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CZECH TECHNICAL UNIVERSITY,
FACULTY OF ELECTRICAL ENGINEERING

METHODS OF
PROBABILISTIC KNOWLEDGE

INTEGRATION

PHD THESIS

AUTHOR JIŘÍ VOMLEL
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IntroductionThe main purpose of the thesis is a design and 
hara
terization of methods appli
able to thepro
ess 
alled knowledge integration. It is supposed that knowledge is represented by a setof probability distributions. Probabilisti
 models have the ability to handle un
ertain infor-mation that systems used in arti�
ial intelligen
e ought to posses. Within the probabilisti
framework, knowledge integration is understood as a pro
ess of building a joint probabilitydistribution from an input set of low-dimensional distributions. Finally, the pro
ess shouldyield the joint probability distribution embodying knowledge about a 
hosen domain.Su
h a task 
an be solved by means of iterative pro
edures. The best-known example isthe Iterative Proportional Fitting Pro
edure (IPFP). It was proved by Csizs�ar [10℄ (for the 
aseof dis
rete probability distributions) that IPFP 
onverges if the input set of low-dimensionalprobability distributions is 
onsistent, i.e. if there exists a probability distribution whosemarginals equal to the probability distributions from the input set. If the initial distribu-tion is de
omposable and all the input distributions 
orresponds to this de
omposable modelthen the distributions 
omputed during IPFP pro
ess are de
omposable as well, so that they
an be e�e
tively stored and manipulated. De
omposability makes possible the fast 
om-putation of 
onditional probabilities possible. Csisz�ar showed that IPFP 
onverges to thedistribution that is I1-proje
tion of initial distribution to the set of distributions having theirmarginals equal to probability distributions from input set. Furthermore, if the initial distri-bution is uniform (or a produ
t of positive one-dimensional probability distributions), thenthe resulting distribution maximizes Shannon entropy within the set of distributions havingits marginals equal to the probability distributions from input set. Arguments in favor ofmaximum entropy prin
iple are based on the fa
t that the distribution maximizing Shannonentropy 
ontains least additional information[20, 23℄. In Chapter 3, des
ription of IPFP andits behavior on both the 
onsistent and in
onsistent input set is examined.Generally, I-divergen
e geometry, introdu
ed by Csisz�ar [10℄ (using I1-proje
tion) and�Cen
ov [7℄ (using I2-proje
tion), extended by Mat�u�s [32, 33℄ is an e�e
tive instrument enablingus to study iterative pro
edures sin
e these pro
edures are based on the operation of I-proje
tion to a set of probability distributions. In Se
tion 1.4, we introdu
e the additively
onstrained sets and the multipli
atively 
onstrained sets. In Chapter 2, I-proje
tions toboth the additively and multipli
atively 
onstrained sets undergo an extensive exploration.Though, most of theoreti
al results in Chapter 2 are not original, it is advantageous to putthem together sin
e they were not published within a unifying framework.A theoreti
al problem, we are dealing with in Chapter 4, is a behavior of IPFP in the 
aseof input set generated by de
omposable generating 
lass. For this 
ase, it was already provedby S. Haberman [17℄ that there exists an ordering of elements of the input set su
h thatIPFP 
onverges within one 
y
le. Furthermore, for 
ertain de
omposable generating 
lassesIPFP 
onverges within one 
y
le regardless the ordering used. S. Haberman [17℄ showed thatiii



strongly (totally) de
omposable generating 
lasses meet this property. Strong de
omposabilityis a suÆ
ient but not a ne
essary 
ondition. We have proved another suÆ
ient but notne
essary 
ondition whi
h extends the family of generating 
lasses that posses this property(see Theorem 4.6). We propose a 
omplete 
hara
terization of this family. We have reje
tedthe 
onje
ture given in [17℄ that for all de
omposable generating 
lasses IPFP 
onverges withintwo 
y
les regardless from the order of generating 
lass.In the 
ase of an in
onsistent input set of probability distributions, the IPFP pro
eduretends to 
ome in 
y
les. Nevertheless, we wish to get some representative of input knowledgeeven in the 
ase when it is in
onsistent. We endeavor to �nd iterative pro
edures that 
onvergeeven for in
onsistent input sets, the marginals of the resulting distribution should be somehow
lose to the input distributions and independent of the ordering of the input low-dimensionaldistributions. Appli
ation to 
onsistent input sets should lead to the same distributions as
lassi
al IPFP. In Chapter 5 �ve iterative methods are des
ribed: 
onvex and log-
onvex
onservative modi�
ations of IPFP, methods of iterative geometri
 and arithmeti
 averages,and a method that is an instan
e of GEM-algorithm. Dis
ussion of their properties andexperimental results are given together with several examples. Sin
e in
onsistent input setsof probability distributions 
an be derived from in
omplete (missing) data we 
on
lude the
hapter with an overview of methods that are used formissing data in statisti
s. A 
omparisonof these methods with the proposed iterative pro
edures has been 
arried out on a simpleproblem.

iv
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1Preliminaries1.1 Mathemati
al symbolsTo make the text easy to read, mathemati
al notation obeys following rules:� Low-
ase 
hara
ters (e.g. i; j; k; s; : : :) are used for numbers (usually integers), hyper-graph (or graph) nodes, et
.� Upper-
ase 
hara
ters (e.g. A;B;Ei; V; : : :) are used for sets of numbers, hypergraphedges, et
.� Upper-
ase 
hara
ters P;Q;R; S; T , and U (possibly with an a

ent) are reserved forprobability distributions. If the supers
ript is symbol of a set then it means marginal-ization (e.g. PA is marginal of P ). If the supers
ript is a symbol of a real number thenit means regular exponentiation. If indi
es are needed to distinguish distribution (espe-
ially in iterative pro
esses) then subs
ripts are in parenthesis (e.g. Q(i+1)), otherwise asubs
ript 
an be used to de�ne index set of variables for whi
h is a distribution de�ned(e.g. PV 2 PV ).� Upper-
ase 
hara
ter X denotes random variables (e.g. Xi) or more dimensional one(XA = (Xi)i2A.� Bla
kboard bold upper-
ase 
hara
ter Xi denote a set of values of a random variableXi. XA means Cartesian produ
t of several variables values' set (XA = �i2AXi).� Low-
ase 
hara
ters xi; yi denote arbitrary values of a random variable Xi. xA is ave
tor of several variables' values (xA 2 XA).� Caligraphi
 fonts are used for sets of sets (
lasses, families), (e.g.. sets of hypergraphnodes E1;F(F; E)).� Caligraphi
 fonts P;Q;R;S, and T are reserved for sets of distributions. Possible sub-s
ript somehow 
hara
terizes the set. For example, A in SA means the set of variablesfor whi
h the distributions from this set are de�ned, Ei in REi means the 
lass of dis-tributions de
omposable with respe
t to E1. Their interpretation will be 
lear from the
ontext. 1



2 CHAPTER 1. PRELIMINARIES� Low-
ase Greek 
hara
ter � with a subs
ript followed by a symbol of a distribution(e.g. �RP ) denotes another distribution that is the I1-proje
tion of distribution P tothe 
lass of distributions R de�ned in subs
ript. Symbol �0 is used for I2-proje
tion.Details 
an be found in the se
tions where symbols are de�ned. In order to �nd easily aparti
ular de�nition, index on page 121 may be helpful.1.2 Graphs and HypergraphsIn this se
tion all de�nitions from graph and hypergraph theory, ne
essary in our text, willbe given. Sin
e unoriented graphs without loops 
an be viewed as hypergraphs having onlyedges that 
onne
t two nodes we will start with de�nitions of hypergraphs' properties. Both,graphs and hypergraphs are supposed to be �nite.1.2.1 HypergraphsIn this subse
tion, we are going to de�ne two types of a
y
li
ity in hypergraphs, together withde�nition of de
omposable hypergraphs. We will use the standard de�nition of hypergraphs(Berge [3℄).De�nition 1.1 (Hypergraph) Hypergraph H = (V; E) is a pair of two �nite sets:� set of verti
es V and� set of hypergraph edges. Edges E 2 E are arbitrary nonempty subsets of V .In the sequel, the notion of redu
ed and nontrivial hypergraph will be needed.De�nition 1.2 (Nontrivial hypergraph) Hypergraph H = (V; E) is nontrivial if E 
on-sists of more than one element.De�nition 1.3 (Redu
ed set ) Set E of subsets of V is redu
ed i� there are no two di�erentsubsets (E;F 2 E ; E 6= F ) su
h that one is subset of another (E � F ).The de�nition of redu
ed set (De�nition 1.3) will be used to farther restri
t the notionof hypergraph. Hypergraph where no edge is a proper subset of any other edge are 
alledredu
ed hypergraphs.De�nition 1.4 (Redu
ed hypergraph) Hypergraph H = (V; E) is redu
ed i� set of itsedges E is redu
ed.In the subsequent text all hypergraphs will be supposed to be redu
ed.There are two basi
 ways how to 
onstru
t hierar
hy of hypergraphs. Both ways are goingto be de�ned as an operation on the set of hypergraph edges. The �rst operation is basedon node removal and it is 
alled hypergraph restri
tion [17℄. The se
ond one is based on edgeremoval and it results in subhypergraph.



1.2. GRAPHS AND HYPERGRAPHS 3De�nition 1.5 (Restri
tion of hypergraph ) Let M � V be a set of hypergraph nodes.Restri
tion of hypergraph H = (V; E) is hypergraph H 0 = (M; E(M), whereE(M) = fE \M : E 2 Egis the set of edges generated by set M .De�nition 1.6 (Subhypergraph) The hypergraph H 0 = (V 0; E 0) is subhypergraph of hy-pergraph H = (V; E) i� E 0 � E and V 0 � V .De�nition 1.7 (Path in a hypergraph) Given a hypergraphH = (V; E) a path from noden to node m is a sequen
e of distin
t edges (E1; E2; : : : ; Eq), where 1 � i � q : Ei 2 E , su
hthat:� n 2 E1,� m 2 Eq, and� for every 1 � i < q : EiTEi+1 6= ;.De�nition 1.8 (Conne
ted hypergraph) Hypergraph H = (V; E) is 
onne
ted if for ev-ery pair of edges Ei; Ej there exist a path from node n 2 Ei to node m 2 Ej .De�nition 1.9 (Arti
ulation set) G is an arti
ulation set of hypergraph H = (V; E) i�hypergraph (V n G; E(V n G)) is not 
onne
ted and there exist two di�erent edges E;F 2 Esu
h that G = E \ F .Ronald Fagin [15℄ de�ned four basi
 degrees of a
y
li
ity for relational database s
hemes.They are Berge-a
y
li
ity, 
-a
y
li
ity, �-a
y
li
ity, and �-a
y
li
ity. They satisfy the fol-lowing ordering:Berge-a
y
li
ity ) 
-a
y
li
ity ) �-a
y
li
ity ) �-a
y
li
ity.We will take advantage of two last mentioned types of a
y
li
ity. Let us start with �-a
y
li
itywhi
h is hereditary with respe
t to node removal.De�nition 1.10 (�-a
y
li
ity) Hypergraph H is �-a
y
li
 i� all its nontrivial, 
onne
tedrestri
tions have an arti
ulation set.Example 1.1 (�-a
y
li
 hypergraph) Figure 1.1 displays an example of �-a
y
li
 hyper-graph H = (f1; 2; 3; 4; 5; 6g; fE1 ; E2; E3; E4g). For example the arti
ulation set of fE1; E4g isf2; 4g. Subset E 0 = fE1; E2; E3g has no arti
ulation set, but it is not a restri
tion of H. Ob-serve that E 0 = fE1; E2; E3g � E = fE1; E2; E3; E4g and therefore H 0 = (f1; 2; 3; 4; 5; 6g; E 0 )is a 
y
li
 subhypergraph of H.It is 
ontra intuitive if an a
y
li
 hypergraph 
ontains 
y
li
 subhypergraph. Thus R.Fagin [15℄ proposed another de�nition of a
y
li
ity whi
h has not this property. He 
all it�-a
y
li
ity. It is hereditary not only with respe
t to node removal but also with respe
t toedge removal.
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E1

3

E3

E2

E4

5 4 6

1

2

Figure 1.1: �-a
y
li
 hypergraph
4

1
2 3

65E1 E2

E3Figure 1.2: �-a
y
li
 hypergraphDe�nition 1.11 (�-a
y
li
ity) Hypergraph H is �-a
y
li
 i� all nontrivial, 
onne
ted sub-sets of the set of edges have an arti
ulation set.Example 1.2 (�-a
y
li
 hypergraph) An example of �-a
y
li
 hypergraph is given inFigure 1.2.S. Lauritzen et al. [30℄ de�ned de
omposability of hypergraphs, equivalently to the de�ni-tion of de
omposable generating 
lass given by Shelby Haberman [17℄.De�nition 1.12 (De
omposable hypergraph) Hypergraph H = (V; E) is de
omposableif either has one edge or is the union of two disjoint de
omposable hypergraphs H1 = (V1; E1)and H2 = (V2; E2), i.e. V1 � V ,V2 � V , V = V1 [ V2, E1 [ E2 = E , and E1 \ E2 = ;, su
h thatthere exist edges E1 2 E1 and E2 2 E2 that:(([E02E1E0) \ ([E002E2E00)) = E1 \E2:



1.2. GRAPHS AND HYPERGRAPHS 5Figure 1.3 displays a de
omposable graph. A sequen
e of interse
tions that 
an de
omposethe hypergraph is E1 \E5; E2 \E5; E3 \E5; E4 \E5
7 1 8

2 3

5 4 6
E1 E2

E5

E4 E3

Figure 1.3: De
omposable hypergraphIn [30℄ it was shown that �-a
y
li
ity is equivalent to hypergraph de
omposability.Theorem 1.1 Hypergraph H is �-a
y
li
 i� it is de
omposable.Remark. Noti
e that notions of a
y
li
ity and de
omposability of hypergraphs are propertiesof hypergraph edges only. Therefore, in the sequel, we will often use these notions for setsof subsets of V . When we use, for example, E is de
omposable, it means that hypergraphH = (V 0; E) is de
omposable for V 0 = [E2EE.Orderings of E that obeyRunning Interse
tion Property, whi
h we are going to de�ne, hasseveral useful properties exploited parti
ularly in Chapter 4.De�nition 1.13 (Running Interse
tion Property) Let Ek for k = 1; : : : ; s be an order-ing of sets from E . This ordering meets the Running Interse
tion Property (RIP) if8l = 2; : : : ; s 9k (1 � k < l) ((El \ l�1[m=1Em) � Ek):Example 1.3 (Running Interse
tion Property) A possible ordering of edges of hyper-graph from Figure 1.3 that meets RIP is fE1; E5; E2; E3; E4g:� l = 2 : E5 \E1 � E1� l = 3 : E2 \ (E1 [E5) � E5� l = 4 : E3 \ (E1 [E5 [E2) � E5� l = 5 : E4 \ (E1 [E5 [E2 [E3) � E5



6 CHAPTER 1. PRELIMINARIESFor every de
omposable hypergraph there exist orderings of its edges su
h that a property
alled Running Interse
tion Property (RIP) holds (Lemma 1.1). This property was provedby several authors, we refer at least to [17, 23℄.Lemma 1.1 (Existen
e of orderings satisfying RIP) Suppose E is de
omposable. Forany E 2 E the sets in E 
an be ordered so that E1 = E and the ordering fE1; E2; : : : Esgsatis�es RIP.Operation join and meet between two hypergraphs together with a relation of partialorder for hypergraphs 
an be de�ned [30, 20℄.De�nition 1.14 (Join and meet operations)Let H1 = (V1; E1) and H2 = (V2; E2) be two hypergraphs. The join operation _ is de�ned by(V3; E3) = (V1; E1) _ (V2; E2); whereV3 = V1 [ V2 and E3 is redu
ed set of E1 [ E2:The meet operation ^ is de�ned by(V4; E4) = (V1; E1) ^ (V2; E2); whereV4 = V1 \ V2 and E4 is redu
ed set of E1 \ E2:De�nition 1.15 (Relation of partial order of hypergraphs )If V1 � V2 and for every Ei 2 E1 there exists Ej 2 E2 su
h that Ei � Ej then we write(V1; E1) � (V2; E2). If for j = 1; 2; 3; 4 : Vj = [E2EjE we 
an omit 
onditions for Vj in the de�nitions ofjoin, meet, and partial order of hypergraphs. Then these de�nitions 
an be understoodas de�nitions of operations between sets of subsets of V and we will write E3 = E1 _ E2,E4 = E1 ^ E2, and E1 � E2, respe
tively.1.2.2 GraphsAll graphs in this text are supposed to be unoriented graphs without loops and multiple edges(so 
alled simple graphs).De�nition 1.16 (Graph) Graph G = (V; E) 
onsist of set of verti
es V and set of unori-ented pairs (
alled edges) (vi; vj) 2 E ; vi; vj 2 V; vi 6= vj;.De�nition 1.17 (Complete graph) Complete graph is graph, where all nodes are adja
entby an edge.De�nition 1.18 (Clique of a graph) Clique is a maximal 
omplete subgraph of a graph.



1.2. GRAPHS AND HYPERGRAPHS 7Remark. The word maximal in the previous de�nition is to be understood that the set ofnodes 
an not be extended by another node without violating the 
ondition of 
ompleteness.An example of graph is given in Figure 1.4. The graph has three 
liques:E1 = f1; 2; 3; 4g; E2 = f1; 2; 5g; and E3 = f1; 3; 6g:A subgraph is a just a spe
ial 
ase of subhypergraph. Path in a graph is a sequen
e ofgraph edges that is a spe
ial 
ase of sequen
e of partial hypergraph edges. Cy
le in a graph isa path beginning and ending at the same node.De�nition 1.19 (Cy
le in a graph)Given a graph G, a 
y
le 
 in G is sequen
e (v1; v2; : : : ; vq), q � 3 of distin
t graph nodessu
h that for every 1 � i < q, (vi; vi+1) are graph edges and (v1; vq) is a graph edge too. A
y
le is even if q is even.If we distinguish between two types of 
hord we 
an de�ne two spe
ial 
lasses of graphs:
hordal graphs, whi
h are also 
alled triangulated graphs, and strongly 
hordal graphs.De�nition 1.20 (Chord)Chord in a 
y
le 
 = (v1; v2; : : : ; vq) is an edge (vi; vj), su
h that 1 < ji� jj < q � 1.De�nition 1.21 (Chordal graph)A 
hordal graph (triangulated graph) is a graph in whi
h every 
y
le with at least four distin
tnodes has a 
hord.De�nition 1.22 (Strong 
hord)Strong 
hord in even 
y
le 
 = (v1; v2; : : : ; vq) is an edge (vi; vj), su
h that 1 < ji� jj < q� 1and ji� jj is odd (i:e:ji � jj = 3; 5; 7; : : :).De�nition 1.23 (Crossing 
hords)Let 
 = (v1; v2; : : : ; vq); q � 4 is a 
y
le of a graph G, (vi; vj) and (vk; vl) are graph edges su
hthat 1 � i < j � q, and 1 � k < l � q. If (i < k; j < l; j 6= k) or (k < i; l < j; i 6= l) thenedges (vi; vj) and (vk; vl) are 
alled 
rossing 
hords in 
y
le 
.De�nition 1.24 (Strongly 
hordal graph)A strongly 
hordal graph is a graph that in every even 
y
le with at least six nodes 
ontainsa strong 
hord.Example 1.4 (Chordal graphs) Figures 1.4 and 1.5 display 
hordal graphs. For example
y
le (1; 2; 4; 3) in graph on Figure 1.4 has two 
hords (1; 4) and (2; 3). This graph is alsostrongly 
hordal. In the only 
y
le with at least six nodes (1; 5; 2; 4; 3; 6) it has strong 
hord(1; 4). Graph from Figure 1.5 is not strongly 
hordal. All its even 
y
les with six nodes
ontains a strong 
hord. But the only 
y
le with eight nodes (1; 7; 2; 5; 4; 6; 3; 8) does not
ontain any strong 
hord. All 
hords in this 
y
le (1; 2), (1; 3), (1; 4), (2; 3), (2; 4), and (3; 4)are not strong sin
e their distan
e in the 
y
le is always even.
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������
��
��������
�������� ����

�������� ����E1 ��������
5 1 62 34

E2 E3
Figure 1.4: Example of a 
hordal graph
������
��
�������� ���� ����
�������� ���� ����

�������� ����E5 ������������
7 1 82 35 4 6E1 E2

E4 E3
Figure 1.5: Another example of a 
hordal graph1.2.3 Relation between a
y
li
 hypergraphs and 
hordal graphsIn this subse
tion we will utilize the fa
t that every �-a
y
li
 hypergraph 
an be uniquelytransformed to a graph. Consequently, the study of di�erent 
lasses of a
y
li
 hypergraphs
an exploit results from Graph Theory.De�nition 1.25 (Graph of a hypergraph)A graph G(H) is graph of hypergraph H = (V; E) i� it has the same vertex set V and twoverti
es are joined by an edge if they o

ur together in some edge E 2 E .De�nition 1.26 (Conformal hypergraph) Hypergraph H is 
onformal i� 
liques of itsgraph G(H) are exa
tly edges of hypergraph H.The following theorem given independently by several authors e.g. [41, 2℄ 
an be used toestablish bije
tion between a
y
li
 hypergraphs and graphs.Theorem 1.2 All �-a
y
li
 hypergraphs are 
onformal.



1.3. DISCRETE PROBABILITY DISTRIBUTIONS 9Consider the mapping that asso
iates to ea
h graph G a hypergraph H of its maximal
liques. This mapping is bije
tion. Inverse mapping asso
iates to ea
h 
onformal hypergraphH its graph G(H) (see [30, 2℄).The following two theorems gives relation between 
hordal graphs and a
y
li
 hyper-graphs. The proofs 
an be found in [12℄.Theorem 1.3 Hypergraph H is �-a
y
li
 i� its graph G(H) is 
hordal.Theorem 1.4 Hypergraph H is �-a
y
li
 i� its graph G(H) is strongly 
hordal.1.3 Dis
rete Probability DistributionsWe begin this se
tion with des
ription of notation used for probability distributions in thistext. Standard Kolmogorov's de�nition of probability is used. Details 
an be found in anytextbook of Mathemati
al Statisti
s or Probability Theory (e.g. in [42℄).Let (
;A; P ) be a probability spa
e, where 
 is a set of elementary random events, A isa Boolean algebra of subsets of 
, and P is a probability measure. If X is a �nite set of realnumbers then �nite random variable X(!) is a real fun
tion X : 
 7! X su
h that for ea
hx 2 X the event Ex = f! 2 
 : X(!) = xg belongs to A. The set X is 
alled sample spa
e ofX(!). In this paper all random variables are supposed to be �nite random variables (possiblymultidimensional).For V = f1; 2; : : : ; sg, P (X1; : : : ;Xs) (abbreviated PV ) will denote s-dimensional proba-bility distribution of a s-dimensional random variablefXigi2V : 
 7! �i2V Xi:Thus for every x = (x1; : : : xs) 2 �i2V XiP (x) = P (X1 = x1; : : : ;Xs = xs) = P (f! : Xi(!) = xi for all i = 1; 2; : : : ; sg):Let A � V . Symbol PA denotes the set of all probability distributions de�ned for fXigi2A. Symbol PV is going to be abbreviated to P. Probability P (X1 = x1; : : : ;Xk = xk) will beoften abbreviated to P (x). For x 2 X = XV , xA = (xi)i2A will denote 
oordinate proje
tionof x = (xi)i2V 2 X on XA = �i2AXi.De�nition 1.27 (Marginal probability distribution) Let L � K � V and PK 2 PK beprobability distribution. By PLK(xL) 2 PL we will denote a marginal probability distributionof PK(y), y = (yi)i2K de�ned asPLK(xL) = Xy2XK; yL=xL PK(y):If L = ; then PLK = 1.De�nition 1.28 (Conditional probability distribution) Let A;B � V be disjoint andP 2 P. Then a system of probability distributions PAjB(xAjxB) is 
alled 
onditional proba-bility distribution if it for all xA 2 XA, and xB 2 XB satis�esPAjB(xAjxB) � PB(xB) = PA[B(xA[B):



10 CHAPTER 1. PRELIMINARIESThe previous de�nition leaves a 
onditional probability distribution PAjB(xAjxB) undef-inite in the 
ase of PB(xB) = 0.De�nition 1.29 (Probabilisti
 
onditional independen
e)Suppose that P ((Xi)i2V ) 2 P is a probability distribution. Having a triplet (A;BjC) of pair-wise disjoint subsets of V , where A and B are nonempty, we say that fXigi2A is 
onditionallyindependent of fXigi2B given fXigi2C i� 8(xi)i2V 2 �i2V Xi :PA[B[C((xi)i2A[B[C) � PC((xi)i2C) = PA[C((xi)i2A[C) � PB[C((xi)i2B[C ):De�nition 1.30 (Dominan
e) Let A � V and P;Q 2 PA be two probability distributions.The symbol P � Q means that P is dominated by Q that is fx 2 XA; P (x) > 0g � fy 2XA; Q(y) > 0g.Remark. It is important to note that probability distributions' dominan
e will be used toguarantee that zero in the denominator stands always together with zero in the numerator.In su
h a 
ase the values of the following expressions, 
ontaining su
h a fra
tion, will bede�ned to be 00 = 0 and 0 � log 00 = 0:We 
on
lude this se
tion with de�nition of the well known 
on
epts - Shannon entropyH(P ), information 
ontent I(P ), I-divergen
e, and total varian
e.De�nition 1.31 (Shannon entropy) Let P 2 P be a probability distribution. Shannonentropy is nonnegative real fun
tionH(P ) = � Xx2X; P (x)>0P (x) logP (x):De�nition 1.32 (Information 
ontent ) Let P 2 P be a probability distribution. Infor-mation 
ontent is nonnegative real fun
tionI(P ) = Xx2X; P (x)>0P (x) log P (x)Qi2V P fig(xfig) :Several fun
tions to measure distan
e between two probability distributions 
an be used.In spite of it we use only two of them in this text. We take advantage of I-divergen
e andtotal varian
e. I-divergen
e also 
alled Kullba
k-Leibler divergen
e or Cross-entropy is oftenused as a distan
e \measure" in Information Theory [39℄.De�nition 1.33 (I-divergen
e)I(P k Q) = 8><>: Px2X; P (x)>0P (x) log P (x)Q(x) if P � Q+1 if P 6� Q



1.4. SETS OF PROBABILITY DISTRIBUTIONS 11Let us note that I-divergen
e is not generally symmetri
 and that I(P k Q) � 0 withequality only if P and Q are identi
al. If T is a 
ompa
t set and P 2 T then the fun
tionI(P k �) is 
ontinuous and stri
tly 
onvex.In 
ontrast to I-divergen
e, total varian
e satis�es measure properties. We shall need itto prove IPFP 
onvergen
e in this 
hapter.De�nition 1.34 (Total varian
e)jP �Qj = Xx2XjP (x)�Q(x)j1.4 Sets of Probability DistributionsIn this se
tion properties of sets of probability distributions are reviewed. We are going toexploit two basi
 types: additively 
onstrained sets and multipli
atively 
onstrained sets. At�rst, some standard set properties are de�ned.De�nition 1.35 (Inner point) A probability distribution Q is 
alled an algebrai
 innerpoint of a set of probability distributions T � P i� for any P0 2 T there exist 0 < � < 1 andP1 2 T su
h that Q = (1� �)P0 + �P1 2 T .De�nition 1.36 (Compa
t set) A set of probability distributions T � P is 
ompa
t i�any sequen
e fPng1n=1 of elements from T 
ontains a 
onvergent subsequen
e with the limitbelonging to the set T .De�nition 1.37 (Neigbourhood) Let T � P and P 2 T . T is neigbourhood of P i� it
ontains an open set whi
h 
ontains P .De�nition 1.38 (Closed set) A set of probability distributions T � P is 
losed i� alldistributions P 2 P, su
h that their every neigbourhood that 
ontains at least one Q 6= P ,Q 2 T , belongs to T .Every 
ompa
t set T � P is 
losed. A proof 
an be found for example in Yosida [45, p.5℄. In the following 
hapters, namely in Chapter 2, I-proje
tions on additively and multi-pli
atively 
onstrained sets of probability distributions are frequently used. The de�nitionsof these sets follows.De�nition 1.39 (Additively 
onstrained set)Let E = fE1; E2; : : : ; Esg, Ssi=1Ei � A � V , and SEi 2 PEi ; i = 1; 2; : : : ; s. Additively
onstrained set SE ;A is a subset of the set PA restri
ted by SEi ; i = 1; 2; : : : ; s:SE ;A = fP 2 PA; PE1 = SE1 ; : : : ; PEs = SEsg:It may happen that distributions SEi ; i = 1; 2; : : : ; s have got su
h values that set SE ;A = ;.Set P is de�ned to be additively 
onstrained as well (with s = 0). In the sequel, if A = Vthen SE ;V will be abbreviated to SE . Lemma 1.2 states that every additively 
onstrained setis aÆne.



12 CHAPTER 1. PRELIMINARIESDe�nition 1.40 (AÆne set) A set of probability distributions S � PA; A � V is aÆne i�for any P0; P1 2 S and for any � 2 R su
h that P�(xA) = (1 � �)P0(xA) + �P1(xA) is aprobability distribution, P� 2 S.AÆne sets are also 
alled linear sets (e.g. in Cziszar [10℄).De�nition 1.41 (Convex set) A set of probability distributions S � PA; A � V is 
onvexi� for any P0; P1 2 S, and for every 0 < � < 1 : P�(xA) = (1� �)P0(xA) + �P1(xA) 2 S.It is obvious that every aÆne set is 
onvex. It follows from the next two lemmata, thatwithin the framework of our 
onsideration (i.e. within sets of dis
rete probability distribu-tions) additively 
onstrained sets are equivalent to aÆne sets.Lemma 1.2 (AÆnity of a additively 
onstrained set)Every additively 
onstrained set SE ;A is aÆne.Proof. Take any � 2 R, 0 < i � s, and P0(xA); P1(xA) 2 SE ;A. Sin
e PEi0 (xEi) =SEi(xEi) = PEi1 (xEi), we 
an getPEi� (xEi) = (1� �)PEi0 (xEi) + �PEi1 (xEi) = (1� �)SEi(xEi) + �SEi(xEi) = SEi(xEi):Therefore, any P� su
h that it is a probability distribution belongs to SE ;A. That is just thede�nition of an aÆne set. 2Any aÆne set S � PA 
an be looked as the interse
tion of simplex in �i2AR representingPA with an aÆne set from �i2AR. Therefore S is 
losed and 
an be represented by a �nitenumber of linear 
onstraints. This is an idea of the proof of the following lemma from [10℄.Lemma 1.3 Any aÆne set S 
an be represented by a �nite number of linear 
onstraints.In the following part of this se
tion we will des
ribe multipli
atively 
onstrained setssimilarly to the previous part, where additively 
onstrained sets were thought about.De�nition 1.42 (Fa
torization of probability distribution)Let  Ei : XEi 7! R; i = 1; 2; : : : ; s. Then probability distribution P 2 PA;[si=1Ei � A � Vfa
torizes with respe
t to E i� P (xA) = sYi=1 Ei(xEi):De�nition 1.43 (Multipli
atively 
onstrained set )Let E = fE1; E2; : : : ; Esg and [si=1Ei � A � V . Then multipli
atively 
onstrained set RE ;Ais a nonempty subset of the set PA 
ontaining all distributions from PA that fa
torize withrespe
t to E .The set PA; A � V is de�ned to be a multipli
atively 
onstrained too (with s = 1 andE = fAg). In the sequel, if A = V then RE ;V is abbreviated to RE . Every multipli
atively
onstrained set is log-aÆne (see Lemma 1.4. We note that the following de�nition of log-aÆneset 
orresponds to the de�nition of weakly log-
onvex set given in [33℄. For usual de�nition oflog-aÆne see [29℄. In the 
ase of stri
tly positive probability distributions both de�nitions areequivalent. In the following de�nition the supers
ripts � and (1 � �) are real numbers andtherefore they mean regular exponentiation, whi
h, in the 
ase of probability distributions,means that every value of a probability distribution is exponentiated.



