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Introduction

The main purpose of the thesis is a design and characterization of methods applicable to the
process called knowledge integration. It is supposed that knowledge is represented by a set
of probability distributions. Probabilistic models have the ability to handle uncertain infor-
mation that systems used in artificial intelligence ought to posses. Within the probabilistic
framework, knowledge integration is understood as a process of building a joint probability
distribution from an input set of low-dimensional distributions. Finally, the process should
yield the joint probability distribution embodying knowledge about a chosen domain.

Such a task can be solved by means of iterative procedures. The best-known example is
the Iterative Proportional Fitting Procedure (IPFP). It was proved by Csizsar [10] (for the case
of discrete probability distributions) that TIPFP converges if the input set of low-dimensional
probability distributions is consistent, i.e. if there exists a probability distribution whose
marginals equal to the probability distributions from the input set. If the initial distribu-
tion is decomposable and all the input distributions corresponds to this decomposable model
then the distributions computed during IPFP process are decomposable as well, so that they
can be effectively stored and manipulated. Decomposability makes possible the fast com-
putation of conditional probabilities possible. Csiszar showed that IPFP converges to the
distribution that is I;-projection of initial distribution to the set of distributions having their
marginals equal to probability distributions from input set. Furthermore, if the initial distri-
bution is uniform (or a product of positive one-dimensional probability distributions), then
the resulting distribution maximizes Shannon entropy within the set of distributions having
its marginals equal to the probability distributions from input set. Arguments in favor of
maximum entropy principle are based on the fact that the distribution maximizing Shannon
entropy contains least additional information[20, 23]. In Chapter 3, description of IPFP and
its behavior on both the consistent and inconsistent input set is examined.

Generally, I-divergence geometry, introduced by Csiszar [10] (using I;-projection) and
Cencov [7] (using I-projection), extended by Mat1s [32, 33] is an effective instrument enabling
us to study iterative procedures since these procedures are based on the operation of I-
projection to a set of probability distributions. In Section 1.4, we introduce the additively
constrained sets and the multiplicatively constrained sets. In Chapter 2, I-projections to
both the additively and multiplicatively constrained sets undergo an extensive exploration.
Though, most of theoretical results in Chapter 2 are not original, it is advantageous to put
them together since they were not published within a unifying framework.

A theoretical problem, we are dealing with in Chapter 4, is a behavior of IPFP in the case
of input set generated by decomposable generating class. For this case, it was already proved
by S. Haberman [17] that there exists an ordering of elements of the input set such that
IPFP converges within one cycle. Furthermore, for certain decomposable generating classes
IPFP converges within one cycle regardless the ordering used. S. Haberman [17] showed that
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strongly (totally) decomposable generating classes meet this property. Strong decomposability
is a sufficient but not a necessary condition. We have proved another sufficient but not
necessary condition which extends the family of generating classes that posses this property
(see Theorem 4.6). We propose a complete characterization of this family. We have rejected
the conjecture given in [17] that for all decomposable generating classes IPFP converges within
two cycles regardless from the order of generating class.

In the case of an inconsistent input set of probability distributions, the IPFP procedure
tends to come in cycles. Nevertheless, we wish to get some representative of input knowledge
even in the case when it is inconsistent. We endeavor to find iterative procedures that converge
even for inconsistent input sets, the marginals of the resulting distribution should be somehow
close to the input distributions and independent of the ordering of the input low-dimensional
distributions. Application to consistent input sets should lead to the same distributions as
classical TPFP. In Chapter 5 five iterative methods are described: conver and log-convex
conservative modifications of IPFP, methods of iterative geometric and arithmetic averages,
and a method that is an instance of GEM-algorithm. Discussion of their properties and
experimental results are given together with several examples. Since inconsistent input sets
of probability distributions can be derived from incomplete (missing) data we conclude the
chapter with an overview of methods that are used for missing data in statistics. A comparison
of these methods with the proposed iterative procedures has been carried out on a simple
problem.
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1.1

Preliminaries

Mathematical symbols

To make the text easy to read, mathematical notation obeys following rules:

Low-case characters (e.g. 4,7, k,s,...) are used for numbers (usually integers), hyper-
graph (or graph) nodes, etc.

Upper-case characters (e.g. A, B, E;,V,...) are used for sets of numbers, hypergraph
edges, etc.

Upper-case characters P,@Q, R, S,T, and U (possibly with an accent) are reserved for
probability distributions. If the superscript is symbol of a set then it means marginal-
ization (e.g. P4 is marginal of P). If the superscript is a symbol of a real number then
it means regular exponentiation. If indices are needed to distinguish distribution (espe-
cially in iterative processes) then subscripts are in parenthesis (e.g. Q(i_H)), otherwise a
subscript can be used to define index set of variables for which is a distribution defined
(e.g. Py € Pv).

Upper-case character X denotes random variables (e.g. X;) or more dimensional one
(X4 = (X)ica.

Blackboard bold upper-case character X; denote a set of values of a random variable
X;. X4 means Cartesian product of several variables values’ set (X4 = x;c4X;).

Low-case characters z;,y; denote arbitrary values of a random variable X;. z* is a

vector of several variables’ values (z4 € X4).

Caligraphic fonts are used for sets of sets (classes, families), (e.g.. sets of hypergraph
nodes &, F(F,E)).

Caligraphic fonts P, Q, R, S, and T are reserved for sets of distributions. Possible sub-
script somehow characterizes the set. For example, A in S4 means the set of variables
for which the distributions from this set are defined, &; in Rg;, means the class of dis-
tributions decomposable with respect to £1. Their interpretation will be clear from the
context.
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e Low-case Greek character m with a subscript followed by a symbol of a distribution
(e.g. mrP) denotes another distribution that is the I;-projection of distribution P to
the class of distributions R defined in subscript. Symbol 7’ is used for I-projection.

Details can be found in the sections where symbols are defined. In order to find easily a
particular definition, index on page 121 may be helpful.

1.2 Graphs and Hypergraphs

In this section all definitions from graph and hypergraph theory, necessary in our text, will
be given. Since unoriented graphs without loops can be viewed as hypergraphs having only
edges that connect two nodes we will start with definitions of hypergraphs’ properties. Both,
graphs and hypergraphs are supposed to be finite.

1.2.1 Hypergraphs

In this subsection, we are going to define two types of acyclicity in hypergraphs, together with
definition of decomposable hypergraphs. We will use the standard definition of hypergraphs
(Berge [3]).

Definition 1.1 (Hypergraph) Hypergraph H = (V,£) is a pair of two finite sets:
e set of vertices V' and

e set of hypergraph edges. Edges E € £ are arbitrary nonempty subsets of V.
In the sequel, the notion of reduced and nontrivial hypergraph will be needed.

Definition 1.2 (Nontrivial hypergraph) Hypergraph H = (V, &) is nontrivial if £ con-
sists of more than one element.

Definition 1.3 (Reduced set ) Set & of subsets of V' is reduced iff there are no two different
subsets (E,F € £,E # F) such that one is subset of another (F C F).

The definition of reduced set (Definition 1.3) will be used to farther restrict the notion
of hypergraph. Hypergraph where no edge is a proper subset of any other edge are called
reduced hypergraphs.

Definition 1.4 (Reduced hypergraph) Hypergraph H = (V,&) is reduced iff set of its
edges &£ is reduced.

In the subsequent text all hypergraphs will be supposed to be reduced.

There are two basic ways how to construct hierarchy of hypergraphs. Both ways are going
to be defined as an operation on the set of hypergraph edges. The first operation is based
on node removal and it is called hypergraph restriction [17]. The second one is based on edge
removal and it results in subhypergraph.
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Definition 1.5 (Restriction of hypergraph ) Let M C V be a set of hypergraph nodes.
Restriction of hypergraph H = (V,€) is hypergraph H' = (M, E(M), where

EM)={ENM:Ec&}
is the set of edges generated by set M.

Definition 1.6 (Subhypergraph) The hypergraph H' = (V' &) is subhypergraph of hy-
pergraph H = (V,€) if &' C £ and V' C V.

Definition 1.7 (Path in a hypergraph) Given a hypergraph H = (V, ) a path from node
n to node m is a sequence of distinct edges (Ei, Eo,...,E,), where 1 <i <gq: E; € £, such
that:

e nck,
e m € F,, and
e forevery 1 <i<gq:E;NEit1 #0.

Definition 1.8 (Connected hypergraph) Hypergraph H = (V,€) is connected if for ev-
ery pair of edges E;, E; there exist a path from node n € E; to node m € Ej.

Definition 1.9 (Articulation set) G is an articulation set of hypergraph H = (V,€&) iff
hypergraph (V' \ G,&(V \ G)) is not connected and there exist two different edges E, F € &
such that G = ENF.

Ronald Fagin [15] defined four basic degrees of acyclicity for relational database schemes.
They are Berge-acyclicity, y-acyclicity, B-acyclicity, and a-acyclicity. They satisfy the fol-
lowing ordering;:

Berge-acyclicity = v-acyclicity = [-acyclicity = a-acyclicity.

We will take advantage of two last mentioned types of acyclicity. Let us start with a-acyclicity
which is hereditary with respect to node remowal.

Definition 1.10 (a-acyclicity) Hypergraph H is a-acyclic iff all its nontrivial, connected
restrictions have an articulation set.

Example 1.1 (a-acyclic hypergraph) Figure 1.1 displays an example of a-acyclic hyper-
graph H = ({1,2,3,4,5,6},{E1, F2, F3, E4}). For example the articulation set of { Fy, E,} is
{2,4}. Subset &' = {E1, F2, E3} has no articulation set, but it is not a restriction of H. Ob-
serve that &' = {Ey, By, B3} C € = {F4, FE3, E3, B4} and therefore H' = ({1,2,3,4,5,6},&")
is a cyclic subhypergraph of H.

It is contra intuitive if an acyclic hypergraph contains cyclic subhypergraph. Thus R.
Fagin [15] proposed another definition of acyclicity which has not this property. He call it
B-acyclicity. It is hereditary not only with respect to node removal but also with respect to
edge removal.
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Figure 1.1: a-acyclic hypergraph

El
X E2
E3

Figure 1.2: S-acyclic hypergraph

Definition 1.11 (S-acyclicity) Hypergraph H is S-acyclic iff all nontrivial, connected sub-
sets of the set of edges have an articulation set.

Example 1.2 (S-acyclic hypergraph) An example of S-acyclic hypergraph is given in
Figure 1.2.

S. Lauritzen et al. [30] defined decomposability of hypergraphs, equivalently to the defini-
tion of decomposable generating class given by Shelby Haberman [17].

Definition 1.12 (Decomposable hypergraph) Hypergraph H = (V, &) is decomposable
if either has one edge or is the union of two disjoint decomposable hypergraphs H; = (V4,&1)
and Hy = (VQ,SQ), e. VI CV WL CV, V=ViuW &U&E=E and & NE = @, such that
there exist edges Fy € £ and FEy € & that:

(Vpree, B') N (Upree, B")) = By N By
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Figure 1.3 displays a decomposable graph. A sequence of intersections that can decompose
the hypergraph is
E\NEs, EsNEs, EsNEs, Ey4NEs5

Figure 1.3: Decomposable hypergraph

In [30] it was shown that a-acyclicity is equivalent to hypergraph decomposability.
Theorem 1.1 Hypergraph H is a-acyclic iff it is decomposable.

Remark. Notice that notions of acyclicity and decomposability of hypergraphs are properties
of hypergraph edges only. Therefore, in the sequel, we will often use these notions for sets
of subsets of V. When we use, for example, £ is decomposable, it means that hypergraph
H = (V' &) is decomposable for V! = UpeeE.

Orderings of £ that obey Running Intersection Property, which we are going to define, has
several useful properties exploited particularly in Chapter 4.

Definition 1.13 (Running Intersection Property) Let Ej for k =1,...,s be an order-
ing of sets from £ . This ordering meets the Running Intersection Property (RIP) if

-1
Vi=2,...,s 3k (1<k<I) (B.n |J En) C E).

m=1

Example 1.3 (Running Intersection Property) A possible ordering of edges of hyper-
graph from Figure 1.3 that meets RIP is {E1, Fs5, E9, E5, Ey}:

e [=2:FEsNE CE
0l=3:Egﬂ(E1UE5)CE5
0l=4:E30(E1UE5UE2)CE5

° l:5:E4ﬂ(E1UE5UE2UE3)CE5



6 CHAPTER 1. PRELIMINARIES

For every decomposable hypergraph there exist orderings of its edges such that a property
called Running Intersection Property (RIP) holds (Lemma 1.1). This property was proved
by several authors, we refer at least to [17, 23].

Lemma 1.1 (Existence of orderings satisfying RIP) Suppose £ is decomposable. For
any E € & the sets in € can be ordered so that Ey = E and the ordering {Fy, Es, ... Es}
satisfies RIP.

Operation join and meet between two hypergraphs together with a relation of partial
order for hypergraphs can be defined [30, 20].

Definition 1.14 (Join and meet operations)
Let Hy = (V1,&1) and He = (Va,&3) be two hypergraphs. The join operation V is defined by

(V3,&) = (V1,&1) V (V, &), where
Va=Vi UV, and &3 is reduced set of & U &s.
The meet operation A is defined by
(Vi,&4) = (V1,E1) A (Va, &), where
Va=ViNVy and &4 is reduced set of £ N &,.

Definition 1.15 (Relation of partial order of hypergraphs )
If Vi C V5 and for every E; € & there exists Ej € & such that F; C F; then we write

(V1,&1) < (V2,&2)

If for j = 1,2,3,4 : V; = Ugeg, £ we can omit conditions for V; in the definitions of
join, meet, and partial order of hypergraphs. Then these definitions can be understood
as definitions of operations between sets of subsets of V' and we will write &3 = & V &9,
E4 = &1 N &y, and & < &y, respectively.

1.2.2 Graphs

All graphs in this text are supposed to be unoriented graphs without loops and multiple edges
(so called simple graphs).

Definition 1.16 (Graph) Graph G = (V,&) consist of set of vertices V' and set of unori-
ented pairs (called edges) (v;,v;) € €,v;,v; € V,v; # vj,.

Definition 1.17 (Complete graph) Complete graph is graph, where all nodes are adjacent
by an edge.

Definition 1.18 (Clique of a graph) Cligue is a maximal complete subgraph of a graph.
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Remark. The word maximal in the previous definition is to be understood that the set of
nodes can not be extended by another node without violating the condition of completeness.
An example of graph is given in Figure 1.4. The graph has three cliques:

By ={1,2,3,4}, B, = {1,2,5}, and Es={1,3,6}.

A subgraph is a just a special case of subhypergraph. Path in a graph is a sequence of
graph edges that is a special case of sequence of partial hypergraph edges. Cycle in a graph is
a path beginning and ending at the same node.

