(01,00) Pi1(01,01) P;1(01,11) | =
Pi1(11,00) P;(11,01) Piy(11,11)

0 0 0
0 1-62 1-¢ |. (3.57)

Py1(00,00) Py (00,01) Py (00,11) )
( 1-¢ 1

)
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Recall the definition of T from (3.25)). If (X (t))i>0 = (Xo(t), X1(t))e>0 is a Markov process in
Sy = 51 x S; with generator I, then (Xo(t), X1(t))>0 is a Markov process that jumps with
the following rates:
(00, 00) (00,01) (00,11)
[ER
(01,00)  (01,01)  (01,11) (3.58)
ER.
2
(11,00)  (11,01)  (11,11).
From this, we see that the functions IP(-,y)(x) = IP,(z) are given by

I Pyo(00,00) 1Py(00,01) IPyo(00,11) 0 —€£(1-¢) 0
IPy(01,00) IPy(01,01) IPy(01,11) | =( 0 —-1& 0 |, (3.59)
IPy(11,00) IPyy(11,01) IPyo(11,11) 0 0 0
IPy1(00,00) IPy;(00,01) IPy(00,11) 0 —(1-¢&2 —201-¢)
IPyi(01,00) IPy(01,01) IPy(01,11) | =] 0 —3&(1-¢) —£ ., (3.60)
IPy(11,00) IPy;(11,01) IPy(11,11) 0 0 0
and
1P100,00) IPy;100,01) IP;;00,11) 0 (1-&2 2(1-¢
1P;01,00) IP;01,01) IP;01,11) | = 0 i¢(1-¢) ¢ . (3.61)
IPy111,00) IPy;11,01) IPy11,11) 0 0 0

We wish to express the functions (I P(-,y))yes, in the functions (P(-,y))yes,. Unlike in the
previous section, the span of the functions (P(-,y))yes, is not invariant under the operator
I, so we cannot express the functions (IP(-,y))yes, as a linear combination of the functions
(P(-,y))yes,- However, we can find expressions of the form (compare (3.52))

IP(-,y)(z) = > P,y)(y,y) (v €%, yes), (3.62)
y' €51

where the coefficients I.(y,y) do not depend too strongly on z. Solutions to this problem are
not unique. The claim of Lemma[7]is that we can choose

I (00,00) I.(00,01) I.(00,10) 1.(00,11)
I'(01,00) 1I.(01,01) 1.(01,10) 1I.(01,11)
I'(10,00) I(10,01) I.(10,10) I.(10,11)
I'(11,00) I.(11,01) I'(11,10) I.(11,11)
(3.63)
—b(To,T1) 0 b(Zo,Z1) 0
_ 0 —a(To, T1) 0 a(To, 71)
a 0 0 0 0 ’
0 0 0 0
where a,b are the functions in f. Thus, we need to check that
(i) IP(-,00)(z)=—b(To,T1)P(x,00),
(i) IP(-,01)(z)=—a(To,Z1)P(z,01), (3.64)
(iii) IP(-,10)(x)="0b(Zg,71)P(x,00), )
(iv) IP(-,11)(x)=a(Tp,x1)P(x,01).
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Since Zy€S1 IP(-,y) =11=0, it suffices to check only three of these equations, say (i), (ii),
and (iv). We observe from (3.60)—(3.61) that IP(-,01) = —IP(-,11). In view of this, it
suffices to check only (i) and (ii). By (3.27)-(3.28)), (3.55)—(3.56)), and (3.59)—(3.60), we need

to check that

0 —¢£(1-¢ 0 0 1-¢ « 1 ¢ 0
0 —1¢ 0 )l=—(0 3 *]e|l ¢ & 0 (3.65)
0 0 0 * * * 0 0 O
and
0 —(1-¢62% —2(1-¢) x 1-¢ 2(1-9) 0 1—-¢ 1
0 0 0 * * 0 0 0

(3.66)
where o denotes the componentwise product of functions and the symbol * indicates that the
value of the functions a and b in these points is irrelevant. We see by inspection that (3.65))

and (3.66) are satisfied. n

4 Survival

4.1 Survival bounds

Until further notice, we continue to study the contact process on the hierarchical group Qy
with N = 2 and its finite analogues defined in Section Our proof of Theorem (1] (b) is
based on the following basic estimate.

