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1 Cx-Algebras

By definition, an algebra is a linear space A over K = R or C on which there is defined a
product A% 3 (A4, B) — AB € A such that

(i) (AB)C = A(BC) (A,B,C e A),
(i) A(bB + cC) = bAB + cAC (A,B,C € A, b,c€K),
(iii) (aA+bB)C =aAC +bBC (A,B,C € A, a,beK)

Often, it is assumed that A contains a (necessarily unique) element 1 such that
(iv) 1A=A=A1 (Ae A).

An algebra is abelian if
AB = BA (A,B € A).

An adjoint operation is a map A — A* such that

(v) (A=A - (Ae A,
(vi) (aA+bB)* =aA* + bB* (A,B€ A, a,beC),
(vil) (AB)* = B*A* (A, B € A).

In what follows, we reverse the term x-algebra for an algebra over C that is equipped with an
adjoint operation such that (i)—(vii) hold. A Cx-algebra is a x-algebra equipped with a norm
| - || such that
(viii) A is complete in the norm || - ||,
(ix) [|AB|| <[ A[IB] (A BeA),
(x) [lA=A] = || Al

A representation of a Cx-algebra is a Hilbert space H together with a continuous map AXxH >
(A, ¢) — A¢ € H such that

1. (AB)¢p = A(B9) (A,Be A, p € H),

2. A(bp + cip) = bAG + cAy (A€ A, ¢, e H, b,ceC),

3. (aA+bB)p =aAp+bBo (A,Be A, ¢ € H, a,beK),

1 (6, AY) = (A6, 0) (A€ A 60e),

5. ||All = supjg)<1 A9 (A€ A,

6. lp=¢ (¢ € H).
Let L£(H) denote the space of bounded linear operators L : H — H, equipped with the
usual adjoint operation L — L* and the operator norm [|A[| := supj,<; [|[Az||. If H is a

representation of A, then setting

UA)p:=Ap (A A peH)



defines a linear map ¢ : A — L(#H) such that (1) =1, {(AB) = £(A){(B), ((A*) = £(A)*, and
1€(A)|| = ||Al|. The image ¢(A) := {¢(A) : A € A} of A under this map is a closed subset of
L(H) that is isomorphic, as a Cx-algebra, to A. The Gelfand-Naimark theorem says that each
Cx-algebra has a representation H. If A is separable, then H can be taken separable too.

A map 7: A— Cis a linear form if

(xi) 7(aA+bB)=ar(A)+br(B) (A,Be€ A, a,beC).
It is called real if -
(xii) 7(4%)=71(A) (AecA).

Equivalently, (xii) says that 7(A) € R for each self-adjoint A € A. A positive linear form is a
real linear form such that
(xiii) 7(A*A) >0 (AeA).

Equivalently, (xiii) says that 7(A) > 0 for each positive A € A, i.e., for each self-adjoint A € A
with o(A) C [0, 00). If moreover

e T(A*A)=0 = A=0,
then we say that 7 is faithful. A positive linear form that is normalized in the sense that
(xiv) 7(1)=1
is called a state. If moreover
e 7(AB) =T1(BA) (A,B e A),

then 7 is called a pseudotrace. It can be shown that every positive linear form is continuous,
and in fact satisfies

[T (A)] < [ Al

Ezample 1 We can take A = M, (C), the space of all complex n x n matrices, equipped with

the usual adjoint and the normalized trace 7(A) := Ltr(A). Then 7 is a state, and moreover

=
a faithful pseudotrace.

Example 2 If H is a representation of A and 1 € H satisfies ||t = 1, then setting 7(A) :=
(1, A1) defines a state on 4. Convex combinations of this sort of states are dense in the space
of all states on A.