Definition 1.19 (Cycle in a graph)

Given a graph G, a cycle ¢ in G is sequence (v, v2,...,v4), ¢ > 3 of distinct graph nodes
such that for every 1 < i < ¢, (v;,v;41) are graph edges and (v;,v,) is a graph edge too. A
cycle is even if ¢ is even.

If we distinguish between two types of chord we can define two special classes of graphs:
chordal graphs, which are also called triangulated graphs, and strongly chordal graphs.

Definition 1.20 (Chord)
Chord in a cycle ¢ = (v, vg,...,vq) is an edge (v;,v;), such that 1 < |i — j| < ¢ —1.

Definition 1.21 (Chordal graph)
A chordal graph (triangulated graph) is a graph in which every cycle with at least four distinct
nodes has a chord.

Definition 1.22 (Strong chord)
Strong chord in even cycle ¢ = (v1,v2,...,vq) is an edge (v;,v;), such that 1 < |i —j| <g¢—1
and |i — j| is odd (i.e.]i — j| = 3,5,7,...).

Definition 1.23 (Crossing chords)

Let ¢ = (v1,v2,...,v4),q > 4 is a cycle of a graph G, (v;,v;) and (vy, v;) are graph edges such
that 1 <i<j<qgand1<k<i<gq I(<k,j<Il,j#k)or (k<il<ji+#]Il)then
edges (vj,v;) and (vg,v;) are called crossing chords in cycle c.

Definition 1.24 (Strongly chordal graph)
A strongly chordal graph is a graph that in every even cycle with at least six nodes contains
a strong chord.

Example 1.4 (Chordal graphs) Figures 1.4 and 1.5 display chordal graphs. For example
cycle (1,2,4,3) in graph on Figure 1.4 has two chords (1,4) and (2,3). This graph is also
strongly chordal. In the only cycle with at least six nodes (1,5,2,4,3,6) it has strong chord
(1,4). Graph from Figure 1.5 is not strongly chordal. All its even cycles with six nodes
contains a strong chord. But the only cycle with eight nodes (1,7,2,5,4,6,3,8) does not
contain any strong chord. All chords in this cycle (1,2), (1,3), (1,4), (2,3), (2,4), and (3,4)
are not strong since their distance in the cycle is always even.
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Figure 1.4: Example of a chordal graph

Figure 1.5: Another example of a chordal graph

1.2.3 Relation between acyclic hypergraphs and chordal graphs

In this subsection we will utilize the fact that every a-acyclic hypergraph can be uniquely
transformed to a graph. Consequently, the study of different classes of acyclic hypergraphs
can exploit results from Graph Theory.

Definition 1.25 (Graph of a hypergraph)
A graph G(H) is graph of hypergraph H = (V,&) iff it has the same vertex set V and two
vertices are joined by an edge if they occur together in some edge E € £.

Definition 1.26 (Conformal hypergraph) Hypergraph H is conformal iff cliques of its
graph G(H) are exactly edges of hypergraph H.

The following theorem given independently by several authors e.g. [41, 2] can be used to
establish bijection between acyclic hypergraphs and graphs.

Theorem 1.2 All a-acyclic hypergraphs are conformal.
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Consider the mapping that associates to each graph G a hypergraph H of its maximal
cliques. This mapping is bijection. Inverse mapping associates to each conformal hypergraph
H its graph G(H) (see [30, 2]).

The following two theorems gives relation between chordal graphs and acyclic hyper-
graphs. The proofs can be found in [12].

Theorem 1.3 Hypergraph H is a-acyclic iff its graph G(H) is chordal.

Theorem 1.4 Hypergraph H is B-acyclic iff its graph G(H) is strongly chordal.

1.3 Discrete Probability Distributions

We begin this section with description of notation used for probability distributions in this
text. Standard Kolmogorov’s definition of probability is used. Details can be found in any
textbook of Mathematical Statistics or Probability Theory (e.g. in [42]).

Let (2, A, P) be a probability space, where € is a set of elementary random events, A is
a Boolean algebra of subsets of €2, and P is a probability measure. If X is a finite set of real
numbers then finite random wvariable X (w) is a real function X : Q — X such that for each
z € X the event E, = {w € Q: X(w) = =} belongs to A. The set X is called sample space of
X (w). In this paper all random variables are supposed to be finite random variables (possibly
multidimensional).

For V. = {1,2,...,s}, P(X1,...,Xs) (abbreviated Py ) will denote s-dimensional proba-
bility distribution of a s-dimensional random variable

{Xitiev : Q= XievX;.
Thus for every z = (z1,...%5) € Xy X;
P(z)=P(Xy=121,...,Xs =25) = P{w: Xj(w)=1z; forall i=1,2,...,s}).

Let A C V. Symbol P4 denotes the set of all probability distributions defined for {X; }ic 4
. Symbol Py is going to be abbreviated to P. Probability P(X; = z1,..., X, = z)) will be
often abbreviated to P(xz). For z € X = XV, 24 = (2;);ca will denote coordinate projection
of z = (xi)ieV € X on XA = XieAXi-

Definition 1.27 (Marginal probability distribution) Let L C K C V and Pk € Pk be
probability distribution. By PIL((QSL) € Pr, we will denote a marginal probability distribution
of Px(y), ¥y = (v;)ick defined as

Pr")y = > Pxly).
yEX g, yL=al

If L = () then PL =1.

Definition 1.28 (Conditional probability distribution) Let A, B C V be disjoint and
P € P. Then a system of probability distributions P15 (24|2P) is called conditional proba-
bility distribution if it for all z4 € X4, and 2B € XP satisfies

PA|B($A|$B) . PB(QSB) _ PAUB(ggAUB)_
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The previous definition leaves a conditional probability distribution P47 (24|2”) undef-
inite in the case of PB(zP) = 0.

Definition 1.29 (Probabilistic conditional independence)

Suppose that P((X;);cv) € P is a probability distribution. Having a triplet (A, B|C) of pair-
wise disjoint subsets of V', where A and B are nonempty, we say that {X;};ca is conditionally
independent of {X;}icp given {X;}ico it V(z;)iev € Xiev & :

PAYBYC (1) aunuc) - PE((zi)iec) = PV ((x:)icauc) - PP ((#i)ienuc)-

Definition 1.30 (Dominance) Let A C V and P,Q € P4 be two probability distributions.
The symbol P < ) means that P is dominated by Q that is {z € X4, P(z) > 0} C {y €

Xa,Q(y) > 0}.

Remark. It is important to note that probability distributions’ dominance will be used to
guarantee that zero in the denominator stands always together with zero in the numerator.

In such a case the values of the following expressions, containing such a fraction, will be

defined to be

0 0
6=0 and 0-10g6=0.

We conclude this section with definition of the well known concepts - Shannon entropy
H(P), information content I(P), I-divergence, and total variance.

Definition 1.31 (Shannon entropy) Let P € P be a probability distribution. Shannon
entropy is nonnegative real function

HP)=- Y P(z)logP(z).
z€X, P(xz)>0

Definition 1.32 (Information content ) Let P € P be a probability distribution. Infor-
mation content is nonnegative real function

P(z)
I(P)= Y P(z)log .
z€X, P(z)>0 HiEV Pt }(iE{ })

Several functions to measure distance between two probability distributions can be used.
In spite of it we use only two of them in this text. We take advantage of I-divergence and
total variance. I-divergence also called Kullback-Leibler divergence or Cross-entropy is often
used as a distance “measure” in Information Theory [39].

Definition 1.33 (I-divergence)

P(z) .
P 1 fP
TP Q) = wex Bnyg By TP <0

+o00 ifP&Q
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Let us note that I-divergence is not generally symmetric and that I(P || Q) > 0 with
equality only if P and @ are identical. If T is a compact set and P € T then the function
I(P || -) is continuous and strictly convex.

In contrast to I-divergence, total variance satisfies measure properties. We shall need it
to prove IPFP convergence in this chapter.

Definition 1.34 (Total variance)

|P=Ql=>_|P(x) - Q(x)|

reX

1.4 Sets of Probability Distributions

In this section properties of sets of probability distributions are reviewed. We are going to
exploit two basic types: additively constrained sets and multiplicatively constrained sets. At
first, some standard set properties are defined.

Definition 1.35 (Inner point) A probability distribution @ is called an algebraic inner
point of a set of probability distributions 7" C P iff for any Py € T there exist 0 < a < 1 and
Py € T such that Q = (1 — )Py +aP € T.

Definition 1.36 (Compact set) A set of probability distributions 7 C P is compact iff
any sequence {P,}°; of elements from 7 contains a convergent subsequence with the limit
belonging to the set 7.

Definition 1.37 (Neigbourhood) Let 7 C P and P € T. T is neigbourhood of P iff it
contains an open set which contains P.

Definition 1.38 (Closed set) A set of probability distributions 7 C P is closed iff all
distributions P € P, such that their every neigbourhood that contains at least one Q) # P,
Q € T, belongs to T.

Every compact set 7 C P is closed. A proof can be found for example in Yosida [45, p.
5].

In the following chapters, namely in Chapter 2, I-projections on additively and multi-
plicatively constrained sets of probability distributions are frequently used. The definitions
of these sets follows.

Definition 1.39 (Additively constrained set)
Let &€ = {E\,Es,...,Es}, Ui E; C A CV,and Sg, € Pg,,i = 1,2,...,s. Additively
constrained set Sg 4 is a subset of the set P4 restricted by Sg;,7 =1,2,...,s:

Sg,A = {P € PA,PEl = SEI,...,PES = SES}-

It may happen that distributions Sg;,i = 1,2, ..., s have got such values that set Sg 4 = 0.
Set P is defined to be additively constrained as well (with s = 0). In the sequel, if A =V
then Sg v will be abbreviated to Sg. Lemma 1.2 states that every additively constrained set

is affine.
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Definition 1.40 (Affine set) A set of probability distributions S C P4, A C V is affine iff
for any Py, P, € S and for any o € R such that Py(z?) = (1 — a)Py(z?) + aPi(z4) is a
probability distribution, P, € S.

Affine sets are also called linear sets (e.g. in Cziszar [10]).

Definition 1.41 (Convex set) A set of probability distributions S C P4, A C V is convez
iff for any Py, P € S, and for every 0 < ae < 1 : Py(z?) = (1 — @) Py(z?) + aP(z7) € S.

It is obvious that every affine set is convex. It follows from the next two lemmata, that
within the framework of our consideration (i.e. within sets of discrete probability distribu-
tions) additively constrained sets are equivalent to affine sets.

Lemma 1.2 (Affinity of a additively constrained set)
Every additively constrained set Sg 4 is affine.

Proof. Take any @ € R 0 < i < s, and Py(z?), P (z") € Se 4. Since PFi(zFi) =
SFi(zFi) = PP (2), we can get

PEi(z5) = (1 — a) Py («7) + aPFi(2") = (1 — @) §"i (271) + aSPi(2") = §Pi(2").

Therefore, any P, such that it is a probability distribution belongs to Sg 4. That is just the
definition of an affine set. O
Any affine set S C P* can be looked as the intersection of simplex in X;c 4R representing
PA with an affine set from x;c4R. Therefore S is closed and can be represented by a finite
number of linear constraints. This is an idea of the proof of the following lemma from [10].

Lemma 1.3 Any affine set S can be represented by a finite number of linear constraints.

In the following part of this section we will describe multiplicatively constrained sets
similarly to the previous part, where additively constrained sets were thought about.

Definition 1.42 (Factorization of probability distribution)
Let g, : XFi s R4 = 1,2,...,s. Then probability distribution P € Py,Ui_;E; C ACV
factorizes with respect to £ iff

Definition 1.43 (Multiplicatively constrained set )

Let £ = {F1,Es,...,Es} and U_ E; C A C V. Then multiplicatively constrained set Re a
is a nonempty subset of the set P4 containing all distributions from P4 that factorize with
respect to £.

The set P4, A C V is defined to be a multiplicatively constrained too (with s = 1 and
&€ = {A}). In the sequel, if A =V then R¢ y is abbreviated to Re. Every multiplicatively
constrained set is log-affine (see Lemma 1.4. We note that the following definition of log-affine
set corresponds to the definition of weakly log-convez set given in [33]. For usual definition of
log-affine see [29]. In the case of strictly positive probability distributions both definitions are
equivalent. In the following definition the superscripts o and (1 — «) are real numbers and
therefore they mean regular exponentiation, which, in the case of probability distributions,
means that every value of a probability distribution is exponentiated.
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Definition 1.44 (Log-affine set) A set of probability distributions R C Py, A C V is
log-affine iff for any Py, P, € R such that Jz* € X4, Py(z?) > 0, P;(z*) > 0 and for any

aeR
1

Py(z?) = ———
(l' ) C(P07P17a)

1-a
L CORRCOE
where ¢(Py, P, ) =Y acx4 Po(lfa) () - P(z*), belongs to R .

Next, it will be shown that within the framework of sets of discrete probability distribu-
tions multiplicatively constrained sets are log-affine.

Lemma 1.4 (Log-affinity of a multiplicatively constrained set)
Every multiplicatively constrained set Re 4 is log-affine.

Proof. Take any a € Rand any Py, P € Re 4 such that 3z € X4, Py(z?) > 0, P (z) > 0.

We can write
S

N =1 9e ") and Pi(z?) = I] ¢m (™),
i=1

i=1
where i = 1,2,...,5: ¢pg,, ¢p, : XF s R. If we define functions
xg, (zF) = 1/1%70‘)(33&) . QS%Z(ZEEZ) for 1=1,2,...,s—1 and
xe (@) = @) - ¢, @) - (P, Pa)

then we can write:

L pi-a

S S
Po=——F—~ P = Py @ (2P = E; i
o C(P[],PI,O[) 1 (PO,PI, ZH1¢ ) 1/];11¢E1( ) gx 7,( )
Therefore, P, belongs to Re 4 and consequently R¢ 4 is log-affine. O

If we do not want to exclude probability distributions containing zeroes then for the
description of some limit properties of iterative procedures we need extend the definition of
Re.a to its closure.

Definition 1.45 (Closure of R¢ 4) 7_15,,4 is the closure of R¢ 4 i.e.

Rea={Ps€ Pa, HQuiy }i2 - ) ERgafori=1,2,... and .lim Qu) = Pa}

It will be used in the sequel that both ﬁg,A and Sg 4 are compact sets.

Relations between Sg 4 and 725, 4 will be studied deeply in next chapters. However, the
following theorem does not need any further assumption, therefore it will be given here. The
theorem together with its proof, given by Lauritzen, is cited from [29, Lemma 3.14]. Since
we are going to use similar technique to that used in the proof, the theorem is given together
with its proof.

Theorem 1.5 (Intersection of Sg¢ 4 and 7_28,14)
If there exists a probability distribution P € Sg o N'Re a then it is unique.
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Proof. Consider two distributions P,@Q € Rg 4. We need prove that if for all E; € & :
PEi = QFi then P = Q.