1.4. SETS OF PROBABILITY DISTRIBUTIONS 13De�nition 1.44 (Log-aÆne set) A set of probability distributions R � PA; A � V islog-aÆne i� for any P0; P1 2 R su
h that 9xA 2 XA; P0(xA) > 0; P1(xA) > 0 and for any� 2 R P�(xA) = 1
(P0; P1; �) � P (1��)0 (xA) � P�1 (xA);where 
(P0; P1; �) =PxA2XA P (1��)0 (xA) � P�1 (xA), belongs to R .Next, it will be shown that within the framework of sets of dis
rete probability distribu-tions multipli
atively 
onstrained sets are log-aÆne.Lemma 1.4 (Log-aÆnity of a multipli
atively 
onstrained set)Every multipli
atively 
onstrained set RE ;A is log-aÆne.Proof. Take any � 2 R and any P0; P1 2 RE ;A su
h that 9xA 2 XA; P0(xA) > 0; P1(xA) > 0.We 
an write P0(xA) = sYi=1 Ei(xEi) and P1(xA) = sYi=1�Ei(xEi);where i = 1; 2; : : : ; s :  Ei ; �Ei : XEi 7! R. If we de�ne fun
tions�Ei(xEi) =  (1��)Ei (xEi) � ��Ei(xEi) for i = 1; 2; : : : ; s� 1 and�Es(xEi) =  (1��)Es (xEs) � ��Es(xEs) � 
(P0; P1; �)then we 
an write:P� = 1
(P0; P1; �) � P (1��)0 � P�1 = 1
(P0; P1; �) � sYi=1 (1��)Ei (xEi) � sYi=1��Ei(xEi) = sYi=1�Ei(xEi)Therefore, P� belongs to RE ;A and 
onsequently RE ;A is log-aÆne. 2If we do not want to ex
lude probability distributions 
ontaining zeroes then for thedes
ription of some limit properties of iterative pro
edures we need extend the de�nition ofRE ;A to its 
losure.De�nition 1.45 (Closure of RE ;A) �RE ;A is the 
losure of RE ;A i.e.�RE ;A = fPA 2 PA;9fQ(i)g1i=1 : Q(i) 2 RE ;A for i = 1; 2; : : : and limi!1Q(i) = PAgIt will be used in the sequel that both �RE ;A and SE ;A are 
ompa
t sets.Relations between SE ;A and �RE ;A will be studied deeply in next 
hapters. However, thefollowing theorem does not need any further assumption, therefore it will be given here. Thetheorem together with its proof, given by Lauritzen, is 
ited from [29, Lemma 3.14℄. Sin
ewe are going to use similar te
hnique to that used in the proof, the theorem is given togetherwith its proof.Theorem 1.5 (Interse
tion of SE ;A and �RE ;A)If there exists a probability distribution P 2 SE ;A \ �RE ;A then it is unique.



14 CHAPTER 1. PRELIMINARIESProof. Consider two distributions P;Q 2 �RE ;A. We need prove that if for all Ei 2 E :PEi = QEi then P = Q. P = limn!1 sYi=1 Ei;(n)Q = limn!1 sYi=1�Ei;(n)If we de�ne 0 � log 0 = 0 then we 
an writeXxA2XAP (xA) logQ(xA) = XxA2XAP (xA) log limn!1 sYi=1�Ei;(n)(xEi)!= limn!1 XxA2XAP (xA) sXi=1 log �Ei;(n)(xEi)= limn!1 sXi=1 XxEi2XEi PEi(xEi) log �Ei;(n)(xEi)= limn!1 sXi=1 XxEi2XEiQEi(xEi) log �Ei;(n)(xEi)= limn!1 XxA2XAQ(xA) sXi=1 log �Ei;(n)(xEi)= XxA2XAQ(xA) log limn!1 sYi=1�Ei;(n)(xEi)!= XxA2XAQ(xA) logQ(xA)If P (xA) and Q(xA) are ex
hanged then similarly to the previous it 
an be shown thatXxA2XAQ(xA) logP (xA) = XxA2XAP (xA) logP (xA)In the next we will use a version of the so-
alled information inequality :XxA2XAQ(xA) logP (xA) � XxA2XAQ(xA) logQ(xA);whi
h holds with equality only if P = Q.Thus we 
an write:XxA2XAP (xA) logP (xA) = XxA2XAQ(xA) logP (xA) � XxA2XAQ(xA) logQ(xA);XxA2XAQ(xA) logQ(xA) = XxA2XAP (xA) logQ(xA) � XxA2XAP (xA) logP (xA):The inequalities holds with equality if and only if P = Q. Thus the proof is 
ompleted. 2



2I-projectionsThe obje
tive of this 
hapter is to 
reate a unifying framework for operations with probabil-ity distributions, that will be used for des
ription of iterative pro
edures in the subsequent
hapters. Most of theoreti
al results of this Chapter are not original, sin
e deep study of I-proje
tions was already done by I. Czisz�ar [10, 11℄ and re
ently extended by F. Mat�u�s [32, 33℄.However, it seems to be useful to rewrite some theorems and proofs so that they �t well tothe situation we study. Moreover, if these theorems are given together one 
an easily seetheir mutual relations. The proof of Theorem 2.9 is new.Probability distributions from a given set minimizing I-divergen
e with respe
t to agiven distribution will be 
alled I-proje
tions. Depending on the minimized argument ofI-divergen
e proje
tions are 
alled I1-proje
tions or I2-proje
tions. They 
an be generallyde�ned for any set of probability distributions. However, we are going to be interested inadditively and multipli
atively 
onstrained sets only. In order to simplify proofs it is supposedthat A = [Ei2EEi = V , in this se
tion. It means SE ;A = SE and RE ;A = RE . For the mostpart of this se
tion the generalization is straightforward. At the end of this se
tion the wayof the generalization of results for RE ;A will be shown (see Lemmata 2.5 and 2.6).2.1 I1-proje
tions on SEIn this se
tion we shall deal with I1-proje
tion on additively 
onstrained sets.De�nition 2.1 (I1-proje
tion on SE) Let probability distribution Q 2 P and additively
onstrained set SE 
ontain at least one probability distribution P; P � Q. Then for proba-bility distribution �SEQ = arg minfP2SEg I(P k Q)it holds that I(�SEQ k Q) is �nite and �SEQ is 
alled I1-proje
tion of Q on SE .Every additively 
onstrained set is 
onvex and 
ompa
t (see Se
tion 1.4). Therefore fora �xed Q the fun
tion I(P k Q) : SE 7! R+ (nonnegative real numbers in
luding in�nity)is stri
tly 
onvex and 
ontinuous. It is supposed that SE 
ontains at least one probabilitydistribution P; P � Q. Consequently, probability distribution �SEQ is unique.15



16 CHAPTER 2. I-PROJECTIONSNext, we present important theorem that is a spe
ial 
ase of the well known Minimumdis
rimination information theorem given by Kullba
k and Khairat [27℄. Theorem 2.1 givesa proposal, how to �nd I1-proje
tion on additively 
onstrained setSfEg = fP 2 P; PE = SE g; E � V:Theorem 2.1 (I1-proje
tion on SfEg)Let E be a subset of index set V and SE 2 PE be a given probability distribution. Further, letSfEg be nonempty subset of P de�ned by SfEg = fP 2 P; PE = SE g and Q 2 P be a givenprobability distribution su
h that SE � QE. Finally, let probability distribution R 2 SfEg bede�ned by R(x) = 8<: 0; for QE(xE) = 0,Q(x) SE(xE)QE(xE) ; for QE(xE) > 0. (2.1)Then(i) R = �SfEgQ i.e. R is I1-proje
tion of Q on set SfEg and(ii) for every P 2 SfEg the following Three Points Property holds:I(P k Q) = I(P k R) + I(R k Q): (2.2)Proof.As I(R k Q) is always nonnegative, the assertion (i) follows immediately from (ii). Thereforewe shall proof only (ii). The proof splits into two parts a

ording to whether P � Q or not.(A) [P 2 SfEg; P 6� Q℄In this 
ase I(P k Q) =1. It follows from equation 2.1 that R� Q, therefore I(R k Q) <1.P 6� Q and R� Q implies that P 6� R and, 
onsequently, I(P k R) =1, whi
h proves (ii)for this parti
ular 
ase.(B) [P 2 SfEg; P � Q℄Sin
e R is de�ned so that R� Q, I(R k Q) is always �nite and de�ned by the expressionI(R k Q) = Xx2X; R(x)>0R(x) log R(x)Q(x) :In the 
ase of x 2 X : R(x) > 0, R(x) = Q(x) SE(xE)QE(xE) and the I-divergen
e I(R k Q) 
an berewritten:I(R k Q) = Xx2X; Q(x)>0; SE(xE)>0Q(x) SE(xE)QE(xE) log SE(xE)QE(xE)= XxE2XE; SE(xE)>0 XxV nE2XVnE ; Q(x)>0Q(xE ; xV nE) SE(xE)QE(xE) log SE(xE)QE(xE)



2.1. I1-PROJECTIONS ON SE 17= XxE2XE; SE(xE)>0 SE(xE)QE(xE) log SE(xE)QE(xE) XxV nE2XVnE; Q(x)>0Q(xE ; xV nE)= XxE2XE; SE(xE)>0SE(xE)QE(xE)QE(xE) log SE(xE)QE(xE)= XxE2XE; SE(xE)>0SE(xE) log SE(xE)QE(xE) :P 2 SfEg therefore PE = SE andI(R k Q) = XxE2XE; PE(xE)>0PE(xE) log SE(xE)QE(xE)= Xx2X; P (x)>0P (x) log SE(xE)QE(xE)P � Q ) PE � QE ) SE � QE therefore the formula for I(R k Q) 
an be furtherrewritten I(R k Q) = Xx2X; P (x)>0P (x) log Q(x) SE(xE)QE(xE)Q(x)= Xx2X; P (x)>0P (x) log R(x)Q(x) (2.3)For every x 2 X it holds that R(x) = 0 if and only if Q(x) = 0 or SE(xE) = PE(xE) = 0.Sin
e P � Q, Q(x) = 0 implies P (x) = 0. Obviously, PE(xE) = 0 implies P (x) = 0. Thusfor every P 2 SfEg it holds that P � R and we 
an writeI(P k Q) = Xx2X; P (x)>0P (x) log P (x) � R(x)R(x) �Q(x) = I(P k R) + Xx2X; P (x)>0P (x) log R(x)Q(x)Using equation 2.3 we immediately get equation 2.2I(P k Q) = I(P k R) + I(R k Q):That �nishes the proof. 2Example 2.1 ( I1-proje
tion on an additively 
onstrained set SfEg)Let V = f1; 2; 3g, E = f2; 3g, Q(x) be a three dimensional distribution, and SE(xE) be a twodimensional distribution, both de�ned for di
hotomi
 random variables. The distributionsare given in Table 2.1. Let SfEg = fP 2 P; PE(xE) = SE(xE)g. Sin
e SE � QE resultingI1-proje
tion �SfEgQ(x) 
an be 
al
ulated using Theorem 2.1. I1-proje
tion of Q on SfEg isgiven in Table 2.1 as well.Lemma 2.1 Let SfEg be a nonempty subset of P de�ned by SfEg = fP 2 P; PE = SE g, Ebe a subset of index set V , and SE 2 PE be a given probability distribution. I1-proje
tion ofQ 2 P on SfEg exists if and only if SE � QE.



18 CHAPTER 2. I-PROJECTIONSDistribution Q(x)X1 = 0 X1 = 0 X1 = 1 X1 = 1X2 = 0 X2 = 1 X2 = 0 X2 = 1X3 = 0 0 1/6 1/6 0X3 = 1 1/6 1/6 2/6 0Distribution QE(xE)X1 = 0 X1 = 0 X1 = 1 X1 = 1X2 = 0 X2 = 1 X2 = 0 X2 = 11/6 2/6 3/6 0Distribution SE(xE)X1 = 0 X1 = 0 X1 = 1 X1 = 1X2 = 0 X2 = 1 X2 = 0 X2 = 11/3 0 2/3 0Distribution R = �SfEgQ(x)X1 = 0 X1 = 0 X1 = 1 X1 = 1X2 = 0 X2 = 1 X2 = 0 X2 = 1X3 = 0 0 0 2/9 0X3 = 1 1/3 0 4/9 0Table 2.1: Distributions from Example 2.1Proof. I1-proje
tion of Q 2 P on SfEg = fP 2 P; PE = SE g exists i� SfEg 
ontains atleast one probability distribution P; P � Q. Then P � Q) PE � QE ) SE � QE .The proof of the 
onverse is a 
onsequen
e of Theorem 2.1. If there exist a probabilitydistribution S 2 SfEg, SE � QE then formula 2.1 of this theorem de�nes I1-proje
tion ofQ 2 P on SfEg. 2The following theorem is 
ited from [10, Theorem 2.2℄. The Three Points Property holdsfor any additively 
onstrained set SE 
ontaining at least one probability distribution P 2SE ; P � Q.Theorem 2.2 (Three Points Property)R = �SEQ i� for every P 2 SE the Three Points Property holds:I(P k Q) = I(P k R) + I(R k Q):Figure 2.1 displays the situation des
ribed by Theorem 2.2. I-divergen
e 
an play a roleof squared Eu
lidean distan
e. Then the Three Points Property is an analogy of Pythagoras'theorem. It should be noted that not all 
on
eptions from Eu
lidean geometry work inI-divergen
e geometry. Figure 2.2 displays the situation des
ribed by Theorem 2.3.
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Figure 2.2: I1-proje
tion on a subsetTheorem 2.3 (I1-proje
tion on a subset) Csisz�ar [10, Theorem 2.3℄Let SE1 � P and SE2 � SE1 be two additively 
onstrained sets, further let Q 2 P be a givenprobability distribution su
h that there exist a probability distribution P 2 SE2 ; P � Q thenthere exist probability distributions �SE1Q, �SE2Q and the following equation holds:�SE2�SE1Q = �SE2Q (2.4)Proof.A

ording to Theorem 2.2 taking SE1 for SE :8P 0 2 SE1 : I(P 0 k Q) = I(P 0 k �SE1Q) + I(�SE1Q k Q);and thus 8P 0 2 SE1 : I(�SE1Q k Q) = I(P 0 k Q)� I(P 0 k �SE1Q): (2.5)Sin
e �SE2�SE1Q 2 SE2 � SE1 equation 2.5 holds for this parti
ular P 0 = �SE2�SE1QI(�SE2�SE1Q k �SE1Q) = I(�SE2�SE1Q k Q)� I(�SE1Q k Q) (2.6)Using Theorem 2.2 for SE1 and for SE2 it holds 8P 0 2 SE2 :I(P 0 k �SE1Q) = I(P 0 k �SE2�SE1Q) + I(�SE2�SE1Q k �SE1Q)I(�SE2�SE1Q k �SE1Q) = I(P 0 k �SE1Q)� I(P 0 k �SE2�SE1Q) (2.7)



20 CHAPTER 2. I-PROJECTIONSSubstituting I(�SE2�SE1Q k �SE1Q) from equation 2.6 to equation 2.7 we get 8P 0 2 SE2 :I(�SE2�SE1Q k Q)� I(�SE1Q k Q) = I(P 0 k �SE1Q)� I(P 0 k �SE2�SE1Q) (2.8)After the substitution of I(�SE1Q k Q) from equation 2.5 to equation 2.8 we get for allP 0 2 SE2 :I(�SE2�SE1Q k Q)� I(P 0 k Q) + I(P 0 k �SE1Q) = I(P 0 k �SE1Q)� I(P 0 k �SE2�SE1Q)I(P 0 k Q) = I(P 0 k �SE2�SE1Q) + I(�SE2�SE1Q k Q)whi
h, a

ording to Theorem 2.2, indu
es 2.4. 2Following theorem provides a lower bound of I-divergen
e stated using total varian
e.The proof of the theorem was given by Kullba
k [26℄. Sin
e lower bound of I-divergen
eplays important role in proofs of 
onvergen
e of iterative pro
edures we will paraphrase hisproof in more details.Theorem 2.4 (Lower bound on I-divergen
e by total varian
e) Kullba
k [26℄If P;Q 2 P are two probability distributions then the following inequality holds:jP �Qj � 2qI(P k Q) (2.9)Proof.jP � Qj is always �nite therefore if P 6� Q then I(P k Q) = +1 and inequality 2.9 holds.The proof for P � Q uses the Jensen and Cau
hy-S
hwarz inequalities.I(P k Q) = Xx2X; P (x)>0P (x) log P (x)Q(x)= Xx2X; P (x)>0 2qP (x)qP (x) log pP (x)pQ(x)= 2(Xy2XqP (y)) Xx2X; P (x)>0 pP (x)Py2XpP (y)qP (x) log pP (x)pQ(x)Jensen inequality will be used in the following formXx �xf(a(x); b(x)) � f(Xx �xa(x);Xx �xb(x));where Px �x = 1 and f(a(x); b(x)) is a 
onvex fun
tion.In this 
ase f(a(x); b(x)) = ax(log a(x) � log b(x)), �x = pP (x)Py2XpP (y) , a(x) = pP (x), andb(x) = pQ(x). Then the following holds:I(P k Q) � 2(Xy2XqP (y))( Xx2X; P (x)>0 pP (x)Py2XpP (y)qP (x)) � log pP (x)Py2XpP (y)pP (x)pP (x)Py2XpP (y)pQ(x)� �2 log Xx2X; P (x)>0qP (x)qQ(x)



2.1. I1-PROJECTIONS ON SE 21Sin
e � log x � 1� x the inequality 
an be extended to:I(P k Q) � 2(1� Xx2X; P (x)>0qP (x)qQ(x))� Xx2X; P (x)>0P (x) + Xx2X; P (x)>0Q(x)� 2 � Xx2X; P (x)>0qP (x)qQ(x)� Xx2X; P (x)>0(qP (x)�qQ(x))2 (2.10)The total varian
e 
an be rewritten as follows:jP �Qj2 =  Xx2XjP (x)�Q(x)j!2=  Xx2X���qP (x)�qQ(x)��� � �qP (x) +qQ(x)�!2The Cau
hy-S
hwarz inequality will be used in the form:(Xx u(x)v(x))2 � Xx u(x)2 �Xx v(x)2Substituting u(x) = jpP (x)�pQ(x)j and v(x) = (pP (x) +pQ(x)) we 
an write:jP �Qj2 � Xx2X���qP (x)�qQ(x)���2 �Xx2X�qP (x) +qQ(x)�2� Xx2X���qP (x)�qQ(x)���2 �Xx2X�P (x) + 2qP (x)qQ(x) +Q(x)�� Xx2X���qP (x)�qQ(x)���2 �  1 + 2Xx2XqP (x)qQ(x) + 1!The Cau
hy-S
hwarz inequality for the se
ond part of the previous expression is used. Thistime it is in the form: Xx u(x)v(x)) � sXx u(x)2 �sXx v(x)2Substituting u(x) = pP (x) and v(x) = pQ(x) we 
an write:jP �Qj2 � Xx2X���qP (x)�qQ(x)���2 �0�2 + 2sXx2XP (x) �sXx2XQ(x)1A� 4Xx2X�qP (x)�qQ(x)�2 (2.11)It follows from inequalities 2.10 and 2.11 thatI(P k Q) � Xx2X; P (x)>0�qP (x)�qQ(x)�2 � 14 jP �Qj2



22 CHAPTER 2. I-PROJECTIONSwhi
h immediately gives inequality 2.9 we wanted to prove. 2The following theorem given by Csisz�ar [10, Theorem 3.2℄ has a fundamental signi�
an
e.Its proof is based on the Three Points Property (Theorem 2.2), I1-proje
tion on a subset(Theorem 2.3), and on the 
onne
tion between I-divergen
e and total varian
e (Theorem 2.4).Theorem 2.5 (Convergen
e of re
ursive I1-proje
tions)Let SE1 ; : : : ;SEs � P be arbitrary additively 
onstrained sets, su
h that SE = \si=1SEs 6= ; andQ(0) 2 P be a probability distribution to whi
h there exists P 2 SE with P � Q(0). De�neQ(1); Q(2); : : : re
ursively by lettingQ(n) = �SEjQ(n�1); n = 1; 2; : : : ; j = (n� 1) mod s+ 1:Then the sequen
e of probability distributions Q(n) 
onverges (point-wise or, equivalently, invariation) to the probability distributionQ� = �SEQ(0):Proof. Take an arbitrary P 2 SE1 \ : : : [ SEs . For n = 1; 2; : : :, Q(n) is an I1-proje
tiontherefore we 
an apply the Three points property (Theorem 2.2) a

ording to whi
h we 
anwrite: I(P k Q(0)) = I(P k Q(1)) + I(Q(1) k Q(0));I(P k Q(1)) = I(P k Q(2)) + I(Q(2) k Q(1));: : :Therefore using limit transition we 
an writeI(P k Q(0)) = I(P k Q(n)) + I(Q(1) k Q(0)) + : : :+ I(Q(n) k Q(n�1)):I(P k Q(0)) = limn!1 I(P k Q(n)) + 1Xn=1 I(Q(n) k Q(n�1)) (2.12)I(P k Q(0)) � 1Xn=1 I(Q(n) k Q(n�1)):All I(Q(n) k Q(n�1)) are nonnegative and sin
e P � Q(0), I(P k Q(0)) is �nite. ThereforeI(Q(n) k Q(n�1)) ! 0: (2.13)Sin
e all probability distributions are de�ned for �nite random variables, using Theorem 2.4,we get the 
onvergen
e of the sequen
e Q(0); Q(1); : : :. Let the limit probability distributionbe denoted Q�.If we 
onsider an arbitrary index m, 1 � m � s then all distributions in sequen
eQ(m); Q(m+s); Q(m+2s); Q(m+3s); : : :are I1-proje
tions of some distribution on SEm . SEm is 
ompa
t set therefore the limit of thesequen
e belongs to SEm as well. All subsequen
es of 
onvergent sequen
e has the same limit,hen
e the sequen
e 
onverges to Q� and sin
e m was arbitrary, we get:Q� 2 SE = \si=1SEi :



2.2. I2-PROJECTIONS 23Sin
e P in equation 2.12 was arbitrary this equation must holds also for Q�. Usingequation 2.13 we 
an write:I(Q� k Q(0)) = limn!1 I(Q� k Q(n)) + 1Xn=1 I(Q(n) k Q(n�1))= 1Xn=1 I(Q(n) k Q(n�1)) (2.14)Using equations 2.12 and 2.14 we get for all P 2 SE :I(P k Q(0)) = limn!1 I(P k Q(n)) + 1Xn=1 I(Q(n) k Q(n�1))= I(P k Q�) + 1Xn=1 I(Q(n) k Q(n�1))= I(P k Q�) + I(Q(0) k Q�):whi
h a

ording to the Three points property (Theorem 2.2) means thatQ� = �SEQ(0): 22.2 I2-proje
tionsCsisz�ar [10℄ developed geometry of I-divergen
e using I1-proje
tion. Many results on I-divergen
e for the reverse order of arguments were a
hieved by �Cen
ov [7℄. The properties ofI1- and I2-proje
tions are in many aspe
ts di�erent. The di�eren
es begin with the fa
t thatminimizer of argminfQ2T g I(P k Q) is not generally unique even if T is 
onvex and 
ompa
tset (see Se
tion 2.2.1).2.2.1 I2-proje
tions on SEIn spite of the fa
t that results given in this subse
tion will not be used in next 
hapters,we are going to state them here, sin
e they 
an help to build up better understanding ofI-divergen
e geometry.In the 
ase of I2-proje
tions on SE the uniqueness 
ould be guaranteed if we had restri
tedourselves to stri
tly positive probability distributions, but this is not the way we want to fol-low. Instead of it we will use sele
tions s
heme from set of minimizers proposed by Mat�u�s [32℄.It is based on maximum entropy prin
iple, so that it 
an be shown that I2-proje
tion on SEde�ned su
h a way 
an be 
omputed using formula similar to one of I1-proje
tion.De�nition 2.2 (Set of I2-minimizers on SE ) Set of I2-minimizers with respe
t to aprobability distribution Q 2 P and to additively 
onstrained set SE of probability distri-butions 
ontaining at least one probability distribution P; Q � P , is the set TSE (Q) =argminfP2SEg I(Q k P ).



24 CHAPTER 2. I-PROJECTIONSThe following lemma, whi
h is 
ited from Mat�u�s [32℄, approve that in the 
ase of stri
tlypositive probability distributions I2-proje
tions on SE is unique.Lemma 2.2 All probability distributions T 2 TSE (Q) 
oin
ide on the set fx 2 X; Q(x) > 0g.In the subsequent text attention is given to properties of I2-proje
tion on additively 
on-strained sets SE de�ned in the following way.De�nition 2.3 (I2-proje
tion on SE) I2-proje
tion of a probability distributionQ 2 P onan additively 
onstrained set SE 
ontaining at least one probability distribution P; Q� P isthe probability distribution�0SEQ = �TSE (Q)U = arg minfT2TSE (Q)g I(T k U);where U denotes the uniform probability distribution.The following lemma states an expli
it formula for 
omputing set of I2-minimizers onadditively 
onstrained set SfEg. The formula will be used in Theorem 2.6, where it is restri
tedso that it leads to unique I2-proje
tion on SfEg.Lemma 2.3 (Set of I2-minimizers on SfEg)Let E � V , and Q 2 P, SE 2 PE be given probability distributions su
h that QE � SE.Further let SfEg = fP 2 P; PE(xE) = SE(xE)g. ThenTSfEg(Q) = fP � 2 SfEg : 8x;QE(xE) > 0 : P �(x) = Q(x) SE(xE)QE(xE)g (2.15)Proof. It suÆ
es to prove that8P 2 SfEg;8P � 2 TSfEg : I(Q k P �) � I(Q k P ):By the de�nition I(Q k P ) = Xx2X; Q(x)>0Q(x) log Q(x)P (x)Sin
e QE(xE) = 0 implies Q(x) = 0 it 
an be derived from the right side of expression 2.15that for all x su
h that Q(x) > 0, P �(x) > 0 as well, andI(Q k P ) = Xx2X; Q(x)>0Q(x) log Q(x)P �(x)P (x)P �(x)= I(Q k P �) + Xx2X; Q(x)>0Q(x) log P �(x)P (x)It remains to prove that Xx2X; Q(x)>0Q(x) log P �(x)P (x) � 0



2.2. I2-PROJECTIONS 25In order to simplify notation de�ne the set B = V n E.Xx2X; Q(x)>0Q(x) log P �(x)P (x) == Xx2X; Q(x)>0Q(x) log Q(x)SE(xE)P (x)QE(xE)= Xx2X; Q(x)>0QE(xE)QBjE(xBjxE) log QE(xE)QBjE(xB jxE)SE(xE)PE(xE)PBjE(xB jxE)QE(xE)Sin
e P 2 SfEg therefore PE = SE , andXx2X; Q(x)>0Q(x) log P �(x)P (x) == XxE2XE; Q(x)>0QE(xE) XxB2XB; Q(x)>0QBjE(xB jxE) log QBjE(xB jxE)PBjE(xB jxE)= XxE2XE; Q(x)>0QE(xE)I(QBjE k PBjE)� 0That �nishes the proof. 2Remark. It follows from Lemma 2.3 that the minimization of I(Q k P ) over P does notgive any restri
tion for values of P (x) for su
h x that QE(xE) = 0.Theorem 2.6 (I2-proje
tion on SfEg)Let E � V , and Q 2 P, SE 2 PE be given probability distributions su
h that QE � SE. Fur-ther let SfEg = fP 2 P; PE(xE) = SE(xE)g, and U(x) is the uniform probability distribution.Then R(x) = 8>><>>: U(x) SE(xE)UE(xE) ; if QE(xE) = 0Q(x) SE(xE)QE(xE) ; if QE(xE) > 0;is I2-proje
tion of Q on SfEg, i.e. R(x) = �0SfEgQ(x).Proof. It suÆ
es to prove that8P � 2 TSfEg(Q) : I(R k U) � I(P � k U) (2.16)with equality only if P �(x) = R(x). A

ording to Lemma 2.3TSfEg(Q) = arg minfP2SfEg; Q�Pg I(Q k P )= fP � 2 SfEg : 8x; QE(xE) > 0 : P �(x) = Q(x) SE(xE)QE(xE)g



26 CHAPTER 2. I-PROJECTIONSI(R k U) = Xx2X; R(x)>0R(x) log R(x)U(x)= Xx2X; Q(x)>0; QE(xE)>0Q(x) SE(xE)QE(xE) log R(x)U(x)+ Xx2X; SE(xE)>0; QE(xE)=0U(x) SE(xE)UE(xE) log SE(xE)UE(xE)= Xx2X; P �(x)>0; QE(xE)>0P �(x) log R(x)U(x)+ XxE2XE; SE(xE)>0; QE(xE)=0SE(xE) log SE(xE)UE(xE)Sin
e P � 2 TSfEg(Q), P � 2 SfEg, and 
onsequently P �E = SE we 
an writeI(R k U) = Xx2X; P �(x)>0; QE(xE)>0P �(x) log R(x)U(x) +XxE2XE; P �E(xE)>0; QE(xE)=0P �E(xE) log SE(xE)UE(xE)= Xx2X; P �(x)>0; QE(xE)>0P �(x) log R(x)U(x) +Xx2X; P �(x)>0; QE(xE)=0P �(x) log U(x) SE(xE)UE(xE)U(x)= Xx2X; P �(x)>0; QE(xE)>0P �(x) log R(x)U(x) +Xx2X; P �(x)>0; QE(xE)=0P �(x) log R(x)U(x)= Xx2X; P �(x)>0P �(x) log R(x)U(x) (2.17)Sin
e P � � U , and R� U the substitutions f(x) = P �(x)U(x) , and f�(x) = R(x)U(x) to the de�nitionof I-divergen
e I(P � k S), and to equation 2.17 
an be used.I(P � k U) = Xx2X; P �(x)>0U(x)f(x) log f(x) (2.18)I(R k U) = Xx2X;P �(x)>0U(x)f(x) log f�(x) (2.19)As a dire
t 
onsequen
e of equations 2.18, and 2.19 the proof of inequality 2.16 is equivalentto the proof of the statement that for all f(x) su
h that P 2 SfEg the next inequality is valid



2.2. I2-PROJECTIONS 27with equality only if f(x) = f�(x).Xx2X; f(x)>0 f(x)Q(x) log f�(x)f(x) � 0;whi
h has already been proved in the proof of Theorem 2.1. 2Following example displays 
al
ulation of I2-proje
tion on a linearly 
onstrained set SfEg.Example 2.2 ( I2-proje
tion) Let V = f1; 2; 3g, E = f2; 3g, and Q(x), S(x) be threedimensional and two dimensional distributions, respe
tively, de�ned for di
hotomi
 randomvariables. They are given in Table 2.2. Let SfEg = fP 2 P; PE(xE) = SE(xE)g. It is obviousDistribution Q(x)X1 = 0 X1 = 0 X1 = 1 X1 = 1X2 = 0 X2 = 1 X2 = 0 X2 = 1X3 = 0 0 1/6 2/6 0X3 = 1 0 0 3/6 0Distribution QE(xE)X1 = 0 X1 = 0 X1 = 1 X1 = 1X2 = 0 X2 = 1 X2 = 0 X2 = 10 1/6 5/6 0Distribution SE(xE)X1 = 0 X1 = 0 X1 = 1 X1 = 1X2 = 0 X2 = 1 X2 = 0 X2 = 12/6 2/6 2/6 0Distribution R = �0SfEgQ(x)X1 = 0 X1 = 0 X1 = 1 X1 = 1X2 = 0 X2 = 1 X2 = 0 X2 = 1X3 = 0 1/6 2/6 2/15 0X3 = 1 1/6 0 3/15 0Table 2.2: Distributions from Example 2.2that QE(xE) � SE(xE). Therefore, Theorem 2.6 
an be used. The resulting I2-proje
tion�0SfEgQ(x) is given in the Table 2.2.There is no analogy of the Three Points Property for I2-proje
tions on SE . Instead of itan inequality 
alled Four Points Property holds. This property was introdu
ed by Csisz�arand Tusn�ady in [11℄. First, we prove its parti
ular 
ase for additively 
onstrained set SfEg.