By definition, an element X € A is normal if X X* = X*X. An n x n matrix X € M, (C)
is normal if and only if it is diagonal with respect to an orthonormal basis of C". Equivalently,
this says that there exists an orthonormal basis {eq,...,e,} of C" such that

X = f: AP, (1)
=1

where Aq,..., A\, are the eigenvalues of X and P, denotes the orthogonal projection operator
on ¢;. We can define a spectral measure wx by

wx(D)= Y. P, (DeB(O),
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where B(C) denotes the Borel-o-algebra on C. Then can formally be written

X = /)mx(d)\).



More generally,
Xk(x) :/)\k)\l ax(d\)  (k,1>0). (2)

By the complex version of the Stone-Weierstrass theorem, this formula determines 7y uniquely.
It turns out that can be generalized to any normal element of a Cx-algebra A. More
precisely, if A is a Cx-algebra and X € A satisfies X X* = X* X, then there exists a unique
projection operator-valued measure wx on C such that holds for each k,[. The measure
wx is called the spectral measure of X. One can show that 7y is concentrated on the spectrum
of X, defined as

o(X):={X € C: X — Xis not invertible}.

One has [|X|| = sup{|A| : A € 0(X)} and o(X) is a compact subset of C. A normal operator
X is self-adjoint if and only if its spectrum is real, i.e., o(X) C R. More generally than in (2],
one has

F(X) = / FO\) mx(d)) (3)

for any polynomial F' of X and X*. By the Stone-Weierstrass theorem, the polynomials are
dense in the space of continuous function F' : o(X) — C, equipped with the supremumnorm.
We can use this to take the right-hand side of (3] as the definition of F'(X) for any continuous
function F': C — C.

2 Quantum probability

A pair (A, 7) where A is a C'x-algebra and 7 is a state on A is a quantum probability space.
Here A plays more or less the role of a o-field, 7 plays more or less the role of a probability
measure, and self-adjoint operators correspond to real random variables.

Let A be a Cx-algebra. For any set X C A, we let a(X’) denote the smallest sub-Cx-
algebra (i.e., linear subspace that contains 1, that is closed under the product and adjoint
operation, and is closed in the norm) of A that contains X. Letting X* := {X* : X € X},
one has

n
a(X) :span{HYi Y, € XY UX*),
i=1

where B denotes the closure of a set B C A in the norm. In particular, we write a(X) :=
a({X}). If X is normal, then one can prove that
a(X)={F(X): F:C — C continuous}. (4)

If X € A is self-adjoint, then we claim that setting

[ FQ s (@) = r(F0) = ([ FO) @)

for any continuous F' : R — C defines a probability measure on R that is concentrated on
o(X). Indeed, by (xi) the map F — 7(F(X)) is linear, by (xii) one has 7(F(X)) € R if F is
real, by (xiii) one has 7(F(X)) > 0if F > 0, and by (xiv) one has 7(F(X)) =1if F=1. In
quantum probability, a self-adjoint operator X is called an observable, and ux is interpreted
as its law.

If X4q,...,X, are normal operators that commute with each other, then there exists a
measure T(x, . x,) on C" such that

F(X1,... X)) = / F- o )T, (AN). (5)
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This formula should be interpreted as follows. First, one shows that there exists a unique
measure T(x, . x,)on C" taking values in the space of projection operators such that 1) holds

for each polynomial of X;,..., X, X{,..., X. Next, for any continuous function ' : C" — C,
one takes as the definition of F'(Xy,...,X,), which is equivalent to what one would if one
would define F(Xq,...,X,) via approximation with polynomials. In general, (X1, X,) 18
concentrated on o(X7) x o(X,,).

In particular, if X1,..., X, are self-adjoint operators that commute with each other, then
setting

/F()\l, ) By (AN = T (F(X, . X)) = T(/F()\l, ) Tr(Xl’m,Xn)(d)\))

for any continuous F' : R — C defines a probability measure on R” that has the interpretation
of the joint law of the observables Xi,...,X,. A peculiar feature of quantum probability is
that if two observables do not commute, then their joint law is not defined. This is related
to the Heisenberg uncertaincy principle, which says that the momentum and position of a
particle cannot both simultaneously be determined with arbitrary precision.