P = lim quEu

n—oo
Q = nﬂ%ﬂf@,@)

If we define 0 - log0 = 0 then we can write

Z P(zY)log Q(z4) = Z P(z log<llm H¢Ez, ))

zAexA rAexA

= 2 P(ﬂ)ZlowEi,(n)(wEi)

erXA

= Jlim S Y PP log b, oy (o)

1=1 ¢ Biex Fi

= nlggoz Y Q%(z")log ¢, my (™)

1=1 pEicx Ei
= lim Y QY)Y logdp, (n)(=™)
n OO:CAEXA i=1
erxA i—=1
= Y Q@) log Q")
zAcxA

If P(z?) and Q(z*) are exchanged then similarly to the previous it can be shown that

> QM)logP(z?) = Y P(z")log P(z™)

zAexA zAexA

In the next we will use a version of the so-called information inequality :

Y QEMlogPz?) < Y Q(z")log Q(z™),
zAexA zAcxA
which holds with equality only if P = Q.

Thus we can write:

> Pa?)logP(z?) = Y Q*)logP(z?) < Y Qa)log Q(a?),

rAexA rAexA zAexA
Y QrMlogQx?) = Y Plat)logQ(z?) < Y Pz?)log P(z?).
rAexA rAexA zAexA

The inequalities holds with equality if and only if P = ). Thus the proof is completed. O



I-projections

The objective of this chapter is to create a unifying framework for operations with probabil-
ity distributions, that will be used for description of iterative procedures in the subsequent
chapters. Most of theoretical results of this Chapter are not original, since deep study of I-
projections was already done by I. Cziszar [10, 11] and recently extended by F. Matus [32, 33].
However, it seems to be useful to rewrite some theorems and proofs so that they fit well to
the situation we study. Moreover, if these theorems are given together one can easily see
their mutual relations. The proof of Theorem 2.9 is new.

Probability distributions from a given set minimizing I-divergence with respect to a
given distribution will be called I-projections. Depending on the minimized argument of
I-divergence projections are called Ij-projections or Iy-projections. They can be generally
defined for any set of probability distributions. However, we are going to be interested in
additively and multiplicatively constrained sets only. In order to simplify proofs it is supposed
that A = Ug,ceE; =V, in this section. It means Sg 4 = Sg and Rg 4 = Re. For the most
part of this section the generalization is straightforward. At the end of this section the way
of the generalization of results for R¢ 4 will be shown (see Lemmata 2.5 and 2.6).

2.1 I;-projections on S¢

In this section we shall deal with I1-projection on additively constrained sets.

Definition 2.1 (I;-projection on Sg) Let probability distribution @ € P and additively
constrained set Sg contain at least one probability distribution P, P < (). Then for proba-
bility distribution

I(P Q)

ms.()Q = arg min
¢ g{PESg}

it holds that I(7s.@ || @) is finite and 7s,Q is called I1-projection of Q on Sg.

Every additively constrained set is convex and compact (see Section 1.4). Therefore for
a fixed Q the function I(P || Q) : S¢ — R (nonnegative real numbers including infinity)
is strictly convex and continuous. It is supposed that Sg contains at least one probability
distribution P, P < ). Consequently, probability distribution s, () is unique.

15
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Next, we present important theorem that is a special case of the well known Minimum
discrimination information theorem given by Kullback and Khairat [27]. Theorem 2.1 gives
a proposal, how to find I1-projection on additively constrained set

Sipy={PeP,PP=Sg},ECV.

Theorem 2.1 (I;-projection on Sip})

Let E be a subset of index set V' and S € Pg be a given probability distribution. Further, let
S(ry be nonempty subset of P defined by Sygy = {P € P,PF =S5 } and Q € P be a given
probability distribution such that Sy < QF. Finally, let probability distribution R € S(my be
defined by

0, for QF(z¥) =0,
) = { Q) B or QP > 0 2
Then
(i) R= s, Q i.c. R is L-projection of Q on set S(py and
(ii) for every P € Stgy the following Three Points Property holds:
IPIQ) = I(PIR)+IR]Q). (2.2)

Proof.
As I(R || Q) is always nonnegative, the assertion (i) follows immediately from (ii). Therefore
we shall proof only (ii). The proof splits into two parts according to whether P < @ or not.

(A) [P €Spy, P £ Q]
In this case I(P || Q) = oo. It follows from equation 2.1 that R < @Q, therefore I(R || Q) < oc.
P £ @ and R < @ implies that P <« R and, consequently, I(P || R) = oo, which proves (ii)
for this particular case.

(B) [P € S{E},P < Q]
Since R is defined so that R < Q, I(R || Q) is always finite and defined by the expression

R(x)

IRIQ) = ¥ R@os g

z€X, R(z)>0

E
In the case of x € X: R(z) > 0, R(z) = Q(ac)M and the I-divergence I(R || Q) can be

Q" (")
rewritten:
Sp(z?) . Sp(zf
IR|Q) = Q(z) log
TEX, Q(x)§SE(xE)>0 Q" (z") " Q" (=¥
Sp(xf Sp(zF
> >l 2

gPext, Sp(aP)>0  ¢V\EexV\E, Q(z)>0
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Sp(zF Sp(zP
_ > g( E) log I?E( E) T Q" 2V\P)
rEexXE, Sp(zF)>0 Q" (z") Q% (z V\EexWE  Q(x)>0
(z" (")
E

_ P QY («") op OF
T ey R )
(

8

8

xr
zFPexE, Sg(zF)>0

n

ez
B

— Y SpP)log 22D

zPexF, Sgp(xF)>0

O

X

P € Sy therefore PE = Sy and

I(R|Q) = > PE(z")log

z€X, P(z)>0 QE(xE)

P < Q= PP < QF = Sp < QF therefore the formula for I(R || Q) can be further
rewritten

(z) 57
IR Q) = Y. Pa)log——-5—=

z€X, P(2)>0

= > P(z)log @) (2.3)

z€X, P(z)>0

For every z € X it holds that R(z) = 0 if and only if Q(z) = 0 or Sg(zf) = PE(2F) = 0.
Since P < @, Q(z) = 0 implies P(x) = 0. Obviously, P¥(z") = 0 implies P(z) = 0. Thus
for every P € Sy, it holds that P < R and we can write

P(x)- R(x R(x
NPl = Y Palgp o =IPIRE Y Pllsg)
z€X, P(z)>0 z€X, P(z)>0
Using equation 2.3 we immediately get equation 2.2
I(P]Q) = I(P|R)+IR]|Q).
That finishes the proof. O

Example 2.1 ( I;-projection on an additively constrained set S;zy)

Let V = {1,2,3}, E = {2,3}, Q(z) be a three dimensional distribution, and Sg(x”) be a two
dimensional distribution, both defined for dichotomic random variables. The distributions
are given in Table 2.1. Let Sz = {P € P, P (zF) = Sp(z¥)}. Since Sp < QF resulting
I;-projection WS{E}Q(QU) can be calculated using Theorem 2.1. I;-projection of ) on Sypy is
given in Table 2.1 as well.

Lemma 2.1 Let S¢py be a nonempty subset of P defined by Sypy = {P € P,PF =Sp )}, E
be a subset of index set V', and Sg € P be a given probability distribution. I-projection of
Q € P on Sy exists if and only if Sp < QF.



18 CHAPTER 2. I-PROJECTIONS

Distribution Q(x)
Xi=0X;=0X1=1|X;=1
Xo=0|Xo=1|X2=0]| Xo=1
X3=0 0 1/6 1/6
X;=1] 1/6 1/6 2/6 0

Distribution QF (z%)
Xi=0|Xi=0]X;=1]X;=1
X;=0|Xp=1|X,=0|X,=1
| 1/6 | 2/6 | 3/6 | 0O

Distribution Sg(z%)
X =0 X;=0]X;=1]X,=1
Xo=0|Xo=1|Xo=0]| Xo=1
| 13 | o | 2/3 | 0

Distribution R = ms ,, Q(z)

Xi=0|Xi=0|X5=1|X;=1
Xo=0|Xo=1|Xo=0]| Xp=1
X;=0] O 0 2/9
X;=1]| 1/3 0 4/9 0

Table 2.1: Distributions from Example 2.1

Proof. [Ii-projection of @ € P on Sypy = {P € P, PE = S } exists iff S(my contains at
least one probability distribution P, P < Q. Then P < Q = P¥ < Q¥ = Sp < QF.
The proof of the converse is a consequence of Theorem 2.1. If there exist a probability
distribution S € Sypy, SP <« QF then formula 2.1 of this theorem defines I;-projection of
Q € P on S{ B} |
The following theorem is cited from [10, Theorem 2.2]. The Three Points Property holds
for any additively constrained set Sg containing at least one probability distribution P €
Sg, P < Q.

Theorem 2.2 (Three Points Property)
R = 75, Q iff for every P € Sg the Three Points Property holds:

I(PQ) = IP[R)+IR]Q)

Figure 2.1 displays the situation described by Theorem 2.2. I-divergence can play a role
of squared Euclidean distance. Then the Three Points Property is an analogy of Pythagoras’
theorem. It should be noted that not all conceptions from Euclidean geometry work in
I-divergence geometry. Figure 2.2 displays the situation described by Theorem 2.3.
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P

Q R:FS;;Q
Se
I(P|Q)=I(P | 7s.Q) + I(7s,Q || Q)

Figure 2.1: Three Points Property

Q

Se,

Figure 2.2: Ii-projection on a subset

Theorem 2.3 (I;-projection on a subset) Csiszar [10, Theorem 2.3]

Let Sg; C P and Sg, C Sg, be two additively constrained sets, further let Q) € P be a given
probability distribution such that there exist a probability distribution P € Sg,, P < () then

there exist probability distributions ﬂ'sng, 7r5€2Q and the following equation holds:
ﬂ-ng TrSgl Q = ﬂ-ng Q

Proof.
According to Theorem 2.2 taking Sg, for Sg:

VP €Se : I(P'[|Q) = I(P'| s, Q)+ 1(ns,, QI Q)
and thus
VP € Se, i I(ns,, Q1 Q) = I(P'|| Q) = I(P' | 7, Q)
Since TSe, WS¢, Q € Sg, C S, equation 2.5 holds for this particular P’ = TSe, TS, Q
I(7se,mse, Q | 15, Q) = I(msg,mse QI Q) — I(7s,, Q || Q)
Using Theorem 2.2 for Sg, and for Sg, it holds VP’ € Sg,:

I(P" || w5, Q) = I(P'|| msg,mse, Q) + I(mse, s, @ || s, Q)
I(mse,mse, Q | mse, Q) = I(P" || mse, Q) = I(P" || wsg, ms, Q)

(2.4)

(2.7)
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Substituting I(rs,, ws,, @ || 7s,, @) from equation 2.6 to equation 2.7 we get VP’ € Sg,:

I(mse,mse, Q | Q) = (s, Q| Q) = I(P'|| 75, Q) = I(P' || ws, 75, @) (2.8)

After the substitution of I(7s, Q || @) from equation 2.5 to equation 2.8 we get for all
P’ € Sg,:
I(mse,mse, @11 @) = I(P' || @) + I(P' || w5, @) = I(P"| ms, Q) = I(P" || mse, s, @)
I(P']| Q) I(P"|| mse, msg, Q) + I(mse, mse, Q || Q)
which, according to Theorem 2.2, induces 2.4. a
Following theorem provides a lower bound of I-divergence stated using total variance.
The proof of the theorem was given by Kullback [26]. Since lower bound of I-divergence

plays important role in proofs of convergence of iterative procedures we will paraphrase his
proof in more details.

Theorem 2.4 (Lower bound on /-divergence by total variance) Kullback [26]
If P,Q € P are two probability distributions then the following inequality holds:
P-Ql < 2I(P| Q) (2.9)

Proof.
|P — Q| is always finite therefore if P 4« @ then I(P || Q) = +oco and inequality 2.9 holds.
The proof for P < () uses the Jensen and Cauchy-Schwarz inequalities.

P(z)
I(P]| Q) = > P(x)log
2€X, P(2)>0 Q(z)
= ;( 21/ P(z)\/P
= 2()_/PW) ,—\/
y;{ / xEX; >0 Z

Jensen inequality will be used in the following form
> anf(a(z),b(z)) > FQ asa(z), Y azb(z))
xT xT xT

where Y a, = 1 and f(a(z),b(z)) is a convex function.
In this case f(a(x),b(x)) = az(loga(z) — logh(z)), ay = 7"13(36)), a(r) = /P(z), and

= /Q(z). Then the following holds:

v x)) - lo yex
I(PIQ) > 20 PW( > zmvp( ) lg&

€x
Y z€X, P(z)>0 yEX

v

~2log Z FF

z€X, P(z
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Since —logz > 1 — x the inequality can be extended to:

IPlQ) > 201- Z \/ z)\/ @

z€X, P(z
> > P(x) + Z Q(x) -2 Y /P()/Q(=)
z€X, P(z)>0 z€X, P(z z€X, P(2)>0
> Z \/ —/Q( (2.10)
z€X, P(z)

The total variance can be rewritten as follows:

2
P-QF = (Z |P(z) - Q(ﬂf)l)

rex
2
(Z VP - Q)| (P@ + m(x)))
zexX
The Cauchy-Schwarz inequality will be used in the form:
(Z (2)o(x)? < Z Z v(z)?
Substituting u(z) = |\/P(z) — /Q(r)| and v(z) = (/P(r) + /Q(z)) we can write:

P-QP < X |yPw) - QW) -Z(\/P(xm/cz(x))
< V@ - o) - X (P) +2/P)/aw) +Qw)
reX reX
< Y /P - ow| (1 +23/P@)/Q@) + 1)

The Cauchy-Schwarz inequality for the second part of the previous expression is used. This

time it is in the form:
\/Z \/Z o(2)?

Substituting u(z) = \/P(r) and v(z) = \/Q(z) we can write:
P-QF < ¥ \\/Pm - \/Q(x)f - (2 +2 [ P Y Q(az))
< a3 (/Pw - Jaw) 2.1
zex

It follows from inequalities 2.10 and 2.11 that

iz Y (Yre-yJew) = hp-er

z€X, P(z)>0
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which immediately gives inequality 2.9 we wanted to prove. |

The following theorem given by Csiszar [10, Theorem 3.2] has a fundamental significance.
Its proof is based on the Three Points Property (Theorem 2.2), Ij-projection on a subset
(Theorem 2.3), and on the connection between I-divergence and total variance (Theorem 2.4).

Theorem 2.5 (Convergence of recursive Ii-projections)

Let Sg,,...,Sg, C P be arbitrary additively constrained sets, such that Sg = N{_{Sg, # 0 and
Qo) € P be a probability distribution to which there exists P € Sg with P < Q. Define
Q1), Qq2), - - - recursively by letting

Qn) :WSEjQ(n—l)v n=12,..., j=(n—-1)mods+ 1.