28 CHAPTER 2. I-PROJECTIONSTheorem 2.7 (Four Points Property on SfEg)Let Q1; Q2 be probability distributions from P su
h that Q2 � Q1, E � V . Further, letSE 2 PE be given probability distribution su
h that QE1 (xE) � SE(xE). Finally, let SfEg =fP 2 P; PE(xE) = SE(xE)g thenI(Q2 k �0SfEgQ1) � I(Q2 k Q1) + I(Q2 k �0SfEgQ2):Proof.I(Q2 k Q1) + I(Q2 k �0SfEgQ2) = Xx2X; Q2(x)>0Q2(x) log Q2(x)Q2(x)�0SfEgQ1(x)Q1(x)�0SfEgQ2(x)�0SfEgQ1(x)= Xx2X; Q2(x)>0Q2(x) log Q2(x)�0SfEgQ1(x)+ Xx2X; Q2(x)>0Q2(x) log Q2(x)�0SfEgQ1(x)Q1(x)�0SfEgQ2(x) (2.20)In order to substitute for I2-proje
tions �0SfEgQ1(x) and �0SfEgQ2(x) Theorem 2.6 will beused. Fortunately, not all value 
ombinations of QE1 (xE), and QE2 (xE) are possible. Sin
ethe sum in equation 2.20 is only over positive values of Q2(x) it follows from the assumptionsthat Q2(x) > 0 implies Q1(x) > 0, and therefore QE1 (xE) > 0. That is why it suÆ
es to sumjust over all x 2 X; QE1 (xE) > 0; QE2 (xE) > 0. In this 
ase�0SfEgQ1(x) = Q1(x) log SE(xE)QE1 (xE) ;�0SfEgQ2(x) = Q2(x) log SE(xE)QE2 (xE) :Substituting the previous into equation 2.20I(Q2 k Q1) + I(Q2 k �0SfEgQ2) == I(Q2 k �0SfEgQ1) + Xx2X; Q2(x)>0Q2(x) log Q2(x)Q1(x) SE(xE)QE1 (xE)Q1(x)Q2(x) SE(xE)QE2 (xE)= I(Q2 k �0SfEgQ1) + Xx2X; Q2(x)>0Q2(x) log QE2 (xE)QE1 (xE)= I(Q2 k �0SfEgQ1) + I(QE2 k QE1 )� I(Q2 k �0SfEgQ1);whi
h 
on
ludes the proof. 2Theorem 2.8 
ited from Csisz�ar and Tusn�ady [11, Lemma 3℄ states that the Four PointsProperty holds for any additively 
onstrained set SE . Figure 2.3 displays the situation de-s
ribed by this theorem.
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SE�������ÆQ1 -Q2 R2 = �0SEQ2����������1R1 = �0SEQ1I(Q2 k �0SEQ1) � I(Q2 k Q1) + I(Q2 k �0SEQ2)Figure 2.3: Four Points PropertyTheorem 2.8 (Four Points Property)Let Q1 2 P be a probability distribution su
h that there exists at least one P 2 SE ; P � Q1.Then for every Q2 2 P the Four Points Property holds, i.e.I(Q2 k �0SEQ1) � I(Q2 k Q1) + I(Q2 k �0SEQ2):2.2.2 I2-proje
tions on �REIn this subse
tion we will exploit the uniqueness of interse
tion�RE \ SE = �RE \ fP 2 P; PE1 = SE1 ; : : : ; PEs = SEsg;whi
h is the statement of Theorem 1.5. Let us denote this unique distribution from theinterse
tion as Ŝ. The fa
t that distribution Ŝ 2 �RE \ SE means that Ŝ has its marginalsequal to given SE ; E 2 E and at the same time it fa
torizes with respe
t to E or is alimit of fa
torizing distributions. In the sequel it will be shown that su
h a distributionminimizes the I-divergen
e I(� k Q) within the 
lass �RE i.e. for every Q 2 �RE it holds thatI(S k Q) � I(S k Ŝ), whi
h is the assertion of Theorem 2.9. Therefore I2-proje
tions of S on
losure of multipli
atively 
onstrained set 
an be de�ned (De�nition 2.4) to be a distributionfrom interse
tion �RE \ SE = �RE \ fP 2 P; PE1 = SE1 ; : : : ; PEs = SEsg:In order to give a simple proof of the following lemma we need Theorem 3.4 and Theo-rem 3.2. Sin
e both exploits the de�nition of iterative proportional �tting pro
edure (IPFP)they are not given until Chapter 3, whi
h is devoted to IPFP.Lemma 2.4Let SE be an additively 
onstrained set. For Ŝ 2 �RE \ SE and for any S 2 SE it holds thatS � Ŝ:Proof. It follows from Theorem 1.5 that Ŝ 2 �RE \SE is unique. A

ording to Theorem 3.4Ŝ is the limit distribution of IPFP, as well. Using Theorem 3.2 applied for IPFP starting with



30 CHAPTER 2. I-PROJECTIONSthe uniform distribution U we 
an write for limit distribution of IPFP Ŝ = �SEU . Thereforethe Three Points Property (Theorem 2.2) 
an be applied, whi
h givesI(S k U) = I(S k Ŝ) + I(Ŝ k U):Both I(S k U) and I(Ŝ k U) are �nite therefore it follows that I(S k Ŝ) is �nite as well. Thatassertion is equivalent to S � Ŝ. 2Theorem 2.9 (Interse
tion �RE \ SE) Let SE be an additively 
onstrained set. For Ŝ 2�RE \ SE , Q 2 �RE , and S 2 SE it holds thatI(S k Q) � I(S k Ŝ):Proof. It is obvious that for Q su
h that S 6� Q the assertion of Theorem 2.9 holds. Wewill show for S � Q that I(S k Q)� I(S k Ŝ) � 0:Using the fa
t that both Q; Ŝ 2 �RE we 
an writeŜ = limn!1 sYi=1 Ei;(n)Q = limn!1 sYi=1�Ei;(n)It follows from Lemma 2.4 that S � Ŝ. Therefore I(S k Ŝ) is �nite and it holds thatI(S k Q)� I(S k Ŝ) = Xx2X; S(x)>0S(x) log limn!1 sYi=1 Ei;(n)(xEi)� Xx2X; S(x)>0S(x) log limn!1 sYi=1�Ei;(n)(xEi)= Xx2X; S(x)>0S(x) limn!1 sXi=1 log  Ei;(n)(xEi)�Ei;(n)(xEi)Sin
e x = (xEi ; xV nEi) we 
an writeI(S k Q)� I(S k Ŝ) = sXi=1 limn!1 XxEi2XEi; SEi(x)>0 log  Ei;(n)(xEi)�Ei;(n)(xEi) XxV nEi2XVnEi ; S(x)>0S(x)Knowing Ŝ 2 SE it is obvious that ŜEi = SEi = PxV nEi2XVnEi ; S(x)>0S(x)I(S k Q)� I(S k Ŝ) = sXi=1 limn!1 XxEi2XEi; ŜEi(x)>0 ŜEi � log  Ei;(n)(xEi)�Ei;(n)(xEi)



2.2. I2-PROJECTIONS 31= Xx2X; Ŝ(x)>0 Ŝ(x) � limn!1 log Qsi=1  Ei;(n)(xEi)Qsi=1 �Ei;(n)(xEi)= Xx2X; Ŝ(x)>0 Ŝ(x) � log Ŝ(x)Q(x)= I(Ŝ k Q) � 0;with equality i� x 2 X; Ŝ(x) > 0 : Q(x) = Ŝ(x). 2Due to Theorems 1.5 and 2.9 the following de�nition of I2-proje
tion on �RE de�ne aunique distribution.De�nition 2.4 (I2-proje
tion on �RE)Let S 2 P be a probability distribution and fP 2 P; PE1 = SE1 ; : : : ; PEs = SEsg beadditively 
onstrained set de�ned by marginals of S. I2-proje
tion of a probability distributionS on a 
losure of multipli
atively 
onstrained set �RE is probability distribution�0�RES = �RE \ SE :The fa
t that I2-proje
tions of S on 
losure of multipli
atively 
onstrained set belongs toSE , whi
h immediately follows from the de�nition, enable us to prove 
ertain 
onvergen
eproperties of IPFP on de
omposable generating 
lasses. These proofs are part and par
el ofChapter 4.At the beginning of this se
tion we have simpli�ed situation by assumption of A =[Ei2EEi = V . The next two lemmata present a way I2-proje
tion on multipli
atively 
on-strained sets 
an be extended to the 
ase V n A = D 6= ;. These lemmata are analogy ofsimilar lemmata for maximum likelihood estimation in 
ontingen
y tables given by S. Haber-man in [17, Lemma 5.6 and 5.7℄.Remark. In the subsequent text, notation will be simpli�ed so that for any A � V we willwrite just PxA : : : instead of PxA2XA : : : :Lemma 2.5 If A = SEi2E Ei, D = V n A, UD 2 PD is the uniform probability distribution,P 2 RE , and PA is marginal of P then for all x 2 XVP (x) = PA(xA) � UD(xD) and PA 2 RE :Conversely, if PA 2 RE and for all x 2 XV P (x) = PA(xA) � UD(xD) thenP 2 RE :Proof. Sin
e V n A = D and P (x) 
an be written as QEi2E  i(xEi) it follows thatPA(xA) = XxV nA YEi2E  i(xEi) = YEi2E  i(xEi)XxD 1 = P (x)UD(xD) :



32 CHAPTER 2. I-PROJECTIONSThe proof of the se
ond part is elementary as well. Sin
e values of the uniform probabilitydistribution are 
onstant we 
an writeP (x) = PA(xA) � UD(xD) = YEi2E  i(xEi) � UD(xD):If we de�ne i = 1 : �i(xEi) =  i(xEi) � UD(xD)i � 1 : �i(xEi) =  i(xEi)then P (x) = YEi2E �i(xEi) ) P 2 RE : 2Lemma 2.6 If A = SEi2E Ei, D = V n A, UD 2 PD is the uniform probability distribution,P 2 P is a given probability distribution, and �0RE;V P (xV ) exists then�0RE;V P (xV ) = �0RE;AP (xA) � UD(xD):�0RE;V P (xV ) exists i� �0RE;AP (xA) exists.Proof. Class SE is de�ned as fS 2 P : SE = PE; E 2 Eg. It is dire
t 
onsequen
e ofDe�nition 2.4 that �0RE;V P 2 RE and (�0RE;V P )Ei = PEi ; Ei 2 ESin
e also �0RE;AP 2 RE and (�0RE;AP )Ei = PEi ; Ei 2 Eit is obvious that (�0RE;V P )A = �0RE;AP . Therefore appli
ation of Lemma 2.5 gives:(�0RE;V P )A = �0RE;V PUD ) �0RE;V P = �0RE;AP � UD:To prove 
onverse impli
ation we show that if �0RE;AP exists then by Lemma 2.5 a distribution�P = �0RE;AP � UD 2 RE and �PA = �0RE;AP:It follows from De�nition 2.4 that (�0RE;AP )Ei = �PEi , therefore again using De�nition 2.4 for�0RE;V P we get �P = �0RE;V P: 2If distributions from multipli
atively 
onstrained sets satisfy a de
omposability 
ondition,then the following Lemma 2.7, whi
h performs a way of their de
omposition, 
an be applied.Lemma 2.8 shows that I2-proje
tions to multipli
atively 
onstrained sets RE 
an be de
om-posed using I2-proje
tions to subsets of E in a similar manner. We have exploited parallelismbetween maximum likelihood estimation of log-linear models and I2-proje
ting to multipli
a-tively 
onstrained sets again. It enables us to rewrite lemmata of S. Haberman [17, Lemma5.8, Lemma 5.9℄ so that they �t well to our problem.



2.2. I2-PROJECTIONS 33Lemma 2.7 (Composition and de
omposition of distributions from RE)Let E1 and E2 be a partition of E, su
h that for some E1 2 E1 and E2 2 E2 it holdsA \B = C;where A = [Ei2E1Ei, B = [Ej2E2Ej, and C = E1 \ E2. Further let D = V n (A \ B). IfP 2 RE thenPA 2 RE1 ; PB 2 RE2 and 8x 2 XV : P (x) = PA(xA) � PB(xB)PC(xC) � UD(xD):Conversely, if PA(xA) 2 RE1 ; PB(xB) 2 RE2 ; su
h that8xC 2 XC : PCA (xC) = PCB (xC) = PC(xC); and8x 2 XV : Q(x) = PA(xA) � PB(xB)PC(xC) � UD(xD)then Q 2 RE ; QA = PA; and QB = PB :Proof. P 2 RE therefore P (x) = QEi2E1  i(xEi) �QEi2E2  i(xEi) and we 
an writePA(xA) = XxV nA YEi2E1  i(xEi) � YEi2E2  i(xEi)= YEi2E1  i(xEi) � XxV nA YEi2E2  i(xEi)Sin
e V nA = V n ([Ei2E1Ei) = D [ ([Ej2E2Ej nC) = D [ (B nC), thus the sum is only overall xD[(BnC) 2 XD[(BnC) :PA(xA) = YEi2E1  i(xEi) � XxBnC YEi2E2  i(xEi)XxD 1PA(xA) = 1UD(xD) � YEi2E1  i(xEi) � XxBnC YEi2E2  i(xEi) (2.21)Similarly, we 
an show for PB thatPB(xB) = 1UD(xD) � YEi2E2  i(xEi): XxAnC YEi2E1  i(xEi) (2.22)(B n C) � E1 ) PA(xA) 2 RE1 ; and (2.23)(A n C) � E2 ) PB(xB) 2 RE2 : (2.24)(2.25)



34 CHAPTER 2. I-PROJECTIONSFor PC we 
an write:PC(xC) = XyAnC=xAnC PA(yA)= 1UD(xD) � XxAnC[ YEi2E1  i(xEi) � XxBnC YEi2E2  i(xEi)℄= 1UD(xD) � [XxAnC YEi2E1  i(xEi)℄ � [XxBnC YEi2E2  i(xEi)℄ (2.26)Finally, using equations 2.21, 2.22, and 2.26 we 
an 
on
lude �rst part of the proof:PA(xA) � PB(xB)PC(xC) � 1UD(xD) == [QEi2E1  i(xEi) �PxBnC QEi2E2  i(xEi)℄ � [QEi2E2  i(xEi) �PxAnC QEi2E1  i(xEi)℄[PxAnC QEi2E1  i(xEi)℄ � [PxBnC QEi2E2  i(xEi)℄= YEi2E1  i(xEi) � YEi2E2  i(xEi)= P (x):The proof of the 
onverse:Sin
e it is supposed that PA 2 RE1 ; PB 2 RE2 ; and PC = PCB it appliesQA(xA) = XxV nAQ(x) = XxV nA[PA(xA) � PB(xB)PC(xC) � UD(xD)℄= XxV nA[ YEi2E1  i(xEi) � YEi2E2  i(xEi) � 1PxBnC QEi2E2  i(xEi) � UD(xD)= YEi2E1  i(xEi) � UD(xD)PxBnC QEi2E2(xEi) � XxBnC[ YEi2E2  i(xEi) �XxD 1℄= PA(xA) � UD(xD)PxBnC QEi2E2(xEi) � PxBnC QEi2E2  i(xEi)UD(xD)= PA(xA):Similarly QB(xB) = PB(xB).It remains to prove that Q 2 RE . Sin
e PA 2 RE1 and PB(xB) 2 RE2 Lemma 2.5 
an beapplied so that PA � UD = QA � UD 2 RE1 and PB � UD = QB � UD 2 RE2 :Sin
e PC(xC) = XxAnC PA(xA) = XxAnC YEi2E1  i(xEi) = �(x
)it holds that PC � UD = QC � UD 2 RfCg:Finally, RE1 � RE , RE2 � RE , and RfCg � RE ) Q(x) 2 RE . 2



2.2. I2-PROJECTIONS 35Lemma 2.8 (Composition and de
omposition of �0REP ) Let E1 and E2 be a partitionof E, su
h that for some E1 2 E1 and E2 2 E2 it holdsA \B = C;where A = [Ei2E1Ei, B = [Ej2E2Ej, and C = E1 \E2. Further let D = V n (A \B). Then�0RE;V P exists i� both �0RE1;AP (abbreviated �0RAP ) and �0RE2;BP (xB) (abbreviated �0RBP )exist. If �0RV P exists, then for any xV 2 XV :�0RV P (xV ) = �0RAP (xA) � �0RBP (xB)PCE1(xC) � UD(xD):Proof. Class SE is de�ned as fS 2 P : SE = PE; E 2 Eg. Therefore all distributions thatbelongs to SE have its marginals equal to PE; E 2 E .If �0RV P exists then it is a dire
t 
onsequen
e of expressions (2.23) and (2.24) that(�0RV P )A 2 RE1 (2.27)(�0RV P )B 2 RE2 : (2.28)Sin
e C � E1 (�0RV P )C = PCE1 :For every E 2 E1 a

ording to De�nition 2.4 (�0RV P )E = PE. Thus together with (2.27) it isexa
tly the de�nition of �0RAP (De�nition 2.4). Sin
e previous 
onsideration 
an be repeatedalso for �0RBP we 
an write (�0RV P )A = �0RAP(�0RV P )B = �0RBPSin
e �0RV P 2 RE Lemma 2.7 
an be applied:�0RV P = (�0RV P )A � (�0RV P )B(�0RV P )C � UD = �0RAP � �0RBP(�0RE1P )C � UD:On the other hand, suppose that both �0RAP and �0RBP exists, then(�0RAP )C = (�0RBP )C = (�0RE1P )C :Let us de�ne a distribution �P so that�P (x) = �0RAP (xA) � �0RBP (xB)PCE1(xC) :Then, a

ording to Lemma 2.7 (
onverse part)�PA = �0RAP; (2.29)�PB = �0RBP; (2.30)�P 2 RE : (2.31)



36 CHAPTER 2. I-PROJECTIONSAs a 
onsequen
e of expressions (2.29), (2.30) and De�nition 2.4 we 
an writeE 2 E1 : �PE = (�0RAP )E = PE; (2.32)E 2 E2 : �PE = (�0RBP )E = PE : (2.33)Therefore, it follows from (2.31), (2.32), (2.33), and from De�nition 2.4 that �P = �0RV P . 2



3IterativeProportional
Fitting ProcedureIn this 
hapter we are going to analyze the well-known iterative proportional �tting pro
e-dure (abbreviated IPFP). The �rst se
tion outlines the history of its 
onvergen
e proofs andproblems it was applied to. IPFP 
an be used to �nd I-proje
tion of initial distribution toan additively 
onstrained set. As a 
onsequen
e of Theorem 2.5 that 
laims that in the 
aseof 
onsistent input set it 
onverges to I1-proje
tion of initial distribution to given additively
onstrained set. In the last se
tion of this 
hapter results of our experiments with IPFPon in
onsistent input set will be summarized by means of 
onje
tures. Dis
ussion of IPFPbehavior on in
onsistent input set is extended in Se
tion 5.6 where the limit pro
edures andtheir arithmeti
 and geometri
 averages are 
ompared using I1 and I2 aggregates (de�nedin Se
tion 5.1). The study of IPFP behavior on 
onsistent input set 
ontinues in Chapter 4whi
h is devoted to the pro
edure's 
onvergen
e properties when it is applied to an 
onsistentinput generated by a de
omposable hypergraph.3.1 What is IPFP?Iterative proportional �tting pro
edure dates ba
k to 1940. It was proposed by W. E. Demingand F. F. Stephan [13℄ as a pro
edure for adjustment of frequen
ies in 
ontingen
y tables.This approa
h is later referred to as 
lassi
al use of IPFP [4℄. We will use a simple example ofDeming and Stephan to des
ribe the type of problems for whi
h they proposed to use IPFP.Example 3.1 (Frequen
ies adjustment)Suppose a sample from U.S. population answered two questions in a opinion poll. Totalnumber n of U.S. 
itizens replied to the questions: "How old are you?" and "What is youredu
ation?". Respondents were 
lassi�ed to r � s groups a

ording to their answers. Itresulted to a 
ontingen
y table (nij)r;si=1;j=1 where nij is number of 
itizens in a age group i37



38 CHAPTER 3. ITERATIVE PROPORTIONAL FITTING PROCEDUREand edu
ation group j. It is well known how U.S. 
itizens are distributed a

ording to theage. It is similar with their edu
ation. Let us denote Ni� and N�j the total number of U.S.
itizens in age group i and edu
ation group j respe
tively. Now the problem is: how to adjustthe table (nij)r;s1;1 so that it 
orresponds to the well known marginals Ni� and N�j, but stay
lose to the proportions of original one. W. E. Deming and F. F. Stephan [13℄ proposed IPFPwhi
h they 
onje
ture to minimize weighted square distan
er;sXi;j=1;1 (nij � n � Pij)2nij ;where Pij are adjusted proportions they sear
hed for.It was shown that IPFP does not minimize this fun
tion. However, several authors paidattention to IPFP, whi
h is a natural method of iterative adjustment.Several authors wrote proofs of IPFP 
onvergen
e. In 1959, D. T. Brown [5℄ gave aproof based on the fa
t, that the likelihood of the iterated solution is a monotoni
 de
reasingfun
tion. C. T. Ireland and S. Kullba
k's [21℄ proof 
ontained an error (1968). In 1970, S.Fienberg [16℄ showed that IPFP does not minimize square distan
e and proved IPFP 
onver-gen
e for stri
tly positive distribution. S. J. Haberman [17℄ showed that IPFP is a spe
ial 
aseof the 
y
li
 as
ent method of fun
tion maximization [46℄ and proved several properties forde
omposable generating 
lasses (1974). In 1975, I. Csisz�ar [10℄ proved IPFP 
onvergen
e us-ing I-divergen
e geometry without assumption of stri
t positivity. The 
onvergen
e of IPFPfor 
ontinuous 
ase still remains an open problem. L. R�us
hendorf [37℄ made an attempt andgave the 
onvergen
e proof for 
ontinuous 
ase valid under some regularity 
onditions.IPFP was applied to several problems from di�erent domains. IPFP 
an used to 
onstru
ta probabilisti
 expert systems, where the knowledge is represented by a joint probabilitydistribution [23, 20℄. S. J. Haberman [17℄ used IPFP for maximum likelihood estimation in
ontingen
y tables. Several other appli
ations, listed in L. R�us
hendorf [37℄, are tomography,ridge-type regression models, and Hoe�ding's de
omposition (see [37℄ for referen
es).Before the pre
ise de�nition of IPFP we will des
ribe what we mean by a generating
lass. This notion will enable us to assign hypergraph properties to sets of low-dimensionalprobability distributions that 
ome into an iterative pro
ess as an input set.De�nition 3.1 (Generating 
lass and input set) Let H = (V; E 0) be a redu
ed hyper-graph (see De�nition 1.4) and PE = fPE1 2 PE1 ; : : : ; PEs 2 PEsg be a set of low-dimensionalprobability distributions (for i = 1; 2; : : : s : Ei � V ). The set of hypergraph edges E 0 is 
alledgenerating 
lass of PE if every edge from E 0 de�nes domain of one low-dimensional probabilitydistribution from PE , i.e. E 0 = E = fE1; : : : ; Esg. The set of distributions PE that has a setof edges of a redu
ed hypergraph as its generating set will be referred to as input set.It should be noted that in the notation of S. Haberman [17℄ (whi
h we will use as well)�-a
y
li
 generating 
lasses is denoted as de
omposable and �-a
y
li
 generating 
lasses isdenoted as totally de
omposable .De�nition 3.2 (IPFP) Let E = fE1; : : : Esg be a generating 
lass of input set PE , andQ(0) 2 P be an initial probability distribution. Then iterative proportional �tting pro
edure



3.1. WHAT IS IPFP? 39is 
omputational pro
ess de�ned for x 2 XV and for i and j = ((i� 1) mod s+ 1) su
h thatPEj � QEj(i) by the following formula:Q(i)(x) = 8>><>>: 0; for x su
h that QEj(i�1)(xEj ) = 0,Q(i�1)(x) PEj (xEj )QEj(i�1)(xEj ) ; for x su
h that QEj(i�1)(xEj ) > 0. (3.1)The following example illustrate how the 
omputations of IPFP are performed.Example 3.2 (IPFP)Suppose that input set 
onsists of two probability distributionsPf1;2g(X1;X2) and Pf2;3g(X2;X3):Values of these distributions are denoted by small 
hara
ters and 
an be seen on Figure 3.1.Figures 3.1, 3.2, and 3.3) 
orrespond to 
omputational steps 0,1, and 2, respe
tively. Thejoint distributions 
omputed during the iterative pro
ess is denoted by Q(i) 2 Pf1;2;3g; i =0; 1; 2; : : :.� The initial distribution Q(0) 2 Pf1;2;3g is uniform (see Figure 3.1).� The operation of �tting input distribution Pf1;2g(X1;X2) brings joint probability dis-tribution Q(1) to have its 
orresponding marginal Qf1;2g(1) equal to the distribution being�tted (Figure 3.2). For exampleQ(1)(X1 = 1;X2 = 1;X3 = 1) == Q(0)(X1 = 1;X2 = 1;X3 = 1) � Pf1;2g(X1 = 1;X2 = 1)Q(0)(X1 = 1;X2 = 1;X3 = 1) +Q(0)(X1 = 1;X2 = 1;X3 = 2)= 18 � a18 + 18 = a2 :� Fitting the se
ond input distribution Pf2;3g(X2;X3) has similar e�e
t on marginalQf2;3g(2)(Figure 3.3). For exampleQ(2)(X1 = 1;X2 = 1;X3 = 1) == Q(1)(X1 = 1;X2 = 1;X3 = 1) � Pf2;3g(X2 = 1;X3 = 1)Q(1)(X1 = 1;X2 = 1;X3 = 1) +Q(1)(X1 = 2;X2 = 1;X3 = 1)= a2 � ea2 + b2 = a � ea+ b :From this �gure it 
an be seen that ife+ f = a+ b and g + h = 
+ d; (3.2)then Q(2) preserves its marginal from previous step, i.e.Qf1;2g(2) = Qf1;2g(1) = Pf1;2g:



40 CHAPTER 3. ITERATIVE PROPORTIONAL FITTING PROCEDUREThe 
ondition 3.2 equivalently written as P f2gf1;2g = P f2gf2;3g is a property of input set whi
hwe will later de�ne to be a 
ondition of weak 
onsisten
y.� If we would 
ontinue by �tting Pf1;2g(X1;X2) again it would not make any 
hange toQ(2). Let us 
he
k one value of Q(3) again:Q(3)(X1 = 1;X2 = 1;X3 = 1) == Q(2)(X1 = 1;X2 = 1;X3 = 1) � Pf1;2g(X2 = 1;X3 = 1)Q(2)(X1 = 1;X2 = 1;X3 = 1) +Q(2)(X1 = 2;X2 = 1;X3 = 1)= a�ea+b � aa�ea+b + a�fa+b = a � ee+ f ;whi
h, having 
ondition 3.2 ful�lled, equals to a�ea+b .� If we would 
ontinue by �tting Pf2;3g(X2;X3), again, we 
ould derive, in the same way,that it would not bring any 
hange to Q(3).For this example, we may 
on
lude that if input set is 
onsistent IPFP stops after twoiterations. Latter, we will 
ontinue with this example for the 
ase when 
ondition 3.2 doesnot hold (see Example 3.4).
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42 CHAPTER 3. ITERATIVE PROPORTIONAL FITTING PROCEDUREThe following theorem is essential for Spa
e-saving implementation of IPFP, whi
h wasproposed by R. Jirou�sek. The theorem, proved in [22℄, is instru
tive and explains the 
om-putational pro
ess of Spa
e-saving implementation of IPFP. We will use it latter to prove asuÆ
ient 
ondition for IPFP 
onvergen
e within one 
y
le (s iterative steps).Theorem 3.1 (Spa
e-saving implementation of IPFP) Let E be a generating 
lass ofinput set PE , su
h that there exists P 2 SE ; P � Q(0), and distributions Q(i); i = 1; 2; : : : be
omputed a

ording to formula 3.1 of De�nition 3.2. Further let a 
lass F � E be de
om-posable and Q(0) 2 RF . If for every j = ((i � 1) mod s + 1) 
lass F is reordered so thatEj � FÆ(1) and fFÆ(1); FÆ(2); : : : ; FÆ(t)g satis�es RIP, and Ak = [k�1l=1 FÆ(l) then for every �nitei = 1; 2; : : : ; Q(i) 2 RF andQFÆ(k)(i) = 8>>>>>><>>>>>>: PEj QFÆ(k)(i�1)QEj(i�1) for k = 1QFÆ(k)\Ak(i) QFÆ(k)(i�1)QFÆ(k)\Ak(i�1) for k = 2; : : : ; t.The behavior of IPFP varies a

ording to 
onsisten
y of input set. The de�nitions ofstrong and weak 
onsisten
y follows.De�nition 3.3 (Strong 
onsisten
y)Input set fPE1 ; : : : ; PEsg is strongly 
onsistent i�SE = fQ(x) 2 P : QEi = PEi ; i = 1; 2; : : : ; sg 6= ;:The following is the de�nition of weak 
onsisten
y that is sometimes 
alled pair-wise
onsisten
y or proje
tivity.De�nition 3.4 (Weak 
onsisten
y)Input set fPE1 ; : : : ; PEsg is weakly 
onsistent i�8k; l 2 f1; : : : ; sg : PEk\ElEk = PEk\ElEl :3.2 IPFP on 
onsistent input setIf an iterative step of IPFP is 
ompared with Theorem 2.1 it 
an be immediately seen thatin every step IPFP 
omputes I1-proje
tion of the distribution from previous iteration to anadditively 
onstrained set SfEjg; j = 1; 2; : : : s. Sets SfEjg are step by step alternating.Theorem 2.1 suppose that distribution SE that de�nes additively 
onstrained set SfEg isdominated by marginal of the proje
ted distribution QE . Therefore, in order to allow itsappli
ation, the following lemma is ne
essary.Lemma 3.1 (Inheritan
e of dominan
e) If there exists a probability distribution P 2SE su
h that P � Q(0) and Q(i) for i = 1; 2; : : : is 
omputed a

ording to formula 3.1 ofDe�nition 3.2 then for i = 1; 2; : : : and j = ((i� 1) mod s+ 1) : PEj � QEj(i�1):



3.2. IPFP ON CONSISTENT INPUT SET 43Proof. We will prove this lemma by indu
tion over i. Sin
e it holds that for P 2 SE : P �Q(0) it suÆ
es to show that:P � Q(i�1) ) P � Q(i); for i = 1; 2; : : : :Assume P � Q(i�1) It follows from formula 3.1 of De�nition 3.2 that for all x 2 X it holdsQ(i)(x) = 0 if and only if Q(i�1)(x) = 0 or PEj (xEj ) = 0.P � Q(i�1), whi
h means that for all x 2 X :Q(i�1)(x) = 0 ) P (x) = 0:For y 2 X; yEj = xEj : PEj (xEj ) = 0 ) P (y) = 0:This proves that Q(i)(x) = 0 ) P (x) = 0;whi
h means that P � Q(i). 2By now, we are ready to present the Csisz�ar's proof [10℄ of main theorem of IPFP
onvergen
e in a narrow way.Theorem 3.2 (Convergen
e of IPFP) Let fP1; : : : ; Psg be a strongly 
onsistent input set(i.e. SE 6= ;). If there exists a probability distribution Q 2 SE su
h that Q � Q(0) thensequen
e of the joint distributions 
omputed by formula 3.1 of De�nition 3.2 is 
onvergent.In the 
ase of 
onvergen
e Q� = limn!1Q(n) = �SEQ(0):Proof. The assertion of the theorem is a dire
t 
onsequen
e of Theorem 2.1, Lemma 3.1, andTheorem 2.5. It follows from Theorem 2.1 that distributions Q(n) 
omputed by formula 3.1are I1-proje
tions to SfEjg; Ej 2 E , where j = ((n � 1) mod s + 1). Lemma 3.1 is used toassure that QEj � QEj(i�1), whi
h allows the appli
ation of Theorem 2.5, whi
h proves theIPFP 
onvergen
e. 2Remark. IPFP 
onvergen
e will be latter referred to as C1.IPFP property. The fa
tthat the pro
edure 
onverges to �SEQ(0) will be referred as C3.IPFP property.. The IPFP
onvergen
e theorem implies that the ordering of the input set has no in
uen
e on the resultingdistribution of the pro
edure (C2.IPFP property).It is easy to prove that if the initial distribution belongs to RE then all distributions
omputed within �nite number of IPFP iterations belongs to RE as well. On the otherside, if the initial distribution does not belong to RE then all distributions 
omputed byIPFP within �nite number of iterations does not belong to RE either. This assertions areformalized in the following theorem.Theorem 3.3 (Inheritan
e of fa
torizability (G1.IPFP)) Let Q(0) 2 P and Q(i) 2P; i = 1; 2; : : : are 
omputed by IPFP pro
ess (i.e. formula 3.1 of De�nition 3.2) appliedto the input set PE . Then for all (�nite) i = 1; 2; : : : it holds thatQ(i) 2 RE i� Q(i�1) 2 RE :



44 CHAPTER 3. ITERATIVE PROPORTIONAL FITTING PROCEDUREProof.(A) [Q(i�1) 2 RE =) Q(i) 2 RE ℄Sin
e Q(i�1) 2 RE we 
an write Q(i�1)(x) = Qsi=1  Ei(xEi). Hen
e for x : QEj(i�1)(xEj ) > 0Q(i)(x) = Q(i�1)(x) PEj (xEj )QEj(i�1)(xEj ) = sYi=1 Ei(xEi) PEj (xEj )QEj(i�1)(xEj )Let �Ej (xEj ) =  Ej (xEj )QEj(i�1)(xEj )PEj (xEj ) and if i 6= j : �Ei(xEi) =  Ei(xEi). For x su
h thatQEj(i�1)(xEj ) = 0 also PEj (xEj ) = 0. In this 
ase QEj(i)(xEj ) is de�ned to be equal zero too. Itis obvious that for su
h x the fun
tion �Ei(xEi) 
an be de�ned to be equal zero as well. ThenQ(i)(x) = sYi=1�Ei(xEi); i:e: Q(i) 2 RE :(B) [Q(i) 2 RE =) Q(i�1) 2 RE ℄Similarly to (A) we 
an write Q(i)(x) = Qsi=1 �Ei(xEi). Hen
e for x : PEj (xEj ) > 0Q(i�1)(x) = Q(i)(x)QEj(i�1)(xEj )PEj (xEj ) = sYi=1�Ei(xEi)QEj(i�1)(xEj )PEj (xEj )Let  Ej (xEj ) = �Ej (xEj )QEj(i�1)(xEj )PEj (xEj ) and if i 6= j :  Ei(xEi) = �Ei(xEi). For x su
h thatPEj (xEj ) = 0 also QEj(i)(xEj ) = 0 and 
onsequently �Ej (xEj ) = 0. In this 
ase we de�ne Ej (xEj ) = 0 as well. ThenQ(i�1)(x) = sYi=1 Ei(xEi); i:e: Q(i�1) 2 RE : 2Theorem 3.4 If the input set fP1; : : : ; Psg is strongly 
onsistent, i.e. SE 6= ;, there existsa probability distribution Q 2 SE su
h that Q � Q(0), and Q(0) 2 RE then the sequen
e ofprobability distributions 
omputed by IPFP (formula 3.1 of De�nition 3.2) 
onverges toQ� 2 �RE \ SE :Proof. If there exists a probability distribution Q 2 SE su
h that Q� Q(0) then sequen
eof the joint distributions 
omputed by formula 3.1 of De�nition 3.2 is 
onvergent to Q� 2 SE(Theorem 3.2). If Q(0) 2 RE then a

ording to Theorem 3.3 Q(i) 2 RE ; i = 1; 2; : : :, thusQ� 2 �RE . 2For the uniform distribution U it holds that U 2 RE for any E . Thus, it turns out thatif the initial distribution is uniform then a

ording to Theorem 3.3 the limit distributionQ� 2 �RE .



3.2. IPFP ON CONSISTENT INPUT SET 45Theorem 3.5 (I2-proje
tion to �RE) If an input set fP1; : : : ; Psg is strongly 
onsistent,i.e. SE 6= ;, there exists a probability distribution Q 2 SE su
h that Q� Q(0), and Q(0) 2 REthen the sequen
e of probability distributions 
omputed by IPFP (formula 3.1 of De�nition 3.2)
onverges to Q� = �0�REQ:Proof. We have shown that for the limit distribution Q� of the iterative pro
ess de�ned byformula 3.1 of De�nition 3.2 it holds Q� 2 SE (Theorem 3.2) and Q� 2 �RE (Theorem 3.4).Therefore it follows from Theorem 2.9 that Q� is also I2-proje
tion of any Q 2 SE to �RE . 2Suppose we want to solve another problem. A probability distribution Q is given (e.g.estimated from data). We sear
h for another probability distribution that fa
torizes withrespe
t to given E , i.e it belongs to �RE , su
h that it is \a best" approximation of known dataQ. It is a 
onsequen
e of the previous theorem, that IPFP is appli
able to su
h a problemwhereas the 
riteria is I-divergen
e. The best approximation equalsarg minfR2 �REg I(Q k R) = �0�REQ:Next, an example of an input set 
onsisting of four distributions is going to be introdu
ed.It will be used to demonstrate the behavior of IPFP.Example 3.3 (Consistent input set) In Table 3.1 a 
onsistent input set of distributionsis de�ned. Figure 3.4 displays that in this example IPFP 
onvergen
e rate is high sin
eafter 2 
y
les (i.e. 8 iterations) the values of Q(i) di�er less than 0.01%. Sin
e it might givefalse impression that joint distribution does not 
hange after 4th iteration Figure 3.5 displaysdetail of IPFP behavior in between steps 4 and 8.Iteration i Q(i)(X1 = 1;X2 = 1;X3 = 2;X4 = 1)4 0.156858 0.1569112 0.15691The plot in Figure 3.4 and all plots in next 
hapters des
ribe dependen
e between probabilityvalues (verti
al axis) of joint distributionQ(i) for one 
ombination of random variables' valuesX1 = 1;X2 = 1;X3 = 2;X4 = 1 and number of iterations i (horizontal axis).
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PE1 X2 = 1 X2 = 2 PE2 X3 = 1 X3 = 2X1 = 1 89=288 43=144 X2 = 1 17=96 47=144X1 = 2 7=36 19=96 X2 = 2 43=288 25=72PE3 X4 = 1 X4 = 2 PE4 X4 = 1 X4 = 2X3 = 1 31=144 1=9 X1 = 1 15=32 5=36X3 = 2 67=144 5=24 X1 = 2 61=288 13=72Table 3.1: Consistent input set of distributions
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Figure 3.4: IPFP on 
onsistent input fPE1 ; PE2 ; PE3 ; PE4g
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Figure 3.5: IPFP on 
onsistent input fPE1 ; PE2 ; PE3 ; PE4g (detail)



48 CHAPTER 3. ITERATIVE PROPORTIONAL FITTING PROCEDURE3.3 IPFP on in
onsistent input setWhat 
an be said about the IPFP pro
ess when the input set PE is not 
onsistent? First ofall, we will 
ontinue with Example 3.2 to show IPFP behavior when probability distributionsfrom input set are in
onsistent.Example 3.4 (IPFP on in
onsistent input set (
ontinued Example 3.2))Suppose that the input set 
onsists of two distributions Pf1;2g(X1;X2) and Pf2;3g(X2;X3).Their values were de�ned by Figure 3.1 in Example 3.2. Re
all, that after two iterations ofIPFP we have got probability distribution Q(2). It is given by the following Figure 3.6.
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Figure 3.6: Joint distribution and its marginals after �tting P1 and P2� We have supposed that the input set is in
onsistent thereforee+ f 6= a+ b and g + h 6= 
+ d:Thus, by �tting Pf1;2g(X1;X2) again, we get distribution Q(3), displayed on Figure 3.7.Let us 
he
k one value of Q(3) again:Q(3)(X1 = 1;X2 = 1;X3 = 1) == Q(2)(X1 = 1;X2 = 1;X3 = 1) � Pf1;2g(X1 = 1; 23 = 1)Q(2)(X1 = 1;X2 = 1;X3 = 1) +Q(2)(X1 = 1;X2 = 1;X3 = 2)= a�ea+b � aa�ea+b + a�fa+b = a � ee+ f :
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Figure 3.7: Joint distribution and its marginals after �tting P1, P2, and P1 again� By �tting Pf2;3g(X2;X3) again we get distribution Q(4) whi
h turns out to be equalQ(2) already displayed on Figure 3.6. Let us 
he
k one value of Q(4) again:Q(4)(X1 = 1;X2 = 1;X3 = 1) == Q(3)(X1 = 1;X2 = 1;X3 = 1) � Pf2;3g(X2 = 1;X3 = 1)Q(3)(X1 = 1;X2 = 1;X3 = 1) +Q(3)(X1 = 2;X2 = 1;X3 = 1)= a�ee+f � ea�ee+f + b�ee+f = a � ea+ b :We have shown that Q(4) = Q(2), 
onsequently Q(5) = Q(3), whi
h proves that IPFP stabilizesin the 
y
le of two joint probability distributions Q(2i) = Q(2) and Q(2i+1) = Q(3) for i =2; 3; : : : (I1.IPFP property). The fa
t that IPFP stabilized in the limit 
y
le might beexploited to get a unique joint probability distribution either as an arithmeti
 Q�a or geometri
averages Q�g of distributions from the limit 
y
le. A question is whether these distributionsobey some reasonable properties we would like the resulting joint probability distribution tohave. We will further 
ontinue with this example in Chapter 5 (Example 5.1). In this 
hapterseveral requirements on joint probability distribution to be regarded as a reasonable result ofin
onsistent knowledge integration are dis
ussed in detail.After a number of 
omputational experiments with the regular IPFP applied to both theweakly 
onsistent and in
onsistent input sets we believe that only two possibilities may takepla
e.



50 CHAPTER 3. ITERATIVE PROPORTIONAL FITTING PROCEDUREConje
ture 3.1 Let Q0 2 P be the uniform probability distribution de�ned for all variables(Xi)i2V . For any strongly in
onsistent input set the appli
ation of the IPFP (De�nition 3.2)leads to one of the following two situations:� The 
omputation fails be
ause there exists 1 < j � s su
h that the distribution PEj isnot dominated by QEj(j�1) (i.e. 9x : Pj(x) > 0; QCj(j�1)(x) = 0), and thus the distributionQ(j) is not de�ned.� The sequen
e Q(1); Q(2); : : : tends to 
ome in 
y
les. More pre
isely: for all 1 � j � sthe subsequen
es Q(j); Q(j+s); Q(j+2s); : : : ; Q(j+ns); : : : are 
onvergent. At least two limitdistributions of these subsequen
es di�er ea
h from other.Let us illustrate these two possibilities using another example.Example 3.5 (Three two-dimensional distributions)Consider the input set whi
h 
onsists of three two-dimensional distributions given in Table 3.2fP1(X1;X2); P2(X2;X3); P3(X1;X3)g:Table 3.2: Input distributions fP1; P2; P3gP1 X2 = 1 X2 = 2 P2 X3 = 1 X3 = 2 P3 X3 = 1 X3 = 2X1 = 1 0:5� " 0 + " X2 = 1 0:5� " 0 + " X1 = 1 0 + " 0:5� "X1 = 2 0 + " 0:5� " X2 = 2 0 + " 0:5� " X1 = 2 0:5� " 0 + "Taking " = 0, the 
omputation fails be
ause the distribution P3 is not dominated byQE32 . Namely, for x12 = (X1 = 1;X3 = 2) P3(x12) > 0 and QE32 (x12) = 0 as well as forx21 = (X1 = 2;X3 = 1) P3(x21) > 0 and QE32 (x21) = 0, and thus the distribution Q3 is notde�ned. The respe
tive distributions Q1 and Q2 are in Table 3.3.Table 3.3: Appli
ation of IPFP to the distributions from Table 3.2 with " = 0.X1 X2 X3 Q0 Q1 Q2 Q31 1 1 0:1250 0.2500 0.5000 0.00001 1 2 0:1250 0.2500 0.0000 -1 2 1 0:1250 0.0000 0.0000 0.00001 2 2 0:1250 0.0000 0.0000 -2 1 1 0:1250 0.0000 0.0000 0.00002 1 2 0:1250 0.0000 0.0000 -2 2 1 0:1250 0.2500 0.0000 0.00002 2 2 0:1250 0.2500 0.0000 -
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Table 3.4: Appli
ation of IPFP to the distributions from Table 3.2 with " = 0:1. and orderingfP1; P2; P3gX1 X2 X3 Q0 Q1 Q2 Q3 ... Q19+3n Q20+3n Q21+3n1 1 1 0:1250 0.2000 0.3200 0.0941 0.1562 0.2439 0.10001 1 2 0:1250 0.2000 0.0800 0.2000 0.2438 0.1000 0.15621 2 1 0:1250 0.0500 0.0200 0.0059 0.0000 0.0000 0.00001 2 2 0:1250 0.0500 0.0800 0.2000 0.1000 0.1562 0.24382 1 1 0:1250 0.0500 0.0800 0.2000 0.1000 0.1562 0.24382 1 2 0:1250 0.0500 0.0200 0.0059 0.0000 0.0000 0.00002 2 1 0:1250 0.2000 0.0800 0.2000 0.2438 0.1000 0.15622 2 2 0:1250 0.2000 0.3200 0.0941 0.1562 0.2439 0.1000

Table 3.5: Appli
ation of IPFP to the distributions from Table 3.2 with " = 0:1 and orderingfP3; P2; P1gX1 X2 X3 Q0 Q1 Q2 Q3 ... Q19+3n Q20+3n Q21+3n1 1 1 0:1250 0.0500 0.0800 0.2000 0.1000 0.1561 0.24381 1 2 0:1250 0.2000 0.0800 0.2000 0.2438 0.1000 0.15621 2 1 0:1250 0.0500 0.0200 0.0059 0.0000 0.0000 0.00001 2 2 0:1250 0.0200 0.3200 0.0941 0.1562 0.2439 0.10002 1 1 0:1250 0.0200 0.3200 0.0941 0.1562 0.2439 0.10002 1 2 0:1250 0.0500 0.0200 0.0059 0.0000 0.0000 0.00002 2 1 0:1250 0.2000 0.0800 0.2000 0.2438 0.1000 0.15622 2 2 0:1250 0.0500 0.0800 0.0200 0.1000 0.1561 0.2438



52 CHAPTER 3. ITERATIVE PROPORTIONAL FITTING PROCEDUREThe other situation o

urs for " = 0:1. In this 
ase the sequen
e of distributionQ1; Q2; : : :\
onverges" to the 
y
le of the three distributions shown in Table 3.4. When the order ofinput set PE is fP3; P2; P1g then the distributions in the 
y
le are di�erent (see Table 3.5).Let us stress that even for a weakly 
onsistent input set (but strongly in
onsistent) thesystems of limit distributions may di�er when the distributions in PE are reordered. Fromthe next example it 
an be seen that both arithmeti
 and geometri
 averages of distributionsfrom limit 
y
les are dependent on the order of distributions in input set.Example 3.6 (Four two-dimensional distributions) Suppose that input set 
onsist offour in
onsistent probability distributions given by the following table. Distributions of inputset are given in Table 3.6.PE1 X2 = 1 X2 = 2 PE2 X3 = 1 X3 = 2X1 = 1 1=10 3=10 X2 = 1 7=10 1=10X1 = 2 2=10 4=10 X2 = 2 1=10 1=10PE3 X4 = 1 X4 = 2 PE4 X4 = 1 X4 = 2X3 = 1 2=10 1=10 X1 = 1 3=10 3=10X3 = 2 2=10 5=10 X1 = 2 3=10 1=10Table 3.6: In
onsistent input set of distributions
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Figure 3.8: IPFP behavior on in
onsistent input for the order fE1; E2; E3; E4g (upper darkline) and fE4; E2; E1; E3g (lower gray line)



4Decomposable
generating classesThe theory we are going to present at the beginning of this 
hapter exploits results of S. Haber-man [17℄ for log-linear models on a large s
ale. However, the theory of log-linear models as-sumes that all probability distributions are stri
tly positive. Our de�nition of I2-proje
tionto multipli
atively 
onstrained sets RE enable us to put aside assumption of stri
t positiv-ity. Furthermore, some proofs in [17℄ 
ontain several misprints, several \obvious" fa
ts werenot so evident. Therefore we believe it is meaningful to rewrite the fundamental theoremstogether with their proofs.In the se
ond part of the 
hapter new results 
on
erning de
omposable generating 
lassesare presented. They 
on
ern 
hara
terization of types and orderings of generating 
lasses thatguarantee 
onvergen
e of IPFP within one or two 
y
les. The main result is a 
ounterexampleto the 
onje
ture that for all de
omposable generating 
lasses IPFP 
onverges within two
y
les no matter how generating 
lass is ordered.At �rst, we are going to introdu
e some 
lass fun
tions de�ned in order to enable better
hara
terization of generating 
lasses. We follow S. Haberman [17℄.De�nition 4.1 (Generating 
lass fun
tions) Suppose E is a generating 
lass.Interse
tion 
lass F(E) is de�ned to be the set of all interse
tionF(E) = fE \E0 : E 2 E ; E0 2 E ; E 6= E0g:Let F be an element of interse
tion 
lass F(E). Raw repli
ation number 
(F; E) is the numberof sets in E that 
ontain F .Class F(F; E) 
ontains sets from F(E) that has set F as its proper subset:F(F; E) = fF 0 2 F(E) : F � F 0; F 6= F 0g:The adjusted repli
ation number d(F; E) is de�ned re
ursively by equation:d(F; E) = 
(F; E) � 1� XF 02F(F;E) d(F 0; E);53



54 CHAPTER 4. DECOMPOSABLE GENERATING CLASSESwhere the re
ursion is given by the hierar
hy of supersets of F in the interse
tion 
lass F(E)until there is no superset. Then d(F 0; E) = 
(F 0; E)� 1.Hierar
hi
al 
lass H(E) generated by E is the setfA � E : E 2 Eg:In order to shed light upon previous de�nition we will give a simple example to show howthese fun
tion a
ts.Example 4.1 (Generating 
lass fun
tions) Let E is a generating 
lass given by Fig-ure 4.1 i.e. E = ff1; 2; 4g; f2; 3; 5g; f2; 4; 5g; f4; 5; 7g; f4; 6; 7g; f5; 7; 8gg. The following tableshows for ea
h F 2 F(E) values of raw repli
ation number 
(F; E), 
lass F(F; E), and adjustedrepli
ation number d(F; E).F f4; 2g f5; 2g f2g f4; 5g f4g f5g f4; 7g f5; 7g f7g ;
(F; E) 2 2 3 2 4 4 2 2 3 6F(F; E) ; ; ff4,2g,f5,2gg ; ff4,2g,f4,5g,f4,7gg ff5,2g,f4,5g,f5,7gg ; ; ff4,7g,f5,7gg F(E)n;d(F; E) 1 1 0 1 0 0 1 1 0 0Hierar
hi
al 
lass H(E) generated by E is the 
lass:f ;, f1g, f2g, f3g, f4g, f5g, f6g, f7g, f8g, f1,2g, f1,4g, f2,3g, f2,4g, f2,5g, f3,5g,f4,5g, f4,6g, f4,7g, f5,7g, f5,8g, f6,7g, f7,8g, f1,2,4g, f2,3,5g, f2,4,5g, f4,5,7g,f4,6,7g, f5,7,8g g.
E2

6 7 8

4 5

1 2 3
E1 E3

E5
E4 E6

Figure 4.1: Generating 
lass E = fE1; E2; : : : ; E6gAn important 
onsequen
e of Lemma 2.8 based on orderings of E that meet Runninginterse
tion property (RIP) follows.Theorem 4.1 Let fE1; E2; : : : ; Esg be an ordering of a de
omposable generating 
lass E sat-isfying RIP and P 2 P. De�ne 
lass SE = fS 2 P : SE = PE ; E 2 Eg 6= ;. Further letFj+1 = Ej+1 \Aj ; j = 1; 2; : : : ; s, where Aj = [jk=1Ek. Then�0RV P (xV ) = Qj=1;2;:::;s PEj (xEj )Qj=2;:::;s PFj (xFj ) � UV nAs



55Proof. The proof is nothing else than a su

essive appli
ation of Lemma 2.8 with(E1)(0) = E nEs; (E2)(0) = Es; C = Fs;for i = 1; 2; : : : ; s� 2 : (E1)(i) = (E1)(i�1) nEs�i, (E2)(i) = Es�i, and C = Fs�i. 2The following Lemma 4.1 exploits de
omposition E1; E2 of a generating 
lass E to showthat if an interse
tion set F belongs to hierar
hi
al 
lass H(E1) nH(E2) then all its supersetsfrom interse
tion 
lass belongs there as well. This property will be used in the proof ofTheorem 4.2Lemma 4.1 Let E1 and E2 be a partition of E, su
h that for some E1 2 E1 and E2 2 E2 itholds [Ei2E1Ei \ [Ej2E2Ej = E1 \E2:Further let F belong to the interse
tion 
lass F(E).If F 2 H(E1) n H(E2) then F(F; E) � H(E1) n H(E2).Proof. H(E1) n H(E2) = H(E1) n (H(E1) \H(E2))Sin
e ([Ei2E1Ei) \ ([Ej2E2Ej) = E1 \E2 ) H(E1) \H(E2) = H(E1 \E2)H(E1) n H(E2) = H(E1) n H(E1 \E2)F(F; E) � F(E). It is assumed that F 2 H(E1)nH(E1\E2) i.e. F is equal neither to E1\E2nor to any of its subsets. Therefore E1 \E2 =2 F(F; E). It follows that8E0 2 E1; E00 2 E2 : E0 \E00 62 F(F; E):It is obvious that also 8E0; E00 2 E2 : E0 \E00 62 F(F; E):Consequently, F(F; E) 
onsists only of fE0 \E00g, where E0; E00 2 E1 and thereforeF(F; E) � H(E1) n H(E2): 2The following theorem is of a fundamental importan
e for design of proofs given in this
hapter. Hen
e we are going to give a revised version of its proof from [17, Theorem 5.1℄ inspite the fa
t it is very 
omplex.Theorem 4.2 (Closed form of I2-proje
tions on RE )Let E be a de
omposable generating 
lass. Further, let P , a distribution from P, de�ne 
lassSE = fS 2 P : SE = PE; E 2 Eg 6= ;. Then �0RV P exists and�0RV P (x) = QE2E PE(xE)QF2F(E) (PF (xF ))d(F;E) � UD(xD); where D = V n [E2E E:



56 CHAPTER 4. DECOMPOSABLE GENERATING CLASSESProof. The proof is by indu
tion over the de
omposition of E .If E = fEg then F(E) = ; and by Lemma 2.6�0RV P (xV ) = PE(xE) � UD(xD):Assume that the theorem holds for all de
omposable generating 
lasses properly in
luded inE . Suppose that E1 and E2 are disjoint de
omposable 
lasses su
h that E = E1 [E2 and thereexist E1 2 E1 and E2 2 E2: (SE12E1 E1) \ (SE22E2 E2) = E1 \ E2 (sin
e E is de
omposablethere exists at least one su
h partition of E .The subsequent relationships between fun
tions of E and fun
tions of E1 and E2 will beused: H(E) = H(E1) [H(E2)F 2 F(F; E) ) 
(F; E) = 
(F; E1) + 
(F; E2)F(F; E) = ; and F 2 F(E)) F(F; E1) = F(F; E2) = ;In the rest of the proof we need to prove that relation between d(F; E) and d(F; E1); d(F; E2)properly 
oin
ides with 
omposition of E from E1; E2. We are going to verify the relation stepby step for all possible F 2 F(E).(A) F 2 F(E) : F(F; E) is emptyd(F; E) = 
(F; E) � 1 = 
(F; E1) + 
(F; E2) � 1 We will study situations F 2 H(E1) n H(E2),F 2 H(E2) n H(E1), and F 2 H(E1) \H(E2) separately.(1) F 2 H(E1) n H(E2) ) 
(F; E2) = 0 ) d(F; E) = 
(F; E1)� 1 = d(F; E1).(2) F 2 H(E2) n H(E1) gives analogously to previous d(F; E) = d(F; E2).(3) F 2 H(E1) \H(E2). Sin
e F(F; E1) = F(F; E2) = ; we getd(F; E) = 
(F; E1) + 
(F; E2)� 1 = d(F; E1) + d(F; E2) + 1:Thus we get relations for d(F; E) in the three di�erent 
ases. Next, we will proof theserelations for more 
ompli
ated 
ase of F 2 F(E) su
h that F(F; E) is not empty. We willstudy F 2 H(E1) n H(E2), F 2 H(E2) n H(E1), and F 2 H(E1) \H(E2) separately again.(B) F 2 F(E) : F(F; E) is not empty(1) If F 2 H(E1)nH(E2) then 
(F; E2) = 0 ) 
(F; E) = 
(F; E1). De�ne F(i) 2 F(F(i�1); i =1; 2; : : : and F(0) = F . We 
an apply re
ursion over i = 0; 1; 2; ::: until F(F(i); E) isempty. Then d(F(i); E) = d(F(i); E1).If F(F(i); E) is not empty then sin
e F(F(i); E) � H(E1)nH(E2) we 
an apply Lemma 4.1and write d(F(i); E) = 
(F(i); E)� 1� XF(i+1)2F(F(i);E) d(F(i+1); E)= 
(F(i); E1)� 1� XF(i+1)2F(F(i);E) d(F(i+1); E):



57It follows that d(F; E) = d(F; E1).(2) F 2 H(E2) n H(E1). Similarly to the previous 
ase we get d(F; E) = d(F; E2).(3a) F 2 H(E2) \H(E1) and F = E1 \E2� F(F; E1) � F(E1) � (SEi2E1 Ei) and F(F; E2) � F(E2) � (SEi2E2 Ei) thereforeF(F; E1) \ F(F; E2) � E1 \E2� F =2 F(F; E) therefore F(F; E1) and F(F; E2) are disjoint and F(F; E) = F(F; E1)[F(F; E2).d(F; E) = 
(F; E) � 1� XF 02F(F;E) d(F 0; E)= 
(F 0; E1) + 
(F 0; E2)� 1� XF 02F(F;E1) d(F 0; E)� XF 02F(F;E2) d(F 0; E)Sin
e F(F; E1) � H(E1)nH(E2) it follows from 1. that d(F 0; E) = d(F 0; E1) and similarlyfor F(F; E2).= 
(F; E1) + 
(F; E2)� 1� XF 02F(F;E1) d(F 0; E)� XF 02F(F;E2) d(F 0; E)= d(F; E1) + d(F; E2) + 1(3b) F 2 H(E2) \H(E1) and F � E1 \E2, F 6= E1 \E2d(F; E) = 
(F; E) � 1� XF 02F(F;E) d(F 0; E)F(F; E) is the union of the following disjoint 
lasses:A = fE1 \E2g;B = F(F; E) \ (H(E1) \H(E2));C = F(F; E) \ (H(E2) \H(E1)); andD = F(F; E) \H(E1) \H(E2) n fE1 \E2g:De�ne F(i) 2 F(F(i�1)E); i = 1; 2; : : : and F(0) = F and F(F(i); E) = A(i) [ B(i) [ C(i) [D(i): Let F(0) = F . We 
an apply re
ursion over i = 0; 1; 2; ::: until F(F(i); E) is empty.� If D(i) is empty then using equation from part 3. we getd(F(i); E) = 
(F(i); E1) + 
(F(i); E2)� 1� XF(i+1)2A(i)(d(F(i+1); E1) + d(F(i+1); E2) + 1)= d(F(i); E1) + d(F(i); E2):



