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Abstract

We propose a new additive decom-
position of probability tables - tensor
rank-one decomposition. The basic
idea is to decompose a probability
table into a series of tables, such that
the table that is the sum of the series
is equal to the original table. Each
table in the series has the same do-
main as the original table but can
be expressed as a product of one-
dimensional tables. We show that
tensor rank-one decomposition can
be used to reduce the space and time
requirements in probabilistic infer-
ence. We provide a closed form solu-
tion for minimal tensor rank-one de-
composition for some special tables.

Keywords: Graphical Probabilistic
Models, Probabilistic Inference.

1 Introduction

A fundamental property of probabilistic
graphical models that allows their applica-
tion in domains with hundreds to thousands
variables is the multiplicative factorization of
the joint probability distribution. The multi-
plicative factorization is exploited in inference
methods, e.g., in the junction tree propaga-
tion [7]. However, in some real applications
the models may become intractable using the
junction tree propagation and other exact in-
ference methods because after the moraliza-
tion and triangularization steps the graphical
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structure becomes too dense, cliques consist
of too many variables, and, consequently, the
probability tables corresponding to the cliques
are too large to be efficiently manipulated. In
such case one usually turns to an approxima-
tive inference method.

Following the ideas presented in [3],[9] we pro-
pose a new decomposition of probability ta-
bles that allows to use exact inference in some
models where — without the suggested decom-
position — the exact inference using the stan-
dard methods is impossible. The basic idea
is to decompose a probability table into a se-
ries of tables, such that the table that is the
sum of the series is equal to the original ta-
ble. Each table in the series has the same
domain as the original table but can be ex-
pressed as a product of one-dimensional ta-
bles. Entries in tables are allowed to be any
real number. Extending the range to negative
numbers opens new possibilities for compact
representation of probability tables and allows
to find a shorter series.

It is convenient to formally specify the task
using the tensor terminology. Assume vari-
ables X;, 1 € N C N each variable X; taking
values (a value of X; will be denoted ;) from
a finite set X;. Let for any A C N the sym-
bol x4 denotes a vector of the values (z;)ica,
where for all ¢ € A: x; is a value from AX;.

Definition 1 Tensor
Let A C N. Tensor i over A is a mapping

XiEAXi — R .

The cardinality |A| is called tensor dimension.
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Note that every probability table can be
looked upon as a tensor. Tensor ¥ over A
is an (unconditional) probability table if for
every x4 it holds that 0 < 9(z4) < 1 and
>z, Y(wa) = 1. Tensor v is a conditional
probability table (CPT) if for every x4 it
holds that 0 < ¢(x4) < 1 and if there ex-
ists B C A such that for every xp it holds

Diaqp @B Ta\B) = 1.

Next, we will recall the basic tensor notion.
If |[A] = 1 then tensor is a vector. If |A] =2
then tensor is a matrix. The outer product
1 ®  of two tensors 1 : X;caX; — R and
0 XiepX; — R, AN B = () is a tensor & :
XicAuBX; — R defined for all z4up as

= Y(za) - p(zB) .

f(fUAUB)

Now, let ¢ and ¢ are defined on the same
domain X;caX;. The sum ¥+ of two tensors
is tensor £ : X;c4X; — R such that

§(xa) = Y(xa)+e(za) .

Definition 2 Tensor rank [6]

Tensor of dimension |A| has rank one if it is an
outer product of |A| vectors. Rank of tensor
1 is the minimal number of tensors of rank

one that sum to . Rank of tensor ¢ will be
denoted as rank(v).

Remark Note that the standard matrix rank
is a special case of the tensor rank for |A| = 2.
An alternative definition of the matrix rank is
that the rank of an m x n matrix M is the
smallest r for which there exist a m x r matrix
F and a r X n matrix GG such that

M = FG . (1)

We can equivalently write that
r . .
M =) fog, (2)
i=1

where f? is the i** column of F and g’ is the
it" row of G. Since rank(f'® g') = 1 we can
see that the tensor rank of M is equal to the
matrix rank of M.

Definition 3 Tensor rank-one decompo-
sition

Assume a tensor ¢ over A and an integer r.
A series of tensors {op};_, over A such that

e forb=1,...,r: rank(g) =1, i.e.,

o0 = Qicd Pip

where ;5,1 € A are vectors and
® Y= 0

is called tensor rank-one decomposition of
of length 7.