Note that if X7,..., X, are normal operators that commute with each other, then the sub-
Cx-algebra a(X1,...,X,) = a({Xy,...,X,}) that they generate is abelian. More generally,
one can show that a quantum probability space (A, 7) where A is abelian corresponds to a
classical probability space, so quantum probability can be seen as an extension of classical
probability.

3 Independence

Let Ay, As C A be sub-Cx-algebras of some larger C'x-algebra A. We say that A; and As
commute if
AlAg = A2A1 (Al S .A1, A2 c AQ)

We say that A; and As are logically independent if

o {ArB;:1 <k <n, 1<1<m} are linearly independent whenever {A;,..., A,} C A
and {Bi,..., By} C A;s are linearly independent.

Lemma 1 (Product algebra) Let Ay, Ay C A be Cx-algebras. Then it is possible to con-
struct a Cx-algebra A that contains logically independent sub-Cx-algebras Ay, A, C A such
that A} is isomorphic to Ay and Al is isomorphic to As.

Proof (sketch) If H; and Hs are representations of A; and As, then one can make Hq ® Ho
into a representation of both A; and Ay by setting A1 (¢1 @ ¢2) := (A1¢1) ® ¢2 and Az(¢p1 ®
¢2) := P1 @ (Agg) for A; € A; (i =1,2). Now A := L(H1 ® Hz) has the desired properties. B

Let 7 be a state on A. We say that A; and As are independent under 7 if A; and A,
commute and

T(AlAQ) = T(Al)T(AQ) (Al € ./41, AQ c .AQ)

Proposition 2 (Product state) Assume that Ay and Ay commute and are logically inde-
pendent. Let 7; be a state on A; (i = 1,2). Then there exists a unique state T12 on a(A; UAg)
such that its restrictions to A1 and A are 71 and 7 and A1 and As are independent under
T12. Without the assumption of logical independence, the uniqueness statement still holds but
existence may fail.

Proof (sketch) We only prove the uniqueness statement. If A; and As commute, then

a(A; U Ay) =span{A;As : A1 € Ay, Ay € As}. (6)



Thus 712 is uniquely determined by 712(A1A2) = 11(A1)72(A2) (A; € A, i =1,2). [

In the special case that A; (i = 1,2) are of the form «(X;) with X; an observable, Propo-
sition [2| reduces to the usual concept of two independent real random variables.

Lemma 3 (Independent observables) Let A be a Cx-algebra, let T be a state on A, and
let X1, X € A be self-adjoint. Then the following statements are equivalent.

(i) a(X1) and a(X2) are independent.
(ii) X1 commutes with Xo and H(X1,X) @S the product measure of ux, and px,.

Proof If (i) holds, then X; must commute with X5 and

Fl()\l)FQ()\Q)H(Xl’Xz)(d)\) = T(Fl(Xl)FQ(XQ)) = T(Fl(Xl))T(FQ(XQ))

~ ([ @) ([ Roia@n)

for all continuous Fi, Fy, which shows that p(x, x,) is the product measure of px, and pux,.
Conversely, if (ii) holds, then a(X;) commutes with a(X3) and the calculation above and
show that 7(A;A2) = 7(A1)7(As2) for all A} = a(X) and Az = a(Xa). |

If the equivalent conditions of Lemma [3| are satisfied, then we say that that the observables
X1, Xs are independent. Lemma [3|implies that for independent self-adjoint operators,

HX1+ X = HX, * KXy,

where * denotes convolution of probability measures.

4 Free independence

Let A be a Cx-algebra and let Ay, Ao C A be sub-Cx-algebras. We say that A; and As are
free if

e Whenever 1,A4;,..., A, € A; are linearly independent and 1,By,...,B,, € Ay are
linearly independent, one has that all alternating products of the form

1, A’il? le, AilBj27 leAi27 AilBjQAi37 leAiQng’ AilBjZAiSBj47"' (7)
with i1,49,... € {1,...,n} and j1,j2... € {1,...,m} are linearly independent.