Proposition 8 (Survival bound for finite systems) Let § > 0 and let (o)k>1 be non-

negative constants. Let X ) pe the (6, a1,...,ay)-contact process started in X(()n) =dg. Then
n—1

Porx™ 0> (T —¢y)e 00 > 0), (4.1)
k=0

where §(0) := 0, ag(0) := ay (k > 1), and we define inductively, for n >0,

d(n+1):=2&(n)d(n),
ap(n+1):=gak01(n) (k> 1),

where £(n) == f(ai(n)/6(n)) with f as in (5.1).

Proof By Lemma one has 0 < ¢(n) < % for all n > 0. For 0 < £ < % and k > 1, let
Py ¢ denote the probability kernel from S to Sp_1 defined in f. Let X be the
(6,1, ...,ay)-contact process. Applying Proposition [2[ inductively, we can couple X () to
processes

(4.2)

XD x0-1) g0 x(0)

such that X(=m) X (=) take values in S,_p,, one has f(én_m) = X(gn_m), X’t(n_m) > Xt(n_m)
for all £ > 0,
o (n—m—1 n—m
P[X! V= y| X = 2] = Py (2, 9), (4.3)
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and the process X=™) is a (§(m),a1(m),...,an(m))-contact process. A little thinking

convinces us that this coupling can be done in a Markovian way, i.e., in such a way that
(X (=m=1) x(n=m-1)y is conditionally independent of

X(n)’ (Xv(n—l)’X(n—l)) (Xv(n—m-ﬁ-l)’X(n—m—i—l))

g ooy

given (X (n—m) ¥ (”_m)). By this Markovian property and the definition of P ¢(z,y), if we
start X (™ in the initial state Xén) = §p, then

m—1

PIXS™ = 60) = T] (1 - &(k)), (4.4)

k=0

and Xénim) = 0 with the remaining probability. Since P[anim*l) =0]| Xt(nfm) =0] =1 for
each m, we have
PIX™ 0] > PIx" ™ 20 (0<m<n). (4.5)

In particular, since X(© is a Markov process in Sy = {0,1} that jumps from 1 to 0 with rate
d(n), we observe that

n—1
PLx #0] > PIx(” # 0] = e M PIXSY = 6g) = e P [ (L —€(k)  (¢20), (4.6)
k=0

which proves (4.1]). |

As an immediate corollary to Proposition [8 we obtain:

Proposition 9 (Survival bound for infinite systems) Let § > 0 and let (oy)r>1 be
nonnegative constants satisfying y peq o < 00. Let (&(k))k>0 be defined as in Proposition @
Let X be the contact process on Qo with infection rates as in (@ and recovery rate §. Then
the process started in Xog = &g satisfies

o0

POLX, £ 0 vt > 0] > T (1—&k)). (4.7)
k=0

Proof It is easy to see that the process X (") in Proposition [8|and X can be coupled such that
Xt(n) < X, for all + > 0. Therefore follows from , provided we show that §(k) — 0
as k — oo. In fact, it suffices to prove this under the assumption that [];2 (1 —¢(k)) > 0, for
otherwise is trivial. Indeed, [[;2 (1 —&(k)) > 0 implies that £(k) — 0 as k — oo, which
by the fact that

n—1
5(n) =6 [T (2¢(k)) (4.8)
k=0
implies that 0(k) — 0 as k — oo. |
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4.2 The critical recovery rate

In view of Proposition [9 we wish to find sufficient conditions for [p2 (1 — &(k)) > 0. The
next lemma shows that this is equivalent to showing that the £(k)’s are summable.

Lemma 10 (Infinite products) Let ({(k))r>0 be constants, 0 < {(k) < 1. Then one has
[Ti2o (1 =&(k) > 0 if and only if > 50 o &(k) < oco.