58 CHAPTER 4. DECOMPOSABLE GENERATING CLASSES� If D(i) is not empty thend(F(i); E) = 
(F(i); E1) + 
(F(i); E2)� 1� XF(i+1)2A(i) d(F(i+1); E)� XF(i+1)2B(i) d(F(i+1); E)� XF(i+1)2C(i) d(F(i+1); E)� XF(i+1)2D(i) d(F(i+1); E)= 
(F(i); E1) + 
(F(i); E2)� 1� XF(i+1)2A(i)(d(F(i+1); E1) + d(F(i+1); E2) + 1)� XF(i+1)2B(i) d(F(i+1); E1)� XF(i+1)2C(i) d(F(i+1); E2)� XF(i+1)2D(i) d(F(i+1); E)Then for F(0) = F we getd(F; E) = 
(F(0); E1) + 
(F(0); E2)� 2= � XF(1)2F(F(0);E1) d(F(1); E1)� XF(1)2F(F(0);E2) d(F(1); E2)= d(F; E1) + d(F; E2):The relations for d(F; E) that were already proved are summarized in the following table.F(E) H(E) d(F; E)F 2 F(E1) n F(E2) F 2 F(E1) \H(E2) d(F; E1)F 2 F(E1) n F(E2) F 2 F(E) \H(E1) \H(E2) d(F; E1) + d(F; E2)F 2 F(E1) \ F(E2) F 2 F(E) \H(E1) \H(E2) d(F; E1) + d(F; E2)F 2 F(E2) n F(E1) F 2 F(E) \H(E1) \H(E2) d(F; E1) + d(F; E2)F 2 F(E2) n F(E1) F 2 F(E2) \H(E1) d(F; E2)Using Lemma 2.8 and indu
tion hypothesis we 
an write�0RV P = �0RAP � �0RBPPC � UD= QE2E1 PEQF2F(E1)(PF )d(F;E1) � QE2E2 PEQF2F(E2)(PF )d(F;E2) � 1PC � UD= QE2E PE � UDQF2F(E1)nF(E2)(PF )d(F;E1) �QF2F(E2)nF(E1)(PF )d(F;E2) �



591QF2(F(E1)\F(E2))nC (PF )d(F;E1)+d(F;E2) � (PC)d(C;E1)+d(C;E2)+1 :Finally, using the relations for d(F; E), summarized in the table, and sin
e C 2 F(E) \H(E1) \H(E2) we get �0RV P = QE2E PEQF2F(E)(PF )d(F;E) � UD(xD): 2So far no simple pro
edure to test strong 
onsisten
y is known. Appli
ation of methodsof linear programming leads to the task of high dimensionality. In the 
ase of input set withde
omposable generating 
lass the test of weak 
onsisten
y is simple. Furthermore it is in this
ase equivalent to the strong 
onsisten
y. Properties of de
omposable generating 
lass of thiskind were already proved by several authors. At least, we refer to H. G. Kellerer [25℄. Thefollowing theorem shows how the the test of weak 
onsisten
y 
an be performed in the 
aseof de
omposable generating 
lass.Theorem 4.3 (Weak 
onsisten
y test)Let PE = fP1((Xi)i2E1); : : : ; Ps((Xi)i2Es)g be an input set of distributions and Ek for k =1; : : : ; s be an ordering of sets from E meeting the RIP, then the following two statements areequivalent:(a) PE is weakly 
onsistent(b) 8k = 2; : : : ; s 9` (1 � ` < k & (Ek \Sk�1m=1Em) � E` & PEk\E`k = PEk\E`` ) :Proof. (a) ) (b) If the input set PE is weakly 
onsistent then, a

ording to de�nition, forany 
ouple of di�erent indi
esk; ` 2 f1; : : : ; sg (PEk\E`k = PEk\E`` ):therefore this equality must be valid also for a subset of all 
ouples de�ned by (b) (existen
eof ` with given properties is assured be
ause of RIP).(b) ) (a) Condition of weak 
onsisten
y of input set PE 
an be rewritten :8k = 2; : : : ; s 8j < k (PEk\Ejk = PEk\Ejj ): (4.1)For k = 2 (b) and 4.1 
oin
ide, as both these expressions 
an be written asPE2\E12 = PE2\E11 :Assume the theorem holds for k < i. Now, we shall prove it holds also for k = i, i.e. we areproving that 8j < i PEi\Eji = PEi\Ejj :Statement (b) requires existen
e of ` < i su
h that Ej \ Ei � E`. Pj and P` are pairwise
onsistent be
ause of the assumption of the mathemati
al indu
tion (we assume the theoremis valid for all k < i), pairwise 
onsisten
y of P` and Pi is required by (b). ThereforePEj\E`j = PEj\E`` ; PE`\Ei` = PE`\Eii ; and Ej \Ei � E`



60 CHAPTER 4. DECOMPOSABLE GENERATING CLASSESgives PEj\Eij = PEj\Eii : 24.1 Convergen
e within one 
y
leIn Chapter 1 the mapping that asso
iates to ea
h 
onformal hypergraph its graph was de-s
ribed. Therefore, the study of de
omposable generating 
lasses that guarantee IPFP 
on-vergen
e within one 
y
le 
an exploits known fa
ts about 
hordal (triangulated) graphs.IPFP 
onvergen
e rate depends on the 
hoi
e of initial distribution, but we will not studythis question. We are going to deal with initial distributions that fa
torize with respe
t togenerating 
lass and the uniform distribution only (that naturally fa
torize with respe
t togenerating 
lass), sin
e they approve the best 
onvergen
e rate of IPFP.The fa
t that an expli
it formula of �0RV P for orderings that meet Running Interse
tionProperty is given in a simple form (Theorem 4.1) is used to prove the following theorem. Thetheorem together with its proof 
an be found in [17, Theorem 5.3℄.Theorem 4.4 (Orderings that assure 
onvergen
e within one 
y
le)Let E be a de
omposable generating 
lass of input set PE and P 2 SE ; P � Q(0). If Q(0) 2 REthen there exist an ordering E = fEi : i = 1; 2; : : : ; sg su
h thatQ(s) = Q(s+1) = : : : ;where Q(i); i = 1; 2; : : : are 
omputed by formula 3.1 of De�nition 3.2. We will say that IPFP
onverges within one 
y
le (s steps).All the orderings that meet Running Interse
tion Property guarantee 
onvergen
e in one
y
le. But there are some other that 
an assure the 
onvergen
e within one 
y
le, too.Theorem 4.5 proved by S. Haberman [17, Theorem 5.4℄ gives a suÆ
ient (but not ne
essary)
ondition for a family of generating 
lasses that guarantee IPFP 
onvergen
e within one 
y
leno matter how is the input set ordered. The proof of Theorem 4.5 makes use of Lemma 4.2.This lemma gives an expli
it formula for marginal distribution of the I2-proje
tion on arestri
tion of a generating 
lass E . Lemma 4.2 was also proved by S. Haberman [17, Lemma5.14℄. We are going to 
ite both these assertions sin
e they 
onstitute an important part ofstudy of IPFP behavior for de
omposable generating 
lasses.Lemma 4.2 Let E = fE1; E2; : : : ; Esg; s � 2 be a de
omposable generating 
lass of input setPE . Further, let A be the set of edges generated from E by set A = [si=2Ei, i.e. A = E(A)and B be the set of edges generated from E n E1 by set E1, i.e. B = (E n E1)(E1). If �0RBPexists then (�0RA;V P )E1 = �0RBP � 1UD ; where D = V n [i=1;2;:::sEi:Theorem 4.5 (SuÆ
ient 
ondition for IPFP 
onvergen
e within one 
y
le - 1 )Let E be a totally de
omposable generating 
lass and P 2 P be a probability distribution fromSE . Then IPFP starting with the uniform distribution Q(0) = UV 2 P 
onverges within one
y
le (s steps) no matter how E is ordered and Q(s) = �0RV P:
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Figure 4.2: An example of generating 
lass, whi
h does not satisfy assumptions of Theo-rem 4.5. In spite of it IPFP 
onverges in one 
y
le no matter how E is ordered (see Theo-rem 4.6).We will exploit formulas for marginals of Q(i) given in Theorem 3.1 to prove anothersuÆ
ient 
ondition of IPFP 
onvergen
e within s steps.Theorem 4.6 (SuÆ
ient 
ondition for IPFP 
onvergen
e within one 
y
le - 2 )Suppose there is a set E� 2 E = fEi : i = 1; 2; : : : ; sg su
h that Ei \ Ej � E�;8i; j =1; 2; : : : s; i 6= j. If E is a generating 
lass of input set PE and if there exist P 2 SE ; P � Q(0)then IPFP starting with Q(0) 2 RF 
onverges within s steps (one 
y
le) no matter how E isordered.Proof. Denote r the index for whi
h E� = Er; 1 � r � s. E is de
omposable sin
e itsordering starting with EÆ(1) = Er satis�es RIP (see Lemma 1.1).In the sequel i denotes iterative step, j = (i� 1) mod s+1 is index of PEj being �tted instep i. At �rst, we will simplify the formula of Theorem 3.1 separately for the 
ases Ej 6= Erand Ej = Er.(i) Ej 6= ErFor any Ej 2 E ; Ej 6= Er any ordering su
h thatE = fEÆ(1); EÆ(2); : : : ; EÆ(s)g; where Ej = EÆ(1) and Er = EÆ(2) satis�es RIP.Let Aj = [j�1l=1EÆ(l). For k = r: Ek \Ak = Ej \Erand for every 1 � k � s; k 6= j; k 6= r:Ek \Ak = Ek \Er:



62 CHAPTER 4. DECOMPOSABLE GENERATING CLASSESIn this 
ase the formula of Theorem 3.1 
an be rewritten:
QEk(i) = 8>>>>>>>>>>><>>>>>>>>>>>:

PEj for k = j,QEj\Er(i) QEr(i�1)QEj\Er(i�1) for k = r,QEk\Er(i) QEk(i�1)QEk\Er(i�1) ; for k 6= j; k 6= r;From this formula it follows that QEj\Er(i) = PEj\ErEj and 
onsequently we 
an further rewritethe formula for k = r : QEk(i) = PEj\ErEj QEr(i�1)QEj\Er(i�1) : (4.2)By marginalization of 4.2 to Ek \Er we getQEk\Er(i) = PEj\Er\EkEj QEk\Er(i�1)QEj\Er\Ek(i�1) = PEk\ErEj QEk\Er(i�1)QEk\Er(i�1) = PEk\ErEj ;so that we 
an �nally rewrite the formula of Theorem 3.1
QEk(i) = 8>>>>>>>>>>><>>>>>>>>>>>:

PEj for k = j,PEj\ErEj QEr(i�1)QEj\Er(i�1) for k = r,PEk\ErEj QEk(i�1)QEk\Er(i�1) ; for k 6= j; k 6= r; (4.3)
(ii) Ej = ErAll orderings E = fEÆ(1); EÆ(2); : : : ; EÆ(s)g; su
h that Er = EÆ(1),meets RIP. Let Aj = [j�1l=1EÆ(l). For every 1 � k � s; k 6= r:Ek \Ak = Ek \Er:In this 
ase the formula of Theorem 3.1 
an be given in the form of:QEk(i) = 8>>>><>>>>: PEr for k = r,QEk\Er(i) QEk(i�1)QEk\Er(i�1) for k 6= r.



4.1. CONVERGENCE WITHIN ONE CYCLE 63Similarly to (i) this formula 
an be rewritten so that we getQEk(i) = 8>>><>>>: PEr for k = r,PEk\ErEr QEr(i�1)QEk\Er(i�1) for k 6= r. (4.4)In the next, we will exploit the fa
t that for every i = 2; 3; : : :QEk(i�1) = PEk for k = i� 1:Therefore it follows from equations 4.3 and 4.4 for k = i� 1QEk(i) = 8>>>>><>>>>>: PEk\ErEj PEkPEk\ErEk for k 6= r; k 6= j,PEj\ErEj PErPEj\ErEr for k = r; k 6= j.It is supposed that SE 6= ; the input set is 
onsistent whi
h implies thatPEk\ErEj = PEk\ErEk and PEj\ErEj = PEj\ErEr :Thus we get for k = i� 1 QEk(i) = PEk : (4.5)This pro
edure 
an be repeated also for k = i� 2; i� 3; : : : ; 1, so that equation 4.5 holds fork = 1; 2; : : : i. Sin
e i is arbitrary we 
an write for i = s; k = 1; 2; : : : sQEk(s) = PEk :Sin
e Q(i) 2 RE ; i = 0; 1; 2; : : : and E is de
omposable, for any orderingE = fEÆ(1); EÆ(2); : : : ; EÆ(s)g;that satis�es RIP we 
an write (using Lemma 2.8 and Theorem 4.1)Q(s) = QÆ(s)j=Æ(1)QEj(s)QÆ(s)j=Æ(2)QEj\Aj(s) = QÆ(s)j=Æ(1) PEjQÆ(s)j=Æ(2) PEj\AjEj = �0REP = �SEQ(0);whi
h is the limit of joint probability distribution's sequen
e 
omputed by IPFP. 2Conje
ture 4.1 (Ne
essary and suÆ
ient 
ondition)IPFP 
onverges within one 
y
le (s steps) no matter how E is ordered and what are a
tualvalues of distribution in strongly 
onsistent input set i� either assumptions of Theorem 4.5or Theorem 4.6 are satis�ed.



64 CHAPTER 4. DECOMPOSABLE GENERATING CLASSESThe argument in favor of the previous 
onje
ture is based on the following 
onsideration.Exploiting the 
orresponden
e between hypergraph and graphs notion so we 
an formulatethe 
onje
ture using strong 
hordality and 
hordality graph property (see Se
tion 1.2.3). We
ould reje
t the previous 
onje
ture if we had 
onstru
ted a 
ounter example. So we tryto 
onstru
t a graph that(1) is 
hordal,(2) is not strongly 
hordal,(3) does not 
ontain any 
lique E� su
h that all pair-wise interse
tion of 
liques are subsetsof the 
lique E�,(4) IPFP 
onverges within one 
y
le for all orderings of 
liques.We believe that all graphs satisfying (1) and (2) must 
ontain a 
y
le of the length equal sixwithout strong 
hord. It is be
ause all 
hordal graphs that 
ontain a 
y
le with even lengthgreater than six without strong 
hord seems to 
ontain the 
y
le of the length six as well.Consequently, every 
onstru
tion of a 
ounter example must start with a 
y
le of length sixhaving three 
hords (to assure (1)) but none of them being strong (Figure 4.2). Note thatsu
h a graph satis�es 
ondition (4). Let us 
he
k all ways how this graph 
ould be extendedso that it remains 
hordal but not strongly 
hordal and does not 
ontain any 
lique E� su
hthat all pair-wise interse
tion of 
liques are subsets of the 
lique E�. There are six pairs ofnodes, having distan
e one in the 
y
le of the length six, where 
an be the graph extendedso that 
onditions dis
ussed above are satis�ed. Using Figure 4.2 these pairs are:f1; 3g; f3; 6g; f6; 4g; f4; 5g; f5; 2g; f2; 1g:Extension are 
onstru
ted so that a new 
lique's interse
tion with the initial graph is equalto one of the pairs. Then all new graphs satis�es 
onditions (1), (2), and (3) but for all ofthem an ordering of their 
liques 
an be found so that IPFP does not 
onverge within one
y
le.The following theorem gives a suÆ
ient 
ondition for orderings that guarantee IPFP
onvergen
e within one 
y
le. The idea of its proof is due to Radim Jirou�sek.Theorem 4.7 (Orderings that guarantee 
onvergen
e within one 
y
le)Let fE1; E2; : : : Esg be an ordering of generating 
lass E, initial probability distribution Q(0) 2P be uniform and there exist a Q 2 SE = fQ(x) 2 P : QEi = PEi ; i = 1; 2; : : : ; sg. If forevery iteration 1 < i � s hypergraphH(i) = (V(i); E(i)); V(i) = [ij=1Ej ; E(i) = fE1; E2; : : : Eigis de
omposable then IPFP 
onverges in one 
y
le.Proof.Using mathemati
al indu
tion we will show that for all i = 1; 2; : : : ; s the distributionsQ(i) 2 SE(i) :



4.1. CONVERGENCE WITHIN ONE CYCLE 65It is obvious that QE1(1) = PE1 . Thus Q(1) 2 SE(1) .Assume Q(i�1) 2 SE(i�1) . From Theorem 3.3 we know that Q(i�1) 2 RE(i�1) therefore the
omputation of Q(i) 
an be performed in i \sub-steps" by the formula of Theorem 3.1. Inthis 
ase we take any ordering EÆ(1); EÆ(2); : : : EÆ(i) of E(i) meeting RIP su
h that Æ(1) = i.We will use mathemati
al indu
tion again to prove that fork = 1; 2; : : : i : QEÆ(k)(i) = PEÆ(k):For k = 1 QEÆ(1)(i) = QEi(i) = PEiQEi(i)QEi(i) = PEi : (4.6)Suppose for n = 1; 2; : : : ;m� 1, where 2 � m � i, it holds thatQEÆ(n)(i) = PEÆ(n) : (4.7)Then it is assured by RIP that there exist l su
h that 1 � l < m andEÆ(m) \Am = EÆ(m) \EÆ(l); where Am = [j=1;2;:::m�1EÆ(j):Thus we 
an write using the formula of Theorem 3.1QEÆ(m)(i) = QEÆ(m)\EÆ(l)(i) QEÆ(m)(i�1)QEÆ(m)\EÆ(l)(i�1) (4.8)Sin
e it was assumed that Q(i�1) 2 SE(i�1) we getQEÆ(m)(i) = QEÆ(m)\EÆ(l)(i) PEÆ(m)PEÆ(m)\EÆ(l)EÆ(m) :It follows from the indu
tion hypothesis (equation 4.7) that QEÆ(l)(i) = PEÆ(l) . Therefore, we
an further rewrite formula 4.8:QEÆ(m)(i) = PEÆ(m)\EÆ(l)EÆ(l) PEÆ(m)PEÆ(m)\EÆ(l)EÆ(m) :Sin
e the input set is 
onsistent it holds that PEÆ(m)\EÆ(l)EÆ(m) = PEÆ(m)\EÆ(l)EÆ(l) and �nally, we getQEÆ(m)(i) = PEÆ(m)\EÆ(l)EÆ(m) PEÆ(m)PEÆ(m)\EÆ(l)EÆ(m) = PEÆ(m) : 2However, Theorem 4.7 does not give a ne
essary 
ondition sin
e there exist orderings thatdoes not satisfy the assumption of the theorem but the IPFP pro
edure 
onverges within one
y
le. An example of su
h ordering is the ordering fE1; E3; E4; E6; E5; E2g of the input setwhose generating 
lass is des
ribed by Figure 4.3.



66 CHAPTER 4. DECOMPOSABLE GENERATING CLASSES4.2 Convergen
e within more than one 
y
leS. Haberman in [17℄ 
onje
tures that if generating 
lass E = fEi : i = 1; 2; : : : ; sg is de
om-posable and P1; P2; : : : ; Ps are 
onsistent, then IPFP 
onverges within 2 � s steps (two 
y
les)no matter how E is ordered. The 
onje
ture does not hold.Assertion 4.1 There exist de
omposable generating 
lasses E = fEi : i = 1; 2; : : : ; sg su
hthat for some of their orderings IPFP does not 
onverge within 2 � s steps (two 
y
les) evenif input set fP1; P2; : : : ; Psg is 
onsistent and the initial distribution Q(0) is uniform.The following example is a 
ounterexample to the Haberman's 
onje
ture whi
h provesAssertion 4.1.
������
��
�������� ���� ����
�������� ���� ����

�������� ����E5 ������������
7 1 82 35 4 6E1 E3E2E4 E6

Figure 4.3: A de
omposable generating 
lass (
onje
tured to be the smallest) for whi
h IPFPneed not 
onverge in two 
y
les for the ordering fE1; E2; E3; E4; E5; E6gTable 4.1: Distribution PE1X4 = 1 X4 = 2PE1 X5 = 1 X5 = 2 X5 = 1 X5 = 2X2 = 1 5=100 8=100 5=100 11=100X2 = 2 13=100 17=100 31=100 10=100The 
ounter example was veri�ed using implementation of IPFP written in rationalarithmeti
 in Mathemati
a [43℄, an integrated system for te
hni
al 
omputation, with ex-tensive numeri
al, symboli
, graphi
al, programming, and interfa
ing 
apabilities. More de-tails des
ribing the implementation 
an be found in Appendix A, the sour
e �le is availablefrom World Wide Web and atta
hed to the thesis as Appendix A.1.In Tables 4.1, 4.2, 4.3, 4.4, 4.5, and 4.6 probability distributions of a 
onsistent inputset are given. Initial probability distribution Q(0) 2 P was uniform. After two 
y
les thetotal varian
es between marginals of joint probability distribution QEj(12); j = 1; 2; 3; 4; 5 and



4.2. CONVERGENCE WITHIN MORE THAN ONE CYCLE 67Table 4.2: Distribution PE2X2 = 1 X2 = 2PE2 X3 = 1 X3 = 2 X3 = 1 X3 = 2X1 = 1 3=100 13=100 7=100 17=100X1 = 2 3=100 10=100 17=100 30=100Table 4.3: Distribution PE3X4 = 1 X4 = 2PE3 X6 = 1 X6 = 2 X6 = 1 X6 = 2X3 = 1 7=100 5=100 11=100 7=100X3 = 2 23=100 8=100 27=100 12=100Table 4.4: Distribution PE4X2 = 1 X2 = 2PE4 X7 = 1 X7 = 2 X7 = 1 X7 = 2X1 = 1 12=100 4=100 11=100 13=100X1 = 2 8=100 5=100 13=100 34=100Table 4.5: Distribution PE5X3 = 1 X3 = 2PE5 X4 = 1 X4 = 2 X4 = 1 X4 = 2X2 = 1 2=100 4=100 11=100 12=100X2 = 2 10=100 14=100 20=100 27=100Table 4.6: Distribution PE6X3 = 1 X3 = 2PE6 X8 = 1 X8 = 2 X8 = 1 X8 = 2X1 = 1 3=100 7=100 11=100 19=100X1 = 2 5=100 15=100 25=100 15=100



68 CHAPTER 4. DECOMPOSABLE GENERATING CLASSESdistributions from input set were di�erent from zero. It means that IPFP does not 
onvergewithin 2 � s steps (two 
y
les). This 
ontradi
ts the Haberman's 
onje
ture. Rounded valuesof the total varian
es are given in Table 4.7.j jPEj �QEj(12)j1 2:5496 � 10�122 1:0533 � 10�103 1:8018 � 10�134 1:0533 � 10�145 2:5496 � 10�126 0Table 4.7: The total varian
es between marginals of Q(12) and the distributions from theinput setWe 
onje
ture that 
onvergen
e of IPFP for de
omposable generating 
lasses within �nitenumber of iterative steps 
an not be guaranteed if the stru
ture of generating 
lass 
orrespondsto a graph 
ontaining as its subgraph graph from Figure 4.3.Conje
ture 4.2 Let E be a de
omposable generating 
lass of input set PE , and there exista P 2 SE ; P � Q(0). If IPFP starting with a joint probability distribution Q(0) 2 RE ; j =1; 2; : : : s does not 
onverge within �nite number of iterative steps then the graph of hypergraphH = (V; E) 
ontains a 
y
le su
h that(1) its length is greater or equal eight,(2) does not 
ontain any strong 
hord, and(3) there are no 
rossing 
hords in the 
y
le.The idea behind the previous 
onje
ture is based on the following 
onsiderations. If thereis a 
hordal graph that does not 
ontain any 
y
le su
h that its length is greater or equaleight (1) then we believe it must be a strongly 
hordal graph or a graph of the type givenby Figure 4.2 (see the arguments in favor of Conje
ture 4.1). For su
h graphs IPFP always
onverges within one 
y
le. The same holds for graphs 
ontaining a strong 
hord (2). The
onditions (1) and (2) are not suÆ
ient sin
e all the graphs that satis�es them but 
ontainsa 
lique E� su
h that all pair-wise interse
tion of 
liques are subsets of the 
lique E� mustbe ex
luded. his is the reason for the 
ondition (3) to be involved. See Figure 1.5 for anexample of graph that satis�es (1) and (2) but not (3).



5Inconsistent
knowledge
integrationIn pra
ti
e, quite often we have to 
ope with in
omplete or in
onsistent information and makede
isions on it. Intelligent systems should be 
apable of handling su
h information as well.Within probabilisti
 framework, the knowledge of a given domain 
an be represented by ajoint probability distribution that embodies knowledge about a 
hosen domain. How 
an we
onstru
t su
h a distribution? What are possible solutions? What are their advantages andshortages? At the beginning of this 
hapter, we are going to present two basi
 approa
hes toknowledge integration having an in
onsistent input set of probability distributions.First approa
h exploits given 
riteria that measure distan
es from the marginals ofa probability distribution to the probability distributions in a given input set (Se
tion 5.1).Within this approa
h the probability distribution that minimizes that 
riteria is regarded tobe the best solution of in
onsistent knowledge integration task.Se
ond approa
h is based on the assumption that probability distributions from agiven input set might be estimated as relative frequen
ies from data (Se
tion 5.2). If the dataare in
omplete then the estimation may results into an in
onsistent input set of probabilitydistributions. In this 
ase there are several methods in statisti
s that 
ould be applied to theproblem. They are usually referred as missing data methods. Later, we will show thatthese two approa
hes may, for a 
ertain distan
e 
riterion, overlap and methods proposedwithin one approa
h 
an get a reasonable interpretation within the other.Five iterative methods will be dis
ussed in detail and the results of their empiri
al 
om-parison will be presented. These methods are:� Convex Conservative Modi�
ation of IPFP (CC) in Se
tion 5.7,� Log-Convex Conservative Modi�
ation of IPFP (LCC) in Se
tion 5.7,� Method of Iterative Arithmeti
 Averages (AA) in Se
tion 5.8,69



70 CHAPTER 5. INCONSISTENT KNOWLEDGE INTEGRATION� Method of Iterative Geometri
 Averages (GA) in Se
tion 5.9, and� an instan
e of Generalized EM-algorithm (GEM) in Se
tion 5.10.5.1 Distan
e to a given input setIn this se
tion, two reasonable 
riteria that 
an measure the distan
e between the marginalsof the resulting distribution and the distributions of the input set will be presented. Supposethat to every probability distribution PEj from input set PE a nonnegative weight wj isassigned su
h thatPsj=1wj = 1. The weights 
an be understood as a measure of belief of the
orresponding probability distributions. Alternatively, the weights 
an be set to equal theratio of number of data ve
tors used to estimation of values of the 
orresponding probabilitydistribution NEj and total number of data ve
tors N , i.e. wj = NEjN .De�nition 5.1 (I1-aggregate ) Let E = fE1; : : : Esg be a generating 
lass of an input setPE , Q 2 P be a probability distribution and wj be nonnegative weights summing up to 1.Then an I1-aggregate is de�ned to be the fun
tional 1(Q) = sXj=1wj � I(PEj k QEj ):The set of all probability distributions minimizing the I1-aggregate will be denoted T1, i.e.T1 = fQ 2 P : (8P 2 P :  1(P ) �  1(Q)g:The following lemma shows that the I1-aggregate is equivalent toPsj=1wj �I(�SfEjgQ k Q):Lemma 5.1 Let PEj 2 PEj ; j = 1; 2; : : : ; s, SfEjg = fS 2 P; SEj = PEjg, Q 2 P, su
h thatPEj � QEj , and wj be nonnegative weights summing up to 1. ThensXj=1wj � I(�SfEjgQ k Q) = sXj=1wj � I(PEj k QEj ):Proof. sXj=1wj � I(�SfEjgQ k Q) == sXj=1wj � Xx; Q(x)>0Q(x)PEj (xEj )QEj (xEj ) � log Q(x) PEj (xEj )QEj (xEj )Q(x)= sXj=1wj � Xx; Q(x)>0Q(x)PEj (xEj )QEj (xEj ) � log PEj (xEj )QEj (xEj )



5.1. DISTANCE TO A GIVEN INPUT SET 71= sXj=1wj � XxEj ; QEj (xEj )>0 PEj (xEj )QEj (xEj ) � log PEj (xEj )QEj (xEj ) XyV nEj=xV nEj Q(y)= sXj=1wj � XxEj ; QEj (xEj )>0PEj (xEj ) � log PEj (xEj )QEj (xEj )= sXj=1wj � I(PEj k QEj ): 2Sin
e I(P k Q) � 0 and I(P k Q) = 0 if and only if P = Q it 
an be easily seen thatminimization of I1-aggregate in 
onsistent 
ase ensure that a resulting distribution belongsto SE . Similarly to the I1-aggregate, we 
an de�ne the I2-aggregate and set of its minimizersT2.De�nition 5.2 (I2-aggregate ) Let E = fE1; : : : Esg be a generating 
lass of an input setPE , Q 2 P be a probability distribution and wj be nonnegative weights summing up to 1.Then an I2-aggregate is de�ned by 2(Q) = sXj=1wj � I(QEj k PEj ):The set of all probability distributions minimizing the I2-aggregate will be denoted T2, i.e.T2 = fQ 2 P : (8P 2 P :  2(P ) �  2(Q)g:Next, we will show that I2-aggregate is equivalent to Psj=1wj � I(Q k �SfEjgQ):Lemma 5.2 Let PEj 2 PEj ; j = 1; 2; : : : ; s, SfEjg = fS 2 P; SEj = PEjg, Q 2 P su
h thatQEj � PEj and wj be nonnegative weights summing up to 1. ThensXj=1wj � I(Q k �SfEjgQ) = sXj=1wj � I(QEj k PEj ):Proof. sXj=1wj � I(Q k �0SfEjgQ) == sXj=1wj � Xx; Q(x)>0Q(x) � log Q(x)Q PEj (xEj )QEj (xEj )= sXj=1wj � Xx; Q(x)>0Q(x) � log QEj (xEj )PEj (xEj )= sXj=1wj � XxEj ; PEj (xEj )>0 log QEj (xEj )PEj (xEj ) XyV nEj=xV nEj Q(y)



72 CHAPTER 5. INCONSISTENT KNOWLEDGE INTEGRATION= sXj=1wj � XxEj ; PEj (xEj )>0QEj (xEj ) � log QEj (xEj )PEj (xEj )= sXj=1wj � I(QEj k PEj ) 2Either of the 
riteria need not be minimized by a unique probability distribution. Ifthere exists a probability distribution Q that minimize I1-aggregate or I2-aggregate then allprobability distributions having the same marginals QE; E 2 E minimize the 
orrespondingaggregate, as well. Thus, the set of all probability distributions minimizing the aggregate iseither an additively 
onstrained set or a union of additively 
onstrained sets. All experimentswe have performed with the proposed methods and minimization of  1 using an optimiza-tion algorithm always gave unique marginals QE ; E 2 E so that we lay down the following
onje
ture.Conje
ture 5.1 (Set of  1 minimizers is additively 
onstrained)Let E = fE1; : : : Esg be a generating 
lass of an input set PE and wj be nonnegative weightssumming up to 1. Then for all probability distribution Q1; Q2 2 P that minimize I1-aggregateit holds that QEj1 = QEj2 ; for j = 1; 2; : : : ; s:For I-divergen
e it holds thatI(P k Q) � 0 and ( I(P k Q) = 0 , P = Q)and the minimum value of I1-aggregate is equal zero in the 
ase of 
onsistent input set.Therefore for all Q1; Q2 2 P that minimize I1-aggregate it holds thatfor j = 1; 2; : : : ; s : QEj1 = PEj ; QEj2 = PEj :The previous proves that if the input set is 
onsistent the 
onje
ture holds. Note that, in aspe
ial 
ase, there might be only one probability distribution in an additively 
onstrained set.However, generally, it is a rare 
ase.If someone wishes to represent knowledge by a single probability distribution then anadditional 
riterion sele
ting a unique probability distribution should be de�ned. In the 
aseof an 
onsistent input set, I1-proje
tion �SEQ(0) was used to sele
t a probability distributionfrom an additively 
onstrained set SE . It was shown that IPFP 
onverges to this distribution.Furthermore, if the initial probability distribution Q(0) is uniform then the I1-proje
tionfa
torizes with respe
t to a generating 
lass E .If T1 is an additively 
onstrained set then I1-proje
tion 
an be used to sele
t a uniquedistribution from T1. Following the previous notation it will be denoted �T1Q, i.e.�T1Q = arg minfP2 �T1g I(Q k P ):In the 
ase of a 
onsistent input set PE , it is obvious that T1 = SE . Therefore, in this 
ase,�T1Q is equivalent to �SEQ. Thus any pro
edure that 
onverges to �T1Q(0) 
an be understoodas a generalization of IPFP.



