
Přednáška 3 – Diskrétńı a logistický model

Diskrétńı veličiny yt ∈ {1, 2, . . . ,N} , ut ∈ {1, 2, . . . ,K}

Diskrétńı model

Podḿıněná pf
f (yt |ψt ,Θ)

Regresńı vektor (data) ψt = [ut yt−1 ut−1 . . .]′

Neznámé parametry (tabulka pravděpodobnost́ı) Θ

Řád modelu – zpožděńı výstupu
Závislost yt |ψt – konečný počet kombinaćı

Př́ıklad:
Pozorovaný systém – úsek silnice

yt ∈ {1, 2} – stupeň dopravy
(1 = volný provoz, 2 = kolony)

Model f (yt |yt−1,Θ), ψt = yt−1

yt |ψt – 4 kombinace:

1|1, 1|2, 2|1, 2|2

ψt

yt 1 2

yt−1 = 1 Θ1|1 = 0.7 Θ2|1 = 0.3

yt−1 = 2 Θ1|2 = 0.1 Θ2|2 = 0.9

⇒ 1 Alternativńı rozděleńı
⇒ 1



Dimenze diskrétńıho modelu

Vliv:

počet možných realizaćı yt

počet veličin v ψt a jejich realizaćı

Př́ıklad:

Model f (yt |yt−1, vt ,Θ), ψt = [yt−1 vt ]
′

yt ∈ {1, 2} – stupeň dopravy (volný provoz, kolony)
vt ∈ {1, 2} – den v týdnu (všedńı den, v́ıkend)

ψt

yt 1 2

yt−1 = 1, vt = 1 Θ1|11 Θ2|11
yt−1 = 1, vt = 2 Θ1|12 Θ2|12
yt−1 = 2, vt = 1 Θ1|21 Θ2|21
yt−1 = 2, vt = 2 Θ1|22 Θ2|22

⇒ 1
⇒ 1
⇒ 1
⇒ 1



Př́ıklad:

Model f (yt |yt−1, vt ,Θ), ψt = [yt−1 vt ]
′

yt ∈ {1, 2, 3} – (plynulá j́ızda, menš́ı kolony,
věťśı kolony)

vt ∈ {1, 2} – den v týdnu (všedńı den, v́ıkend)

ψt

yt 1 2 3

yt−1 = 1, vt = 1 Θ1|11 Θ2|11 Θ3|11
yt−1 = 1, vt = 2 Θ1|12 Θ2|12 Θ3|12
yt−1 = 2, vt = 1 Θ1|21 Θ2|21 Θ3|21
yt−1 = 2, vt = 2 Θ1|22 Θ2|22 Θ3|22
yt−1 = 3, vt = 1 Θ1|31 Θ2|31 Θ3|31
yt−1 = 3, vt = 2 Θ1|32 Θ2|32 Θ3|32

⇒ 1
⇒ 1
⇒ 1
⇒ 1
⇒ 1
⇒ 1

Pro yt ∈ {1, 2, 3, 4, 5}, vt ∈ {1, 2} – dimenze 10× 5
Pro yt ∈ {1, 2, 3, 4, 5}, vt ∈ {1, 2, . . . , 7} ?
Pečlivý výběr veličin a hodnot – p̌ŕınos vs. ztráta informace
Kategorické rozděleńı



Neurčitost v diskrétńım modelu je dána parametrem Θ

f (yt |yt−1, ut ,Θ)

Neurčitý diskrétńı model

ψt

yt 1 2

yt−1 = 1, ut = 1 0.45 0.55

yt−1 = 1, ut = 2 0.5 0.5

yt−1 = 2, ut = 1 0.4 0.6

yt−1 = 2, ut = 2 0.7 0.3

Deterministický model – max {yt−1, ut}

ψt

yt 1 2

yt−1 = 1, ut = 1 1 0

yt−1 = 1, ut = 2 0 1

yt−1 = 2, ut = 1 0 1

yt−1 = 2, ut = 2 0 1

Deterministický model – yt ̸= yt−1

ψt

yt 1 2

yt−1 = 1, ut = 1 0 1

yt−1 = 1, ut = 2 0 1

yt−1 = 2, ut = 1 1 0

yt−1 = 2, ut = 2 1 0



Generováńı hodnot
Alternativńı rozděleńı yt ∈ {1, 2}
Stač́ı jedna pravděpodobnost:
% pravděpodobnost hodnoty 1
p=0.7;

% generuje skalár 1 nebo 2
y=(rand(1,1)>p)+1

% nebo počet dat pro v́ıce dat
nd=50;

% vektor nd hodnot 1 nebo 2
y=(rand(1,nd)>p)+1

( rand(1, 1)︸ ︷︷ ︸
hodnota mezi 0 a 1

> 0.7

︸ ︷︷ ︸
T nebo F

) + 1

︸ ︷︷ ︸
1 nebo 2 s pravděp. 0.7 pro 1

Kategorické rozděleńı yt ∈ {1, 2, 3}
Vektor pravděpodobnost́ı:
% pravděpodobnosti 3 hodnot
p=[0.3 0.5 0.2];

