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Variables and parameters

Model variables

Yn,i binary response variable - its values indicates whether
the answer of person n to question j was correct

n=1,...,N person index

i=1,...,1 question index

Model parameters

&j difficulty of question i - fixed effects
Bn ability (knowledge level) of person n - a random effect
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V.. — 1 ifB, >4
mee 0  otherwise.

o B exp(ﬁn - 6i)
P(Yni=1) 1+ exp(Bn — d;)

P(Yn,,' =1 | ﬁn) fOI’ 5,‘ = -2
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P(Bn) = N(0,0%)

a normal (Gaussian) distribution
with the mean equal zero, and variance ¢?
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prior N5(0, 1)
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P(Y=1]|p,61=-2) posterior

N3(0,1)- P(Y =1 8,6, = —2)
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P(Y=0]p,02=0) posterior

0.175
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0

N5(0,1)- P(Y =1[B,01=-2)- P(Y =0 3,62 =0)
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P(Y=0]p3,63=+1) posterior

0.14
.8 \ 0.12
0.1
0.08
0.06

0.04
0.02

N5(0,1)-P(Y =1 8,6, =—-2)-P(Y =0 3,5, = 0)
P(Y =01 5,05 = +1)
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P(Y=0]8,0s =+2) posterior

0.1
0.08
0.06
0.04
0.02

N3(0,1)-P(Y =1| 8,6, =—2)-P(Y =0 3,6, = 0)
P(Y=0]8,65=+1)-P(Y =0 3,04 = +2)

«O>» «Fr «=)r «E)»

it
S
¥l
i)




have data y.

Assume we have observed answers to | questions from N persons, i.e., we
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Assume we have observed answers to | questions from N persons, i.e., we
have data y.

Yi,1
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Y21

Y22

Assume we have observed answers to | questions from N persons, i.e., we
have data y.

Yi,1
Y21
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Assume we have observed answers to | questions from N persons, i.e., we
have data y.

yiio yi2 Y1,
Y21 Y22 Y21
YN1  YN2 YN,
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yii

Y12
Y21

Assume we have observed answers to | questions from N persons, i.e., we
have data y.

Yi,1
¥2,2 - Y2
YN1  YN2 YN,
The task is to find model parameters o, d1,

..., 0y that maximize likelihood.
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Likelihood of the model given data

Assume we have observed answers to | questions from N persons, i.e., we
have data y.

yii Y12 ... Y1l
Y21 Y22 ... Y2
YN1 YN2 .- YN

The task is to find model parameters o, 1, . .., d; that maximize likelihood.

N
L= 1l / N3, (0,02) - TT PO | 53150

i
i=1
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Likelihood of the model given data

Assume we have observed answers to | questions from N persons, i.e., we
have data y.

yii Y12 ... Y1l
Y21 Y22 ... Y2
YN1 YN2 .- YN

The task is to find model parameters o, 1, . .., d; that maximize likelihood.

N |
L= 1l [ 009 [P0 | 50595,

... but this integral does not have a closed-form solution!
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o Gaussian quadrature
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o Gaussian quadrature

o Laplace approximation
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o Gaussian quadrature
o Laplace approximation

@ Variational approximation
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Let h =06, — 9;.
h
P(Yoi=1|h) = Pt

1+ exp(h)
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Let h = B, — 6.
h
P(Yas=11h) = =2

1+ exp(h)

exp(h/2)




Let h= 3, — 9;.
_ __exp(h)
P(Yni=11h) = 1+ exp(h)
exp(h/2)

- exp(—h/2) + exp(h/2)
= exp{h/2—log[exp(h/2) + exp(—h/2)]}
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Let h =06, — 9;.
P(Yni=1]|h)

exp(h)
1+ exp(h)
exp(h/2)
exp(—h/2) + exp(h/2)
exp {h/2 — log [exp(h/2) + exp(—h/2)]}
exp{h/2+ f(h)}
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Let h =06, — 9;.
o __exp(h)
P(Yni=11h) = 1+ exp(h)
_ exp(h/2)

exp(—h/2) + exp(h/2)
exp {h/2 — log [exp(h/2) + exp(—h/2)]}
exp{h/2+ f(h)}

f(h) is approximated by the first order Taylor expansion 7(h, &) in variable
h? around point £.
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Let h =06, — 9;.
o __exp(h)
P(Yni=11h) = 1+ exp(h)
_ exp(h/2)

exp(—h/2) + exp(h/2)

exp {h/2 — log [exp(h/2) + exp(—h/2)]}
exp{h/2+ f(h)}

f(h) is approximated by the first order Taylor expansion 7(h, &) in variable
h? around point £.
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Let h =06, — 9;.
o __exp(h)
P(Yni=11h) = 1+ exp(h)
_ exp(h/2)

exp(—h/2) + exp(h/2)

= exp{h/2—log[exp(h/2) + exp(—h/2)]}
= exp{h/2+f(h)}

f(h) is approximated by the first order Taylor expansion 7(h, &) in variable
h? around point £.

a(h2)

P(Yai=1|h) ~ exp {h/2 + {f(g) 4 o) )hzg (b - 52)] }
exp {h/2+ 7(h,€)}



Let h =06, — 9;.
_ __exp(h)
P(Yoi=1[h) = 1+ exp(h)
_ exp(h/2)

exp(—h/2) + exp(h/2)
= exp{h/2—log[exp(h/2) + exp(—h/2)]}
= exp{h/2+f(h)}

f(h) is approximated by the first order Taylor expansion 7(h, &) in variable
h? around point £.