Then the sequence of probability distributions Q)(,) converges (point-wise or, equivalently, in
variation) to the probability distribution

Q" = 15, Q0)-

Proof. Take an arbitrary P € Sg; N...USg,. Forn =1,2,..., Q) is an I;-projection
therefore we can apply the Three points property (Theorem 2.2) according to which we can
write:

I(P || Qo) = I(P | Qu)+I(Qu) Il Qo))
I(P || Quy) = I(P| Qu)+I(Qu) Il Qu))

Therefore using limit transition we can write

I(P Qo) = IPIQm)+IQu I Qo)+ -+ 1{Qew) | Qn—1))-
I(P | Qo) = lm I(P | Qu)) + ZI ) I Q1)) (2.12)

n—o0

IP Qo) = > IQu Il Qun-1))-
n=1

Al I(Qey || Qn—1)) are nonnegative and since P < Qq), I(P || Qo)) is finite. Therefore

I(Qumy | Qum-1y) — 0. (2.13)
Since all probability distributions are defined for finite random variables, using Theorem 2.4,
we get the convergence of the sequence Q)(g), Q(1),. ... Let the limit probability distribution

be denoted Q*.
If we consider an arbitrary index m, 1 < m < s then all distributions in sequence

Q(m)a Q(m—l—s)a Q(m+25)7 Q(m—l—?)s)a ce

are Iy -projections of some distribution on Sg, . Sg,, is compact set therefore the limit of the
sequence belongs to g, as well. All subsequences of convergent sequence has the same limit,
hence the sequence converges to Q* and since m was arbitrary, we get:
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Since P in equation 2.12 was arbitrary this equation must holds also for Q*. Using
equation 2.13 we can write:

Q" Qu) = lim Q" || Qu) + > I(Qw) Il Qu-1))
n=1

oo

= > 1(Q) Il Q1)) (2.14)

n=1
Using equations 2.12 and 2.14 we get for all P € Sg:

o0

I(P || Qu) = lm I(P | Q) + > I(Qu) | Qu-1))
n=1
= I(P| Q)+ > IQu Il Qu-1))
n=1

= I(P| Q")+ I(Qu Il Q).

which according to the Three points property (Theorem 2.2) means that

Q" = 75, Q0)-

2.2 I,-projections

Csiszar [10] developed geometry of I-divergence using I;-projection. Many results on I-
divergence for the reverse order of arguments were achieved by Cencov [7]. The properties of
I;- and I>-projections are in many aspects different. The differences begin with the fact that
minimizer of arg mingge7y I(P || @) is not generally unique even if 7 is convex and compact
set (see Section 2.2.1).

2.2.1 I,-projections on S¢

In spite of the fact that results given in this subsection will not be used in next chapters,
we are going to state them here, since they can help to build up better understanding of
I-divergence geometry.

In the case of Is-projections on Sg the uniqueness could be guaranteed if we had restricted
ourselves to strictly positive probability distributions, but this is not the way we want to fol-
low. Instead of it we will use selections scheme from set of minimizers proposed by Matus [32].
It is based on mazimum entropy principle, so that it can be shown that Is-projection on Sg
defined such a way can be computed using formula similar to one of Ij-projection.

Definition 2.2 (Set of I,-minimizers on Sg ) Set of Iy-minimizers with respect to a
probability distribution Q € P and to additively constrained set Sg of probability distri-
butions containing at least one probability distribution P, Q < P, is the set 75, (Q) =

arg mingpes, 1 1(Q || P).
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The following lemma, which is cited from Matis [32], approve that in the case of strictly
positive probability distributions Is-projections on Sg is unique.

Lemma 2.2 All probability distributions T € Ts,(Q) coincide on the set {z € X, Q(x) > 0}.

In the subsequent text attention is given to properties of I»>-projection on additively con-
strained sets Sg defined in the following way.

Definition 2.3 (Iy-projection on Sg) Is-projection of a probability distribution @ € P on
an additively constrained set Sg containing at least one probability distribution P, @) < P is
the probability distribution

T5:Q = 775, (U = arg rmn I(T || U),

where U denotes the uniform probability distribution.

The following lemma, states an explicit formula for computing set of I>-minimizers on
additively constrained set S;py. The formula will be used in Theorem 2.6, where it is restricted
so that it leads to unique I>-projection on Syp;.

Lemma 2.3 (Set of I>-minimizers on S(p})
Let ECV, and Q € P, Sg € Pr be given probability distributions such that Q¥ < Sg.
Further let Sgpy = {P € P,P¥(z") = Sp(z")}. Then

Sp(z?)

Topy (Q) = {P*€8py: Ve, Q") > 0: P*(x) = Q@)m} (2.15)

Proof. It suffices to prove that
VP € Sy, VP" € Tsyy 1 1(Q || P7) < I(Q || P).
By the definition
_ Q(z)

z€X, Q(z)>0

Since Q¥ (z¥) = 0 implies Q(x) = 0 it can be derived from the right side of expression 2.15
that for all « such that Q(z) > 0, P*(z) > 0 as well, and

Q)P (x)
1QIP) = Q) log 20T
s a2 PP

- QI Y Qs

z€X, Q(z)>0
It remains to prove that

P*(z)
> Qg

T€X, Q(r)>0
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In order to simplify notation define the set B =V \ E.

P*(x)
> Q@)log o~ =

z€X, Q(x)>0 (x)

_ o QI5(5)
- IEX’§(I)>UQ( )1 gP(q;)QE(iEE)

= Y QFE"QPF @ z")log

T€X, Q(z)>0

QE(ZEE)QB|E(ZEB|ZEE)SE($E)
PP(aP) PP (P [:7) QP (aP)

Since P € Sy, therefore PE = Sy, and

P _
> Qle)log T =

z€X, Q(z)>0

QB|E 2B|2E
D Y CACE I LT F P e e
rEexE, Q(x)>0 xBexB, Q(z)>0
= X Q"M P
rzEexE Q(x)>0

0

v

That finishes the proof. O
Remark. It follows from Lemma 2.3 that the minimization of I(Q || P) over P does not
give any restriction for values of P(z) for such z that Q¥ (z¥) = 0.

Theorem 2.6 (I>-projection on S;p})

Let ECV, and Q € P, Sg € Pg be given probability distributions such that Q¥ < Sg. Fur-
ther let S;py = {P € P, PE(zP) = Sp(2zP)}, and U(z) is the uniform probability distribution.
Then

BECH = AR
SRR PRV 1 S
Q" (&T)’ /

Proof. It suffices to prove that
VP € Ty (@) I(RIU) < I(P*|| D) (2.16)
with equality only if P*(x) = R(z). According to Lemma 2.3

] Q = min I Q P
S{E}( ) are {PES{E}I, QK P} ( H )

= {P"e S(gy ¢ Vz, QE(fEE) >0: P*(z) = Q(z) QF (7)

}
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R(x)
IR|U) = R(z)lo
IGX,;(I)>U i U(x)
B L Sp®) | Rl
= 2 Q) QGr Py 8 ()

= Z P*(z)log —g(
T€X, P*(2)>0, Q¥ (2F)>0 (

" > Sp (") log

2P exXE, Sp(zF)>0, QF (xF)=0

Since P* € R{E}(Q), P* € Sy, and consequently P*E = S we can write

R(z)

IRID) = > P* (x)log g7

z€X, P*(2)>0, QF (xF)>0

E
Z P*E(xE) log SE(QZ )
rEexE P*E(zE)>0, QF (zF)=0 UE(:E

= Z P*(x)log —z +

z€X, P*(x)>0, QF (z¥)>0

_|_

E
* E(xF)
s P* () log —— "

TEX, P*(2)>0, Q¥ (z)=0

= Z P*(x)log
TEX, P*(2)>0, Q¥ (27)>0 Ul
(

R
Z P*(x)log i

TEX, P*(2)>0, QF (z7)=0

_ () 1o R(z)
= > PYa)l 8 T () (2.17)

z€X, P*(z)>0

Since P* < U, and R < U the substitutions f(z) = 2 and f*(z) = &2 to the definition

U(x) U(x)
of I-divergence I(P* || S), and to equation 2.17 can be used.
I(P*]U) = Y. Ul@)f(x)log f(z) (2.18)
z€X, P*(z)>0
I(R|U) = Y. Ulx)f(z)log f*(x) (2.19)

z€X,P*(x)>0

As a direct consequence of equations 2.18, and 2.19 the proof of inequality 2.16 is equivalent
to the proof of the statement that for all f(z) such that P € Sy} the next inequality is valid
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with equality only if f(z) = f*(x).

/()
@) =

Y. f(@)Qz)log 0,

T€X, f(r)>0

which has already been proved in the proof of Theorem 2.1. O
Following example displays calculation of I>-projection on a linearly constrained set Sypy.

Example 2.2 ( I>-projection) Let V = {1,2,3}, £ = {2,3}, and Q(z), S(z) be three
dimensional and two dimensional distributions, respectively, defined for dichotomic random
variables. They are given in Table 2.2. Let S;py = {P € P, PP(z¥) = Sp(z¥)}. Tt is obvious

Distribution Q(z)
Xi1=01X3=0|X1=1|X3=1
Xo=0|Xo=1|Xo0=0]| X2=1
X;=0] 0 1/6 2/6
X;=1| 0 0 3/6 0

Distribution QF (z%)
Xi=0[X;=0[X;=1]X;=1
X;=0|X=1|X,=0]|X,=1
| o | 1/6 | 5/6

)

Distribution Sg(z")
Xi=01X3=0|X1=1|X1=1
Xo=0|Xo=1|Xo=0| Xo=1
| 2/6 | 2/6 | 2/6

e

Distribution R = W:S{E}Q(l")

Xi=0|Xi=0|X3=1]X;=1
Xo=0|Xo=1|Xo=0| Xo=1
X;=0] 1/6 2/6 | 2/15
X;=1]| 1/6 0 3/15 0

Table 2.2: Distributions from Example 2.2

that QF (z¥) < Sg(z¥). Therefore, Theorem 2.6 can be used. The resulting I-projection
ﬂg{E}Q(gs) is given in the Table 2.2.

There is no analogy of the Three Points Property for Iy-projections on Sg. Instead of it
an inequality called Four Points Property holds. This property was introduced by Csiszar
and Tusnddy in [11]. First, we prove its particular case for additively constrained set S(gy-
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Theorem 2.7 (Four Points Property on Sip})

Let Q1,Q2 be probability distributions from P such that QQ < Q1, C V. Further, let
Sk € Pg be given probability distribution such that Q¥ (z¥) < Sp(x¥). Finally, let Sipy =
{P e P,P¥(z¥) = Sg(z¥)} then

(@2 || 7§, @1) < 1(Q2 || Q1) + 1(Q2 || s, Q2)-

Proof.
/ _ Q2(7)Q2 (27, Q1(7)
I(Q2 | @) + 1(Q2 || 76, Q2) = xex,QZmpg Q2(z) log Ql(m)ﬂfg{E}Qz(fﬂ)ﬂfg{E}Ql(m)
Qa(z)
= Q2(z) log /——"—
xEX,QZZ(x)>0 ’ ﬂ-S{E}Ql(fE)

Qalo)s,, Qu(a)
+ Z Q? (517) IOg Ql(x)ﬂ"ls{E} QQ (ZE)

z€X, Q2(x)>0

(2.20)

In order to substitute for Ir-projections 71'3 Ql( ) and 7Ts QQ( ) Theorem 2.6 will be

used. Fortunately, not all value combmatlons of Q¥ (z), and Q2 (z¥) are possible. Since
the sum in equation 2.20 is only over positive values of Qs(z) it follows from the assumptions
that Qo(z) > 0 implies Q1 (z) > 0, and therefore Q¥ (z¥) > 0. That is why it suffices to sum
just over all z € X, QF (zF) > 0, Q¥ (z¥) > 0. In this case

ZEE
J?E
R @a@) = Qals)log g‘?;((;)

Substituting the previous into equation 2.20

Q2 | Q) +1(Q2 || s, Q2) =

= I(Q: ] s, Q1) + Q2(x) log s
SiE} IEX,QZQ(I)>U Ql(w)Q2(fE)QfE(ZE)
— I(Q s, Q)+ Y Qux)log i(”?
" TEX, Q2 (x)>0 Q1 (")

= 1(Q2 || 75, @) + 1(QF || QF)
> I(Q2 || W:S{E}Ql)’

which concludes the proof. a

Theorem 2.8 cited from Csiszar and Tusnidy [11, Lemma 3] states that the Four Points
Property holds for any additively constrained set Sg. Figure 2.3 displays the situation de-
scribed by this theorem.
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I(Q2 || 5. Q1) < I(Q2 || Q1) + I(Q2 || 75, Q2)

Figure 2.3: Four Points Property

Theorem 2.8 (Four Points Property)
Let Q1 € P be a probability distribution such that there exists at least one P € Sg, P < ().
Then for every Q2 € P the Four Points Property holds, i.e.

[(Q2 || s, Q1) < I(Q2 || Q1) + I(Q2 || s, Q).

2.2.2 I,-projections on R¢

In this subsection we will exploit the uniqueness of intersection
ReNSg =ReN{P e P, P =g Pl =gPF

which is the statement of Theorem 1.5. Let us denote this unique distribution from the
intersection as 9. The fact that distribution S € Re N Sg means that S has its marginals
equal to given S”, E € £ and at the same time it factorizes with respect to & or is a
limit of factorizing distributions. In the sequel it will be shown that such a distribution
minimizes the I-divergence I(- || Q) within the class Rg i.e. for every @ € Re it holds that
I(S || Q) > I(S || S), which is the assertion of Theorem 2.9. Therefore Ir-projections of S on
closure of multiplicatively constrained set can be defined (Definition 2.4) to be a distribution
from intersection

ReNSe =ReN{P e P, PP =88 . PP =gE},

In order to give a simple proof of the following lemma we need Theorem 3.4 and Theo-
rem 3.2. Since both exploits the definition of iterative proportional fitting procedure (IPFP)
they are not given until Chapter 3, which is devoted to IPFP.

Lemma 2.4 B
Let Sg be an additively constrained set. For S € Re N Sg and for any S € Sg it holds that
SKS.

Proof. It follows from Theorem 1.5 that S € ReNSg is unique. According to Theorem 3.4
S is the limit distribution of IPFP, as well. Using Theorem 3.2 applied for IPFP starting with
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the uniform distribution U we can write for limit distribution of IPFP § = 7s.U. Therefore
the Three Points Property (Theorem 2.2) can be applied, which gives

[(S|U) = I(S | §)+1(S | V).

Both I(S || U) and I(S || U) are finite therefore it follows that I(S || S) is finite as well. That
assertion is equivalent to S < S. |

Theorem 2.9 (Intersectlon Re NSg) Let Sg be an additively constrained set. For S e
ReNSe, Q € Re, and S € S¢ it holds that

I(S1Q > I(S]9).