Proof Since 1 — ¢ — &' < (1 —-¢&)(1 —¢) and log(1 — &) < —¢ for all 0 < £, &' < 1, we see that

m—1 00 00
(]I(l—ﬂ@D(L— ﬂm)g[lu—gw»:eZiﬂbﬁlfﬂ@)ge*Z§ﬂﬂ@.
k=0 k=m k=0
(4.9)
Here the left-hand side is positive for m large enough if and only if >~ &(k) < oo, while
obviously the right-hand side is positive if and only if Y72, &(k) < co. |

The next lemma casts the inductive formula (4.2)) in a more tractable form.

Lemma 11 (Inductive formula) Let §(n), ax(n), and £(n) be defined as in Proposition [
and assume that the constants (ou)k>1 are positive. Set e(k) := 6(k)/a1(k) (k > 0). Then

§(k) = f(1/e(k)) and

e(k+1) = z:Eg(s(kz)) (k >0), (4.10)
where
g(e) :==4ef(1/e) (e >0), (4.11)

and f is the function defined in .
Proof It is clear from (4.2)) that {(n) = f(1/¢(n)) and

ag(n) =2 "agin (k>1, n>0). (4.12)

Using (4.2)) once more, it follows that

~26(n)d(n)  ai(n) d(n) o (m) /5(n)) — 27" ap 41 " n
c(n-+1) = 2D SO ()50 = St (/). (413

The next lemma collects some elementary facts about the function g from Lemma

Lemma 12 (The function g) The function g defined in is increasing on (0,00) and
satisfies
gle) = 82 + O(e?) as ¢ —0. (4.14)

Proof This follows from the fact that, by Lemma |3, the function ¢ — f(1/¢) is increasing

and satisfies
f(1/e) = 2 + O(£%) as ¢ — 0. (4.15)

The next proposition answers the question when the infinite product in (4.7)) is positive for §
small enough.
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Proposition 13 (Nontrivial survival bound) Let (ay)r>0 be nonnegative constants. For
gwen 6 > 0, set I1(8) := [[,=o(1 — &(k)), where the (§(k))k>0 are defined as in Proposition @
Then I1(8) is nonincreasing in 0. Moreover, II(§) > 0 for § suffiently small if and only if

Z 2 % log(ay) > —co  for some m > 0. (4.16)

k=m

Proof We start by showing that II(4) is nonincreasing in §. By continuity, it suffices to prove
this under the additional assumption that the ay’s are all positive. In this case, we observe
from Lemma and the monotonicity of g that the £(k)’s are nondecreasing in §. Since
&(k) = f(1/e(k)) and f is decreasing, it follows that the £(k)’s are nondecreasing in d, hence
I1($) is nonincreasing in 4.

We next show that II(6) > 0 for § > 0 suffiently small if and only if holds. If a, =0
for some k > 1, then £(k— 1) = f(0) = %, hence if infinitely many of the ay’s are zero then
I1(6) = 0 for all 6 > 0, while (4.16) is obviously violated. If finitely many of the ay’s are
zero, then we may start our inductive formulas after the first m iterations, where we observe
that 6(m) can be made arbitrarily small by choosing ¢ small enough. Thus, without loss of
generality, we may assume that the a;’s are all positive, and under this assumption we need
to show that II(§) > 0 for  suffiently small if and only if

o

> 27 Flog(ag) > —oc. (4.17)
k=0

By Lemma II(6) > 0 if and only if Y ;2 &(k) < oo. Using (4.15) and the fact that
&(k) = f(1/e(k)), it is easy to see that this is equivalent to > e(k) < oo.
Now assume that (4.17) holds, and, in view of (4.14)), define ((k))x>0 by

) it~
£(0):= — and &(k+1):=9%(&(k)%  (k>0). (4.18)
(o1 Q42
Then
SOEF
2(1) =92 (£,
~ g \aq 4
£(2) =922(94)%(2)4, (4.19)
~ a3 (ge2\2/qa1\4/ 6 \8 %(95)8
£(3)=952(92)"(931)"(5,)° = aragadal
More generally, it is not hard to see that
5(90)%"
&(n) = 5(9) T (4.20)

Qnt1 HZ:I (o)

By Lemma [14] below, we can choose ¢ sufficiently small such that > 2 &(n) < co. By ,
there exists a ¢ > 0 such that g(e) < 9¢2 for all € < ¢. By making & smaller if necessary, we
can arrange that £(n) < ¢ for all n, hence Y2 je(n) <> > &(n) < oco.