5.2. MISSING DATA 735.2 Missing dataThe goal of this se
tion is to give a brief overview of methods that are used to solve missingdata problem in statisti
s. The methods usually suppose that data are given in the form of alist of data ve
tors. If every ve
tor has given values for all of the variables under the studythen we say, that the data are 
omplete. Otherwise, if there is a ve
tor that has at least oneunknown value of a variable, it is we deal with in
omplete or missing data [14℄.An example of missing data that is spe
i�ed by Table 5.1. Data 
onsists of ten ve
tors,�rst three ve
tors are 
omplete, while remaining seven ve
tors are in
omplete.X1 1 1 2 ? ? ? 1 1 2 2X2 1 2 2 1 1 2 ? ? ? ?X3 1 2 2 1 2 1 1 1 1 2Table 5.1: An example of missing dataThe following dis
ussion suppose that data are missing 
ompletely at random (MCAR)whi
h means that probability that a value is missing depends on neither the values that wereobserved nor the missing value itself. A more general situation, when probability that avalue is missing may depend on the values that were observed is 
alled missing at random(MAR). If the parameter to be estimated and the parameter of the missing data me
hanismare distin
t then MAR 
ondition is suÆ
ient [35℄.There are several basi
 MCAR methods used in Statisti
s [31℄:Complete-Case Analysis. In this 
ase, the subsample of the original data set 
ontaining
omplete data ve
tors is 
hosen. All in
omplete observations are omitted. This approa
h isoften unsatisfa
tory, parti
ularly, if there is a lot of in
omplete observations.Available-Case Method. Within this method all 
ases having values of variables ofinterest are present (other variables 
an be absent). Suppose that values of probability dis-tributions de�ned for variables (Xi)i2E having their indi
es from a set E � V are estimated.Then, within this approa
h, the subsample of the original data set 
ontaining all data ve
torsthat have observed all values of variables Xii2E are used for estimation. A disadvantage ofthis approa
h is that the sample base 
hanges from variable to variable a

ording to the pat-tern of missing data. In addition, estimations of some model parameters using this method
an yield 
ontradi
tory results.Fill-In Methods. Fill-In methods tempt to predi
t missing values from the values ofother variables supposing they are 
orrelated. Then these imputed values are in
luded forfurther 
omputations. There are two basi
 �ll-in methods:� Imputing un
onditional means. Values �lled-in for a variable are means of thepresent values of that variable. This method is not generally satisfa
tory as, for example,it systemati
ally underestimates dependen
e between variables.� Imputing 
onditional means. This method substitutes means that are 
onditionedon the variables re
orded in an in
omplete 
ase. An example of this approa
h is the
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k's method [6℄ used in the 
ase of multivariate normally distributed variables. Themethod �rst estimates the mean and the 
ovarian
e matrix from the sample mean andthe 
ovarian
e matrix based on the 
omplete 
ases. Then it uses these estimates to
al
ulate the linear regressions of the missing variables on the present variables, 
aseby 
ase.If the missing values are �lled a

ording to a probabilisti
 model whi
h is than re
omputedusing the new �lled-in data and if this pro
ess is repeated till a stable values are rea
hed thenwe are getting a well known pro
edure 
alled EM-algorithm.EM-algorithm was �rstly introdu
ed in [14℄ as a broadly appli
able algorithm for 
om-puting maximum likelihood estimates from in
omplete data. As a referen
e for the detail de-s
ription, its methodology, and appli
ations of the algorithmmay serve the book of M
La
hlanand Krishnan [34℄.Every iteration of the EM-algorithm 
onsists of two steps: expe
tation step(E-step) andmaximization step(M-step). At the expe
tation step the algorithm forms the 
onditionalexpe
tation of the log-likelihood fun
tion for 
omplete data given the observed data. Atthe maximization step values of model parameters maximizing 
onditional expe
tation of thelog-likelihood are determined. The EM-algorithm alternates the E-step and the M-step usingparameters' estimates from the previous steps. If the sear
hed joint probability distributionbelongs to an exponential family the EM algorithm 
an be simpli�ed. Within the E-stepthis simpli�ed version adjusts the values of the suÆ
ient statisti
s of a model, given thein
omplete data and the 
urrent value of the parameters. Within the M-step this versionuses the adjusted values of the suÆ
ient statisti
s to �nd the maximum likelihood estimates.A generalization of EM-algorithm (
alled GEM-algorithm) does not maximize the log-likelihood withinM-step but only �nds values of model parameters su
h that the log-likelihoodis a stri
tly in
reasing fun
tion of the iteration i. An appli
ation of this algorithm to ourproblem will be dis
ussed in Se
tion 5.10.Multiple Imputation was proposed by Rubin (see [36℄ for details). During this pro
e-dure every missing value is 
onsequently being repla
ed by all possible �ll-in values so that forevery possible 
ombination of �ll-in values a 
omplete data set is 
reated. Then to every 
om-pleted data set a standard 
omplete data method is applied. Finally, all results are 
ombined.The resulting model is able to re
e
t the un
ertainty of parameters introdu
ed by in
ompletedata. This method 
an be also used if there is more than one model of nonresponse.5.3 De�nition of methodsBefore presenting the de�nitions, let us re
all that I1-proje
tion of a probability distributionQ on an additively 
onstrained set SfEjg 
an be 
omputed as (see formula 2.1)�SfEjgQ(x) = 8<: 0; for QEj (xEj ) = 0,Q(x) SE(xEj )QEj (xEj ) ; for QEj (xEj ) > 0, (5.1)whi
h 
orresponds to one 
omputational step of IPFP (see De�nition 3.2).



5.3. DEFINITION OF METHODS 75De�nition 5.3 (Methods for in
onsistent knowledge integration)Let E = fE1; : : : Esg be a generating 
lass of an input set PE , F = fF1; : : : Ftg be a 
lassof subsets of V , Q(0) 2 P be an initial probability distribution su
h that PEj � QEj(0) forall Ej 2 E , and j = ((i � 1) mod s + 1). Further, let f�ig1i=1 be a positive monotonousde
reasing sequen
e and wj be nonnegative weights allo
ated to every distribution PEj , su
hthat sPj=1wj = 1. We de�ne the following 
omputational pro
esses.� (CC), 
onservative modi�
ation of IPFP with 
onvex mixture [24℄:Q(i) = (1� �i) �Q(i�1) + �i � ��SfEjgQ(i�1)� (5.2)� (LCC), 
onservative modi�
ation of IPFP with log-
onvex mixture:Q(i) = Q1��i(i�1) � ��SfEjgQ(i�1)��i (5.3)� (AA), method of iterative arithmeti
 averages [32, 24℄:Q(i) = sXj=1wj � �SfEjgQ(i�1) (5.4)� (GA), method of iterative geometri
 averages [32℄:Q(i) = 1
 � sYj=1��SfEjgQ(i�1)�wj ; where 
 =Xx sYj=1��SfEjgQ(i�1)(x)�wj (5.5)� (GEM), an instan
e of generalized EM-algorithm:E-step: for l = 1; 2; : : : ; t: RFl(i) = �Psk=1wk � �SfEkgQ(i�1)�Flfor l = 1; 2; : : : ; t: S 0fFlg = fP 2 P : PFl = RFl(i)gM-step: Q(i;0) = Q(i�1)for j = 1; 2; : : : ; t: Q(i;j) = �S0fFjgQ(i;j�1),Q(i) = Q(i;t) (5.6)Note that formulae for S 0fFlg does not require any 
omputation. The only reason it isde�ned is that the notation of I1-proje
tion requires a de�nition of set to whi
h theI1-proje
tion is performed.



76 CHAPTER 5. INCONSISTENT KNOWLEDGE INTEGRATION5.4 Methods from missing data perspe
tiveIn this se
tion a \bridge" between missing data methods and in
onsistent knowledge integra-tion is going to be built. Having des
ribed the relation between these two approa
hes we 
anapply missing data methods to the problem of in
onsistent knowledge integration. Later, inthis se
tion, it will be shown how two of proposed methods from Se
tion 5.3 (AA and GEM)�t into the missing data approa
h.Suppose Y denotes in
omplete (missing) data 
onsisting of N = jYj in
omplete ve
torsY = (yi)Ni=1. Every ve
tor yi 
onsists of two parts de�ned by:� Ei - the index set of variables having their values observed in ve
tor yi and� V nEi - the index set of variables having their values unobserved in ve
tor yi.Usually, there is a lot of ve
tors with the same set of observed variables. Therefore it is 
on-venient to partition in
omplete data Y into subsets, ea
h having the same variables observed:Y = YE1 [ YE2 [ : : : [ YEs ; 8i 6= j : YEi \ YEj = ;:We note that the partitioning of missing data presented above is more general than themissing patterns of S. Haberman regarded in [18℄, [19℄, sin
e we do not require index sets Eiof 
omplete subsamples to be disjoint.Denote the set of all missing data patterns by E = fE1; E2; : : : Esg. It is our intention touse the symbol E whi
h has been already used to denote to a generating 
lass. The reason isthat, in the following, the generating 
lass will be de�ned by the missing data patterns.In order to be able to �t missing data approa
h into knowledge integration frameworklet us suppose that probability distributions that form an input set are estimated as relativefrequen
ies from a given list of data ve
tors. Having an input set PE = fPE1 ; PE2 ; : : : PEsg(
onsistent or in
onsistent) we 
an always 
reate missing data Y whi
h 
orrespond to this setso that all probabilities from input set are de�ned by8j 2 f1; 2; : : : ; sg : PEj (xEj ) = jfyj 2 YEj : yEjj = xEjgjjYEj j (5.7)i.e. equal to the ratio between number of in
omplete data ve
tors from YEj taking valueyE = xE and total of data ve
tors from YEj . It will be used in the sequel that to everydistribution PEj from input set a weight 
orresponding to proportion of jYEj j with respe
tto the dimension of set of all missing data jYj is assigned, i.e.8j 2 f1; 2; : : : ; sg : wj = jYEj jjYj : (5.8)Assume that the probability distribution Q de�ning probabilities for all possible values xof 
omplete data) is known. Then the question is, what is the expe
ted 
onditional probabilitygiven the in
omplete data Y and the distribution Q, i.e. EQfQ(xjY)g: The probability of afully observed ve
tor x 
an be 
omputed as a sum over all in
omplete ve
tors yi 2 Y having
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onditional probabilities Q(xjyi). Thus we 
an writeEQfQ(xjY)g = 1jYj Xyi2Y: yEii = xEi Q(xjyi)= 1jYj XEj2E Xyj2YEj: yEjj = xEj Q(xjyj)Using equations 5.7 and 5.8 we 
an writeEQfQ(xjY)g = 1jYj XEj2E jYEj j � PEj (xEj ) �Q(xjxEj )= XEj2E wEj � PEj (xEj ) �Q(xjxEj )= XEj2E wEj � PEj (xEj ) � Q(x)QEj (xEj ) (5.9)We assumed that the probability distribution Q had been known. If, instead of a givenQ, the resulting distributions EQfQ(xjY)g are used for Q and the expe
ted 
onditionalprobabilities given the in
omplete data EQfQ(xjY)g are iteratively beeing re
omputed thenwe get to the AA method (de�ned already in Se
tion 5.3).In addition to the previous, let the 
lass F of subsets of V de�ne a multipli
atively
onstrained set RF and let the resulting distribution be required to belong to RF . A 
lassi
alstatisti
al approa
h to su
h a task is maximum likelihood estimation from missing data.De�nition 5.4 (Maximum likelihood estimation from missing data)Let Y be a given in
omplete data and set F de�ne a multipli
atively 
onstrained set RF .Then a probability distribution Q 2 RF that maximizesarg maxQ2RFYx Q(xjY)is de�ned to be a maximum likelihood estimate from missing data.It is a 
onsequen
e of a result proved by R. Sundberg [38℄ for exponential families thatfor a maximum likelihood estimate Q̂ it must hold that for k = 1; 2; : : : ; tEQ̂fQ̂Fk(xFk jY)g = Q̂Fk(xFk):Substituting equation 5.9 for EQ̂fQ̂(xjY)g we get for k = 1; 2; : : : ; tQ̂Fk = 0�XEj2E wEj � PEj (xEj ) � Q̂(x)Q̂Ej (xEj )1AFk= 0�XEj2E wEj � PEj (xEj ) � Q̂Ej[Fk(x)Q̂Ej (xEj ) 1AFk : (5.10)



78 CHAPTER 5. INCONSISTENT KNOWLEDGE INTEGRATIONNext, we will show a relation between minimization of I1-aggregate and maximum like-lihood estimation from missing data. Let us restri
t the set F so that F = fV g. Then allequations given by 5.10 redu
e to oneQ̂ = XEj2E wEj � PEj (xEj ) � Q̂(x)Q̂Ej (xEj ) : (5.11)We have shown above that within the AA method the re
omputation of expe
ted 
on-ditional probability given the in
omplete data EQfQ(xjY)g is iteratively repeated until a
onvergen
e to a limit distribution Q� is rea
hed. It was proved in [32℄ that the AA methodminimizes sXj=1wj � I(�SfEjgQ k Q);whi
h we have shown to be equivalent to I1-aggregate (Lemma 5.1). For a limit distributionQ� of the AA method it must hold thatQ� = XEj2E wEj � PEj (xEj ) � Q�(x)Q�Ej (xEj ) : (5.12)Comparing equations 5.11 and 5.12 we 
an see that the 
onditions for a maximum likelihoodestimate and a minimizer of the I1-aggregate are equivalent.5.5 Properties of iterative methodsWe have presented �ve iterative methods that 
an be applied to both 
onsistent and in
on-sistent input sets. In this se
tion we summarize properties of the des
ribed methods. Thesummary is based not only on proven results but also on observations that were not provenyet. We will start with Table 5.2 where all six pro
edures are 
ompared with respe
t to ninebasi
 properties. In the following text we will des
ribe the results in detail. For an easy a

essto the text where a given property is dis
ussed we re
ommend to use Index atta
hed at theend of the thesis. Note that boldfa
e answers refer to results already proven while the other(written in itali
s) are based on our observations only. Limit distributions of 
orrespondingalgorithms are denoted by Q�.IPFP applied to an in
onsistent input set 
y
les, but after a 
ertain number of 
y
lesthe pro
edure stabilizes in a 
y
le 
onsisting of j distributions, let us denote them Q�j ; j =1; 2; : : : s. Than one 
an simply 
ompute the arithmeti
 or normalized geometri
 average ofthe respe
tive \limit" distributions (see Se
tion 3.3). In Table 5.3 su
h distributions aredenoted Q�a and Q�g, respe
tively.In the next se
tions we are going to give details for every 
ell of both tables. It will beeither a proof of the property for a 
orresponding method, referen
e to a proof presentedsomewhere else, or the reasons why we 
onje
ture that the respe
tive property holds. Thetext is organized so that every property of a given method is referred by the abbreviationof the 
orresponding property and by the abbreviation of the 
orresponding method. Forexample, C1.GA stands for a 
onvergen
e property of the method of geometri
 averages ona 
onsistent input set. The last se
tion will be devoted to the 
onvergen
e rates and the
omputational 
omplexity of the proposed methods.
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Table 5.2: Methods' propertiesProperty des
ription IPFP CC LCC AA GA GEMG1 Q(0) 2 RE ) i = 1; 2; : : : : Q(i) 2 RE yes no yes no yes yes
onsistent PEC1 Convergen
e yes yes yes yes yes yesC2 Q� is indep. of the ordering of PE yes yes yes yes yes yesC3 Q� = �EQ(0) yes yes yes no yes yesin
onsistent PEI1 Convergen
e no yes yes yes yes yesI2 Q� is indep. of the ordering of PE yes yes yes yes yesI3 Q� 2 T1 yes no yes no yesI4 Q� 2 T2 no yes no yes no

Table 5.3: IPFP on in
onsistent inputProperty des
ription Q 2 fQ�j ; j = 1; 2; : : : sg Q = Q�a Q = Q�gI2 Indep. of the ordering of PE no no noI3 Q 2 T1 no no noI4 Q 2 T2 no no no



80 CHAPTER 5. INCONSISTENT KNOWLEDGE INTEGRATION5.6 On some properties of IPFP limit 
y
lesSubstantial part of this se
tion analyzes an example of an appli
ation of IPFP to the input setthat 
onsists of two distributions. The values of these distributions are treated symboli
allyso that general properties of I1-aggregate and I2-aggregate for distributions of the limit 
y
le,their arithmeti
 average, and their normalized geometri
 average 
an be derived. This exam-ple is a proof of the assertion that neither the geometri
 average of the limit distributions northe distributions from a limit 
y
le themselves are generally minimizers of the I1-aggregate.and the I2-aggregate. The arithmeti
 average of the limit distributions is shown that it is notminimizer of I2-aggregate while this example does not disprove it to be a minimizer of theI1-aggregate.Example 5.1 (IPFP on in
onsistent input - 
ontinued Examples 3.2 and 3.4)Suppose that the input set 
onsists of two distributions Pf1;2g(X1;X2) and Pf2;3g(X2;X3),whose values were de�ned by Figure 3.1 in Example 3.2. Re
all, that after three iterationsIPFP stabilized in the 
y
le of two joint probability distributions Q(2i) = Q(2) and Q(2i+1) =Q(3) for i = 2; 3; : : :. In Table 5.4 their values are displayed in the symboli
 form. Thus, weTable 5.4: Values of Q(2) and Q(3)X1 X2 X3 Q(2) Q(3)1 1 1 ae(a+b) ae(e+f)1 1 2 af(a+b) af(e+f)1 2 1 
g(
+d) 
g(g+h)1 2 2 
h(
+d) 
h(g+h)2 1 1 be(a+b) be(e+f)2 1 2 bf(a+b) bf(e+f)2 2 1 dg(
+d) dg(g+h)2 2 2 dh(
+d) dh(g+h)
an 
ompute two unique joint probability distributions:Q�a = 12(Q(2) +Q(3))and the normalized geometri
 averageQ�g = qQ(2)Q(3)PxqQ(2)(x)Q(3)(x) :In Table 5.5 the values of these distributions are displayed using the symboli
 form.
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Table 5.5: Values of Q�a and Q�gX1 X2 X3 Q�a Q�g1 1 1 ae((e+f)+(a+b))2(e+f)(a+b) aep(a+b)(e+f)�p(a+b)(e+f)+p(
+d)(g+h)�1 1 2 af((e+f)+(a+b))2(e+f)(a+b) afp(a+b)(e+f)�p(a+b)(e+f)+p(
+d)(g+h)�1 2 1 
g((g+h)+(
+d))2(g+h)(
+d) 
gp(
+d)(g+h)�p(a+b)(e+f)+p(
+d)(g+h)�1 2 2 
h((g+h)+(
+d))2(g+h)(
+d) 
hp(
+d)(g+h)�p(a+b)(e+f)+p(
+d)(g+h)�2 1 1 be((e+f)+(a+b))2(e+f)(a+b) bep(a+b)(e+f)�p(a+b)(e+f)+p(
+d)(g+h)�2 1 2 bf((e+f)+(a+b))2(e+f)(a+b) bfp(a+b)(e+f)�p(a+b)(e+f)+p(
+d)(g+h)�2 2 1 dg((g+h)+(
+d))2(g+h)(
+d) dgp(
+d)(g+h)�p(a+b)(e+f)+p(
+d)(g+h)�2 2 2 dh((g+h)+(
+d))2(g+h)(
+d) dhp(
+d)(g+h)�p(a+b)(e+f)+p(
+d)(g+h)�



82 CHAPTER 5. INCONSISTENT KNOWLEDGE INTEGRATIONLet us start by solving the ne
essary 
onditions for the minima. There are seven in-dependent variables and one dependent variable in the minimization task. Every variable
orresponds to one value of resulting joint probability distribution. Let them be de�ned bythe following relations:x1 = Q(X1 = 1;X2 = 1;X3 = 1), x2 = Q(X1 = 1;X2 = 1;X3 = 2),x3 = Q(X1 = 2;X2 = 1;X3 = 1), x4 = Q(X1 = 2;X2 = 1;X3 = 2),x5 = Q(X1 = 1;X2 = 2;X3 = 1), x6 = Q(X1 = 1;X2 = 2;X3 = 2),x7 = Q(X1 = 2;X2 = 2;X3 = 1),x8 = 1� x1 � x2 � x3 � x4 � x5 � x6 � x7 = Q(X1 = 2;X2 = 2;X3 = 2).For all the distributions minimizing the I1-aggregate  1(x1; x2; : : : ; x7) it must hold that theirpartial derivations are equal to zero, i.e.��xi  1(x1; x2; : : : ; x7) = 0; i = 1; 2; : : : ; 7:By performing the derivations we getax1 + x2 + ex1 + x3 = hx6 + x8 + dx7 + x8 (5.13)ax1 + x2 + fx2 + x4 = hx6 + x8 + dx7 + x8 (5.14)bx3 + x4 + ex1 + x3 = hx6 + x8 + dx7 + x8 (5.15)bx3 + x4 + fx2 + x4 = hx6 + x8 + dx7 + x8 (5.16)
x5 + x6 + gx5 + x7 = hx6 + x8 + dx7 + x8 (5.17)dx7 + x8 = 
x5 + x6 (5.18)gx5 + x7 = hx6 + x8 (5.19)These equations 
an be 
ombined and the dependent ones eliminated so that the resultingsystem is de�ned byfrom 5.13 and 5.15 or from 5.24 and 5.26: ab = x1 + x2x3 + x4from 5.18 or from 5.29: 
d = x5 + x6x7 + x8from 5.19 or from 5.30 gh = x5 + x7x6 + x8from 5.13 and 5.14 or from 5.13 and 5.14: ef = x1 + x3x2 + x4If we return to the notation of probability distributions then these 
onditions 
an be rewrittenas for j = 1; 2: Qf1;2g(X1 = 1;X2 = j)Qf1;2g(X1 = 2;X2 = j) = Pf1;2g(X1 = 1;X2 = j)Pf1;2g(X1 = 2;X2 = j) (5.20)



5.6. ON SOME PROPERTIES OF IPFP LIMIT CYCLES 83for j = 1; 2: Qf2;3g(X2 = j;X3 = 1)Qf2;3g(X2 = j;X3 = 2) = Pf2;3g(X2 = j;X3 = 1)Pf2;3g(X2 = j;X3 = 2) (5.21)The following table shows that these 
onditions are satis�ed for distributions from the limit
y
le and their arithmeti
 and geometri
 averages as well.x1+x2x3+x4 x5+x6x7+x8 x5+x7x6+x8 x1+x3x2+x4Q(2) ab 
d gh efQ(3) ab 
d gh efQ�a ab 
d gh efQ�g ab 
d gh efAssertion 5.1 (I3.IPFP) For the given example the distributions of the limit 
y
le andthe distribution 
omputed as their normalized geometri
 average does not minimize the I1-aggregate.Proof. Let us 
ompare distributions' values of I1-aggregate  1. Sin
e the resulting valuesof this 
riterion depends only on values of marginals of distributions from the input setmarginalized to the interse
tion f2g = f1; 2g \ f2; 3g we 
an substituteP f2gf1;2g(X2 = 1) = a+ b = u; P f2gf1;2g(X2 = 2) = 
+ d = 1� u;P f2gf2;3g(X2 = 1) = e+ f = v; P f2gf2;3g(X2 = 2) = g + h = 1� v:Thus the resulting probability distributions evaluated by the 
riterion  1 gives the followingvalues  1(Q(2)) = �H(P f2gf1;2g)� (1� u) log(1� v)� u log(v) 1(Q(3)) = �H(P f2gf2;3g)� (1� v) log(1� u)� v log(u) 1(Q�a) = �H(P f2gf2;3g)�H(P f2gf1;2g) + 2 log 2� (u+ v) log(u+ v) � (2� u� v) log(2� u� v) 1(Q�g) = �H(P f2gf2;3g)�H(P f2gf1;2g) + 2 log�puv +q(1� u)(1 � v)�� (u+ v) logpu+ v � (2� u� v) logp2� u� vComparing the fun
tions and using information theoreti
al inequalities Xx P (x) = 1 and Xx Q(x) = 1 ! ) � P (x) log P (x) > 0; P (x) log Q(x)P (x) � 0 �it 
an be shown (the 
omputations are rather spa
e 
onsuming) that some resulting distri-butions 
an not be better (measured by  1) than others. Preferably to the details of the
omputations we use 3-dimensional plots to 
ompare values of  1(Q(2)),  1(Q(3)),  1(Q�a),and  1(Q�g), being a fun
tion of u and v.
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0 0.2 0.4 0.6 0.8 1Figure 5.1: Values of  1(Q�g)�  1(Q�a) together with a sli
e for value of u = 1=10.First, let us 
ompare values of two distributions that were 
omputed as averages of dis-tributions in the limit 
y
le. On Figure 5.1 it 
an be seen that value of  1(Q�g) is never lowerthan  1(Q�a)  1(Q�g) =  1(Q�a) , u = v _ u = 1� v (5.22) 1(Q�g) >  1(Q�a) , u 6= v ^ u 6= 1� v (5.23)

0.2
0.4

0.6

0.8

0.2

0.4

0.6

0.8

0

0.5

1

1.5

0.2
0.4

0.6

0.8
0 0.2 0.4 0.6 0.8 1Figure 5.2: Values of  1(Q(3))�  1(Q�a) together with a sli
e for value of u = 3=10.Next, we will 
ompare values of distributions from the limit 
y
le with the one 
omputedas their arithmeti
 average. On Figure 5.2 it 
an be seen that value of  1(Q(3)) is neverlower then  1(Q�a). The 
omparison of  1(Q(2)) with  1(Q�a) gives plot that di�ers only in



5.6. ON SOME PROPERTIES OF IPFP LIMIT CYCLES 85transposed axes. for j = 2; 3 :  1(Q(j)) =  1(Q�a) , u = vfor j = 2; 3 :  1(Q(j)) >  1(Q�a) , u 6= vThus we have shown (equation 5.22) that u = v implies  1(Q�a) =  1(Q�g), but theopposite impli
ation does not hold. Sin
e for any j 2 f2; 3g there exist two pairs of inputdistributions values (u = u1; v = v1); (u = u2; v = v2) su
h thatfor u = u1; v = v1:  1(Q�g) >  1(Q(j)) and for u = u2; v = v2:  1(Q�g) <  1(Q(j))it proves that it does not hold generally, that neither Q�g nor  1(Q(j)); j = 2; 3 is a minimizerof the I1-aggregate 2Values of  1(Q(2)),  1(Q(3)), and  1(Q�g) does not satisfy any relations similar to inequal-ities 5.23 and 5.24. On Figures 5.3 and 5.4 it 
an be seen that it depends on values of uand v whi
h of the two distributions a
hieved higher value of  1. The only ex
eption is thefollowing statement.  1(Q�g) =  1(Q(2)) =  1(Q(3)) , u = v:It means that if probability distributions from input set are weakly 
onsistent then the valuesof  1 are equivalent for all these distributions. This is nothing surprising sin
e, in this 
ase,I1-aggregate equals zero.
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Figure 5.3: Values of  1(Q(2)) �  1(Q(3)) being a fun
tion of u and v, together with a sli
efor value of v = 1=10.Note that we have not proved that Q�a does not generally minimize  1, sin
e it seems tobe a global minimizer of  1 in this example.For all the distributions minimizing the I2-aggregate  2(x1; x2; : : : ; x7) it must hold thatpartial derivations of  2 are equal to zero, i.e.��xi  2(x1; x2; : : : ; x7) = 0; i = 1; 2; : : : ; 7:
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Figure 5.4: Values of  1(Q(2))� 1(Q�g) being a fun
tion of u and v, together with a sli
e forvalue of v = 4=10.By performing the derivations we getlog� ax1 + x2�+ log� ex1 + x3� = log� hx6 + x8�+ log� dx7 + x8� (5.24)log� ax1 + x2�+ log� fx2 + x4� = log� hx6 + x8�+ log� dx7 + x8� (5.25)log� bx3 + x4�+ log� ex1 + x3� = log� hx6 + x8�+ log� dx7 + x8� (5.26)log� bx3 + x4�+ log� fx2 + x4� = log� hx6 + x8�+ log� dx7 + x8� (5.27)log� 
x5 + x6�+ log� gx5 + x7� = log� hx6 + x8�+ log� dx7 + x8� (5.28)log� dx7 + x8� = log� 
x5 + x6� (5.29)log� gx5 + x7� = log� hx6 + x8� (5.30)Involving equations 5.24-5.30 we 
an see that the 
onditions for the solution of the pre-vious system are equivalent to the ne
essary 
onditions for  1 minimizers given by Equa-tions 5.20 and 5.21.Assertion 5.2 (I4.IPFP) For the given example the distributions of the limit 
y
le, thedistribution 
omputed as their arithmeti
 average, and the distribution 
omputed as theirnormalized geometri
 average does not minimize the I2-aggregate.Proof. The 
omparisons on distributions Q(2), Q(3), Q�a, and Q�q evaluated by the 
riterion 2 gives the following values 2(Q(2)) = v � log vu + (1� v) � log 1� v1� u = I(P f2gf2;3gjjP f2gf1;2g)