The use of the word “free” here is similar to its use in the expression “a free group”. In a
sense, this means that the algebras A; and Ay are maximally noncommuting. Since both A;
and Ay contain the identity, and the identity obviously commutes with itself, we have to give
the identity a special role in our definition. To understand why we need linear independence,
imagine that there would exist A;, A € A; and B € Aj such that A BAs = 242B + 1. Then
using such a linear relation, one could try to simplify products of elements of A; and As.
The freeness condition says that no such simplifications are possible. Note that a(A; U.Az) is
infinite dimensional as soon as A; and Ay each have dimension > 2. We skip the somewhat
tedious proof of the following fact.

Lemma 4 (Free product algebra) Let Ay, Ay be Cx-algebras. Then it is possible to con-
struct a Cx-algebra A that contains free sub-Cx-algebras Ay, A, C A such that A} is isomor-
phic to Ay and Al is isomorphic to As.



Let 7 be a state on A and let A;, As C A be sub-Cx-algebras. We say that A; and As
are freely independent if

T(A1B2> = 0, T(BlAQ) = 0, T(AlBQAg) = 0, T(B1A2B3) = 0, T(AlBQA3B4) = 0, e (8)
whenever Ay, As,... € Aj and By, Bs,... € Ay satisfy 7(4;) =0i=1,2,... and 7(B;) =0
j=1,2,....

Proposition 5 (Free product state) Let A; and A be free and let 7; be states on A;
(i = 1,2). Then there exists a unique state 112 on a(A; U Ag) whose restriction to A; is 7
(1 = 1,2) such that under 112, the algebras Ay and Ay are freely independent. If we drop the
assumption that Ay and Ay are free, then the uniqueness statement still holds (but T12 may
fail to exist in general).

Proof (sketch) We only prove the uniqueness statement. Let X € A4; and Y € As. Then
X — 7(X)1 has trace zero and hence

0=7((X - 7(X)(Y - 7(Y))) = 7(XY) = 7(X)7(Y),
from which we see that
T(XY) =7(X)7(Y). (9)
Similarly, for X1, X5 € A7 and Y € Ao,
0=7((X1 = 7(X))(Y = 7(V))(X2 — 7(X2)))
:T(X1YX2) — T X1Y)7'(X2) - T(Xng)T(Y) - T(YXQ)T(Xl)
+37(X1)7(Y)71(X2) — 7(X1)7(Y)7(X2)

=7(X1Y Xy) — 7(X1 X2)7(Y),

where in the last step we have used @ It follows that

T(X1YX2) = T(XlXQ)T(Y) (Xl,XQ € .Al, Y € .AQ), (10)

which in fact we would also have if A; and Az were independent (and would commute).
Similarly
T(Y1XYs) = 7(Y1Y2)7(X) (X e Ay, Y1,Y5 € Ay). (11)

However, continuing in the same spirit, we find that for X7, Xo € Ay and Y1,Y5 € A,
0=7((X1 — 7(X1)) ("1 — 7(V1))(X2 — 7(X2)) (Y2 — 7(Y2))) = 7(X1V1 X,Y2)

—7(X1Y1Xo)7(Y2) — 7(X1Y1Y2)7(X2) — (X1 X2Y2)7 (Y1) — 7(Y1XoY1)7(X1)
+7(X1Y1)7(X2)7(Y2) + 7(X1 X2)7(Y1)7(Y2) + (X1 Y2)7 (Y1) 7(X2)
+7(Y1X2)7(X1)7(Y2) + 7(Y1Y2)7(X1)7(X2) + 7(X2Y2)7(X1)7 (Y1)
—47(X1)7(Y1)7(X2)7(Y2) + 7(X1)7 (Y1) 7 (X2)7(Y2).