Note that from the definition of tensor rank
it follows that such a series exists iff r >
rank(y). The decomposition is minimal if
r = rank(v).

Example 1 Let ¢ : {0,1} x{0,1} x{0,1} —
be
1 2
(2) (%)
2 4
(1) (3)
This tensor has rank two since

v = (1,2)®(1,2) ®(1,2)
+(0,1) ® (0,1) ® (0,1)

and there are no three vectors whose outer
product is equal to . o

The rest of the paper is organized as follows.
In Section [2] we show using a simple exam-
ple how tensor rank-one decomposition can
be used to reduce the space and time require-
ments for the probability inference using the
junction tree method. We compare sizes of
the junction tree for the standard approach,
the parent divorcing method, and the junction
tree after tensor rank-one decomposition} In
Section 3| the main theoretical results are pre-
sented: the lower bound on the tensor rank
for a class of tensors and minimal tensor rank-
one decompositions for some special tensors —
max, add, xor, and their noisy counterparts.
!Several other methods were proposed to exploit
a special structure of CPTs. For a review of these
methods see, for example, [9]. In this paper, due to

the lack of space, we do comparisons with the parent
divorcing method only.



2 Tensor rank-one decomposition
in probabilistic inference

We will use an example of a simple Bayesian
network to show computational savings of the
proposed decomposition. Assume a Bayesian
network having the structure given in Fig-
ure[l}] Variables X1,..., X, are binary taking
values 0 and 1. For simplicity, assume that
m = 2% d € N,2 < d. Further assume a vari-

able Y & Xom+1, whose values y = " ;.
This means that Y takes m + 1 values.

If we use the standard junction tree con-
struction [7] we connect by edges all parents
of Y (this step is often called moralization).
We need not perform triangulation since the
graph is already triangulated. The resulting
junction tree consists of one clique containing
all variables, i.e., C1 = {X1,..., X, Y}

Figure 1: Bayesian network structure.

Since the CPT P(Y | X1,...,Xy) has a spe-
cial form we can use the parent divorcing
method [8] and introduce a number of aux-
iliary variables, one auxiliary variable for a
pair of parent variables. This is used hierar-
chically, i.e. we get a tree of auxiliary vari-
ables with node Y being the root of the tree.
The resulting junction tree consists of m — 1
cliques.

In Section B.2] we will show that if the CPT
corresponds to addition of m binary variables
then we can decompose this CPT to a series
of m + 1 tensors that are products of vectors

m+1
PY [ X1, Xm) = ) &2 (S ip) -
b=1

As suggested in [3] we can visualize an addi-
tive decomposition using one additional vari-
able, which we will denote B. In case of ad-
dition of m binary variables variable B will
have m + 1 states. Instead of moralization

we add variable B into the model and con-
nect it with nodes corresponding to variables
Y, X1,...,X;n. We get the structure given
in Figure Note that all edges are undi-
rected, which means that we do not perform
any moralization. It is not difficult to show
(see [9]) that this model can be used to com-
pute marginal probability distributions as in
the original model. The resulting junction
tree of this model is given in Figure [3

Figure 2: Bayesian network after the decom-
position

Figure 3: Junction tree for the model after
the rank-one decomposition

After little algebra we get that the total clique
size in the standard case is (m + 1) - 2™, after
parent divorcing it is %mg + %m2 +2m logm—
%m— 1, and after the tensor rank-one decom-
position (described latter in this paper) it is
only 3m? + 4m + 1. In Figure 4| we compare
dependence of the total size of junction trees
on the number of parent noded? m of node Y.
Note that we use the logarithmic scale for the

vertical axis.

It should be noted that the tensor rank-one
decomposition can be applied to any prob-
abilistic model. The savings depend on the
graphical structure of the probabilistic model.

2Tt may seem unrealistic to have a node with more
than ten parents in an real world application, but it

can easily happen, especially, when we need to intro-
duce logical constraints into the model.
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Figure 4: Comparison of the total size of junc-
tion tree.

In fact, by avoiding the moralization of the
parents, we give the triangulation algorithm
more freedom for the construction of a trian-
gulated graph so that the resulting tables cor-
responding to the cliques of the triangulated
graph can be smaller.