Proof. It is obvious that for () such that S <« @ the assertion of Theorem 2.9 holds. We
will show for S < @) that

I(SIQ)-1(S)8) >0
Using the fact that both @, S € Re we can write

S = nlggoﬂm

Q = nlggoz_l—[l PE; (n)

It follows from Lemma 2.4 that S < S. Therefore I(S || §) is finite and it holds that

1(51Q) ~ IS | §) > S@)log lim T ¢, (=)
=1

z€X, S(z)>0
- > S()log lim T ép, (")
z€X, S(z)>0 i=1
S
Y, ) (27)
= S(z) lim log —=2
:EGX;( ) e ; DB (n) (z")
Since z = (7,2 \F') we can write
Vi, (ﬂfEi)
IS11Q) ~ (Sl 9) anggo S log- > S(x)

T
zPiexPi, SFi(z)>0 ¢Eu ( ) eV\FiexV\F; | §(2)>0

Knowing S € Sg it is obvious that $% = §Fi = > S(z)
eV\FicxV\Fi §(z)>0

P, () (@)

IS Q) —I(S|S) lim S¥i - log 4
( || ) “ Zn—)oo Z QsEi,(n)(fEEl)

ePiexPi, §Fi(x)>0
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s E;
= Z S'(fp) - lim log st:1 wEi’(n) ($E)
n=oo P IT ¢, m)(z7)

z€eX, §(z)>0
= Z S(z) - log g((gg))
z€eX, §(z)>0 v
= I(5]Q) >0,
with equality iff z € X, S(z) > 0: Q(z) = S(z). O

Due to Theorems 1.5 and 2.9 the following definition of I-projection on R¢ define a
unique distribution.

Definition 2.4 (I>-projection on R¢)

Let S € P be a probability distribution and {P € P,PFr = §Fi .  PFs = §Fs1 be
additively constrained set defined by marginals of S. I>-projection of a probability distribution
S on a closure of multiplicatively constrained set Rg is probability distribution

71';-155 = 7?,5 N Seg.

The fact that I>-projections of S on closure of multiplicatively constrained set belongs to
Sg, which immediately follows from the definition, enable us to prove certain convergence
properties of IPFP on decomposable generating classes. These proofs are part and parcel of
Chapter 4.

At the beginning of this section we have simplified situation by assumption of A =
Ug,ce i = V. The next two lemmata present a way I>-projection on multiplicatively con-
strained sets can be extended to the case V'\ A = D # (). These lemmata are analogy of
similar lemmata for mazimum likelihood estimation in contingency tables given by S. Haber-
man in [17, Lemma 5.6 and 5.7].

Remark. In the subsequent text, notation will be simplified so that for any A C V we will
write just > .4 ... instead of ) acxa....

Lemma 2.5 If A =Upg,ce Ei, D=V \ A, Up € Pp is the uniform probability distribution,
P € R¢, and P4 is marginal of P then for all z € XV

P(z) = PA(z?) - Up(2P) and P* € Re.
Conversely, if PA € Re and for all z € XV P(z) = PA(z?) - Up(zP) then
P e Re.
Proof. Since V'\ A= D and P(z) can be written as [ c¢ 1i(2%) it follows that

P = 3 Tl = [ o™ 1= o0
p(z")

V\A E;e€ E;,e& D
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The proof of the second part is elementary as well. Since values of the uniform probability
distribution are constant we can write

P(z) = PYz?) - Up(z?) = [ ¢i(z™) - Up(aP).

E; €&
If we define i=1: bi (zF) = i () - Up(2P)
i>1: i (z"7) = i (2™)
then P(z) = (") = PcRe.
E; €&

a

Lemma 2.6 If A =g, ¢ F;, D=V \ A, Up € Pp is the uniform probability distribution,

P € P is a given probability distribution, and 7'(';25 VP(QZV) exists then

W%E,VP(:BV) = W%E,AP(Z‘A) -Up(zP).

ﬂgzg,vp(xv) exists iff FkS,AP(xA) exists.

Proof. Class Sg is defined as {S € P : S¥ = PP E € £}. It is direct consequence of
Definition 2.4 that

TRey P € Re and (ng,  P)% =P, E €&

Since also
TRe P € Re and (g, ,P)" = P%, Eieé&

it is obvious that (W;zg,VP)A = g, , - Therefore application of Lemma 2.5 gives:

7 P
T

' o
- = WRS,VP_WRS,AP.UD'

To prove converse implication we show that if 71'935 P exists then by Lemma 2.5 a distribution
P=rp, P-Up € Re and P =1l  P.

It follows from Definition 2.4 that (7‘(‘;2& AP)Ei = PP, therefore again using Definition 2.4 for
W%S,VP we get

P=nl e -

O

If distributions from multiplicatively constrained sets satisfy a decomposability condition,

then the following Lemma 2.7, which performs a way of their decomposition, can be applied.

Lemma 2.8 shows that Is-projections to multiplicatively constrained sets Re can be decom-

posed using I>-projections to subsets of £ in a similar manner. We have exploited parallelism

between maximum likelihood estimation of log-linear models and I>-projecting to multiplica-

tively constrained sets again. It enables us to rewrite lemmata of S. Haberman [17, Lemma
5.8, Lemma 5.9] so that they fit well to our problem.
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Lemma 2.7 (Composition and decomposition of distributions from R¢)
Let &1 and &y be a partition of £, such that for some E1 € &1 and Fo € & it holds

ANB =0,

where A = Ug,eg, Bi, B = Ug,ce,Ej, and C = E1 N Ey. Further let D =V \ (AN B). If
P € R¢ then

PA(a?) - PP(2")
PAcRe, ,PP cRe, and Vo eXV: P(z) = PO (20) -Up(zP).

Conwversely, if Pa(z?) € Re,, Pp(zP) € Re,, such that

ve¢ e X P{(2%) = P§(2%) = Po(z), and
z4) - Pg(2B
veeXV:  Qz)= Pa PC)(;ZL;( ) -Up(z?)

then
Q€ Re, Q4 = Py, and QP = Pg.

Proof. P € R¢ therefore P(z) = [1g,ce, ¢i(z") - [1g,ce, ¥i(z”) and we can write

Pty = > II ¢i=™)- I wi=™)

zV\A E;€&1 E;€&
= I w=")- > [I i)
E;e& zV\A E;€&

Since V\ A =V \ (Ug;ee, Bi) = DU (Ug,ee, Ej \ C) = DU (B )\ C), thus the sum is only over
DU(B\C) ¢ XPU(B\O),

Pty = I ¢i")- > I w=™) 31

all z

Eie& B\C E;€&
1 , ,
Pty = ooy I w™) - 30 I oite™) (2:21)
DT E;c& B\C F;€&
Similarly, we can show for P? that
1 _ .
PB(zP) = T aD) I wi@®). > I wi(=") (2.22)
p(z?) Eic&s 2ANC E;e€,
(B\C)C E, = Pz") eRe, and (2.23)
(A\C)C By = PBzP)eRg,. (2.24)

(2.25)
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For P¢ we can write:

P = Y Pyt
yA\C =g A\C
= 1 . NP ifEEi
Up (D) %O[Eil}glw( >I§OE}EI&¢( )
1 (L E o
) [I;CEEIM )] [Z\jEleIg«/;( )] (2.26)

Finally, using equations 2.21, 2.22, and 2.26 we can conclude first part of the proof:
PA(z?) - PB(zP) 1
Pe(zC) Up(aP)

_ Mz ce, Yi(z") - me pee, Yila™)] - [gee, Yi(z) - Y pae Mg ee, Yilz")]
[Ypno e, Yi(z)] - [ ome Mg ee, i(@5)]
= [I wi@@™)- I vi(z™)
FE;€& E;€&5
= P(z).

The proof of the converse:
Since it is supposed that P4 € Rg,, Pp € R¢,, and Po = Pg it applies

2AY . Pr(zB
Q') = Y aw = X PR ey

rV\A 2V\A
= i i) . i i) . U
I;A[Eglw(x ) Eg2¢(x ) S s i@my  0pl)
= (2P - Up(a?) . (B . 1
= E];Igle(x ) ZIB\C HEiESQ(in) I§O[EE82¢2(ZE ) IZD]
Up(z") YuB\c g ce. Pi(xt)
= P Ay D . i€&2
A S e s ™) Up(s”)
= Py(z?).

Similarly QP (z?) = Pg(z?).
It remains to prove that () € Rg. Since P4 € Rg, and Pp(zP) € Re, Lemma 2.5 can be
applied so that

Py-Up=Q" Up€Rg and Pp-Up=QF UpeRe,.

Since

Pe(a) = Y Pa(z)= Y I %i(z™) = ¢(z)

zA\C zA\C E;€€1
it holds that
P--Up = QC -Up € R{C’}

Finally, Re¢, C Re, Re, C Re, and R{c} CRe = Q(:E) € Re. d
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Lemma 2.8 (Composition and decomposition of W%EP) Let &1 and &y be a partition
of £, such that for some Ei € & and Fo € & it holds

ANB=C,
where A = Ug,ce, B, B = Ug,ce,FEj, and C = E1 N Ey. Further let D =V \ (AN B). Then
TRe P exists iff both 71'3351 P (abbreviated nf, P) and 7r§3£2 P (zP) (abbreviated ©iy P)
exist. If ﬂ'kVP exists, then for any zV € XV :
1)

WQQAP(QU . ﬂ;zBP(ZEB)

PE0)

W%VP(QZV) = - Up(z?).

Proof. Class Sg is defined as {S € P : S¥ = P¥ E € £}. Therefore all distributions that
belongs to Sg have its marginals equal to PF, FE € €.
If 7%, P exists then it is a direct consequence of expressions (2.23) and (2.24) that

(R, P)* € Re (2.27)

(7R, P)? € Re,. (2.28)
Since C C E;

(R, P)¢ = Pg.

For every F € & according to Definition 2.4 (1% P)E = PE. Thus together with (2.27) it is
exactly the definition of 77, P (Definition 2.4). Since previous consideration can be repeated
also for w5, - P we can write

(T PV = 7, P
(1R, P)? = mR,P
Since 7y P € Re Lemma 2.7 can be applied:

(o, P)* - (w, P)P o P, P

A L -y C G
On the other hand, suppose that both 7%, , P and 7% , P exists, then
(wr P)C = (e, P)C = (e, P)C.
Let us define a distribution P so that
Pla) = TRaT0) T P
o (z%)

Then, according to Lemma, 2.7 (converse part)

P* = i P, (2.29)

PP = i, P, (2.30)

P € Re. (2.31)
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As a consequence of expressions (2.29), (2.30) and Definition 2.4 we can write

E€&: P¥ = (af, P)"=P", (2.32)
E€&: PP = (nf,P)F =P~ (2.33)

Therefore, it follows from (2.31), (2.32), (2.33), and from Definition 2.4 that P = TR, P O



Iterative
Proportional
Fitting Procedure

In this chapter we are going to analyze the well-known iterative proportional fitting proce-
dure (abbreviated IPFP). The first section outlines the history of its convergence proofs and
problems it was applied to. IPFP can be used to find I-projection of initial distribution to
an additively constrained set. As a consequence of Theorem 2.5 that claims that in the case
of consistent input set it converges to Ii-projection of initial distribution to given additively
constrained set. In the last section of this chapter results of our experiments with IPFP
on inconsistent input set will be summarized by means of conjectures. Discussion of IPFP
behavior on inconsistent input set is extended in Section 5.6 where the limit procedures and
their arithmetic and geometric averages are compared using I; and I, aggregates (defined
in Section 5.1). The study of IPFP behavior on consistent input set continues in Chapter 4
which is devoted to the procedure’s convergence properties when it is applied to an consistent
input generated by a decomposable hypergraph.

3.1 What is IPFP?

Tterative proportional fitting procedure dates back to 1940. It was proposed by W. E. Deming
and F. F. Stephan [13] as a procedure for adjustment of frequencies in contingency tables.
This approach is later referred to as classical use of IPFP [4]. We will use a simple example of
Deming and Stephan to describe the type of problems for which they proposed to use IPFP.

Example 3.1 (Frequencies adjustment)

Suppose a sample from U.S. population answered two questions in a opinion poll. Total
number n of U.S. citizens replied to the questions: "How old are you?” and ”What is your
education?”. Respondents were classified to r X s groups according to their answers. It
resulted to a contingency table (nij):’:sljjzl where n;; is number of citizens in a age group ¢

37
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and education group j. It is well known how U.S. citizens are distributed according to the
age. It is similar with their education. Let us denote NN;. and N.; the total number of U.S.
citizens in age group ¢ and education group j respectively. Now the problem is: how to adjust
the table (nl])qj so that it corresponds to the well known marginals N;. and N.;, but stay
close to the proportions of original one. W. E. Deming and F. F. Stephan [13] proposed IPFP
which they conjecture to minimize weighted square distance

r,Ss
Z’: (nij —n x Pyj)*
b)
ij=1,1 Tij

where P;; are adjusted proportions they searched for.

It was shown that IPFP does not minimize this function. However, several authors paid
attention to IPFP, which is a natural method of iterative adjustment.

Several authors wrote proofs of IPFP convergence. In 1959, D. T. Brown [5] gave a
proof based on the fact, that the likelihood of the iterated solution is a monotonic decreasing
function. C. T. Ireland and S. Kullback’s [21] proof contained an error (1968). In 1970, S.
Fienberg [16] showed that IPFP does not minimize square distance and proved IPFP conver-
gence for strictly positive distribution. S. J. Haberman [17] showed that IPFP is a special case
of the cyclic ascent method of function maximization [46] and proved several properties for
decomposable generating classes (1974). In 1975, I. Csiszar [10] proved IPFP convergence us-
ing I-divergence geometry without assumption of strict positivity. The convergence of IPFP
for continuous case still remains an open problem. L. Riischendorf [37] made an attempt and
gave the convergence proof for continuous case valid under some regularity conditions.

IPFP was applied to several problems from different domains. IPFP can used to construct
a probabilistic expert systems, where the knowledge is represented by a joint probability
distribution [23, 20]. S. J. Haberman [17] used IPFP for maximum likelihood estimation in
contingency tables. Several other applications, listed in L. Riischendorf [37], are tomography,
ridge-type regression models, and Hoeffding’s decomposition (see [37] for references).

Before the precise definition of TPFP we will describe what we mean by a generating
class. This notion will enable us to assign hypergraph properties to sets of low-dimensional
probability distributions that come into an iterative process as an input set.

Definition 3.1 (Generating class and input set) Let H = (V,&') be a reduced hyper-
graph (see Definition 1.4) and Pg = {Pg, € Pg,,...,Pg, € Pg,} be a set of low-dimensional
probability distributions (for 7 = 1,2,...s: E; C V). The set of hypergraph edges £’ is called
generating class of Pg if every edge from £’ defines domain of one low-dimensional probability
distribution from Pg, i.e. &' =& = {E\,..., Es}. The set of distributions Pg that has a set
of edges of a reduced hypergraph as its generating set will be referred to as input set.