Using @, we can simplify this to

T(X1Y1X2Y2) = T(X1Y1X2)T(}/2) + T(X1Y1Y2)T(X2) + T(XlXQ}/Q)T(Yl) + T(YlXQ}/l)T(Xl)
—7(X1 X2)T(Y1)7(Y2) — (Y1 Y2)7(X1)7(X2) — 7(X1)7(Y1)7(X2)7(Y2),
and using and we can further simplify this to

T(X1Y1XoYo) = 7(X1 Xo)7(Y1)7(Y2) + 7(Y1Y2)T(X1)7(X2) — 7(X1)7(X2)7(Y1)7(Y2). (12)



This time, we get something different from the independent case. (In the independent case,
we would get 7(X7X2)7(Y1Y2).) Nevertheless, it is not hard to show by induction that using
, one can express 7 of any mixed moment of elements of A; and A5 in moments of elements
of A; and Ay separately. |

We say that two self-adjoint operators X; and Xo are freely independent if they generate
freely independent sub-C'x-algebras. It follows from Proposition [5| that if X; and X5 are freely
independent, then the law of ux,+x, (and in fact any reasonable function of X; and X3) is
uniquely determined by the marginal laws px, and pux,, so we can write

HX1+Xy = /“LX1 EEI ,U’X27

where H is called the free convolution of two probability measures.

Free independence of three or more algebras is defined in a similar way as for two algebras.
It is not hard to see that Aj,..., A, are freely independent if and only if A;41 is freely
independent of a(A; U--- U A;) for each i.

5 The Free Central Limit Theorem

We note that if X and Y are freely independent with mean
H(X) = //\MX(d/\) ~0 and (V)= /)\uy(d/\) o,

then by @D,
/)\2 px+y (dN) = 7((X +Y)?) = 7(X?) + 7(Y?).

We set
Var(X) == 7((X — 7(X))?) = Var(ux).

Then more generally, the variance of X +Y is the sum of the variances of X and Y. We recall
that the (standard) semicircle law has mean zero and variance Cy/ = 1. More generally,
we can define semicircle laws with any mean and variance by adding a constant and scaling.
The following proposition and theorem show that free independence is indeed very similar to
classical independence.

Proposition 6 (Stability of the semicircle law) Assume that Xi,..., Xy are freely in-
dependent and that X; has a semicircle law with mean 7(X;) and variance Var(X;). Then
Zle X, has a semicircle law with mean Zle 7(X;) and variance Zle Var(Xj;).

Theorem 7 (Free Central Limit Theorem) Let (X;);>1 be self-adjoint elements of some
C'x-algebra that are freely independent and identically distributed with mean zero and variance
1. Then the law of % Zle X, converges weakly to the semicircle law.

We will not prove Proposition [6] and Theorem [7] but we will show that the free convolution
of the standard semicircle law with itself yields a semicircle law with variance 2.

Consider the Hilbert space H := £2(N) of square integrable functions f : N — C with the
usual inner product. Let eq,e1, ... denote the usual basis. Let 7y be the state on A := L(H)
defined as 79(A) := (eg, Aeg). Define U : £2(N) — (2(N) by Ue, := epy1 (n > 0). It is not
hard to see that U is a unitary operatoxﬂ and U*e, = ep—1 (n > 1) while U*ep = 0. Set

n the sense that (U¢, Uh) = (¢, 1) and the left inverse U~" equals U*. Note that U does not have a right
inverse!



X = U + U, which is self-adjoint. We claim that px is the semicircle laWE| To see this, we
calculate its moments. Removing the brackets in

TQ((U+ U*)n) = <60, (U+ U*)"eo),

we obtain 2" terms of the form (eg, V;, - - - Vieg) with V; € {U,U*} for all 1 < i < n. Each term
gives a contribution zero or one. The nonzero terms are precisely those for which there exists
a random walk path S :{0,...,n} — N such that

Vi Vieg = eg, (0<k<n)

with Sy = S, = 0. This means that 7o ((U+U*)") = 0if n is odd and 7o (U +U*)") = C,, 5 if
n is even, where C} /o is the Catalan number we have seen before. We recognize the moments
of the (standard) semicircle law, so we conclude that py is the semicircle law.