% kumulativńı součet [0.3 0.8 1]
pp=cumsum(p);

% generuje skalár 1, 2 nebo 3
y=sum(rand(1,1)>pp)+1

% nebo počet dat pro v́ıce dat
nd=50;

for t=1:nd
% generuje vektor nd hodnot 1,2,3
y(t)=sum(rand(1,1)>pp)+1

end



Simulace s alternativńım modelem f (yt |yt−1, ut ,Θ)
clear,clc,close

nd=100; % počet dat
% tabulka pravděpodobnost́ı
th=[0.48 0.52;

0.49 0.51;

0.53 0.47;

0.51 0.49];

y(1)=1; % počátečńı podḿınky
% ř́ıd́ıćı vstup
u=(rand(1,nd)>0.2)+1;

for t=2:nd

% č́ıslo řádku
j=2*(y(t-1)-1)+u(t);

% pravděp. z 1.sloupce
py=th(j,1);

% generováńı výstupu
y(t)=(rand(1,1)>py)+1

end



Simulace s kategorickým modelem f (yt |yt−1,Θ)
clear,clc,close

nd=100; % počet dat
% tabulka pravděpodobnost́ı
th=[0.2 0.7 0.1;

0.2 0.1 0.7;

0.7 0.2 0.1];

y(1)=1; % počátečńı podḿınky
for t=2:nd

% č́ıslo řádku
j=y(t-1);

% kumulativńı součet
pp=cumsum(th(j,:));

% generováńı výstupu
y(t)=sum(rand(1,1)>pp)+1;

end

Využit́ı diskrétńıho modelu

Klasifikace diskrétńıch dat + vývoj dynamické veličiny



Logistický model (logistická regrese)
Modeluje diskrétńı výstup yt ∈ {0, 1}
v závislosti na spojitých nebo spojitých+diskrétńıch veličinách

Obecný tvar pro yt ∈ {0, 1}

f (yt |ψt , θ) =
exp {ytzt}
1 + exp {zt}

,

↙ ↘
exp {zt}

1 + exp {zt}︸ ︷︷ ︸
P(yt=1)

1

1 + exp {zt}︸ ︷︷ ︸
P(yt=0)

zt︸︷︷︸
spojitá

= ψ′
tθ + et︸ ︷︷ ︸

lineárńı regrese
Regresńı vektor (data)
ψt = [v1;t v2;t v3;t . . . 1]

′

Vektor regresńıch koeficient̊u
(neznámé parametry)
θ = [b1 b2 b3 . . . k]′

Př́ıklad: Systém – úsek silnice
yt ∈ {0, 1} – nehoda (NE, ANO)
v1;t – rychlost 1.auta (spojitá)
v2;t – rychlost 2.auta (spojitá)
v3;t – povrch vozovky (diskrétńı)
v4;t – zkušenost řidiče (diskrétńı)

1

0.5

z

P(y=1)

zt ∈ R ⇒ P ∈ (0, 1)



Simulace s logistickým modelem
clear,clc,close

nd=20; % počet dat
% regresńı koeficienty a rozptyl
th=[1 3 -1 -4 0.5]; r=1;

% exterńı vstupy
v1=randn(1,nd); v2=randn(1,nd);

v3=randn(1,nd)

v4=(rand(1,nd)>0.5)+1

for t=1:nd

e=sqrt(r)*rand(1,1,’n’); % šum
% regresńı vektor
ps=[1 v1(t) v2(t) v3(t) v4(t)];

z=th*ps’+e; % regrese z
% pravděpodobnost 1
p(t)=exp(z)/(1+exp(z));

% generujeme výstup
y(t)=double(rand(1,1)<p(t))

end

Využit́ı

Klasifikace – statický model



Inverzńı forma logistické regrese

Funkce logit

logit (p) = ln
p

1− p

Dosad́ıme

p =
exp {zt}

1 + exp {zt}

ln

(
p

1− p

)
= ln

 exp(zt)
1+exp(zt)

1− exp(zt)
1+exp(zt)

 = ln

(
exp(zt)

1 + exp(zt)

)
−ln

(
1− exp(zt)

1 + exp(zt)

)

= ln(exp(zt))− ln(1 + exp(zt))− ln

(
1 + exp(zt)− exp(zt)

1 + exp(zt)

)
=

= zt − ln(1 + exp(zt))− ln(1) + ln(1 + exp(zt)) = zt

Multinomiálńı logistická regrese – yt ∈ {0, 1, 2, · · · ,N}

ln
p1
p0

= zt(1), ln
p2
p0

= zt(2), . . . , ln
pN
p0

= zt(N)