5.7. CONSERVATIVE MODIFICATIONS OF IPFP 87 2(Q(3)) = u � log uv + (1� u) � log 1� u1� v = I(P f2gf1;2gjjP f2gf2;3g) 2(Q�a) = u+ v2 � log �u+v2 �2uv + (1� u) + (1� v)2 � log � (1�u)+(1�v)2 �2(1� u)(1� v)= 2 � I  P f2ga jjrP f2gf1;2g � P f2gf2;3g! 2(Q�g) = �2 log�q(1� u)(1� v) +puv�� p(1� u)(1 � v)p(1� u)(1 � v) +puv � log�q(1� u)(1� v)�� puvp(1� u)(1 � v) +puv � logpu � v= H(P f2gg )� 4 log�q(1� u)(1� v) +puv�where P f2ga and P f2gg denote arithmeti
 average and normalized geometri
 average of themarginals P f2gf1;2g and P f2gf2;3g, respe
tively.Using these formula we 
an show that none of the four distributions Q(2), Q(3), Q�a, andQ�q is generally minimizer of I2-aggregate  2. See the next table where three examples provingthe assertion are given. The minima of the 
riterion values are highlighted.u v  2(Q(2))  2(Q(3))  2(Q�a)  2(Q�g)0.500 0.001 0.68524 2.76123 1.08483 1.298520.500 0.100 0.36806 0.51082 0.89705 0.235940.001 0.500 2.76123 0.68524 1.08483 1.29852This proves the assertion. 2In Example 3.6 it appears that the pro
edure 
onverges to the 
y
les whi
h are dependenton the ordering of the input set. We observe that arithmeti
 and geometri
 averages aredi�erent as well. If we evaluate the arithmeti
 and geometri
 averages of the distributionsfrom two di�erent 
y
les (that appears to be limit) we observe that the values of  1 aredi�erent and thus they both 
an not be minimizers of the respe
tive 
riterion (the I3.IPFPproperty). See Table 5.6.It looks like that if the generating 
lass of an input set is not de
omposable then di�erentordering of the input set yields to di�erent limit 
y
les with di�erent arithmeti
 and geometri
average of distributions from limit 
y
les (the I2.IPFP property). See Figure 3.8 on page 52.5.7 Conservative modi�
ations of IPFPConvergen
e of 
onservative modi�
ations of IPFP, de�ned by formulae 5.2 and 5.3 andabbreviated by CC and LCC, respe
tively, is distin
tively dependent on a type of sequen
e



88 CHAPTER 5. INCONSISTENT KNOWLEDGE INTEGRATIONOrder  1(Q�a)  1(Q�g)  2(Q�a)  2(Q�g)fE1; E2; E3; E4g 0.614710 0.622487 0.675455 0.677116fE4; E2; E1; E3g 0.594673 0.620673 0.673036 0.684624Table 5.6: Values of  1 and  2 for distribution that are arithmeti
 averages and geometri
averages of distributions from limit 
y
les of IPFP applied to in
onsistent input for thedi�erent orderings of input setf�ig. Every �i is a weight used to mixture a
tually 
omputed joint probability distributionwith one from previous step. For example, if for all i = 1; 2; : : : it holds that �i = 1 thenboth methods are equivalent to regular IPFP. On the opposite end of the s
ale are sequen
esfor whi
h there exists a �nite j su
h that for i > j : �i = 0, i.e. the pro
edure stops in a�xed point j. It is obvious that neither of these sequen
es may generally yields satisfa
toryresults on in
onsistent input set. Intuitively speaking, it must be somehow guaranteed thatthe pro
edure will be \
ontrolled" by the values of the probability distributions from an inputset rather then the type of the sequen
e. Furthermore, the ordering of the input set shouldnot matter. We have made experiments with di�erent sequen
es of 
oeÆ
ients f�ig. In orderto ful�ll the requirements dis
ussed above it appears that a sequen
e f�ig must obey thefollowing �ve requirements.� f�ig is monotonously de
reasing; (5.31)� for i = 1; 2; : : : 0 � �i < 1; (5.32)� limi!1 �i = 0; (5.33)� for i = 1; 2; : : : 1Xn=i�n = +1; (5.34)� f�ig is stable within one 
y
le, i.e.if ((i� 1) div s) = ((j � 1) div s) then �i = �j ; (5.35)where m div n denotes integer part of mn .F. Mat�u�s [33℄ has proved the 
onvergen
e of LCC in 
onsistent 
ase for 
ertain types ofsequen
es f�ig 
alled (under-)relaxation sequen
es (see [8℄), i.e.0 < Æ � 1; Æ � �i; 1 � i:Theorem 5.1 (C1.LCC) If the initial probability distribution Q(0) dominates at least oneprobability distribution from SE and the sequen
e f�ig is an (under-)relaxation sequen
e thenLCC pro
edure 
onverge to �SEQ(0).Note, that the sequen
e of 
oeÆ
ients whi
h we have used in our experiments (given byequation 5.36) is not an (under-)relaxation sequen
e, sin
e there is no 0 < Æ � 1 and theproof of LCC 
onvergen
e for a sequen
e f�ig satisfying properties 5.31, 5.32, 5.33, 5.34,and 5.35 is still missing. However, after a number of 
omputational experiments with CC



5.7. CONSERVATIVE MODIFICATIONS OF IPFP 89and LCC (see e.g. Figure 5.7) we 
onje
ture that both methods 
onverge to the same jointprobability distribution as IPFP and the ordering of input set is not important with respe
tto limit distribution (C1.CC, C1.LCC, C2.CC, C2.LCC, C3.CC, and C3.LCC). Onthe other hand, the ordering of input set may be important with respe
t to the speed of
onvergen
e.If Q(0) fa
torize with respe
t to the same E then the iterated joint probability distributionsQ(i); i = 1; 2; : : : 
omputed by LCC fa
torize with respe
t to E as well. If two distributionsfa
torize with respe
t to the set E then their produ
t fa
torizes with respe
t to E as well.The property G1.LCC) is an immediate 
onsequen
e of this fa
t and Theorem 3.3. Sum-mation of probability distribution fa
torizing with respe
t to E does not generally result intoa probability distribution fa
torizing with respe
t to E (property referred as G1.CC).Results of appli
ation of CC and LCC to an in
onsistent input set are shown in Figure 5.5and 
ompared in Table 5.7. Note that, for simpli
ity, the values ofQ(800)(X1 = 1; X2 = 1; X3 = 2; X4 = 1)are displayed only. Two orderings of the input set were used:E1 = fE1; E2; E3; E4g and E2 = fE4; E2; E1; E3g:We used the sequen
e of 
oeÆ
ients�i = 11 + k ; where k = ((i� 1) div s) + 1: (5.36)Remark. If it is not stated otherwise then all the remaining plots of this text display ahistory of a joint probability distribution Q(i) with respe
t to an iteration step i (horizontalaxis). The verti
al axis refers to the probability values for one parti
ular 
ombination ofrandom variables' values given by X1 = 1; X2 = 1; X3 = 2; X4 = 1. If it is stated thatthe input set is 
onsistent then input set fPE1 ; PE2 ; PE3 ; PE4g given in Table 3.1 was used. Ifit is stated that the input set is in
onsistent then input set fPE1 ; PE2 ; PE3 ; PE4g is given inTable 3.6.The Figure 5.5 may be seen as a support for the next two 
onje
tures.Conje
ture 5.2 (I1.CC,I2.CC, and I3.CC)Let f�ig be a monotonous sequen
e that obey properties 5.31, 5.32, 5.33, 5.34, and 5.35 thenCC 
onverges, the respe
tive limit distribution does not depend on the ordering of input setand minimizes the I1-aggregate.The situation with 
onvergen
e of LCC applied to in
onsistent input set is more 
ompli-
ated. Sin
e it may happen during 
omputational pro
ess that for some i = 1; 2; : : : ; j =(i� 1) mod s+ 1: PEj 6� QEj(i) ;the 
onvergen
e 
an not be generally guaranteed. However, we observe that in many 
aseslog-
onvex 
onservative modi�
ation does 
onverge. (I1.LCC).Conje
ture 5.3 (I2.LCC and I4.LCC) If f�ig is a monotonous sequen
e that obey prop-erties 5.31, 5.32, 5.33, 5.34, 5.35 and LCC 
onverges, then the respe
tive limit distributiondoes not depend on the ordering of input set and minimizes the I2-aggregate.
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Figure 5.5: CC and LCC applied to in
onsistent input set. The 
urves of �rst plot 
orrespondsto the following pro
edures (the most upper 
urve is given �rst): (1) LCC on E1, (2) LCC onE2, (3) CC on E1, (4) CC on E2. Sin
e the os
illations of the joint probability distributions'values within one 
y
le are signi�
antly high and graphi
s resolution is limited, the 
urvesare displayed as bands. Se
ond plot displays details of �rst 24 iterations. (1) LCC on E1 isdrawn by the full line, (2) LCC on E2 by the dotted line, (3) CC on E1 by the dash and dotline, and (4) CC on E2 by the dashed line.



5.8. ARITHMETIC MEAN OF I1-PROJECTIONS 91The limit distributions of CC and LCC applied to in
onsistent input set are generallydi�erent and minimizing di�erent 
riterion (see Tables 5.7 and 5.9). The di�eren
e of thelimit distributions is related to the fa
t that all distributions 
omputed during the pro
essof LCC in 
ontrary to CC fa
torize with respe
t to a generating 
lass. Therefore we 
an notexpe
t that limit distributions of CC and LCC would minimize both 
riteria at the sametime. Sin
e we have 
onje
tured that limit distributions of CC minimizes the I1-aggregate itshould not minimize the I2-aggregate (I4.CC). Similarly, we have 
onje
tured that if LCC
onverges then limit distributions of LCC minimizes the I2-aggregate. Thus it should notminimize the I1-aggregate (I3.LCC). It seems that for both methods the ordering of inputset is not important with respe
t to limit distribution even if the input set is in
onsistent (seeTable 5.7 and Figure 5.5).Table 5.7: Comparison of CC and LCC on in
onsistent input set.CC LCCE1 E2 E1 E2Q(1000)(1; 1; 2; 1) 0.013364 0.013317 0.016908 0.016860 1(Q(1000)) 0.484556 0.484562 0.507590 0.507530 2(Q(1000)) 0.586154 0.586151 0.560854 0.560854
5.8 Arithmeti
 mean of I1-proje
tionsThe method of iterative arithmeti
 averages (abbreviated by AA) was proposed by F. Mat�u�s.As we have shown it is in fa
t an instan
e of GEM-algorithm. Similar algorithm was usedby Chen [9℄ for obtaining maximum likelihood estimates in 
ase of double sampling withmis
lassi�
ation. Looking to the de�nition of method (formula 5.4) one 
an see that it isbased on iterating arithmeti
 averages of I1-proje
tions to SEj ; j = 1; 2; : : : ; s. Results ofseveral experiments with this modi�
ation were already published in [24℄.[G1.AA℄ Arithmeti
 average of probability distribution fa
torizing with respe
t to E doesnot generally result into a probability distribution fa
torizing with respe
t to E . Thereforean iterated joint probability distributions Q(i); i = 1; 2; : : : do not generally fa
torize withrespe
t to E .[C2.AA and I2.AA℄ It follows from the fa
t that probability distributions Q(i); i = 1; 2; : : :are 
omputed by arithmeti
 average that resulting probability distributions does not dependon the ordering of the input set.It was proved by F. Mat�u�s (see [32, Consequen
e 1℄) that the AA method 
onverges
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Figure 5.6: Arithmeti
 averages on 
onsistent and in
onsistent input, respe
tively. Full linejoins I1-proje
tions to SfE1g;SfE2g;SfE3g, and SfE4g 
omputed in every 
y
le. Dotted linejoins their arithmeti
 averages.



5.9. NORMALIZED GEOMETRIC MEAN OF I2-PROJECTIONS 93(I1.AA and C1.AA) and minimizessXj=1wj � I(�SfEjgQ k Q);whi
h we have shown to be equivalent to I1-aggregate (Lemma 5.1). (I3.AA). Note, that inthe 
ase of a 
onsistent input set distribution minimization of I1-aggregate requires the limitdistribution to belong to SE . However, having performed several 
omputational experiments(see Figure 5.7) we 
onje
ture that, generally, limit distributions of AA and regular IPFP aredi�erent (C3.AA).5.9 Normalized geometri
 mean of I2-proje
tionsThe method of iterative geometri
 averages (de�ned by formula 5.5 and abbreviated by GA)was proposed in [32℄. If some distributions fa
torize with respe
t to E then their geometri
average fa
torizes with respe
t to E as well. The property G1.GA) is an immediate 
on-sequen
e of this fa
t and Theorem 3.3. Thus 
omparing GA with AA we 
an see that anadvantage of GA is the fa
t that if Q(0) fa
torize with respe
t to the set E then the iteratedjoint probability distributions Q(i); i = 1; 2; : : : fa
torize with respe
t to E as well.[I1.GA, I4.GA and C1.GA℄ If GA is applied to an in
onsistent input set then its 
onver-gen
e 
an not be generally guaranteed sin
e during the 
omputational pro
ess it may happenthat for some i = 1; 2; : : : that PEj 6� QEj , where j = (i � 1) mod s + 1. Sin
e the jointprobability distribution is not de�ned the pro
edure fails. Otherwise, the method 
onvergesand the limit distribution equals to a Q minimizing I2-aggregate. It was proved by F. Mat�u�s(see [32, Consequen
e 2℄) that the method minimizessXj=1wj � I(Q k �SfEjgQ);whi
h we have shown to be equivalent to I2-aggregate (Lemma 5.2).The following theorem proves that if the input set is 
onsistent and the initial probabilitydistribution Q(0) fa
torizes with respe
t to E then the limit distributions of GA and IPFPare equivalent.Theorem 5.2 (C3.GA) If there exist a probability distribution Q 2 SE ; Q � Q(0) andQ(0) 2 RE then sequen
e of probability distributions 
omputed by GA 
onverges toQ� = � �REQ = �SEQ(0):Proof.In the 
ase of a 
onsistent input set the minimum of Psj=1 I(QEj(i) k PEj ) equals to zero.I(P k Q) � 0 and ( I(P k Q) = 0 , P = Q) :Therefore for j = 1; 2; : : : ; s : Q�Ej = PEj



94 CHAPTER 5. INCONSISTENT KNOWLEDGE INTEGRATIONwhi
h 
an be rewritten as Q� 2 SE . Sin
e Q� 2 �RE it follows from Theorem 2.9 thatQ� = � �REQ:It is a dire
t 
onsequen
e of Theorem 3.5 that Q� is equivalent to the limit distribution ofIPFP, i.e. Q� = �SEQ(0): 2Remark. Note that this proof suppose that Q(0) 2 RE and thus a proof of the propertyC3.GA for Q(0) 62 RE is missing.[C2.GA and I2.GA℄ Sin
e the method is based on the geometri
 average of I1-proje
tionsto SfEig; i = 1; 2; : : : ; s the respe
tive limit distributions 
an not depend on the ordering ofinput set.5.10 GEM-algorithmInspired by personal 
ommuni
ation with G. Kleiter, we have proposed an appli
ation ofGEM-algorithm (abbreviated by GEM) to the problem of in
onsistent input set in [40℄. Themethod is de�ned by formula 5.6. GEM 
onstru
ts a joint probability distribution havingits marginals \
losed" to the marginals of a given input set generated by a generating 
lassE . Resulting probability distribution is required to fa
torize with respe
t to F = fFk; k =1; 2; : : : ; tg. The appli
ation of results proved for the general GEM-algorithm is enabledby the fa
t that the distributions of in
onsistent input set fPEj ; j = 1; 2; : : : ; sg 
an bemanipulated as if they were estimated from in
omplete data (see Se
tion 5.4 for details).GEM-algorithm was de�ned by formula 5.6 and abbreviated by GEM. Sin
e the algorithmde�nition (formula 5.6) may be hard to understand we will 
omment upon it.Within the expe
tation step a joint probability distribution R(i�1) is estimated usingdistributions from input set fPEj ; j = 1; 2; : : : ; sg and the joint probability distributionQ(i�1)from the previous step of the algorithm. For l = 1; 2; : : : ; s:R(i) = sXk=1wk � �SfEkgQ(i�1)In the maximization step marginals RFj(i�1); j = 1; 2; : : : t will be used. These marginals
reate a 
onsistent input set. Sin
e they were estimated from marginals 
onstituting a given,possibly in
onsistent, input set fPEj ; j = 1; 2; : : : ; sg we will 
all them adapted marginals. Inthe maximization step a probability distribution Q(i) fa
torizing with respe
t to generating
lass F is sear
hed for. We de�ne for l = 1; 2; : : : ; t:S 0fFlg = fP 2 P : PFl = RFl(i)g:The maximization step is realized by t 
onse
utive steps of IPFP with initial distributionQ(i;0) equal to Q(i�1) and input set 
onsisting of adapted marginals. For j = 1; 2; : : : ; t:Q(i;j) = �S0fFjgQ(i;j�1):



5.10. GEM-ALGORITHM 95The distribution that is passed to the next expe
tation step is Q(i) = Q(i;t).Remark. Note that if F = fV g then GEM is equivalent to AA.It is a dire
t 
onsequen
e of the properties of the general GEM-algorithm[14℄ that itsinstan
e de�ned by De�nition 5.3 
onverges.Theorem 5.3 (I1.GEM)The GEM method de�ned by formula 5.6 
onverges to a probability distribution Q� 2 P.For a detail dis
ussion on 
onvergen
e of the GEM-algorithm see Wu [44℄.[C1.GEM℄ Theorem 5.3 is a 
onsequen
e of Theorem 5.3 sin
e 
onsistent input set is just aspe
ial 
ase of input set.Conje
ture 5.4 (I3.GEM) The GEM method de�ned by formula 5.6 
onverges to a prob-ability distribution Q� = Q that minimizes  1(Q) for all Q 2 P.Note that for F = fV g the 
onje
ture holds sin
e GEM redu
es to AA for whi
h propertyI1.AA was proved to be valid.Lemma 5.3 (G1.GEM)If Q(0) 2 RE and Q(i) is 
omputed by GEM then for all i = 1; 2; : : : : Q(i) 2 RE .Proof. The E-step of the GEM algorithm adjust only the marginals that are �tted inthe M-step. Let us use mathemati
al indu
tion to prove the lemma. It is assumed thatQ(0) 2 RE . The indu
tion step Q(i�1) 2 RE ) Q(i) 2 REfollows from inheritan
e of fa
torizability for IPFP (Theorem 3.3) sin
e the M-step 
onsistsof s 
onsequent steps of IPFP. Therefore it follows that all distributions 
omputed by GEMbelong to RE . 2The following 
onje
ture is based on assertion of Theorem 5.3 and Conje
tures 5.4 and 5.1.Conje
ture 5.5 Let Q(0) 2 RE then GEM method de�ned by formula 5.6 
onverges to aprobability distribution Q� 2 �T1Q(0):Conje
ture 5.4 states that Q� 2 T1. Theorem 5.3 states that if Q(0) 2 RE then Q� 2 �RE aswell. If Conje
ture 5.1 holds then set T1 is an additively 
onstrained set for whi
h it holds�T1Q(0) = T1 \ �RE ;that is unique (Theorem 2.9).Conje
ture 5.6 (C3.GEM) If input set fP1; : : : ; Psg is strongly 
onsistent, i.e. SE 6= ;and there exist a probability distribution Q 2 SE su
h that Q � Q(0) then the sequen
e ofprobability distributions 
omputed by GEM 
onverges toQ� = � �REQ = �SEQ(0):
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onje
ture is a 
onsequen
e of Conje
ture5.5. In the 
ase of a 
onsistent input set theminimum of Psj=1 I(PEj k QEj(i)) equals to zero.I(P k Q) � 0 and ( I(P k Q) = 0 , P = Q) :Therefore for j = 1; 2; : : : ; s : Q�Ej = PEjwhi
h 
an be rewritten as Q� 2 SE . Sin
e Q� 2 �RE it follows from Theorem 2.9 thatQ� = � �REQ:It is a dire
t 
onsequen
e of Theorem 3.5 that Q� is equivalent to the limit distribution ofIPFP, i.e. Q� = �SEQ(0):[C2.GEM℄ would be a dire
t 
onsequen
e of Conje
ture 5.6 be
ause Q� is independent ofthe ordering of an input set.[I2.GEM℄ would be a dire
t 
onsequen
e of Conje
ture 5.5 sin
e Q� would be independentof the ordering of an input set.From Table 5.9 it 
an be seen that, in spite the fa
t that both AA (with wj = 1=4; j =1; 2; 3; 4) and GEM 
onverge to the distribution having the same value of the I1-aggregate,the limit distributions are di�erent. Note that the limit distribution of the sequen
e 
reatedby the GEM-algorithm fa
torizes with respe
t to E while the limit distribution of the methodof iterative arithmeti
 averages does not.5.11 Convergen
e rate and 
omputational 
omplexityIn Tables 5.8 and 5.9 
onvergen
e rates of proposed pro
edures are 
ompared. As a stopping
riterion the total varian
e jQ(4i�4) �Q(4i)j � 10�6 was used. In the 
olumn ins
ribed withi the number of performed 
y
les is given. Probability distributions were monitored forx = fX1 = 1;X2 = 1;X3 = 2;X4 = 1g. In the 
ase of 
onsistent input set values that di�erless than 10�5 from I1-proje
tion to SE are highlighted, while in the 
ase of in
onsistent inputset values of I1-aggregate or I2-aggregate that di�er less than 10�5 from their optimal valuesare highlighted. As a referen
e the results a
hieved by optimization pa
kage LANCELOTminimizing I1-aggregate and I2-aggregate are used. For details see Appendix B.Tables 5.8 and 5.9 and Figures 5.8 and 5.8 present examples of typi
al 
onvergen
e 
har-a
ter of the proposed methods. The results given in Table 5.9 may serve as arguments infavor of 
onje
tures stating that� [I4.AA℄ AA does not minimize I2-aggregate,� [I3.GA℄ GA does not minimize I1-aggregate, and� [I4.GEM℄ GEM does not minimize I1-aggregate.
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Figure 5.7: Comparison of methods applied to the 
onsistent input set. The methods are (theuppermost �rst): IPFP (fast 
onvergen
e), CC, LCC (os
illating and almost identi
al), GA,GEM (both monotoni
ally in
reasing and almost identi
al) , AA (monotoni
ally in
reasingbut 
onvergent to a di�erent value).
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Figure 5.8: Comparison of methods applied to the in
onsistent input set. The methods are(the uppermost �rst): IPFP, LCC, CC (all three are os
illating), GA, GEM, AA (all thesethree are monotoni
ally de
reasing ea
h 
onverges to a di�erent value).



98 CHAPTER 5. INCONSISTENT KNOWLEDGE INTEGRATIONuniform Q(0) extremal Q(0)Algorithm i Q(4i)(x) i Q(4i)(x)IPFP 4 0.15691 84 0.17283CC 483 0.15688 5178 0.17188LCC 283 0.15685 5131 0.17491AA 40 0.15453 50 0.16141GA 39 0.15691 358 0.17283GEM 40 0.15691 5299 0.17284Table 5.8: Comparisons of methods on 
onsistent input setuniform Q(0)Algorithm i Q(4i)(x) I1-aggreg. I2-aggreg.IPFP 5� a 
y
leyCC 1694 0.013331 0.484552 0.586322LCC 285 0.014706 0.507880 0.560860AA 68 0.011678 0.484547 0.586708GA 49 0.016847 0.507444 0.560853GEM 82 0.013272 0.484544 0.586707LANCELOTz 14 0.000002 0.484546 0.586709LANCELOTx 20 0.085970 0.507447 0.560849Table 5.9: Comparison of methods on in
onsistent input setA serious diÆ
ulty whi
h 
ompli
ates pra
ti
al usability of CC and LCC methods is theirlow 
onvergen
e rate no matter if they are applied to 
onsistent or in
onsistent input sets.Convergen
e rates of AA, GA, and GEM are similar. Observe that they are slower thanIPFP on a 
onsistent input set. Speed of 
onvergen
e depends on the type of an generating
lass. Similarly to IPFP applied to a 
onsistent input set, the 
onvergen
e rate of AA, GA,and GEM is slower if generating 
lass is not de
omposable. Furthermore, the 
onvergen
emay further slow down if the initial probability distribution is extremal, i.e. far away fromthe uniform probability distribution (see Figure 5.9).Figures 5.10 and 5.11 display fun
tion history of I1-aggregate and I2-aggregate during AA,GA, and GEM methods. Observe that for all three methods I1-aggregate is monotoni
allyde
reasing, while I2-aggregate is monotoni
ally de
reasing only for GA.Computational 
omplexity of the proposed methods is highly related with G1 property.�Number of 
y
les after whi
h the pro
edure stabilizes in a limit 
y
leyThe values in the 
y
le were f0:020338; 0:014240; 0:026564; 0:071430gzMinimization using I1-aggregate as the 
riterionxMinimization using I2-aggregate as the 
riterion
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Figure 5.9: GEM algorithm applied to an extremal initial distribution .
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Figure 5.10: Comparison of fun
tion history of I1-aggregate during pro
esses of AA, GEM(almost identi
al - both are displayed by full line), and GA (dotted line) on the in
onsistentinput set.
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Figure 5.11: Comparison of fun
tion history of I2-aggregate during pro
esses of AA (full line),GA (dotted line) and GEM (dash and dot line) on the in
onsistent input set.We 
an read from the Table 5.2 that for IPFP, LCC, GA, and GEM it holds thatQ(0) 2 RE ) i = 1; 2; : : : : Q(i) 2 RE ;while for CC and AA even if Q(0) 2 RE then the joint probability distributions of the nextsteps need not fa
torize with respe
t to E . It 
an be utilized for an e�e
tive implementationof the pro
edure. Thus, if the initial joint probability distribution Q(0) belongs to RE , allthese four algorithms (IPFP, LCC, GA, and GEM) 
an be implemented so that the spa
erequirements and 
omputational 
omplexity of one iterative step are proportional to the sizejXE j of the largest fa
tor �E(xE) of Q(i)(x) = QE2E �E(xE):For the IPFP algorithm a spa
e-saving implementation was proposed by R. Jirou�sek [22℄.His implementation is based on assertion of Theorem 3.1. This 
omputational s
heme 
anbe extended so that it 
an be exploited for LCC, GA and GEM methods as well. Threeextensions to the Jirou�sek's s
heme are ne
essary:� An e�e
tive way of performingmultipli
ation of two distributions that fa
torize withrespe
t to the same set E . It is straightforward as it 
an be seen below.P = YE2E �E(xE) and Q = YE2E �E(xE) , P �Q = YE2E ��E(xE) � �E(xE)� :� In order to get a probability distribution the operation of normalization must be per-formed within LCC and GA algorithms. The normalization 
onstant 
an be e�e
tively
omputed by a subsequent marginalization. Suppose that a potentialf(x) = YE2E �E(xE)



5.11. CONVERGENCE RATE AND COMPUTATIONAL COMPLEXITY 101is to be normalized in order to get a probability distribution. Similarly to Theorem 3.1we de�ne F � E to be de
omposable. It 
an be ordered so that it satis�es Runninginterse
tion property. Suppose that F = fF1; : : : ; Ftg is su
h an order, i.e.8l = 2; : : : ; t 9k (1 � k < l) ((Fl \ l�1[m=1Fm) � Fk);Bk = �[k�1l=1 Fl� [ �[tl=k+1Fl�, and for k = t; t � 1; : : : ; 1 
orresponding 
lass Ek isde�ned re
ursively as Ek = fE � Fk; E 62 Ek+1g. Then the normalization 
onstant 
anbe 
omputed by
 = Xx f(x)= Xx YE2E �E(xE)= XxFtn(Et\Bt) XxFt�1n(Et�1\Bt�1) : : : XxE1 YE2E �E(xE)= XxFtn(Et\Bt) YEt2Et �Et(xEt) � XxFt�1n(Et�1\Bt�1) YEt�12Et�1 �Et�1(xEt�1) � : : :: : : � XxE1 YE12E1 �E1(xE1)� In the maximization step of GEM, instead of joint probability distribution R(i) 
om-puted in the expe
tation step, only its marginals REj(i) are used. Therefore the expe
tationstep of GEM 
an be performed e�e
tively using 
omputational s
heme of Lauritzen andSpiegelhalter [28℄.Addition of two probability distribution fa
torizing with respe
t to the same 
lass E doesnot generally result into a probability distribution fa
torizing with respe
t to E . Thereforethe 
omputational s
heme presented above 
an not be used for CC and AA methods. Con-sequently, the spa
e required (and 
omputational 
omplexity) during one iterative step isproportional to the size jXj of a joint probability distribution, whi
h implies that CC andAA are not appli
able to large problems, i.e. if the joint probability distributions is de�nedon more than 40 di
hotomi
 random variables.We 
on
lude the 
omparisons by presenting the opinion that the most favorable methodfrom the presented methods appli
able to in
onsistent knowledge integration seems to be GEMsin
e it best 
orresponds to the intention to design a method that is an extension of IPFPfor in
onsistent input set. Due to a possible spa
e-saving implementation its 
omputational
omplexity is proportional to to the size jXE j of the largest fa
tor. A weakness of the methodis a relatively slow 
onvergen
e for generating 
lasses that are not de
omposable and if aninitial probability distribution is far away from the uniform probability distribution. In this
ase, some of gradient optimization methods would 
onverge substantially faster. But, notethat general optimization methods are not tra
table if the joint probability distribution islarge. Another disadvantage of 
lassi
al optimization methods 
omparing with GEM is thattwo requirements should be applied gradually, e.g. �rst, marginals minimizing  1 are sear
hedfor and than a distribution from RE having these marginals is 
omputed. While during theGEM algorithm both requirements are re�ned together.