Q

P(Yni=1|h) ~ exp {h/ 2+ [f(é) " g’(rfgg; )hzg - 52)] }

= exp {h/2 + ?(h,f)}

= P(Yn,i =1 | hvg)



f(h) = log [exp(h/2) + exp(—h/2)]
is a convex function in variable x = h?
f (hn2)
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f(h) = log [exp(h/2) + exp(—h/2)]
is a convex function in variable x = h?
f (hn2)
1
-1.5
2
-2.5
3
5

-3.
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o Therefore, f(h) > F(h,€) and, consequently, P(Y,; =1 h,£) is a
lower bound of P(Y,;=1]|h).
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Variational approximation

f(h) = log [exp(h/2) + exp(—h/2)]
is a convex function in variable x = h2
f (hn2)

-1.

[ N
L O waNn aR
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o Therefore, f(h) > f(h, &) and, consequently, P(Y,;=1|h,{)is a

lower bound of P(Y,;=1]|h).
° ?(h,&) is a quadratic function of 3 therefore

P(Yni=1|h¢&) =exp {h/2 + ?(h,f)} is proportional to a Gaussian

distribution N/ (v, 72)
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prior N5(0, 1)
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P(Y=1]|0,01 =—2) posterior
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N3(0,1)- P(Y =1 8,01 = —2)
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P(Y=0]|83,0=0) posterior

0. 025
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N5(0,1)- P(Y =1 8,61 = —2)-P(Y =0] 3,6, = 0)
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P(Y =0]0,03=+1) posterior
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0 0
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N3(0,1)- P(Y =1| 8,60 = —2)-P(Y =0 3,6, = 0)
P(Y =0 8,65 =+1)
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0.1

P(Y =0]8,0s =+2) posterior
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N5(0,1)- P(Y =1 8,61 = —2)-P(Y =0] 3,62 =0)
P(Y =0]8,05=+1)- P(Y =01 5,04 = +2)
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@ In the example we had the value of & = 0.5 fixed for i = 1,2,3,4.
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@ In the example we had the value of & = 0.5 fixed for i = 1,2,3,4.
@ But we can find the optimal value of &; for each /.
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Optimization of the variational parameter &

@ In the example we had the value of & = 0.5 fixed for i = 1,2,3,4.

@ But we can find the optimal value of &; for each i.

@ The task was to find model parameters o, d1, s d; that maximize
likelihood. If we substitute the lower bounds P(yn.; | Bn, 6i,&n.i)

/

N
L - Ul / Nﬂn(o,az)-ﬂlﬁ(yn,,-mn,a,-,fn,,-)dﬂn

1=
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Optimization of the variational parameter &

@ In the example we had the value of & = 0.5 fixed for i = 1,2,3,4.
@ But we can find the optimal value of &; for each i.

@ The task was to find model parameters o, 1, ...,d; that maximize
likelihood. If we substitute the lower bounds P(yn.; | Bn, 6i,&n.i)

N /
L = 1:[1/./\&3”(0,02) '1:Ill~3()/n,i | Bny(siafn,i)dﬂn

1

... this integral has a closed-form solution!
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Optimization of the variational parameter &

@ In the example we had the value of & = 0.5 fixed for i = 1,2,3,4.
@ But we can find the optimal value of &; for each i.
@ The task was to find model parameters o, 1, ...,d; that maximize

likelihood. If we substitute the lower bounds Iz’(y,,,,- | Bn,0i,&n,i)

/

N
L = 1:[1/./\&3”(0,02) '1_Ill~3()/n,i | Bny(siafn,i)dﬂn

1=

... this integral has a closed-form solution!

e Since for any value of & we have that P(Y; | 3,6;,&;) is a lower
bound, we can find the best value of &; as the value that maximizes
approximated likelihood.
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Optimization of the variational parameter &

@ In the example we had the value of & = 0.5 fixed for i = 1,2,3,4.
@ But we can find the optimal value of &; for each i.

@ The task was to find model parameters o, 1, ...,d; that maximize
likelihood. If we substitute the lower bounds P(yn.; | Bn, 6i,&n.i)

N /
L = 1:[1/./\&3”(0,02) '1:Ill~3()/n,i | Bny(siafn,i)dﬂn

1

... this integral has a closed-form solution!

e Since for any value of & we have that P(Y; | 3,6;,&;) is a lower
bound, we can find the best value of &; as the value that maximizes
approximated likelihood.

@ For example, we can use the EM-algorithm to find optimal
parameters.
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