3 Minimal tensor rank-one
decomposition

In this section we will present the main the-
oretical results. It was proved in [6] that the
computation of tensor rank is an NP-hard
problem, therefore determining the minimal
rank-one decomposition is also an NP-hard
problem. However, we will provide closed-
form solution for the problem of finding a min-
imal rank-one decomposition of some special
tensors that play an important role, since they
correspond to CPTs that are often used in
Bayesian network models in real applications.

The class of tensors of our special interest
are tensors 1y that represent a functional
dependence of one variable Y on variables
Xi,..., X Let X = &1 x ... X, and x =
(x1,...,2m) € X. Further, let

_ 1 if expr is true
Hewpr) = { 0 otherwise.
Then for a function f : X +— ) the tensor is
defined for all (z,y) € X x Y as ¢¢(x,y) =

I(y = f(x)).

Let r = rank(¢y) and

vr o= ) & (®0i) (3)
b=1

where § : YV — R and ¢, : &; — Rforall b €
{1,...,r}. Formula is called a minimal
tensor rank-one decomposition of 1.

First, we will provide a lower bound on the
rank of tensors from this class. This bound
will be later used to prove the minimality of
certain rank-one decompositions.

Lemma 1 Let function f : X — Y and
X x Y= {0,1} be a tensor representing
the functional dependence given by f. Then
rank(iy) > |V].

Proof For a minimal tensor rank-one decom-
position of ¢ it holds for all (z,y) € X x Y
that

vr(y) = Y &) - [[ewl) , @)
=1 =1

where r = rank(¢¢). Consider the matriceeﬂ

W = {¢(z, )},

U = {éb(y)}i’gﬂ...,w
be{l,...,r}

‘7 =

{H ‘Pi,b(xi)}
i=1 zeX

Equation can be rewritten as
W =UV .

Each row of W contains at least one nonzero
entry, since each y € )Y is in the range of
f. Moreover, each column of W contains ex-
actly one nonzero entry, since f is a function.
Hence, no row is a linear combination of other
rows. Therefore there are |)| independent
rows in W and rank(W') = |Y|. Since the
rank of a matrix product cannot be higher
than the rank of matrices in the product [4]
we get that rank(W) < rank(U) < r. Alto-
gether, |Y| <. O

3The upper index labels the rows and the lower
index labels the columns.



3.1 Maximum and minimum

An additive decomposition of max was origi-
nally proposed in [3]. This result is included
in this section for completeness and we add
a result about its optimality. The proofs are
constructive, i.e., they provide a minimal ten-
sor rank-one decomposition for max and min.

Let us assume that X; = [a;,b;] is an inter-
val of integers for each ¢ = 1,...,m. Clearly,
the range ) of max on A} X ... X X, is
[max]”, a;, max;", b;] and the range ) of min
is [min”; a;, min}" 4 b;].

Theorem 1 If f(x) = max{x,...,xn} and
x; € [ai, b)) fori=1,...,m then rank(yy) =
V.

Proof Let for i € {1,...,m}, z; € X, and
be)y
Pib\Ti 0 otherwise

and forye Y, be)y

+1 b=y
&(y) = -1 b=y-1
0 otherwise.

Let w(z,y) = I(max(z1,...,Tm) <y). Put

w(xay) = H‘Pi,y(wz’) .
=1

Therefore,
¢f(33;y) = W(l',y)—W(l',y—l),

where w(z, Ymin — 1) is considered to be zero.

Altogether,
m m

Vi(z,y) = H‘Pi,y(fi)_H‘Pi,yfl(fi) :
i=1 i=1

Since the product &(y) - [[: wip(xi) is

nonzero only for b = y and b = y — 1, we
have

br(y) = &) [] o)
i=1
+&y1(y) - [ iy (i)
=1

- Zfb(y) . H%b(ﬂrz) :
i=1

bey

Taking V' = b + ymin — 1 we get the required
decomposition
|V
o= > @ (e
b'=1

By Lemma [I] this is a minimal tensor rank-
one decomposition of 9. O

Theorem 2 If f(z)=min{zy,...,zn} and
xi € lag, b;] fori=1,...,m then rank(ys) =
V.

Proof Let fori € {1,...,m}, x; € A&}, and
be)y

Yi.b\Ti 0 otherwise
and forye Y, be )

+1 b=y
-1 b=y+1
0 otherwise.