It should be noted that in the notation of S. Haberman [17] (which we will use as well)
a-acyclic generating classes is denoted as decomposable and B-acyclic generating classes is
denoted as totally decomposable .

Definition 3.2 (IPFP) Let £ = {F1,...Es} be a generating class of input set Pg, and
Q(0) € P be an initial probability distribution. Then iterative proportional fitting procedure
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is computational process defined for z € Xy and for 7 and j = (( — 1) mod s + 1) such that
Pg, < Q(% by the following formula:

0, for = such that ng;l)(azEf) =0,
— E; ,
Q@) = Q-1 () ];? (z7) , for z such that Qg.]_l)(fo) > 0. (3.1)

Q(i_1) (xEj )
The following example illustrate how the computations of IPFP are performed.

Example 3.2 (IPFP)
Suppose that input set consists of two probability distributions

P12y (X1, X2) and Py 3y (X2, X3).

Values of these distributions are denoted by small characters and can be seen on Figure 3.1.
Figures 3.1, 3.2, and 3.3) correspond to computational steps 0,1, and 2, respectively. The
joint distributions computed during the iterative process is denoted by Q) € Pyio3),% =
0,1,2,....

e The initial distribution Qo) € Pyy,23} is uniform (see Figure 3.1).

e The operation of fitting input distribution Py 9)(X1, X2) brings joint probability dis-
tribution Q(1) to have its corresponding marginal Q‘({ll)’Q} equal to the distribution being
fitted (Figure 3.2). For example

Q(l)(Xl = ]-7X2 = ]-7X3 — ]-) —

Quy(X1=1,Xo=1,X3=1) Py(X1=1,X2=1)
Quy(X1=1,X2=1,X3=1) +Qp)(X1 =1, Xy =1, X5 =2)
1
570

1
1+

5.

oo|—

e Fitting the second input distribution Py 33 (X2, X3) has similar effect on marginal Qg)"g}
(Figure 3.3). For example

Quy(X1=1,Xo=1,X3=1) =
Quy(X1=1,X0=1,X3=1) Ppy(X2=1,X5=1)
QX1 =1,Xo=1X3=1)+Q)(X1=2,X=1,X3=1)
€ a-e

=
%4‘5 a+b

[\JISY

From this figure it can be seen that if
e+ f=a+b and g+h=c+d, (3.2)

then (o) preserves its marginal from previous step, i.e.

1,2 1,2
Qb = Qly™ = Py
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The condition 3.2 equivalently written as P{{f ]é} = P{{; ]:’,,} is a property of input set which

we will later define to be a condition of weak consistency.

e If we would continue by fitting Py 2) (X1, X2) again it would not make any change to
Q(2)- Let us check one value of Q)3 again:

Qa1 =1,X, =1,X3 = 1) =
QX1 =1,X2=1,X3=1) - Pn(Xa=1,X3=1)
QX1 =1,X=1X3=1)+Qu(X1=2,X=1,X3=1)

a-e
_ _atp 4 _ae
- a-e a-f - 9
a+b+a+b et f

a-e

which, having condition 3.2 fulfilled, equals to ;5.

e If we would continue by fitting P{Q’g}(XQ, X3), again, we could derive, in the same way,
that it would not bring any change to Q(3).

For this example, we may conclude that if input set is consistent IPFP stops after two
iterations. Latter, we will continue with this example for the case when condition 3.2 does
not hold (see Example 3.4).

Qo (X1, X, X3) P23 (X 2,X3)

Priar (X1, X2)

Figure 3.1: Initial and input distributions of IPFP
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Qu X1,X2,X3)

{12}
Qn (X1, X2)

Figure 3.2: Joint distribution and its marginals after fitting P;

Q) X1, X2, X3)

{2,3}
Q@ (X2,X3)

{1,2} 2}
Q@ (X1, Xz) 2 X2)

Figure 3.3: Joint distribution and its marginals after fitting P, and P
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The following theorem is essential for Space-saving implementation of IPFP, which was
proposed by R. JirouSek. The theorem, proved in [22], is instructive and explains the com-
putational process of Space-saving implementation of IPFP. We will use it latter to prove a
sufficient condition for IPFP convergence within one cycle (s iterative steps).

Theorem 3.1 (Space-saving implementation of IPFP) Let £ be a generating class of
input set Pg, such that there exists P € Sg, P < Qqy, and distributions Q)i = 1,2,... be
computed according to formula 3.1 of Definition 3.2. Further let a class F > £ be decom-
posable and Q) € Rx. If for every j = ((i — 1) mod s + 1) class F is reordered so that
Ej C Fsy and {Fsq1y, F5), - -, 5y} satisfies RIP, and Ay = Uf:lng(l) then for every finite
1= 1,2,...,Q(i) € Ry and

QES(k)
Pg, % fork=1
Foky _ Q(i—l

Qi)

5(k)
F&(k)ﬂAk Q 1—1 _
Q(Z) %ﬁ fOTk—2,...,t.
Qi)
The behavior of IPFP varies according to consistency of input set. The definitions of
strong and weak consistency follows.

Definition 3.3 (Strong consistency)
Input set {Pg,, ..., Pg,} is strongly consistent iff

Se ={Qx)eP:QFi =Pp,,i=1,2,...,5} #0.

The following is the definition of weak consistency that is sometimes called pair-wise
consistency or projectivity.

Definition 3.4 (Weak consistency)
Input set {Pg,, ..., Pg,} is weakly consistent iff

Vi, e {l,...,s}: Pg:ﬂE’ = Pgl’“nEl.

3.2 IPFP on consistent input set

If an iterative step of IPFP is compared with Theorem 2.1 it can be immediately seen that
in every step IPFP computes I;-projection of the distribution from previous iteration to an
additively constrained set S{Ej},j =1,2,...s. Sets S{E].} are step by step alternating.

Theorem 2.1 suppose that distribution Sg that defines additively constrained set Sygy is
dominated by marginal of the projected distribution Q¥. Therefore, in order to allow its
application, the following lemma is necessary.

Lemma 3.1 (Inheritance of dominance) If there exists a probability distribution P €
Sg such that P < Qo) and Q) for i = 1,2,... is computed according to formula 3.1 of

Definition 3.2 then for i =1,2,... and j = ((i —1) mod s +1): PP < Q7 ).
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Proof. We will prove this lemma by induction over <. Since it holds that for P € Sg : P <
Q(o) it suffices to show that:

P<Qu1y=P<Qu, for i=12,....
Assume P < Q(;_1) It follows from formula 3.1 of Definition 3.2 that for all z € X it holds
Qy(z) =0 ifand only if Q(_1y(z) =0 or PPi(z"i) =0.
P < Q(j—1), which means that for all z € X:
Qi-1(x)=0 = P(z)=0.

For y € X,y% = zFi :
PEi(zFiy =0 = P(y)=0.

This proves that
Qu(z) =0 = P(z) =0,

which means that P < Q;). O
By now, we are ready to present the Csiszar’s proof [10] of main theorem of IPFP
convergence in a narrow way.

Theorem 3.2 (Convergence of IPFP) Let {P,..., P;} be a strongly consistent input set
(i.e. Sg # 0). If there exists a probability distribution Q € Se such that Q < Q) then
sequence of the joint distributions computed by formula 3.1 of Definition 3.2 is convergent.
In the case of convergence

Q" = lim Q) = 75, Q(0)-

n— 00

Proof. The assertion of the theorem is a direct consequence of Theorem 2.1, Lemma 3.1, and
Theorem 2.5. It follows from Theorem 2.1 that distributions ()(,) computed by formula 3.1
are Ii-projections to Sy}, Ej € £, where j = ((n — 1) mod s +1). Lemma 3.1 is used to

assure that Q¥ < Qiﬁ 1) which allows the application of Theorem 2.5, which proves the
IPFP convergence. O
Remark. IPFP convergence will be latter referred to as C1.IPFP property. The fact
that the procedure converges to ms.()(g) will be referred as C3.IPFP property.. The IPFP
convergence theorem implies that the ordering of the input set has no influence on the resulting
distribution of the procedure (C2.IPFP property).

It is easy to prove that if the initial distribution belongs to R¢ then all distributions
computed within finite number of IPFP iterations belongs to Rg as well. On the other
side, if the initial distribution does not belong to R¢ then all distributions computed by
IPFP within finite number of iterations does not belong to R¢ either. This assertions are
formalized in the following theorem.

Theorem 3.3 (Inheritance of factorizability (G1.IPFP)) Let Q) € P and Qu €
P,i = 1,2,... are computed by IPFP process (i.e. formula 3.1 of Definition 3.2) applied
to the input set Pe. Then for all (finite) i = 1,2,... it holds that

Qu) € Re it Qu1) € Re.
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Proof.
(A) [Qui—1) € Re = Q) € Re]

Since Q(;—1) € Re we can write Q(_1)(z) = [} Y&, (zF4). Hence for z : QEZ.j_l)(xEJ') >0

PE ( f ﬁ Ei PE ( J)

Qu(r) = Qu-1)(z)
v Y Q(l] 1)( Q(l] 1)($Ej)

Let ¢p, (z77) = ¢g, (wEﬂ)ﬁ(E)) and if i # j : ¢p, () = ¢, (x¥). For z such that
E;\T

Qg.j_l)( 7) = 0 also Pg, (z%) = 0. In this case Q ( Ej) is defined to be equal zero too. Tt

is obvious that for such x the function ¢, (z”) can be defined to be equal zero as well. Then

[ ¢e:(=™), ie. Qg € Re.
=1

(B) [Qu) € Re = Q(i-1) € Re]
Similarly to (A) we can write Q) () = [Tj= ¢5, (z""). Hence for z : Pg,;(z") >0

QU Qi) (=)
Qu-n(z) = Q(i)(l")T H ¢, (") W
Qi (")
Let g, (zFi) = 0308 (z J)% and if 4 # 7 : ¢E1(33E1) = ¢E1(33E1) For z such that
E; !

P, (%) = 0 also Q@i (zPi) = 0 and consequently b, (zFi) = 0. In this case we define
(o} (x¥i) = 0 as well. Then

Q(z—l)(w) = H’lﬂEl(fEE’), 1.e. Q(i—l) eRg.
i=1
O

Theorem 3.4 If the input set {Py,...,Ps} is strongly consistent, i.e. Sg # 0, there exists
a probability distribution Q) € Sg such that Q@ < Qoy, and Q) € Re then the sequence of
probability distributions computed by IPFP (formula 3.1 of Definition 3.2) converges to

Q" € 7@5 N Sg.

Proof. If there exists a probability distribution @ € S¢ such that @) < @)(g) then sequence
of the joint distributions computed by formula 3.1 of Definition 3.2 is convergent to Q* € Sg
(Theorem 3.2). If Qo) € Re then according to Theorem 3.3 Q) € Re,1 = 1,2,..., thus
Q" € Re. 0

For the uniform distribution U it holds that U € Rg for any £. Thus, it turns out that
if the initial distribution is uniform then according to Theorem 3.3 the limit distribution
Q* € Re¢.
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Theorem 3.5 (I,-projection to Rg) If an input set {Py,..., P} is strongly consistent,
i.e. Sg # 0, there exists a probability distribution Q € Sg such that Q < Q(0), and Q(p) € Re
then the sequence of probability distributions computed by IPFP (formula 3.1 of Definition 3.2)
converges to

Q" =1, Q.

Proof. We have shown that for the limit distribution Q* of the iterative process defined by
formula 3.1 of Definition 3.2 it holds Q* € Sg (Theorem 3.2) and Q* € Rg (Theorem 3.4).
Therefore it follows from Theorem 2.9 that Q* is also Io-projection of any Q € Sg to Re. O

Suppose we want to solve another problem. A probability distribution @ is given (e.g.
estimated from data). We search for another probability distribution that factorizes with
respect to given &, i.e it belongs to Re, such that it is “a best” approximation of known data
Q. It is a consequence of the previous theorem, that IPFP is applicable to such a problem
whereas the criteria is I-divergence. The best approximation equals

in I(Q || R) = 5 _Q.
arg  min Q| R) =7m7,Q

Next, an example of an input set consisting of four distributions is going to be introduced.
It will be used to demonstrate the behavior of IPFP.

Example 3.3 (Consistent input set) In Table 3.1 a consistent input set of distributions
is defined. Figure 3.4 displays that in this example IPFP convergence rate is high since
after 2 cycles (i.e. 8 iterations) the values of Q;) differ less than 0.01%. Since it might give
false impression that joint distribution does not change after 4th iteration Figure 3.5 displays
detail of IPFP behavior in between steps 4 and 8.

Iteration ¢ Q(z)(Xl = 1,X2 = 1,X3 = 2,X4 = 1)
4 0.15685
8 0.15691
12 0.15691

The plot in Figure 3.4 and all plots in next chapters describe dependence between probability
values (vertical axis) of joint distribution (;) for one combination of random variables’ values
X1 =1,X9=1,X3 =2,X4 =1 and number of iterations 7 (horizontal axis).
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0.14

0.12 ¢

0.08 ¢

Pp, | Xo=1 X,=2 Pg, | Xs=1 X;=2
Xy =1|89/288 43/144 | | X, =1 17/96 47/144
X, =2 7/36  19/96 X, =2 | 43/288  25/72

Pg, | X4=1 X;=2 Pg, | Xi=1 X,=2
Xy=1]31/144  1/9 X, =1 15/32  5/36
X;=2|67/144 5/24 X; =2 | 61/288 13/72

Table 3.1: Consistent input set of distributions

Figure 3.4: IPFP on consistent input {Pg,, Pg,, Pg,, Pg, }
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0.15692

0. 15691 ¢

0.1569 ¢

0. 15689

0. 15688 |

0. 15687 ¢

0. 15686 |

Figure 3.5: IPFP on consistent input {Pg,, Pg,, Pg,, Pr,} (detail)

12
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3.3 IPFP on inconsistent input set

What can be said about the IPFP process when the input set Pg¢ is not consistent? First of
all, we will continue with Example 3.2 to show IPFP behavior when probability distributions
from input set are inconsistent.

Example 3.4 (IPFP on inconsistent input set (continued Example 3.2))

Suppose that the input set consists of two distributions Ppy 9y (X1, X2) and Py 3y (X2, X3).
Their values were defined by Figure 3.1 in Example 3.2. Recall, that after two iterations of
IPFP we have got probability distribution Q). It is given by the following Figure 3.6.

Q) X1, X2, X3)

{2,3}
Q) X2.X3)

{1,2} 2}
Qu (X1 ,Xz) 2 X2)

Figure 3.6: Joint distribution and its marginals after fitting P, and P

e We have supposed that the input set is inconsistent therefore
e+f#a+b and g+h#c+d.

