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The Hausdorff metric

Let (X, d) be a metric space.
Let K4 (X) be the set of nonempty compact subsets of X
The Hausdorff metric on K (X) is defined as

du(A, B) :=supd(a, B) V sup d(b, A)
acA beB

where

sup,eca d(a, B) sup,ep d(b, A)
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The Hausdorff metric

A correspondence between two sets A1, Ax is a set R C A; X As

such that
Vx1 € A1 3xp € A sit. (x1,x2) € R,

Vx, € Ay dxq € A s.t. (X1,X2) € R.

Let Cor(A;1, Az) denote the set of all correspondences between A;
and A,.

dy(Ky, Ko) = inf d .
h(Ki, K2) RGCJrrEKth)(xfi[))eR (x1,x2)
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The Hausdorff topology

For Kn, K € K1(X) one has du(K,, K) — 0 iff

(i) 3ICeKy(X)st. K, C Vn,
(i1) KC{XEX:KnBX,,n;)OX}
C {x € X : x is a cluster point of x, € K,,} C K.

As a consequence, the topology on K (X) generated by dy
does not depend on the choice of the metric d on X.

We call this the Hausdorff topology.
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The Hausdorff topology

> If (X, d) is separable, then so is (K4 (X), d).
> If (X, d) is complete, then so is (K4 (X), di).
» If (X, d) is compact, then so is (K (&X), di).

More generally, A C K1 (X) is precompact iff
ICeKi(X)st. KC C YK e A
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The one-point compactification

A compactification of a topological space X" is a compact
topological space X such that X is a dense subset of X.

Let X be a metrisable topological space that satisfies the
equivalent conditions:
(i) X is locally compact and separable,

(ii) X is an open subset of some, and hence of all of its
metrisable compactifications X.

Let Clos(X) denote the set of closed subsets of X.

The one-point compactification X5, := X U {oo} is defined by

Clos(Xx) := {AC X :ANX € Clos(X) and if AN X
is not compact, then co € A}.

Now X, is a compact metrisable space.
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The Vietoris topology

Let X be locally compact and separable. Then
C:={AcKi(Xx): 0 €A}
is a closed subset of K (X ), and
Clos(X) > A— AU{x} €C
is a bijection. The topology on Clos(X') generated by
dy(A, B) = duy (AU {00}, AU {o0})

is the Vietoris topology.

The space (Clos(X), dv) is compact and its topology does not
depend on the choice of the metric d on X.
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The Hausdorff and Vietoris topologies

The Hausdorff and Vietoris topologies coincide if X' is compact.

Both topologies can be defined on Clos(X’)
for any metric space (X, d),
but in this generality their properties are not so good.

For example, the Hausdorff topology on Clos(X)
may depend on the choice of the metric d on X
and the Vietoris topology may not be metrisable.

Best to define the Hausdorff topology only on K4 (X),

and the Vietoris topology on Clos(X)
only for locally compact, separable, metrisable X'.
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Squeezed space

For any metric space X we define the squeezed space
R(X) = (X xR)U {(*, —00), (*,oo)}.
Lemma There exists a metric dsy, on R(X) such that
d((thn)7(X7 t)) n;)o 0 <

(i) t, — t in the topology on R := [—~o0, o0,

(ii) if t € R, then also x, — x in the topology on X.
Proof Let d generate the topology on R.
Let ¢ : R — [0, 00) satisfy p(t) >0 < t€R.

Then () 0.0)
(2(s) A (1)) (dx, ¥) A1) + |o(s) — @(t)] + dg(s, t)
does the trick. (]

Idea: care less about spatial distances
when the time coordinates are large.
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Squeezed space

R(R) /AN
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The split real line

The split real line is the set Ry consisting of all pairs t+ consisting
of a real number t € R and a sign £ € {—,+}.

For an element 7 = t+ of Ry we let 7 := t denote its real part
and s(7) := =+ its sign.

We equip Rs with the lexographic order, in which o < 7

if and only if o < 7 or ¢ = 7 and s(0) < s(7).