Let T be the set whose elements are finite words of the form i = ¢ - - -4, made from the
alphabet {1,2}. We call |i] := n the length of the word and let @ denote the word of length
zero. Consider the Hilbert space F := £?(T) of square integrable functions f : T — C, with
the usual inner product. Let B; be the set of all j € T such that either j = @ or |j| = n for
some n > 1 and j, = 2. Then for each j € By and f € F, we can define f; € /(N) by

fitk)=f(G 1---1) (jeBy, keN).
k times
A function f € F is uniquely characterised by the functions {f;j : j € B1}, so that we can view
F as the direct sum F = g, £(N). We define ¢1 : L(H) — L(F) by

(L(A)); = Af; (G €B).

Similarly, we let By be the set of all j € T such that either j = @ or |j| = n for some n > 1
and j, = 1, and set

((A)f), = Afi  (GE€By) with fi(h):=f(G2-2) (k>0).

k times

We let A; = (;(A) = {€;(A) : A € L(H)} be the sub-Cx-algebra of L(F) generated by
elements of the form ¢;(A) (A € L(H), i = 1,2). Let eg, e1,e9, €11, €12, ... denote the obvious
orthonormal basis and let 75 be the state on A := L£(F) defined as 75(A) 1= (eg, Aeg). We
claim that

e /; is a C'x-algebra isomorphism from A = L(H) to A; = ¢;(A) (i =1,2).
L] TQ(KZ(A)) = To(A) (A S A)
e A; and A5 are freely independent under 74.

To see the third point, we note that 79(X) = 0 if and only if (Xep)(0) = 0. Now if
X1,X0,X3,... € ﬁ(fH) satisfy

2This implies that X has a purely continuous spectrum.



then ¢1(X1)ey is concentrated on {1,11,111,1111,...}, hence ¢2(X2)¢1(X1)ey is concentrated
on
{12,122,1222,...,112,1122, 11222, ... 1112, 11122, ... },

and so on, proving free independence. In particular, these functions are zero in @ so that
Ty (fl(Xg)fg(Xg)gl(Xl)) = O,
and so on. Now let U; = ¢;(U) and U} = £;(U*) = ¢;(U)*. Then

€jo-ip ifn > 1 and il = j,

Uiej :=e; and Ujej = { G=g1-JneT).

0 otherwise

Let X; := U; + U. We have already seen that X; and X3 are freely independent and that
i, is the standard semicircle law (i = 1,2). We claim that px,1x, is a semicircle law with
variance 2. To see this, we calculate moments. Removing the brackets in

7o ((Ur + Uz + Uy + U3)") = (eo, (Ur + Uz + Uy + Us)"eq),

we obtain 4" terms of the form (ez, V,, - - Vieg) with V; € {Uy,Us, U5, U3} for all 1 < i < n.
Each term gives a contribution zero or one. The nonzero terms are precisely those for which
there exists a random walk path S :{0,...,n} — T such that

Vi Vieg = eg, (0<k<n)

with S = S,, = @. This means that Tg((Xl + Xg)”) =0 if n is odd and Tg((Xl + Xg)”) =
on2c, /2 if n is even, where Cy /5 is the Catalan number we have seen before, and the factor

27/2 comes from the fact that each time we make a step deeper into the tree, we have two
choices where to go. (On the way back there is no such choice, so we get 2"/ and not 2".).
This means that

72 (X1 + X2)") = 7o ((V2X)"),

where X has a standard semicircle law. We conclude that px,x, is a semicircle law with
variance 2.