Thus, by fitting Py 9y (X1, X2) again, we get distribution @3, displayed on Figure 3.7.
Let us check one value of Q(3) again:
Qupy(X1=1,Xo=1,X3=1)=
Qu(X1=1,X0=1,X3=1) - Pun(X1=1,23=1)
Qu(X1=1,X=1,X3=1)+Qu(X1 =1,Xs=1,X3 =2)
a-e
ars @ _ae

a5 tap etS
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Qp) X1, X2, X3)

{23}
Q@ (X2,X3)

12
Q{ (3\}(X 1,X2)

Figure 3.7: Joint distribution and its marginals after fitting P, %, and P, again

e By fitting Py 3 (X2, X3) again we get distribution @4y which turns out to be equal
Q(2) already displayed on Figure 3.6. Let us check one value of Q4 again:
Quy(Xi =1,X,=1,X3 = 1) =
QX1 =1,Xo=1,X3=1) Pp3(X2=1,X3=1)
QX1 =1,X0=1X3=1)+Qu3(X1 =2,X=1,X5 =1)

a-e
et/ " © a-c

a-e b-e
ey e

a+b

We have shown that Q) = Q(2), consequently Q(5) = @3, which proves that IPFP stabilizes
in the cycle of two joint probability distributions Q) = Q2) and Q2;41) = Q3) for i =
2,3,... (ILIPFP property). The fact that TPFP stabilized in the limit cycle might be
exploited to get a unique joint probability distribution either as an arithmetic Q)] or geometric
averages @y of distributions from the limit cycle. A question is whether these distributions
obey some reasonable properties we would like the resulting joint probability distribution to
have. We will further continue with this example in Chapter 5 (Example 5.1). In this chapter
several requirements on joint probability distribution to be regarded as a reasonable result of
inconsistent knowledge integration are discussed in detail.

After a number of computational experiments with the regular IPFP applied to both the
weakly consistent and inconsistent input sets we believe that only two possibilities may take
place.
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Conjecture 3.1 Let Qg € P be the uniform probability distribution defined for all variables
(Xi)icv. For any strongly inconsistent input set the application of the IPFP (Definition 3.2)
leads to one of the following two situations:

o The computation fails because there exists 1 < j < s such that the distribution Pg; is
not dominated by Qg.j_l) (i.e. 3z : Pj(z) > 0, Q(C;.j_l)(x) =0), and thus the distribution
Q(j) 18 not defined.

o The sequence Q(1),Q(2), ... tends to come in cycles. More precisely: for all 1 < j <
the subsequences Q(jy, Q(j+s)> Q(j+25)s - - - » Q(jns)s - - - are convergent. At least two limit
distributions of these subsequences differ each from other.

Let us illustrate these two possibilities using another example.

Example 3.5 (Three two-dimensional distributions)
Consider the input set which consists of three two-dimensional distributions given in Table 3.2

{P1(Xy, X2), P2(X2, X3), P3(X1, X3)}.

Table 3.2: Input distributions {P;, P», P3}

P Xo=1 Xy=2 P, Xs=1 X3=2 Py Xs=1 X3=2
Xi=1]05—-¢ 0+e¢ Xo=1]|05-¢ 0+e¢ Xi=1 O+e¢ 0.5—¢
X =2 O+e¢ 0.5—c¢ Xo=2 0+e¢ 0.5—¢ Xi1=2]| 05—¢ O+¢

Taking ¢ = 0, the computation fails because the distribution P; is not dominated by

Bs. Namely, for 219 = (X; = 1,X3 = 2) P3(x12) > 0 and QY*(x13) = 0 as well as for

Z91 = (X1 = 2,X3 = 1) Py(x91) > 0 and Q2 (x91) = 0, and thus the distribution Q3 is not
defined. The respective distributions )1 and Q2 are in Table 3.3.

Table 3.3: Application of IPFP to the distributions from Table 3.2 with ¢ = 0.

X1 Xo X3 Qo Q1 Q2 Q3
1 1 1 0.1250 0.2500 0.5000 0.0000
1 1 2 0.1250 0.2500 0.0000 -
1 2 1 0.1250 0.0000 0.0000 0.0000
1 2 2 0.1250 0.0000 0.0000 -
2 1 1 0.1250 0.0000 0.0000 0.0000
2 1 2 0.1250 0.0000 0.0000 -
2 2 1 0.1250 0.2500 0.0000 0.0000
2 2 2 0.1250 0.2500 0.0000 -
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Table 3.4: Application of IPFP to the distributions from Table 3.2 with ¢ = 0.1. and ordering
{Pla PQa P3}

X1 Xy X3 Qo Q1 Q2 Qs v Quogzn Q20430 Q2143n
1 1 1 0.1250 0.2000 0.3200 0.0941 0.1562  0.2439  0.1000
1 1 2 0.1250 0.2000 0.0800 0.2000 0.2438  0.1000 0.1562
1 2 1 0.1250 0.0500 0.0200 0.0059 0.0000  0.0000  0.0000
1 2 2 0.1250 0.0500 0.0800 0.2000 0.1000 0.1562  0.2438
2 1 1 0.1250 0.0500 0.0800 0.2000 0.1000 0.1562  0.2438
2 1 2 0.1250 0.0500 0.0200 0.0059 0.0000  0.0000  0.0000
2 2 1 0.1250 0.2000 0.0800 0.2000 0.2438 0.1000  0.1562
2 2 2 0.1250 0.2000 0.3200 0.0941 0.1562 0.2439  0.1000

Table 3.5: Application of IPFP to the distributions from Table 3.2 with £ = 0.1 and ordering
{P3a PQa Pl}

X1 Xy X3 Qo Q1 Q2 Qs v Quogzn Q20430 Q2143n
1 1 1 0.1250 0.0500 0.0800 0.2000 0.1000  0.1561  0.2438
1 1 2 0.1250 0.2000 0.0800 0.2000 0.2438 0.1000  0.1562
1 2 1 0.1250 0.0500 0.0200 0.0059 0.0000  0.0000  0.0000
1 2 2 0.1250 0.0200 0.3200 0.0941 0.1562 0.2439  0.1000
2 1 1 0.1250 0.0200 0.3200 0.0941 0.1562  0.2439  0.1000
2 1 2 0.1250 0.0500 0.0200 0.0059 0.0000  0.0000  0.0000
2 2 1 0.1250 0.2000 0.0800 0.2000 0.2438 0.1000  0.1562
2 2 2 0.1250 0.0500 0.0800 0.0200 0.1000 0.1561  0.2438
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The other situation occurs for e = 0.1. In this case the sequence of distribution Q1, @2, ...
“converges” to the cycle of the three distributions shown in Table 3.4. When the order of
input set Pg is {P3, P, P} then the distributions in the cycle are different (see Table 3.5).

Let us stress that even for a weakly consistent input set (but strongly inconsistent) the
systems of limit distributions may differ when the distributions in Pg are reordered. From
the next example it can be seen that both arithmetic and geometric averages of distributions
from limit cycles are dependent on the order of distributions in input set.

Example 3.6 (Four two-dimensional distributions) Suppose that input set consist of
four inconsistent probability distributions given by the following table. Distributions of input
set are given in Table 3.6.

Pg, | Xo=1 X,=2 Pg, | X3=1 X;=2
X,=1| 1/10  3/10 X,=1| 7/10  1/10
X, = 2/10  4/10 X,=2| 1/10  1/10

Pg, |Xy=1 X;=2 Pg, |X4=1 X,=2
Xy=1]| 2/10  1/10 X,=1] 3/10  3/10
X;=2| 2/10  5/10 X,=2| 3/10  1/10

Table 3.6: Inconsistent input set of distributions

Figure 3.8: IPFP behavior on inconsistent input for the order {E, E2, F3, E4} (upper dark
line) and {Ey, Es, F1, E3} (lower gray line)



Decomposable
generating classes

The theory we are going to present at the beginning of this chapter exploits results of S. Haber-
man [17] for log-linear models on a large scale. However, the theory of log-linear models as-
sumes that all probability distributions are strictly positive. Our definition of I-projection
to multiplicatively constrained sets Rg enable us to put aside assumption of strict positiv-
ity. Furthermore, some proofs in [17] contain several misprints, several “obvious” facts were
not so evident. Therefore we believe it is meaningful to rewrite the fundamental theorems
together with their proofs.

In the second part of the chapter new results concerning decomposable generating classes
are presented. They concern characterization of types and orderings of generating classes that
guarantee convergence of IPFP within one or two cycles. The main result is a counterexample
to the conjecture that for all decomposable generating classes IPFP converges within two
cycles no matter how generating class is ordered.

At first, we are going to introduce some class functions defined in order to enable better
characterization of generating classes. We follow S. Haberman [17].

Definition 4.1 (Generating class functions) Suppose € is a generating class.
Intersection class F(E) is defined to be the set of all intersection

FE)={ENE :Ec€& E €& E+EFEY.

Let F be an element of intersection class F(£). Raw replication number ¢(F,E) is the number
of sets in £ that contain F.
Class F(F, &) contains sets from F(&) that has set F' as its proper subset:

F(F,E) ={F'eF(E):FCF F+#+F'}.
The adjusted replication number d(F,E) is defined recursively by equation:

d(F,€) =c(F,E)—1— > d(F'E),
F'eF(F,E)

53
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where the recursion is given by the hierarchy of supersets of F' in the intersection class F (&)
until there is no superset. Then d(F’, &) = ¢(F', &) — 1.
Hierarchical class H(E) generated by & is the set

{ACE:E€&}.

In order to shed light upon previous definition we will give a simple example to show how
these function acts.

Example 4.1 (Generating class functions) Let £ is a generating class given by Fig-
ure 4.1 ie. € = {{1,2,4},{2,3,5},12,4,5},{4,5,7}, {4,6,7}, {5,7,8}}. The following table
shows for each F' € F(&) values of raw replication number ¢(F, ), class F(F,E), and adjusted
replication number d(F,&).

| F [ {42} {52} {2} [{45} {4 |50 [ {50 {7t [0 |
o(F,E) |2 2 3 2 4 4 2 2 3 6
FEE |0 [0 | {4200 | {425 (B2L 0 [0 | (&1 FEN
{5.2}} {45}, | {45}, {574} | 0
{473} | {5.7}}
dF,E) |1 1 0 1 0 0 1 1 0 0

Hierarchical class H(E) generated by & is the class:

{0, {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {1,2}, {1,4}, {2,3}, {24}, {2,5}, {3,5},
{4,5}, {46}, {4,7}, {57}, {58}, {6,7}, {7:8}, {124}, {235}, {245}, {4,5,7},
{4,6,7}, {5,7,8} }.

Figure 4.1: Generating class & = {F4, E», ..., Eg}

An important consequence of Lemma 2.8 based on orderings of £ that meet Running
intersection property (RIP) follows.

Theorem 4.1 Let {E1, Es, ..., Es} be an ordering of a decomposable generating class £ sat-
isfying RIP and P € P. Define class Sg = {S € P : S¥ = P¥ E € £} # 0. Further let
Fio1=FEj . 1NA;,j=1,2,...,5, where Aj = U?g:lEk' Then

vy = [Ij=12,..s PEi(zF7) I
= — " Ur\4,
Hj:2,...,s P (fEF]) \

TR, Pz
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Proof. The proof is nothing else than a successive application of Lemma 2.8 with
(81)(0) =& \ E57 (52)(0) = E87 C= Fsa

fore=1,2,...,s —2: (51)(2) = (51)(1'—1) \Es,i, (52)(2) =F; ;,and C = F,_;. O

The following Lemma 4.1 exploits decomposition &;,&> of a generating class £ to show
that if an intersection set F' belongs to hierarchical class H (1) \ H(E2) then all its supersets
from intersection class belongs there as well. This property will be used in the proof of
Theorem 4.2

Lemma 4.1 Let & and & be a partition of £, such that for some Fq € &1 and FEy € & it
holds

UEieé‘lEi N UEj€g2Ej = FEiNE,.
Further let F belong to the intersection class F(E).

I F € H(E) \ H(Es) then F(F,E) C H(EL) \ H(Es).
Proof.
H(E)\H(E) = H(E)\ (H(E) NH(E))
Since (Ugee, i) N (Ugje, B) = E1 N Ey = H(E) NH(E) = H(E1 N Ey)
H(E)\H(E) = H(E&E) \H(ELNEY)

F(F,E) C F(E). Tt is assumed that F € H(E1) \ H(E1 NEy) i.e. F is equal neither to Fy N Esy
nor to any of its subsets. Therefore E1 N Ey ¢ F(F,E). It follows that

VE' € £,F" €& : B'NE" ¢ F(F,E).
It is obvious that also
VE E" € &: E NE" ¢ F(F,E).
Consequently, F(F, &) consists only of {E' N E"}, where E', E" € £, and therefore

F(F,E) C H(&Er) \ H(E).

O

The following theorem is of a fundamental importance for design of proofs given in this

chapter. Hence we are going to give a revised version of its proof from [17, Theorem 5.1] in
spite the fact it is very complex.

Theorem 4.2 (Closed form of I>-projections on R¢ )
Let € be a decomposable generating class. Further, let P, a distribution from P, define class
Se={SecP:SP=PF Ec&}#0. Then TR, P exists and

[gee P"(z") -Up(z”), where D = V\ U E.

!/
v [rere (PF(QUF))d(F’g) EcE
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Proof. The proof is by induction over the decomposition of £.
If £ = {E} then F(€) = 0 and by Lemma 2.6
F;QVP(HJV) = PE(2P) - Up(zP).
Assume that the theorem holds for all decomposable generating classes properly included in
E. Suppose that £ and & are disjoint decomposable classes such that £ = £ U &, and there
exist £y € & and Ey € & (Up,ee, £1) N (Upyee, B2) = E1 N By (since & is decomposable
there exists at least one such partition of £.
The subsequent relationships between functions of £ and functions of & and & will be
used:
H(E) = H(Er) UH(E)
F e F(F,E) = c¢(F,&)=c(F, &) +c(F,&)
F(F.E)=0 and F e F()= F(F,&)=F(F,&E)=10
In the rest of the proof we need to prove that relation between d(F, £) and d(F, &), d(F, &)
properly coincides with composition of £ from &1, . We are going to verify the relation step
by step for all possible F € F(£).
(A) F e F(&): F(F,€) is empty
d(F,€) = c¢(F,E) — 1 = c(F,&1) + c(F, &) — 1 We will study situations F' € H(Er) \ H(E2),
F e H(E)\H(EL), and F € H(E1) NH(E:) separately.
(1) FeH(E)\H(E) = c¢(F,&E) =0 = d(F,€) =c(F,&)—1=d(F,&).
(2) F € H(&E) \ H(E1) gives analogously to previous d(F,E) = d(F, ;).
(8) F e H(E)NH(E). Since F(F, &) = F(F, &) = 0 we get

d(F,E) = c(F, &) + c(F,&) — 1 =d(F,&) +d(F, &) + 1.