We write 0 < 7 iff o < 7 and ¢ # 7 and define intervals

(o,p) ={T7€Rs:0 <1< p}, [o,p) ={Tr€Rs:0 <7 <p},
(o,p] ={r€eRs:0 <7 <p}, [o,p] ={r€Rs:0 <7 <p}

There is some redundancy, e.g., (s—, r+] = [s+, r+].
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The split real line

We equip the split real line R, with the order topology.
A basis for the topology is formed by all open intervals (o, p) with
o,p €Ry, o< p.

(i) 7 — t+ iff 7, — t and 7, > t+ for n sufficiently large.

>
<

(i) 7p = t—iff 7, = t and 7, < t— for n sufficiently large.

Lemma R; is first countable, Hausdorff and separable,
but not second countable and not metrisable.
Lemma For C C RY, the following are equivalent:
(i) C is compact,
(i) C is sequentially compact,
(iii) C is closed and bounded.
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For each closed | C R write I; .= {t+£:t e [}.

Let X be a metrisable topological space.

A path with values in X is a pair 7 = (/,f)

where | C R is a closed set and f : [; — X is continuous.
We write /() := I and 7(7) := (1) (7 € k(7).

We identify w with its closed graph
7 = {(n(r).2) : 7€ h(m)} U {(5, —00), (5, 00)}.
The set m € MN(X) has a natural total order defined as
(7(0),0) =2 (n(7),7) & o<

The pair (7, <) uniquely determines /() and 7 (t+) for t € I(n).

We let M(X') denote the set of paths with values in X
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The total order < on 7 has nice properties:
(i) (x,s) = (y,t) forall s <t
(i) {(z,2): z = 2’} is a closed subset of 72.

Lemma There is a one-to-one correspondence between paths and
totally ordered compact subsets (7, <) of R(X') that satisfy (i)
and (ii) as well as

(iii) (x,+00) €,
(iv) {xeX:(x,t)en}[ <2 VteR.
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Paths more or less correspond to cadlag functions.
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The closed graph as a subset of R(X).
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We set MI(X) := {7 € N: | is an interval}.
For m € NI(X) we set o := inf I(7) and 7 := sup /(7).

Note that a path 7 can jump at its starting time o.

We set!
Mo(X):={m € N(X): w(t—) = w(t+) Vt € ()},
nh(x):= {7r € ﬂ'(X) i oo},
MH(X):={r e Nl(Xx): o, = —o0}.

Then N{(R) := N.(R) N MT(R) is the classical path space

introduced by Fontes, Isopi, Newman, and Ravishankar
(AoP 2004).

For I(m) = (0 we use the conventions o, := —00, T# := 00.
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Convergence of paths

We equip MM¢(X') with the metric:

sup dsqz((X17 t].); (X27 t2))

du(mi,m) = in
Recor(ﬂlvﬂ-Z) ((Xl,tl),(xz,tz))GR

This corresponds to locally uniform convergence.

The topology on IM.(X) does not depend
on the choice of the metric d on X.

The topology on I'IE(R) corresponds to the one introduced
by Fontes, Isopi, Newman, and Ravishankar (AoP 2004).
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Convergence of paths

Recall that < denotes the natural total order on 7, defined as
(W(U)vg) = (W(T),I) & o< T

For totally ordered compact sets Ki, Ka, let Cor4 (K1, K2) denote
the set of correspondences R € Cor(Kj, K») that are monotone in
the sense that:

A (x1,x2), (v1,y2) € R such that x; < y1 and y» < xa,
where x < y means x < y and x # y.

We equip M(X) with the metric:

dJ T1,72) = inf sup dsz x1, 1), (x2, 12)).
1( 1 ) ReCOI‘+(7|'17772) ((X17t1),(X2,t2))eR q! (( 1 ) ( ))

This corresponds to convergence in Skorohod’s J1 topology.
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Convergence of paths
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o<—> 0

A monotone correspondence between
two totally ordered sets A and B.
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Convergence of paths

A sequence that converges in dyg but not in dj;.
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Convergence of paths

A sequence that converges in dyg but not in dj;.
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Convergence of paths
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A sequence that converges in dyg but not in dj;.
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Convergence of paths
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A sequence that converges in dyg but not in dj;.
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Convergence of paths

A sequence that converges in dyg but not in dj;.
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Convergence of paths

» The topology on IN(X") does not depend
on the choice of the metric d on &.

» The topology on MN.(X) is the induced topology from M(X).

