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Decomposition of a conditional probability table

We say that ¢ : &1 X ... X X, x Y — R can be factorized by use of
variable B if there exist potentials £ : ) x B — R and ¢; : X; x B+— R, for
i=1,...,m such that for all (x1,...,Xm,y) € X1 X ... Xm x Y, we have

m

w(Xlr"?Xmuy) = Zg()/7 b) -H(p,'(X,‘,b)

beB i=1
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If B has two states:
22423 4+234+22=28
which is less than 32.
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A decomposition using the auxiliary variable B

m
1,[1(X1, cee :Xma}/) = Zf(}/, b) : HSOi(Xi, b)
beB i=1
that has the minimal number of states of B

1=
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A decomposition using the auxiliary variable B

m
¢(X17 cee :Xma}/) = Zg(y$ b) : HSOi(Xi, b)
beB i=1
that has the minimal number of states of B

1=

is in fact a (minimal) tensor rank-one decomposition of tensor 1.
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Let X = A1 X ... X X,. A n-th order tensor ¢ : X — R has rank 1 if it is
the outer product of n vectors:
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(X1, m)

Let X = A1 X ... X X,. A n-th order tensor ¢ : X — R has rank 1 if it is
the outer product of n vectors:

= 10a) - pala)
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(X1, m)

Let X = A1 X ... X X,. A n-th order tensor ¢ : X — R has rank 1 if it is
the outer product of n vectors:

= ¢1(xa) ... @n(xn)
An example of a 3rd-order tensor that has rank 1:

(&3 &3)
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(X1, m)

Let X = A1 X ... X X,. A n-th order tensor ¢ : X — R has rank 1 if it is
the outer product of n vectors:

= ¢1(xa) ... @n(xn)
An example of a 3rd-order tensor that has rank 1:

(63 89) -

(1,2)®(1,2) ® (1,2)
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Tensor rank

Let X = &1 x ... x &,. A n-th order tensor ¢ : X — R has rank 1 if it is
the outer product of n vectors:

@(Xla"wxn) = Qpl(Xl) Tl '@"(Xn)
An example of a 3rd-order tensor that has rank 1:
(1,2) (2,4) _

Rank r of a tensor 1 is the minimal number of rank-one tensors necessary
to add in order to yield 1.
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Tensor rank

Let X = &1 x ... x &,. A n-th order tensor ¢ : X — R has rank 1 if it is
the outer product of n vectors:

@(Xla"wxn) = Qpl(Xl) Tl '@"(Xn)
An example of a 3rd-order tensor that has rank 1:
(1,2) (2,4) _

Rank r of a tensor 1 is the minimal number of rank-one tensors necessary
to add in order to yield 1.

(X1, Xn) = thb(xl,...,x,,)
b—1
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Tensor rank

Let X = &1 x ... x &,. A n-th order tensor ¢ : X — R has rank 1 if it is

the outer product of n vectors:

o(x1, ..y xn) = w1(x1) ... @nlxn)

An example of a 3rd-order tensor that has rank 1:

<8z21§ 88) = (L2)e(1,2)®(1,2)

Rank r of a tensor 1 is the minimal number of rank-one tensors necessary

to add in order to yield 1.

(X1, Xn) = thb(xl,...,x,,)
b—1

P, xn) = @1(a,B) - pnlxn, b)
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(&8 &9) = (83 &)+ (&3 89)



(&3

(2,4)
(4,9)

) - (82

(2,4) (0,0) (0,0)
(2,4) (4.8) ) + (

(0,0) (0,1))
(1,2) ®(1,2) ® (1,2) + (0,1)®(0,1) ® (0,1)



1.2) 24\ _ [ (12 (2.4) (0,0) (0,0)
( (2,4) (4,9) > = < (2,4) (4.8) )*( (0,0) (0,1) )
= (1,2)®(1,2)®(1,2) + (0,1)®(0,1)®(0,1)

# (a,b)®(c,d)® (e, f) forany a,b,c,d,e, f €R.



Tensors of our special interest
Definition (Indicator function)
I(expr) = {1

if expr is true
0 otherwise.
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Tensors of our special interest

Definition (Indicator function)

1 if expr is true
0 otherwise.

o) - |

Definition (Tensor 1r that represent a functional dependence)
Given a function f : X — ) the tensor defined for all (x,y) € X x ) as

Ye(x,y) = Iy = f(x))

is a tensor ¢ that represent a functional dependence of one variable Y on
variables X1, ..., Xn.
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o X;=1{0,1} fori=1,2,

o F(x1,%) = x1 + %, and
o V=1{0,1,2}.
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e X;={0,1} for i =1,2,

o f(Xl,Xz) = x1 + xo, and

e ¥V =1{0,1,2}.
Vr(x,xe,y) = Iy =x+x)
1 0
0 1
B 0 0
N 0 0
1 0
0 1
«O> «F>r «=» «E» = Q>



e X;=1[0,a]fori=1,...,m
e function f : X — Y and

@ Yr: X x )Y {0,1} be a tensor representing the functional
dependence given by f.
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e X;=1[0,a]fori=1,...,m
e function f : X — Y and

@ Yr: X x )Y {0,1} be a tensor representing the functional
dependence given by f.

rank(vf) > |Y]. '
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e X;=1[0,a]fori=1,...,m
e function f : X — Y and

@ Yr: X x )Y {0,1} be a tensor representing the functional
dependence given by f.

rank(vf) > |Y]. '
If f(x) = min{xq,

.y Xm} or max{xi,

., Xm} then rank(i¢) = ||
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Xi=1[0,a]fori=1,...,m
e function f : X — Y and

@ Yr: X x )Y {0,1} be a tensor representing the functional
dependence given by f.

rank(vf) > |Y]. '

If f(x) = min{x1,...,Xm} or max{xi, ..., xm} then rank(y¢) = |Y|.

If f(x) = >4 x; then rank(yf) = |V)|.
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@ Standard methods for inference in Bayesian networks may become
intractable if a variable has many parents.
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@ Standard methods for inference in Bayesian networks may become
intractable if a variable has many parents.

@ Tensor rank-one decomposition open new possibilities for more
compact inference structures.
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Conclusions

@ Standard methods for inference in Bayesian networks may become
intractable if a variable has many parents.

@ Tensor rank-one decomposition open new possibilities for more
compact inference structures.

@ We have shown how (minimal) tensor rank-one decompositions can
be found for some special tensors representing functional dependence.
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Conclusions

@ Standard methods for inference in Bayesian networks may become
intractable if a variable has many parents.

@ Tensor rank-one decomposition open new possibilities for more
compact inference structures.

@ We have shown how (minimal) tensor rank-one decompositions can
be found for some special tensors representing functional dependence.

@ These results can be easily generalized to noisy functional dependence.
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