6 Convergence in law

Let m > 1 be an integer, and for each n, let (A, 70, Xy.1, ..., Xpnm) be a quantum probability

space that contains m self-adjoint elements X, 1,..., X, . By definition, we say that the
sequence (Ap, Ty, Xn1,..., Xnm) converges in law to a limit (A, 7, Xy,...,X,,), which we
denote as

(A, Tns X1y oo Xnm) = (A, 7, X0, .0, X)),

n—o00
if
(i) ||Xn,k|| — ||Xk;|| fOI" all 1 S k‘ S m,
n— 00

(i) 7(Xngy *+ Xnpy) — T(Xpy - X)) VK1, kg) € {1,....,m}% d>1.

Proposition 8 (Weak convergence) Assume that the self-adjoint elements Xy, 1,..., Xnm

commute for each n, and that also X1,...,X,, commute. Then the conditions (i) and (ii) are
equivalent to

() [ Xnkll — || Xkl for all 1 <k <m,
n—oo



e\
(11) /’LXnA,la---vXnnn nfgo /’L(Xl,...,Xm)7

where in (ii)’, = denotes weak convergence of probability measures on R™.

Proof Thanks to condition (i), there exists a compact set C' C R™ so that the measures
BXptyosXnm a0 fi(x, . x,.) are all concentrated on C'. As a result, condition (ii)’ is equivalent
to

n—oo

/A’fl“*ﬁzmﬂxn,l,...7xn,m — [ AN X YPL - P > 0.

Due to the commutativity assumption, filling in the definition of y(x, . x,.), we see that this
is equivalent to condition (ii). |

7 Relation to random matrix theory

Let M = (&ij)ijen, be an infinite hermitian Wigner matrix and let M’ = ()i jen, be an
independent COopy of M. For each n > 1, let M, := (éij)lﬁidén and ]\47/1 = (fij)lgi,jgn- Let
A,, denote the C*-algebra consisting of all complex n x n matrices and let 7,,(A) := n~1tr(A)
denote the normalised trace on A,,. I believe the following theorem probably holds, though I
do not know an exact reference.

Theorem 9 (Independent Wigner matrices) Assume that (&;5)i<; are i.4.d. with mean
zero and variance one. Let X, := My, /\/n and X, := M/, /\/n. Then almost surely, one has

(Aann7Xn7X1ll) — (A77—7X7X/)7 (]‘3)
n—oo
where X and X' are freely independent and distributed according to the standard semicircle
law.

The almost sure convergence (A, 7,, X,) = (A, 7, X) has, of course, been shown in the
n—oo

book. Theorem [9] boosts this to convergence of the “joint law” of two independent Wigner
matrices. It is not so hard to intuitively understand why the algebras generated by X,, and X/,
should be “asymptotically free”, in the sense of being as non-commuting as they can possibly
be. It is less clear why they should be asymptotically freely independent. In the book by Tao,
you can find a sketch of a proof, that is based on moment calculations and in fact proves the
asymptotic free independence together with the convergence to the semicircle law. Is there an
easier way to intuitively understand why free independence should arise in the limit?

Theorem [9 helps us somewhat to understand why the semicircle law occurs in random
matrix theory. Imagine that we would only know that holds for some (A, 7, X, X’) such
that X and X' are freely independent. Since (X, + X/)/v/2 are also Wigner matrices, we
then see that

nx = Hixixryva = Hx Buxe = px Bpx,

so this tells us that the limit law of the spectrum of random matrices has to be stable under
free convolution.

In Tao’s book, a lot of time is spent on showing that rescaled random matrices with i.i.d.
entries converge to the semicircle law. From an operator perspective, the assumption of i.i.d.
entries is not so natural, since it is basis-dependent, except for special ensembles such as GOE
or GUE. I believe that with the help of the concept of free independence, it has been shown
that some matrix ensembles that do not have i.i.d. entries also have the semicircle law in the
limit.
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