Recall that a topological space is Polish if it is separable and there
exists a complete metric generating the topology.

> If X' is separable, then so are MN.(X) and MN(X).
» If X' is Polish, then so are IM.(X) and MN(X).

However, dig and dj; are typically not complete even when d is.
> ﬂ'C(X) is a closed subspace of M(X).
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The M1 topology

Set (s,t):=[sAt,sVt] (s,teR).
The filled graph of = € N(R) is
7={(x,t): t€l(m): x € (m(t=),7(t+))} U {(—00, %), (00, *)}.

Write (x1,t1) < (x2, t2) if t1 < tr or t; = tp =: t and xz is closer

to 7(t+) than x;. The M1 topology on IN(R) is generated by

dJl(ﬂ-la 7T2) — infi B sup dsqz(217 22)‘
ReCor (71,72) (z1,2)€R

This corresponds to convergence in Skorohod’s M1 topology.
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The M1 topology
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The M1 topology
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The filled graph 7.
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Pathological paths

Set M := MN(R).
AT (1) = { (x1, %) (1, 11) = (e, t2)
(xi,ti)em t; €[-T,T], b—t1 <6},
AT 5(m) = { (a3, x3) © (31, t1) = (x2, 12) = (33, 13)
(xi,ti)em tie[-T,T], ts—t1 <4},
N, ., ={r:3xe A2T’5(7r) st.xi<r, r+e<x},
Nys.,={m:3xe A2-,-,5(7r) st.xo<r, r+e<x},
I'I'-,t_aer:: {7r IR EA3st. xy,x3<r, r+e< xz},
NG, ={r:KeMst.xo<r, r+e<x,xa},
ﬂ?{;gr::{w:ﬂis.t. x1<r, r+e<x <r+2e r+36§><3},

Ny, ={m:Kst.xs<r, r+e<x <r+2¢ r+3<x}.
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Pathological paths

-~

r r+¢

A path 7 € I'IJ{-’(S’g,r.
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Pathological paths

r r+¢

Apath m el _,.
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Pathological paths

r r+¢

A path 7 € nJ'F,_(S,a,r-
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Pathological paths

r r+¢

A path 7 € ﬂ}$7€7r.
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Pathological paths

-~

r r+¢ r+2 r+3¢

A path 7 € I'I';:Ear

Jan M. Swart (Czech Academy of Sciences) Topologies on sets of paths



Pathological paths

r r+¢ r+2 r+3¢

A path m e N5 .
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Random sets of paths

We equip K1 (M¢) and K4 (M) with the Hausdorff topology,
under which they are Polish.

Theorem A sequence A, of random variables with values in
K4 (M.) is tight if and only if

limsupP[N3 5., N A, #0] =0 VT,e,r,
5=0 n

2 Nt —
where nT,&,e,r T nT,é,E,r U nT,é,e,r'
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Random sets of paths

Theorem A sequence A, of random variables with values in
K4(M) is tight with respect to the J1 or M1 topologies if and only
if

lim supP[NY 5., N A, #0] =0 VT,e,r,

§—0 p 0

where for X = J1 or M1,

JI et +- —+ ——

nT,é,s,r " rlT,E,e,r U nT,é,s,r U nT,é,z—:,r U nT,é,s,r’
ML .t —+

I_IT)é’g’r T I_IT,&E,I' U rIT,(;,E,I"
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Noncrossing sets of paths

For w1, m5 € Nl write m < o if 1, T can be extended to
paths 7}, 5 € N¥ such that 7} (t+) < wb(t=£) for all t € R.

Let ICHC(I'I|) = {.A S IC+(I'I‘) cm <] o or o < Tq Vﬂ'l,ﬂ'g S .A}

FT ber = {(7r1,7T2) cn?: A(x;, i) € A27-75(7T,'),
st. (V) —(s1A9) <6 x,y2<r, r+e<y,x}.

Theorem A sequence A, of random variables with values in
lCnc(ﬂ') is tight with respect to the M1 topology if and only if

||msupIP>[rT5E, (Ap x Ap) #£0] =0 VT,e,r.
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Noncrossing sets of paths

r r—+e

A pair of paths (m1,m) € rl\'l/'[,%,s,r'
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