&ly) =

and follow an analogous argument as in the
proof of Theorem [I| to obtain tensor rank-one
decomposition of 1y. Again, by Lemma
this is a minimal tensor rank-one decomposi-
tion. O

Remark If for ¢« € {l,....m} &, =
{0,1}, then the functions max{xi,...,zm}
and min{z,...,x,,} correspond to logical
disjunction 1 V...V x,, and logical conjunc-
tion x1 A ... A Ty, respectively. In Example
we illustrate how this can be generalized to
Boolean expressions consisting of negations
and disjunctions.

Example 2 In order to achieve minimal ten-
sor rank-one decomposition of

Y(21,22,y) = I(y = (v1 V ~22))

with variable B having two states 0 and 1, it
is sufficient to use functions:

prp(z1) = I(z1 <D)
pap(r2) = I(—-w2 < D)
+1 y=25b
&ly) = -1 y=1,b=0
0 y=0,b=1



3.2 Addition

In this section, we assume an integer r; for
each ¢ = 1,...,m and assume that X is
the interval of integers [0,7;]. This assump-
tion is made for simplicity and without the
loss of generality. If X; are intervals of inte-
gers, which do not start at zero, it is possi-
ble to transform the variables by subtracting
the lower bounds of the intervals to obtain
variables satisfying the assumption. More-
over, let f : N — N be a function, such
that f(z) = fo(3>°1", x;) where fo : N — N.
Let A be the interval of integers [0, ", ri].
Clearly, A is the range of ", x;.

Theorem 3 Let fy, f and A be as above.
Then rank(vy) < |A|. Moreover, if fy is the
identity function, then rank(vy) = |Al.

Proof Consider the Vandermonde matrix

0 0 0
o fe% oy
1 1 1
o fe% S apy .
)
l[Al-1 |Al-1 [Al—1
ay oy |
where aq,..., a4 are pairwise distinct real

numbers and the upper index is the exponent.
This matrix is non-singular, since the corre-
sponding Vandermonde determinant is non-
zero [4]. The system of equations

|A|

By = Zzb‘@ztn te A (6)
b=1

has the Vandermonde matrix as its system
matrix and since the Vandermonde determi-
nant is non-zero it has always a solution for
variables zp,b € A.

For a fixed y € ) define &(y) to be the so-
lution of system (6) with 3 = I(y = fo(?)).
Therefore it holds for a fixed y € ) and for
all t € A that

lA|

Iy = fo(t)) = Zfb(y)'ai - (M
b=1

By substituting ¢t = ", 2; and taking
wip(xi) = op' for b = 1,...,|A| we obtain

that for all combinations of the values of z
and y

m lA|

Iy= O =) = D &) [[eis) -
b=1 i—1

i=1
This proves the first assertion of the theorem.

If fo is the identity, then the range of f is
the whole A. It follows from Lemma [ that
rank(ys) > |A| and therefore the above de-
composition is minimal. O

Example 3 Let &; = {0,1} for i = 1,2,
f(z1,22) = 1 + 2 and Y = {0,1,2}. We
have

Vr(z1,20,y) = I(y=z1+ 22)

=2z
1
0
0
0
1
0

_ o O O = O

As in the proof of Theorem [3] we assume
@ip(ri) = of' for i = 1,2 and distinct oy,
b = 0,1,2. For simplicity of notation, let us
assume a9 = «, a1 = J and as = 7. Let us
substitute these ¢;;(x;) into and rewrite
it using tensor product as follows.

Yy(xy,22,y) =

(@, 0') @ (o, al) ® (ug, u, us)

+(ﬁ0a ﬁl) by (ﬁovﬁl) ® (U07U17U2)
+(70771) X (70771) ® (w(), w17w2)

For each y = 0,1, 2 we require
Iy=0) I(y=1)\ _ " . a® ol
Iy=1) I(y=2) ) 7 \ ot o?
g0 Bt > < S >
Fvy - + wy - )
Y ( gl 32 Y AL 2

which defines a system of three linear equa-
tions with three variables w,, vy, wy

I(y 0) a? ﬂo 70 Uy
=1 |=(a 5 2| v
Iy =2) o 2 ) \ w,



If , B, and ~y are pairwise distinct real num-
bers then the corresponding Vandermonde de-
terminant is non-zero and a solution exists.