102 CHAPTER 5. INCONSISTENT KNOWLEDGE INTEGRATION



6ConclusionsThe basi
 goal of the thesis was the design and des
ription of methods appli
able to theintegration of knowledge represented by a set of probability distributions. We have presented�ve methods that under some assumptions 
onverge even if the input set is in
onsistent.The theory of additively 
onstrained sets and multipli
atively 
onstrained sets has enabled usto des
ribe and 
on�rm the methods' properties. The fundamental advantage of proposediterative methods is that, in 
omparison with 
onventional optimization methods, they donot require 
ompli
ated 
al
ulations. This makes it possible to apply them to problems ofhigh dimensionality. We have implemented all these methods and performed a number of
omputational experiments. A systemati
 summary of the a
hieved results is given. One ofthe proposed methods, an instan
e of the GEM-algorithm, 
an be 
onsidered to be the mostappropriate method for the task of in
onsistent knowledge integration.In the 
ase of 
onsistent input set iterative proportional �tting pro
edure possess the best
onvergen
e rate of all presented iterative methods. Moreover, in the 
ase of a de
omposablegenerating 
lass, there exist orderings of the input set that guarantee IPFP 
onvergen
e withinone 
y
le. The thesis extends the family of de
omposable generating 
lasses for whi
h IPFP
onverges within one 
y
le regardless the ordering. On the other side, we have shown thatthere exist de
omposable generating 
lasses su
h that (in spite of Haberman's 
onje
ture of1974) IPFP need not 
onverge even within two 
y
les.The theory of iterative methods proposed for probabilisti
 knowledge integration, whi
hwe have presented, makes a self-
ontained and 
losed exposure. Iterative methods 
an, forinstan
e, play the role of algorithms for learning parameters of probabilisti
 systems. At thepresent time, the learning algorithms re
eive great attention. Expert or knowledge systemswith a probabilisti
 engine have been predi
ted to be applied in many domains in the nearfuture.6.1 The main original resultsThe �rst task was to prepare the theory that enable us to design and study iterative meth-ods for integration of knowledge represented by a set of probability distributions. In Chap-ters 2 and 3 we presented self-
ontained theory of two basi
 types of probability distributions'sets: additively 
onstrained sets and multipli
atively 
onstrained sets. Afterwards, we applied103



104 CHAPTER 6. CONCLUSIONSthe theory to the study of iterative methods. Its appli
ation was based on the fa
t that all ofthe proposed methods iterate operations of I-proje
tions to additively 
onstrained sets. Wehave done original proofs of some theorems and lemmata of this part, let us make referen
eat least to Theorem 2.9. Some of the fundamental theorems of this part are rewritten fromdi�erent papers [10, 11, 32, 33℄. We had to adapt these theorems in order to give them inthe form appropriate for the 
ontext. Some proofs were not available, thus we had to workthem out afresh.The se
ond basi
 part (Chapter 4) was devoted to the study of iterative proportional�tting pro
edure in the 
ase of de
omposable generating 
lasses. There are several originalresults in this se
tion. We proved a suÆ
ient 
ondition for IPFP 
onvergen
e within one 
y
le(Theorem 4.6), whi
h extends the family of de
omposable generating 
lasses su
h that for anyordering of the sets in the 
lass IPFP 
onverges within one 
y
le. An important result is the
ounterexample to S. Haberman 
onje
ture [17℄, that for all de
omposable generating 
lassesIPFP always 
onverges within two 
y
les. It is known that orderings of the input set meetingrunning interse
tion property guarantee IPFP 
onvergen
e within one 
y
le We proved asuÆ
ient 
ondition that extends the 
lass of orderings that guarantee IPFP 
onvergen
ewithin one 
y
le Theorem 4.7. We have proposed two 
onje
tures. The �rst one o�ers afull 
hara
terization of 
hordal graphs 
orresponding to generating 
lasses that guaranteeIPFP 
onvergen
e within one 
y
le. The se
ond one is the analogy of the �rst one for the
onvergen
e within two 
y
les.The third task that we solved (Chapter 5) was to �nd a method that 
onverge to a jointprobability distribution even if the input set is in
onsistent. The basi
 requirements arethat the marginals of the resulting distribution are 
lose to the input distributions and theresulting distribution does not depend on the ordering of the input set. An appli
ation to the
onsistent input sets should result in the same distribution as iterative proportional �ttingpro
edure. Results of empiri
al study of �ve iterative methods for the probabilisti
 knowledgeintegration are presented. We have proposed the instan
e of the GEM-algorithm, whi
h we
laim to be the most appropriate of all the methods des
ribed. Results proven for the generalGEM-algorithm were exploited to prove 
onvergen
e properties of the proposed method.This method meets all the demanded properties and sin
e it results in the joint probabilitydistribution that fa
torizes with respe
t to the generating 
lass it 
an be 
onsidered to bean extension of iterative proportional �tting pro
edure to the 
ase of of the not ne
essarily
onsistent input set.6.2 Open questionsOpen questions 
on
ern two areas. At �rst, the 
onje
ture 
on
erning full 
hara
terizationof de
omposable generating 
lasses that guarantee IPFP 
onvergen
e within one 
y
le (Con-je
ture 4.1) needs to be proven. Another open problem from the area of IPFP 
onvergen
eis a ne
essary and suÆ
ient 
ondition of IPFP 
onvergen
e within �nite number of 
y
les(Conje
ture 4.2).Five methods for in
onsistent knowledge integration were proposed in Chapter 5. Table 5.2summarizes properties of these methods. One 
an see that several methods' properties are notproven. Some of the missing assertions need not require mu
h e�ort to be proven but someproofs 
an be rather 
ompli
ated. Furthermore, we strove for results that are not restri
ted to
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tly positive probability distribution. Some assertions 
on
erning 
onvergen
e propertiesof iterative methods were not a
hieved in this general 
ase due to problems with probabilitydistributions 
ontaining zeroes. Thus, 
onvergen
e proofs of some proposed methods are stillmissing.
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AMathematica
Source CodeThe reason we have 
hosen to perform all 
omputations in Mathemati
a is based on Mathe-mati
a's ability to set an a
quired a

ura
y of results. Thus, without mu
h additional e�ortwe were able to swit
h between 
omputations in rational arithmeti
 and 
omputations in realnumbers with the a

ura
y of results being under the 
ontrol.During the 
omputation the program keeps tra
k of whi
h digits in a result 
an be a�e
tedby unknown digits in the input. In the result not a�e
ted digits are displayed only. If thenumber of displayed digits was too low to make any 
on
lusion about where does a method
onverge, we simply in
reased the pre
ision of program and performed the 
omputation withthe in
reased value again. Sin
e Mathemati
a always overestimates a potential e�e
t ofunknown digits we 
an be sure that the displayed numbers are 
orre
t. Sometimes, this fa
t,e.g. in 
ase of GEM algorithm on extremal initial distribution, requires a very high pre
isionto be set.In the appendix, sour
e 
ode of two programs written in Mathemati
a 
an be found.First program was used to reje
t Haberman's 
onje
ture. The 
omputations were performedin rational arithmeti
s. Sin
e numerators and denominators of the resulting fra
tions areenormously huge integers, the values were displayed as rounded real numbers at the very endof algorithm.Se
ond program was used to make experiments with iterative methods. The parametersthat have impa
t on the a

ura
y of results are ND whi
h gives the initial number of digitsused to store numbers and $MaxExtraPre
ision whi
h is an global option of Mathemati
ade�ning how many additional digits it uses for its internal 
al
ulations.Both �les are available via world wide web. The addresses are given at the beginning ofthe �les. They 
an be simply used to verify results of the thesis. Having the �les downloadedand saved to the 
omputer they 
an be dire
tly open in Mathemati
a and just by performingmenu item Kernel -> Evaluation -> Evaluate Notebook the results 
an be a
hieved. Inorder to be able to get results for di�erent methods on di�erent input set and with di�erentinitial distributions the swit
hes are given in the se
ond �le. The required 
ombination 
an be
hosen by putting out the 
omments' symbols (* ... *) around the 
orresponding options,111



112 APPENDIX A. MATHEMATICA SOURCE CODEwhile the other should be put into the 
omments part 
onversely.It should be noted that some of 
omputations may take dozens of minutes. However,it would be satisfa
tory for many real problems to use �xed-pre
ision 
omputations, whi
hwould speed up the pro
ess substantially.A.1 Program used to reje
t Haberman's 
onje
ture(* This program is available at: *)(* http://www.utia.
as.
z/user_data/vomlel/motylek.nb *)(* http://lisp.vse.
z/~vomlel/motylek.nb *)(* Definition of probability distributions' values *)P1 = {{{5/100,8/100},{5/100,11/100}},{{13/100,17/100},{31/100,10/100}}};P2 = {{{3/100,13/100},{7/100,17/100}},{{3/100,10/100},{17/100,30/100}}};P3 = {{{7/100,5/100},{11/100,7/100}},{{23/100,8/100},{27/100,12/100}}};P4 = {{{12/100,4/100},{11/100,13/100}},{{8/100,5/100},{13/100,34/100}}};P5 = {{{2/100,4/100},{11/100,12/100}},{{10/100,14/100},{20/100,27/100}}};P6 = {{{3/100,7/100},{11/100,19/100}},{{5/100,15/100},{25/100,15/100}}};(* Definition of 
omputational steps of IPFP based on marginalizations,divisions, and multipli
ations of lists *)Marg1=Fun
tion[x,Inner[Times,Inner[Times,Inner[Times,Inner[Times,Inner[Times,Transpose[x,{8,1,7,2,3,4,5,6}℄,{1,1}℄,{1,1}℄,{1,1}℄,{1,1}℄,{1,1}℄℄;Cond1=Fun
tion[x,Transpose[Outer[Divide,x,Marg1[x℄℄,{1,2,3,4,5,6,7,8,2,4,5}℄℄;IPFP1=Fun
tion[x,Transpose[Outer[Times,Cond1[x℄,P1℄,{1,2,3,4,5,6,7,8,2,4,5}℄℄;Marg2=Fun
tion[x,Inner[Times,Inner[Times,Inner[Times,Inner[Times,Inner[Times,x,{1,1}℄,{1,1}℄,{1,1}℄,{1,1}℄,{1,1}℄℄;Cond2=Fun
tion[x,Transpose[Outer[Divide,x,Marg2[x℄℄,{1,2,3,4,5,6,7,8,1,2,3}℄℄;IPFP2=Fun
tion[x,Transpose[Outer[Times,Cond2[x℄,P2℄,{1,2,3,4,5,6,7,8,1,2,3}℄℄;Marg3=Fun
tion[x,Inner[Times,Inner[Times,Inner[Times,Inner[Times,Inner[Times,Transpose[x,{8,7,1,2,6,3,5,4}℄,{1,1}℄,{1,1}℄,{1,1}℄,{1,1}℄,{1,1}℄℄;Cond3=Fun
tion[x,Transpose[Outer[Divide,x,Marg3[x℄℄,{1,2,3,4,5,6,7,8,3,4,6}℄℄;IPFP3=Fun
tion[x,



A.1. PROGRAM USED TO REJECT HABERMAN'S CONJECTURE 113Transpose[Outer[Times,Cond3[x℄,P3℄,{1,2,3,4,5,6,7,8,3,4,6}℄℄;Marg4=Fun
tion[x,Inner[Times,Inner[Times,Inner[Times,Inner[Times,Inner[Times,Transpose[x,{1,2,8,7,6,5,3,4}℄,{1,1}℄,{1,1}℄,{1,1}℄,{1,1}℄,{1,1}℄℄;Cond4=Fun
tion[x,Transpose[Outer[Divide,x,Marg4[x℄℄,{1,2,3,4,5,6,7,8,1,2,7}℄℄;IPFP4=Fun
tion[x,Transpose[Outer[Times,Cond4[x℄,P4℄,{1,2,3,4,5,6,7,8,1,2,7}℄℄;Marg5=Fun
tion[x,Inner[Times,Inner[Times,Inner[Times,Inner[Times,Inner[Times,Transpose[x,{8,1,2,3,4,5,6,7}℄,{1,1}℄,{1,1}℄,{1,1}℄,{1,1}℄,{1,1}℄℄;Cond5=Fun
tion[x,Transpose[Outer[Divide,x,Marg5[x℄℄,{1,2,3,4,5,6,7,8,2,3,4}℄℄;IPFP5=Fun
tion[x,Transpose[Outer[Times,Cond5[x℄,P5℄,{1,2,3,4,5,6,7,8,2,3,4}℄℄;Marg6=Fun
tion[x,Inner[Times,Inner[Times,Inner[Times,Inner[Times,Inner[Times,Transpose[x,{1,8,2,7,6,5,4,3}℄,{1,1}℄,{1,1}℄,{1,1}℄,{1,1}℄,{1,1}℄℄;Cond6=Fun
tion[x,Transpose[Outer[Divide,x,Marg6[x℄℄,{1,2,3,4,5,6,7,8,1,3,8}℄℄;IPFP6=Fun
tion[x,Transpose[Outer[Times,Cond6[x℄,P6℄,{1,2,3,4,5,6,7,8,1,3,8}℄℄;(* 2*6 = 12 iterative steps of IPFP *)Q0 = Array[1/256&,{2,2,2,2,2,2,2,2}℄;Q1 = IPFP1[Q0℄; Unprote
t[Q0℄; Q0=.;Q2 = IPFP2[Q1℄; Unprote
t[Q1℄; Q1=.;Q3 = IPFP3[Q2℄; Unprote
t[Q2℄; Q2=.;Q4 = IPFP4[Q3℄; Unprote
t[Q3℄; Q3=.;Q5 = IPFP5[Q4℄; Unprote
t[Q4℄; Q4=.;Q6 = IPFP6[Q5℄; Unprote
t[Q5℄; Q5=.;Q7 = IPFP1[Q6℄; Unprote
t[Q6℄; Q6=.;Q8 = IPFP2[Q7℄; Unprote
t[Q7℄; Q7=.;Q9 = IPFP3[Q8℄; Unprote
t[Q8℄; Q8=.;Q10 = IPFP4[Q9℄; Unprote
t[Q9℄; Q9=.;Q11 = IPFP5[Q10℄; Unprote
t[Q10℄; Q10=.;Q12 = IPFP6[Q11℄; Unprote
t[Q11℄; Q11=.;



114 APPENDIX A. MATHEMATICA SOURCE CODE(* Total varian
es between marginals of 12th iteration *)(* probability distribution and the input set distributions *)N[Apply[Plus,Flatten[Abs[Transpose[Outer[Subtra
t,Marg1[Q12℄,P1℄,{1,2,3,1,2,3}℄℄℄℄,20℄N[Apply[Plus,Flatten[Abs[Transpose[Outer[Subtra
t,Marg2[Q12℄,P2℄,{1,2,3,1,2,3}℄℄℄℄,20℄N[Apply[Plus,Flatten[Abs[Transpose[Outer[Subtra
t,Marg3[Q12℄,P3℄,{1,2,3,1,2,3}℄℄℄℄,20℄N[Apply[Plus,Flatten[Abs[Transpose[Outer[Subtra
t,Marg4[Q12℄,P4℄,{1,2,3,1,2,3}℄℄℄℄,20℄N[Apply[Plus,Flatten[Abs[Transpose[Outer[Subtra
t,Marg5[Q12℄,P5℄,{1,2,3,1,2,3}℄℄℄℄,20℄N[Apply[Plus,Flatten[Abs[Transpose[Outer[Subtra
t,Marg6[Q12℄,P6℄,{1,2,3,1,2,3}℄℄℄℄,20℄(* Results *)\!\(2.5495843009465220448057947463266`20*^-12\)\!\(1.0533484745065921152414434384698`20*^-10\)\!\(1.8018319831103160145113443050463`20*^-13\)\!\(1.0533484745065921152414434384698`20*^-10\)\!\(2.5495843009465220448057947463266`20*^-12\)0



A.2. IMPLEMENTATION OF PROPOSED METHODS 115A.2 Implementation of proposed methods(* This program is available at: *)(* http://www.utia.
as.
z/user_data/vomlel/ipfp-modif.nb *)(* http://lisp.vse.
z/~vomlel/ipfp-modif.nb *)<<Graphi
s`MultipleListPlot`;(* Control options *)ND= 500;(* Starting pre
ision, i.e. number of digits *)$MaxExtraPre
ision=300; (* Number of extra digits to be storedduring the 
omputation *)(*$MinPre
ision = ND; *)(* For
ed minimal 
omputational pre
ision *)(*$MaxPre
ision = ND; *)(* For
ed maximal 
omputational pre
ision *)NC=5000; (* Number of 
y
les *)i=3;(* Index of the value that will be monitored in list L *)TOL = 1/1000000;(* Absolute differen
e in total varian
e between distributionsat the end of two 
onsequent 
y
les used to stop 
omputation *)Consistent="Yes";(* Consistent = "No";*)(* Algorithm = "IPFP"; *)(* Algorithm = "CC";*)(* Algorithm = "LCC";*)(* Algorithm = "AA";*)(* Algorithm = "GA"; *)Algorithm = "GEM";(* StartPoint = "Uniform";*)StartPoint = "Extremal";(* Fun
tion that defines 
oefi
ients for CC and LCC algorithms *)alpha=Fun
tion[x,1/(1+x)℄;(* Definition of probability distributions' values as stru
tured lists *)Swit
h [Consistent,"Yes",{P1 = {{89/288,43/144},{7/36,19/96}};P2 ={{17/96,47/144},{43/288,25/72}};P3 ={{31/144,1/9},{67/144,5/24}};P4 ={{15/32,5/36},{61/288,13/72}}},"No", {P1 ={{1/10,3/10},{2/10,4/10}};P2 ={{7/10,1/10},{1/10,1/10}};P3 ={{2/10,1/10},{2/10,5/10}};P4 ={{3/10,3/10},{3/10,1/10}}}℄;



116 APPENDIX A. MATHEMATICA SOURCE CODE(* Definition of 
omputational steps of IPFP based on marginalizations,divisions, and multipli
ations of lists *)Marg1= Fun
tion[x,Inner[Times,Inner[Times,x,{1,1}℄,{1,1}℄℄;Cond1= Fun
tion[x,Transpose[Outer[Divide,x,Marg1[x℄℄,{1,2,3,4,1,2}℄℄;IPFP1= Fun
tion[{x,y},Transpose[Outer[Times,Cond1[x℄,y℄,{1,2,3,4,1,2}℄℄;Marg2= Fun
tion[x,Inner[Times,Inner[Times,Transpose[x,{3,1,2,4}℄,{1,1}℄,{1,1}℄℄;Cond2= Fun
tion[x,Transpose[Outer[Divide,x,Marg2[x℄℄,{1,2,3,4,2,3}℄℄;IPFP2= Fun
tion[{x,y},Transpose[Outer[Times,Cond2[x℄,y℄,{1,2,3,4,2,3}℄℄;Marg3= Fun
tion[x,Inner[Times,Inner[Times,Transpose[x,{3,4,1,2}℄,{1,1}℄,{1,1}℄℄;Cond3= Fun
tion[x,Transpose[Outer[Divide,x,Marg3[x℄℄,{1,2,3,4,3,4}℄℄;IPFP3= Fun
tion[{x,y},Transpose[Outer[Times,Cond3[x℄,y℄,{1,2,3,4,3,4}℄℄;Marg4= Fun
tion[x,Inner[Times,Inner[Times,Transpose[x,{1,3,4,2}℄,{1,1}℄,{1,1}℄℄;Cond4= Fun
tion[x,Transpose[Outer[Divide,x,Marg4[x℄℄,{1,2,3,4,1,4}℄℄;IPFP4= Fun
tion[{x,y},Transpose[Outer[Times,Cond4[x℄,y℄,{1,2,3,4,1,4}℄℄;(* I_1 aggregate *)I1A=Fun
tion[{Q0,P1,P2,P3,P4},Apply[Plus,Flatten[Transpose[Outer[Times,P1,Log[Transpose[Outer[Divide,P1, Marg1[Q0℄℄,{1,2,1,2}℄℄℄,{1,2,1,2}℄℄℄+Apply[Plus,Flatten[Transpose[Outer[Times,P2,Log[Transpose[Outer[Divide,P2, Marg2[Q0℄℄,{1,2,1,2}℄℄℄,{1,2,1,2}℄℄℄+Apply[Plus,Flatten[Transpose[Outer[Times,P3,Log[Transpose[Outer[Divide,P3, Marg3[Q0℄℄,{1,2,1,2}℄℄℄,{1,2,1,2}℄℄℄+Apply[Plus,Flatten[Transpose[Outer[Times,P4,Log[Transpose[Outer[Divide,P4, Marg4[Q0℄℄,{1,2,1,2}℄℄℄,{1,2,1,2}℄℄℄℄;(* I_2 aggregate *)I2A=Fun
tion[{Q0,P1,P2,P3,P4},Apply[Plus,Flatten[Transpose[Outer[Times, Marg1[Q0℄,Log[Transpose[Outer[Divide, Marg1[Q0℄,P1℄,{1,2,1,2}℄℄℄,{1,2,1,2}℄℄℄+Apply[Plus,Flatten[Transpose[Outer[Times,Marg2[Q0℄,Log[Transpose[Outer[Divide,Marg2[Q0℄,P2 ℄,{1,2,1,2}℄℄℄,{1,2,1,2}℄℄℄+Apply[Plus,Flatten[Transpose[Outer[Times, Marg3[Q0℄,Log[Transpose[Outer[Divide, Marg3[Q0℄,P3℄,{1,2,1,2}℄℄℄,{1,2,1,2}℄℄℄+



A.2. IMPLEMENTATION OF PROPOSED METHODS 117Apply[Plus,Flatten[Transpose[Outer[Times, Marg4[Q0℄,Log[Transpose[Outer[Divide, Marg4[Q0℄,P4℄,{1,2,1,2}℄℄℄,{1,2,1,2}℄℄℄℄;(* Total varian
e between Q1 and Q2 *)VAR=Fun
tion[{Q1,Q2}, Apply[Plus,Flatten[Abs[Transpose[Outer[Subtra
t,Q1,Q2℄,{1,2,3,4,1,2,3,4}℄℄℄℄℄;(* Definition of a starting probability distribution *)Swit
h [StartPoint,"Uniform", Q0= N[Array[1/2^4&,{2,2,2,2}℄,ND℄ ,"Extremal", Q0= N[{{{{1/100000,1/100000},{1/100000,1/100000}},{{1/100000,1/100000},{1/100000,1/100000}}},{{{1/100000,1/100000},{1/100000,1/100000}},{{1/100000,1/100000},{1/100000,99985/100000}}}},ND℄℄;(* Initialization of variables *)L={};(* List monitoring values of Q[i℄ for every step j *)LA={};(* List monitoring values of Q[i℄ for every 
y
le *)j=1;k=1;differ=1;(* The 
ore *)While[k<=NC && differ > TOL,QP=Q0;Q1=IPFP1[QP,P1℄;QT=Flatten[Q1℄;L=Append[L,{j,QT[[i℄℄}℄;j=j+1;Swit
h[Algorithm,"IPFP",QP=Q1,"CC", {a=alpha[k℄;QP=(1-a)*QP+ a*Q1},"LCC",{a=alpha[k℄;QP=QP^(1-a)*Q1^a;QP=(1/Apply[Plus,Flatten[QP℄℄)*QP}℄;Q2=IPFP2[QP,P2℄;QT=Flatten[Q2℄;L=Append[L,{j,QT[[i℄℄}℄;j=j+1;Swit
h[Algorithm,"IPFP",QP=Q2,"CC", {a=alpha[k℄;QP=(1-a)*QP+ a*Q2},"LCC",{a=alpha[k℄;QP=QP^(1-a)*Q2^a;QP=(1/Apply[Plus,Flatten[QP℄℄)*QP}℄;Q3=IPFP3[QP,P3℄;QT=Flatten[Q3℄;L=Append[L,{j,QT[[i℄℄}℄;j=j+1;Swit
h[Algorithm,"IPFP",QP=Q3,"CC", {a=alpha[k℄;QP=(1-a)*QP+ a*Q3},"LCC",{a=alpha[k℄;QP=QP^(1-a)*Q3^a;QP=(1/Apply[Plus,Flatten[QP℄℄)*QP}℄;Q4=IPFP4[QP,P4℄;QT=Flatten[Q4℄;L=Append[L,{j,QT[[i℄℄}℄;j=j+1;Swit
h[Algorithm,"IPFP",QN=Q4,



118 APPENDIX A. MATHEMATICA SOURCE CODE"CC", {a=alpha[k℄;QN=(1-a)*QP+ a*Q4},"LCC",{a=alpha[k℄;QP=QP^(1-a)*Q4^a; QN=(1/Apply[Plus,Flatten[QP℄℄)*QP},"AA", QN=(1/4)*(Q1+Q2+Q3+Q4),"GA", {QP=Transpose[Outer[Times,Transpose[Outer[Times,Q1^(1/4),Q2^(1/4)℄,{1,2,3,4,1,2,3,4}℄,Transpose[Outer[Times,Q3^(1/4),Q4^(1/4)℄,{1,2,3,4,1,2,3,4}℄℄,{1,2,3,4,1,2,3,4}℄;QN=(1/Apply[Plus,Flatten[QP℄℄)*QP},"GEM",{QP= (1/4)*(Q1+Q2+Q3+Q4);Q1=IPFP1[Q0,Marg1[QP℄℄;Q2=IPFP2[Q1,Marg2[QP℄℄;Q3=IPFP3[Q2,Marg3[QP℄℄;QN=IPFP4[Q3,Marg4[QP℄℄}℄;QT=Flatten[QN℄;LA=Append[LA,{j-1,QT[[i℄℄}℄;differ = VAR[Q0,QN℄;Unprote
t[Q0℄;Q0=.;Q0=QN;Unprote
t[QN℄;QN=.; Unprote
t[Q1℄;Q1=.; Unprote
t[Q2℄;Q2=.;Unprote
t[Q3℄;Q3=.; Unprote
t[QP℄;QP=.; Unprote
t[QT℄;QT=.;k=k+1;℄;(* Resulting total varian
e between Q(k-1) and Q(k-2) used to stop *)N[differ,6℄(* Number of 
y
les *)k-1(* Resulting probability distribution *)N[Q0,5℄(* I_1 aggregate of resulting probability distribution *)N[I1A[Q0,P1,P2,P3,P4℄,6℄(* I_2 aggregate of resulting probability distribution *)N[I2A[Q0,P1,P2,P3,P4℄,6℄MultipleListPlot[L,LA,AxesOrigin -> {1,0.00},PlotJoined -> True,Ba
kground ->RGBColor[1, 1, 1℄, SymbolShape->None,ImageSize->{400,300}, PlotRange ->{{1,(j-1)},{0.00,0.20}}℄



BSource code for
optimization

in AMPLIn order to be able to 
ompare proposed methods with standard optimization algorithms wehave de
ided to use AMPL, A Modeling Language for Mathemati
al Programming. AMPLis a 
omprehensive and powerful algebrai
 modeling language for linear and nonlinear opti-mization problems, in dis
rete or 
ontinuous variables, developed at Bell Laboratories. Tosolve a problem its optimization model is formulated and then the model 
an be solved byany appropriate solver.There are many solvers for whi
h interfa
es to AMPL have been 
onstru
ted. Sin
e theproblem we wanted to solve is 
onstrained and nonlinear we de
ided to use LANCELOT.LANCELOT is a globally 
onvergent augmented Lagrangian algorithm for optimization withgeneral 
onstraints and simple bounds [1℄. There is a friendly and generally a

essible webinterfa
e to the program, available at: http://204.178.31.5:8001/ampl.pl. Its use issimple. To get the distributions we refer to in our thesis the reader should sele
t (un
omment)the 
riteria in the following �le, paste it into the Model and data window, sele
t a solver (inour 
ase lan
elot), and send the input to the server. We have used the program to minimizethe I1 and I2 aggregates.# This file is available at:# http://www.utia.
as.
z/user_data/vomlel/optim-ampl.txt# http://lisp.vse.
z/~vomlel/optim-ampl.txtset P;set R;set Marg;set MVal {Marg,R} within P;param l {j in P}; 119



120 APPENDIX B. SOURCE CODE FOR OPTIMIZATION IN AMPLparam u {j in P};param m {Marg,R};var X {j in P} <= 1;var MX {k in Marg, v in R} = sum {j in MVal[k,v℄} X[j℄;var I1X = sum {k in Marg, v in R}(m[k,v℄*log(m[k,v℄/(sum {j in MVal[k,v℄} X[j℄)));var I2X = sum {k in Marg, v in R} ((sum {j in MVal[k,v℄}X[j℄)*log((sum {j in MVal[k,v℄} X[j℄)/m[k,v℄));minimize sum_i_1_agg: I1X;#minimize sum_i_2_agg: I2X;subje
t to prob_values {j in P}: 0.1e-20 <= X[j℄ <= 1;subje
t to prob_distr: sum {j in P} X[j℄ = 1;data; ############ DATA STARTS HERE ############set P := 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16;set R := 1 2 3 4;set Marg := 1 2 3 4;set MVal[1,1℄:= 1 5 9 13;set MVal[1,2℄:= 2 6 10 14;set MVal[1,3℄:= 3 7 11 15;set MVal[1,4℄:= 4 8 12 16;set MVal[2,1℄:= 1 3 5 7;set MVal[2,2℄:= 2 4 6 8;set MVal[2,3℄:= 9 11 13 15;set MVal[2,4℄:=10 12 14 16;set MVal[3,1℄:= 1 2 3 4;set MVal[3,2℄:= 5 6 7 8;set MVal[3,3℄:= 9 10 11 12;set MVal[3,4℄:=13 14 15 16;set MVal[4,1℄:= 1 2 9 10;set MVal[4,2℄:= 3 4 11 12;set MVal[4,3℄:= 5 6 13 14;set MVal[4,4℄:= 7 8 15 16;param m: 1 2 3 4 :=#ea
h line stands for one marginal distribution1 0.1 0.3 0.2 0.42 0.7 0.1 0.1 0.13 0.2 0.1 0.2 0.54 0.3 0.3 0.3 0.1;let {j in P} X[j℄ := 0.0625;



121solve;display _varname, _var;
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INDEX 123meet operation ^, 6missing data, 73, 76modi�
ations of IPFP, 74multipli
atively 
onstrained set of proba-bility distributions RE ;A, 12neigbourhood, 11nontrivial hypergraph, 2partial order of hypergraphs, 6path in a hypergraph, 3path in graph, 7probability distribution, 9probability spa
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ation number ... 
(F; E), 53redu
ed hypergraph, 2redu
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tion of hypergraph, 3running interse
tion property, 5set of I1-aggregate's minimizers : : : T1, 70set of I2-aggregate's minimizers : : : T2, 71set of I2-minimizers on SE ... TSE (Q), 23set of probability distributions ... PA, 9set of values of multidimensional dis
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y
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