On the other hand, assume that Y > e(n) < oo for some ¢ > 0 while (4.17) does not
hold. Define (¢(k))r>0 as in but with the factor 9 replaced by 7. By ere exists
a ¢ > 0 such that 7e? < g(e) for all € < ¢. Making & smaller if necessary, we can arrange that
e(n) < c for all n, hence e(n) > &(n) for all n. Since &(n) — oo by Lemma[l4]below, this leads
to a contradiction. (]
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Lemma 14 (Summability) Forn > 0, set

n*"

Qnytl HZ:l (o)

If holds, then > ">° 4 Fy(n) < oo for n sufficiently small. On the other hand, if

does not hold, then lim,_.o Fy(n) = oo for all n > 0.

F,y(n) = (n>0). (4.21)

on—k

Proof We start by observing that

limsup Fjy(n) <1

n—oo

n—oo

& limsup (2" log(n) — log(ant1) — Z 2nk 10g(01k)) <0
k=1

n 4.22
< limsup (log(n) — 27" log(an41) — Z o~k log(ak)> <0 ( )

< log(n) — Z 2 " log(a) <0,
k=1

which is satisfied for 7 sufficiently small if (4.17)) holds. In this case, we may choose n > 0
such that K := sup,,»q Fy(n) < oo and observe that for any 1’ <n

STEm<KEY (7777')2" < 0. (4.23)
n=0 n=0

On the other hand, if (4.17) does not hold, then a calculation as in (4.22)) shows that
liminf,, o F3(n) > 1 for any n > 0, and therefore, for any 0 < n <7/,

/
lim inf F,y (n) > liminf (=)

n—oo n—oo 7’]

Fy(n) = . (4.24)

4.3 Comparison arguments

Proof of Theorem [1] (b) For N = 2, Theorem [I] (b) follows from Propositions [9] and
We next consider the case that N = 2" for some integer n > 1. Let X be our contact process
of interest and let X be the contact process on 29 with the same recovery rate and infection
rates

a(i, j) = 271", (4.25)
where
@127t =a27% = = @,27" = oy (2") 71, (4.26)
ing12” (D) = G, 927 (1) = L= §y,2720 = gy (27) 72, '

etcetera. Then it is easy to see that X can be identified with X. Since

Fpnem2 F™) = 0,2 & Gpgem=2™ (k>1,0<m<n-1), (4.27)
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we have, by (|L.8)),

co n—1 0o
22 klog (ag) Z Z 9~ (kn—m) log(Ggn—m) = Z Z 2m log ag) mlog(2))
k=1 m=0 k=1
n—1 00 0o
= ( Z 2’") Z 2" *log(ay) — log(2 ( Z m2m) 2k > —o0,
m=0 k=1 k:l

(4.28)
hence d. > 0 by the statement of the theorem for N = 2.
In general, if 2" = M < N, we let X be the contact process on {2 with the same recovery
rate and with infection rates given by

a(i,j) = a g N~ =y MV (g e Qu, i # ), (4.29)

In an obvious way, we may regard (1) as a subset of {2y, and by surpressing infections that
go outside 237, we may estimate X from below by X. Thus, by what we have just proved,
the critical recovery rate for X will be positive provided that

o0
> M Flog(ay) > —o0, (4.30)
k=1

which is satisfied since our assumption ((1.8)) implies that

ZM *log(é) ZM klog ZM (klog(%) + log(ag)) > —oco.  (4.31)
k=1

A Coordinate reduction

In this appendix we prove that Lemmas |§| and imply formulas (3.36) (i) and (ii), respectively.
The main problem is to invent good notation. Recall that S,, = {0,1}**". For any x € S,, and
A C Q" we let

2] 5 = (@())iea (A1)

denote the restriction of z to A. If A, A’ are disjoint sets, z € {0,1}2 and 2’ € {0,1}2’, then
we define z & 2’ € {0,1}2Y2" by

ey ={ X ey (A.2)