The solution for a =1, =2,y =3 is
¢f($1a$2ay) =

LoD o3 -2 5

) b ) 27 2

+(1,2) ® (1,2) ® (—3,4, 1)

+ (1,3)@(1,3)@(1,—2,%) .

3.3 Generalized addition

In this section, we present a tensor rank-one
decomposition of vy, where f is defined as
f(x) = foOoir, fi(xi)). Let A be the set of
all possible values of > 7" fi(x;). The rank
of ¢y depends on the nature of functions f;,
more exactly, on the range of the values of
oty fi(xi). The decomposition is useful, if
this range is substantially smaller than |X]| -

Theorem 4 If f(z) = fo(Oo fi(zi)),

where f; are integer valued functions, then

rank(iyy) < |A.

Proof Without a loss of generality, we may
assume that f;(xz;) > 0 for i = 1,...,m and
that zero is in the range of f;. If not, this
may be achieved by using fi(z;) —min,, fi(2;)
instead of f; and modifying fy so that f does
not change. The proof is analogous to the
proof of the Theorem wheret = >"", fi(x;)

and @; p(z;) = al{(xi) forb=1,...,]A| 0

3.4 Exclusive-or (parity) function

Let & denote the addition modulo two, which
is also known as the exclusive-or operation By
the parity or exclusive-or function, we will un-
derstand the function 21 @ ... ® x,,.

Theorem 5 Let X; = Y = {0,1} for i =
1,...,m and f(x) = 21 ® ... ® xy,. Then
rank(yy) = 2.

Proof The exclusive-or function may eas-
ily be expressed as a product, if the values

{0,1} are replaced by {1,—1} using substi-
tution 0 — 1, 1 — —1. An odd number of
ones in the 0/1 representation is equivalent to
a negative product of the corresponding val-
ues in the 1/ — 1 representation. Expressing
the required transformations in the form of a
linear transformation, we obtain

xl@...@xm:%(1—(1—2:61)...(1—2%)).

Since ¢Y¢(z,y) =I(y@x1® ... xpy =0) =
YyPx1P... BT, B 1, we have

W(iﬁay) =

%(1 + (1 —=2y)(1 —2x1)...(1 = 2zy,)).

Hence, 1)y may be expressed as a sum of two
functions, the first of which is the constant %
and the second is (5 —y)(1—2z1) ... (1—2zy,).
It is now easy to express vy in the form of ,
if we use tensors defined as follows. Let for
ie{l,...,m}, x; € {0,1}, and b € {1,2}

() 1 b=1
PibLT: 1-2z; b=2
and
: b=1
_ 2
&(y) {é_y b—9.

It follows from Lemma [ that this defines
a minimal tensor rank-one decomposition of
exclusive-or. O

3.5 Noisy functional dependence

For every i = 1,...,m we define a dummy
variable X! taking values z} from set X =
X;. The noisy functional dependence of Y on
X = (Xy,..., X)) is defined by
m
x’ i=1
where 1) is tensor that represent a functional
dependence y = f(2') and for i = 1,...,m
tensors s represent the noise for variable
X;. Note that models like noisy-or, noisy-and,
etc., fall within the scope of the above defini-
tion. Actually, the definition covers the whole
class of models known as models of indepen-
dence of causal influence (ICI) [5].



Theorem 6 Let tensor i represent the noisy
functional dependence f defined by for-
mula (§). Then rank(y) < rank(yy).

Proof Let r = rank(1s). Then

T m
> a) - [ einlah)
b=1 i=1
Substituting this to formula we get

Y(z,y)

= ZZ&)
z’ b=1

= Z{b(y HZ (ip(a}) - 52i(i,27))

)
b=1 1= !
)

m
H Sozb C M xzax;))
=1

1 g
r m

= > & [[ehi=)

b=1 i=1

where (P;),i(xi) = Z;p; (Qoi,b(x ) - 5w, @ 1))
The last equation proves that rank(y) <
rank(vy). O

4 Related work

Higher-dimensional tensors are studied in
multilinear algebra [I]. The problem of ten-
sor rank-one decomposition is also known as
canonical decomposition (CANDECOMP) or
parallel factors (PARAFAC). A typical task is
to find a tensor of rank one that is a best ap-
proximation of a tensor . This task is usu-
ally solved using an alternating least square
algorithm (ALS) that is a higher-order gener-
alization of the power method for matrices [2].
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