For each i € Q"~!, we define B; C Q" by (recall (2.4)))
B(i) :== B1(i) = {i'0i : i € Q"}. (A.3)
Let R, R be as in Lemma@ Then we can write

Rf(z)= ) R(z,2)f (),
z' €Sy (A4)

v)=> Ry )

y' €S0
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where R(x,2’) and R'(y,y’) are the matrices of R and R/, respectively. We observe that

Rif(x)= > R(zlpu,2)f(lonpe &2),
{0} B0 (A.5)
Rif(y)= Y. Ry 2)flanp &2),

2€{0,1}{4}

where we identify {0,1}2® = {0,1}?" = §; and {0, 11{# =~ {0,1}?" = ;. Moreover,

Piwy = > ( II »lavi))fw): (A.6)
y€{071}gn—1 jEQ"_l
Using the identification z|p(; = x;, we calculate

RiPf(x)= Y R(wi,2)Pf(zlompa & 2)

2€{0,1}B(®

= Z R(:L“i,Z) Z ( H p $|Q"\B(z &Z]’ f

2€{0,1}5( ye{o, "t jeqn!
= > Y Reeowey)( I ey <>>)f<>
ye{0,1}2" 1 ze{0,1}5O jean—1\{i}
= Y Y e R’zy<>>( [T v y6))fw)
ye{0,132" ! 2e{0,1}{%} jeQn—1\{i}
= Y Y pey@Re@A( T e i) Wl &)
yef{0,132" 1 ze{0,1}{#} JeQn—I\{i}
- > (1II p(a:j,ym)) > RO, Wlon g &2) = PRIF.
ye{o, 12"t jean—! 2€{0,1}{}
(A7)

Here we have used Lemma [f] in the fourth equality. In the fifth equality, we have reordered
our sums by relabelling y(i) and z.

The formal proof of formula (ii) is similar, but even more cumbersome. Letting I
and I, be as in Lemma [7}, we can write, in matrix notation,

= Z I(z;2))f(2') = Z Z I(z0,21;2,2") f(2,2),

z' €Sy z€S51 2/ €S (AS)
Lfw)=> Ly = YD Ly ((0),y(1); 2, 2) (2, 2).
y' €Sy z€{0,1} 2’€{0,1}
Then
Lif(m)= ) > I(lpay iy 2 ) F@lom Bausg) & 2 & 2),
2€{0,1}B® 2/€{0,1}BU) (A 9)

Lif(my)= ). > Lt alse, W@ y(3); 2, 2) f Ylan-1\ gy & 2 & 21),

2€{0,1}{%} 2/e{0,1}{5}

and

Pr@) = > (I »lowym))f@y). (A.10)

ye{oﬂ}gnfl kEQn71
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Using the fact that z| B(i) = i, we calculate

IiPfz)= > Y I(mi,z 2,2 )Pf(alom (suusg) &2 & 2)
2€{0,1}B(® »'{0,1}B()
= Z Z I(LL'Z',ZEJ';Z,Z/)
2€{0,1}B(® 2/c{0,1}BG)
> (I p@lonwooso & &0 yk) £)
ye{071}Qn71 k69n71
D DD DR D (R ENTONIERTE)
ye{0,1}2" ! 2€{0,1}B() 2/{0,1}B()
[I  pleyt))iw
keQn=1\{i,j}
= > o > planapla, ). (22 y(E), y())
ye{0,132" 1 2e{0,1}{#} 2/€{0,1} 17} (A.11)
[I  plst))iw
keQn=1\{i,j}
= > S > pny)p(r y) ., W), y(); 2, 2)

ye{0,1}2" ! 2€{0,1}{#} /e {0,1}{7}

[T 2l y)) fWlan gy &2k 2)
keQr=1\{i,j}

= > (H p(wk,y(k)))

ye{o, =t keQnml

- > L (), () 2 2 ) f (Ylan-ngigy & 2 & 2)
_ze{0, 130 {0,131}
:PIUf(l')

Here we have used Lemma [7]in the fourth equality, and in the fifth equality, we have reordered
our sums by relabelling y(4), y(j), z, and 2’.
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