)
)

Thus we get relations for d(F,£) in the three different cases. Next, we will proof these
relations for more complicated case of F' € F(&) such that F(F,€) is not empty. We will
study F € H(&E1) \ H(E2), F € H(E) \ H(&r), and F € H(E1) NH(E,) separately again.

(B) F e F(E) : F(F,E) is not empty

(1) I F € H(E1)\H(E) then c(F, &) =0 = c(F,E) = c(F, ). Define Fiyy € F(F(i—1), 1
1,2,... and Fg) = F. We can apply recursion over i = 0,1,2,... until F(Fy;,£) is
empty. Then d(F(Z),E) = d(F(Z),El)

If F(F(;, ) is not empty then since F(F;), &) C H(E1) \H(E2) we can apply Lemma 4.1

and write
d(Fu),&) = c(Fy,&) -1~ > d(Fi1),€)
Flip1) €F (Fiy,€)
= o(F;), &) —1— > d(F(i11),E).

Fip)€F(Fiy,€)
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It follows that d(F,E) = d(F, &1).
(2) F € H(E) \ H(&E1). Similarly to the previous case we get d(F,E&) = d(F, ).

(3a) F e H(SQ) N H(gl) and FF= E1 N Ey
o f(F,gl) Q .7:(51) g (UEiG& El) and f(F,SQ) Q .7:(52) Q (UEi€82 Ez) therefore
.7‘—(F,51) ﬂf(F,EQ) C EiNEy

o ' ¢ F(F,E) therefore F(F, &) and F(F, &) are disjoint and F(F,E) = F(F, &)U
F(F,&).

d(F.€) = c(F,E)—1— > dF.¢)
F'eF(F\E)

= o(F &) +c(F,&) -1— > dF.E- D dF,E)
F'eF(F,&) F'eF(F,E)

Since F(F,&1) C H(E1) \H(E2) it follows from 1. that d(F',E) = d(F', &) and similarly
for F(F,&).

= o(F.&)+c(F&)—1— >  dF.E- > dF,E)
F'eF(F,&r) F'eF(F,£)
= d(F,&)+d(F,&)+1

(3b) F e H(EQ) ﬂ?—[(é’l) and FF C E1 N By, F ;é EiNE,

d(F,€) = c(F,.&)—1- > dF,¢)
F'eF(F,E)

F(F,€&) is the union of the following disjoint classes:

A = {EiNEy},

B = F(F,&)N(H(E)NH(E)),

C = F(FEN(H(E)NH(E)), and

D F(F,E)NH(E) NH(E) \ {E1 N Es}.

Define F(i) € f(F(i_l)g),i =1,2,... and F(O) = F and f(F(i),g) = A(l) U B(i) U C(i) U
Dyjy. Let Fgy = F. We can apply recursion over ¢ = 0, 1,2, ... until F(F;),£) is empty.

e If D;) is empty then using equation from part 3. we get

d(Fpy,&) = c(Fuy, &) +c(Fu, &) —1— S (d(Fisn), &)+ d(Fii), &) + 1)
Fiv1)€AG)

= d(F), &) +d(F), E).



CHAPTER 4. DECOMPOSABLE GENERATING CLASSES

e If Dy;) is not empty then
d(Fiy,E) = c(Fy), &) +c(Fy), &) — 1
- Y d(Fay),8) - Y d(Fus,€)

Fliy1)€Au) Fliv1)€B3)
- Y d(F,6) - Y, d(Fg,€)
Flitn€Cp) Flit1)€D()

= c(Fiy, &) +c(Fly), &) — 1
- Y [dFu1), &)+ d(Fipny, &) +1) = > d(Fp). &)

Fiiv1) €A Fli+1)€BG)
- > d(Fu,8) - Y, d(Fui),E)
Fliy1)€Ca) Fliv1)€D)

Then for Fo) = F we get
d(F,&) = c(Fg),&1) +c(Flg),E) —2
= - > d(Fy,&1) — > d(F(1y,&2)

F)€F(F(o),€1) Fa)E€F(F(o),€2)

F() H(E) d(F,€&)
FeF(&)\F(&) F e F(&)NH(E) d(F, &)
FeFEN\FE) FeFE)NHE)NHE) dF,E)+d(F,&)
FeFE)NFE) FeFE)NHE)NHE) dF,.E)+d(F,E)
FeFE)\FE) FeFE)NHE)NHE) dF,E)+d(F,&)
FeF(&)\F(&) F e F(&)NH(E) d(F, &)

Using Lemma 2.8 and induction hypothesis we can write

/ !/
’ 7TR P'ﬂ-R _P
TRy P = AR Up

_ HE€51 PE HE€82 PE 1 U
— D

Mrere) (P Tpere, (P72 PO

[pee PP Up
(F,&1

(F.&2)

Mrerenre) P M rerenre) (PF)
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1

rereEnrEneP

Finally, using the relations for d(F, ), summarized in the table, and since C' € F(£) N
H(E) NH(E) we get

HEGS PE

D
HFE}_(S)(PF)d(F,S) -Up(z”).

! —
Ry P =

a

So far no simple procedure to test strong consistency is known. Application of methods
of linear programming leads to the task of high dimensionality. In the case of input set with
decomposable generating class the test of weak consistency is simple. Furthermore it is in this
case equivalent to the strong consistency. Properties of decomposable generating class of this
kind were already proved by several authors. At least, we refer to H. G. Kellerer [25]. The
following theorem shows how the the test of weak consistency can be performed in the case
of decomposable generating class.

Theorem 4.3 (Weak consistency test)

Let Pe = {P1((Xi)icr,),---,Ps((Xi)ier,)} be an input set of distributions and Ej for k =
1,...,s be an ordering of sets from & meeting the RIP, then the following two statements are
equivalent:

(a) Pg is weakly consistent
(b) Vk=2,...,s ¥ (1<l<k & (ExnU: | En) Cc By & PP = pPnFry

Proof. (a) = (b) If the input set Pg is weakly consistent then, according to definition, for
any couple of different indices

kag S {]., e ,3} (PkE"kﬂEl — PéEk-ﬂEl).

therefore this equality must be valid also for a subset of all couples defined by (b) (existence
of ¢ with given properties is assured because of RIP).

(b) = (a) Condition of weak consistency of input set Ps can be rewritten :

ExNE;

VE=2,...,s Vi<k (P, :P_EWEJ‘)_

; (4.1)

For k = 2 (b) and 4.1 coincide, as both these expressions can be written as

P2E2 NE; _ P1E2 NE1 )

Assume the theorem holds for & < ¢. Now, we shall prove it holds also for k£ = 4, i.e. we are
proving that
vj<i PN = print

Statement (b) requires existence of ¢ < i such that E; N E; C E,. P; and Py are pairwise
consistent because of the assumption of the mathematical induction (we assume the theorem
is valid for all k i i), pairwise consistency of P, and P; is required by (b). Therefore

E;NE,

B

— p/itte pEnE_ pEOE L and EjNE; C By
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gives

4.1 Convergence within one cycle

In Chapter 1 the mapping that associates to each conformal hypergraph its graph was de-
scribed. Therefore, the study of decomposable generating classes that guarantee IPFP con-
vergence within one cycle can exploits known facts about chordal (triangulated) graphs.

IPFP convergence rate depends on the choice of initial distribution, but we will not study
this question. We are going to deal with initial distributions that factorize with respect to
generating class and the uniform distribution only (that naturally factorize with respect to
generating class), since they approve the best convergence rate of IPFP.

The fact that an explicit formula of WkVP for orderings that meet Running Intersection
Property is given in a simple form (Theorem 4.1) is used to prove the following theorem. The
theorem together with its proof can be found in [17, Theorem 5.3].

Theorem 4.4 (Orderings that assure convergence within one cycle)
Let & be a decomposable generating class of input set Pg and P € Sg, P < Qo). If Qo) € Re
then there exist an ordering € = {F; :i=1,2,...,s} such that

Q) = Qusr1y =+,

where Q;y,1 = 1,2,... are computed by formula 3.1 of Definition 3.2. We will say that IPFP
converges within one cycle (s steps).

All the orderings that meet Running Intersection Property guarantee convergence in one
cycle. But there are some other that can assure the convergence within one cycle, too.
Theorem 4.5 proved by S. Haberman [17, Theorem 5.4] gives a sufficient (but not necessary)
condition for a family of generating classes that guarantee IPFP convergence within one cycle
no matter how is the input set ordered. The proof of Theorem 4.5 makes use of Lemma 4.2.
This lemma, gives an explicit formula for marginal distribution of the I»-projection on a
restriction of a generating class €. Lemma 4.2 was also proved by S. Haberman [17, Lemma
5.14]. We are going to cite both these assertions since they constitute an important part of
study of IPFP behavior for decomposable generating classes.

Lemma 4.2 Let £ = {E1, Es,...,Es},s > 2 be a decomposable generating class of input set
Ps. Further, let A be the set of edges generated from € by set A = Ui_,FE;, i.e. A= E(A)
and B be the set of edges generated from £\ Ey by set Ey, i.e. B = (E\ E1)(E1). If ny, P
exists then )
Bl _ _ :
(W%A,VP) L=mp,P- Uy where D = V\i:1L2J SEZ.

Theorem 4.5 (Sufficient condition for IPFP convergence within one cycle - 1)
Let £ be a totally decomposable generating class and P € P be a probability distribution from
Sg. Then IPFP starting with the uniform distribution Q) = Uy € P converges within one
cycle (s steps) no matter how & is ordered and Q5) = 7, P.
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Figure 4.2: An example of generating class, which does not satisfy assumptions of Theo-
rem 4.5. In spite of it IPFP converges in one cycle no matter how £ is ordered (see Theo-
rem 4.6).

We will exploit formulas for marginals of ((;) given in Theorem 3.1 to prove another
sufficient condition of IPFP convergence within s steps.

Theorem 4.6 (Sufficient condition for IPFP convergence within one cycle - 2 )
Suppose there is a set E* € £ = {F; : i = 1,2,...,s} such that E; N E; C E*,Yi,j =
1,2,...8,i # j. If € is a generating class of input set Pg and if there exist P € Sg, P < Qo)
then IPFP starting with Q) € RF converges within s steps (one cycle) no matter how & is
ordered.

Proof. Denote r the index for which E* = F,.,1 < r < s. £ is decomposable since its
ordering starting with Ej;) = E; satisfies RIP (see Lemma 1.1).

In the sequel 7 denotes iterative step, j = (i — 1) mod s + 1 is index of Pg, being fitted in
step 4. At first, we will simplify the formula of Theorem 3.1 separately for the cases E; # E,
and F; = F,.

(i) E; # E;
For any E; € £, Ej # E, any ordering such that

&= {E5(1>,E5(2>, ces 7E6(5)}7 where Ej = E(S(l) and Er = E(;(Q) satisfies RIP.

Let A; = Uj_| Esqy. For k =1
E.NA, = Ej Nk,

and for every 1 <k < s,k # 4,k # r:

E,NA, = E,NE,.
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In this case the formula of Theorem 3.1 can be rewritten:

( Pg; for k = j,
Ey
E‘mEr Q(Z—l)
Q(.g g, fork=r,
Q(E;S“ = ' Qul1y

Qrk ,
QU i, for kA k£,
Qi)

\

From this formula it follows that Qi; N _ ng " and consequently we can further rewrite

the formula for £ =7 :

Ey
E, E;NE; Q(i—l)
Q(Z.S“ = PE],J BB, (4.2)
Q]
By marginalization of 4.2 to Ej N E, we get
ERNE, ERNE,
moE _ pEomos 9’ prer Qo) _ peio,
Q(’L) - E; QEanrnEk T Ej QEknET L ’
(i—1) (i-1)
so that we can finally rewrite the formula of Theorem 3.1
( P, for k = 7,
Ey
e, Qi
o Py S fork =,
Quy = @it (43)
EpNE Q" 1
Pyt ng;gr, for k # j,k #r,
\ (i—1)

(i) B, = B,
All orderings
& ={E5q), Es52)s- - - Es(s) }» such that E. = E(y,
meets RIP. Let A; = U{:—llE(;(l). For every 1 <k < s,k #r:
E,NA,=E,NE,.

In this case the formula of Theorem 3.1 can be given in the form of:

Py, for k =r,

r

Br E
@) QPN Quty
(1,) QEkﬂEr
(i—1)

for k #£r.
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Similarly to (i) this formula can be rewritten so that we get

Pg, for k =,
Q% - 7 (4.4)
2 Pg’“nE’% for k #£r.
(i-1)

In the next, we will exploit the fact that for every i = 2,3, ...
Q") = Pp, for k=i—1.

Therefore it follows from equations 4.3 and 4.4 for k =1 — 1

Pﬁ%”Eri for k # 1,k # j,

pEE;
Qff = -
© E;NE, Pg .
Pg. PEJHET for k=nrk #j.
E,

It is supposed that Sg # 0 the input set is consistent which implies that

E,NE, ExNE; E;NE, E;NE,
PEj’“ = Py} and PE],J =Pg? .
Thus we get for k=17 —1
E
Qlt = Pp. (4.5)

This procedure can be repeated also for k =4 — 2,7 — 3,...,1, so that equation 4.5 holds for
k=1,2,...4. Since ¢ is arbitrary we can write for 1 = s,k =1,2,...s

E
Qo = Poe
Since Q(;) € Re,i=0,1,2,... and £ is decomposable, for any ordering

E ={Es51), E52)s--» Es(s) }»

that satisfies RIP we can write (using Lemma 2.8 and Theorem 4.1)

a(s) E; a(s)
Q) = DU/ OIS S Qo)
s) 5(s) EjnA; = 4(s) E;nA; — "Ret T Toe ’
M50 @ s Pr)
which is the limit of joint probability distribution’s sequence computed by IPFP. O

Conjecture 4.1 (Necessary and sufficient condition)

IPFP converges within one cycle (s steps) no matter how & is ordered and what are actual
values of distribution in strongly consistent input set iff either assumptions of Theorem 4.5
or Theorem 4.6 are satisfied.
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The argument in favor of the previous conjecture is based on the following consideration.
Exploiting the correspondence between hypergraph and graphs notion so we can formulate
the conjecture using strong chordality and chordality graph property (see Section 1.2.3). We
could reject the previous conjecture if we had constructed a counter example. So we try
to construct a graph that

(1) is chordal,
(2) is not strongly chordal,

(3) does not contain any clique E* such that all pair-wise intersection of cliques are subsets
of the clique E*,

(4) IPFP converges within one cycle for all orderings of cliques.

We believe that all graphs satisfying (1) and (2) must contain a cycle of the length equal six
without strong chord. 1t is because all chordal graphs that contain a cycle with even length
greater than six without strong chord seems to contain the cycle of the length six as well.
Consequently, every construction of a counter example must start with a cycle of length six
having three chords (to assure (1)) but none of them being strong (Figure 4.2). Note that
such a graph satisfies condition (4). Let us check all ways how this graph could be extended
so that it remains chordal but not strongly chordal and does not contain any clique E* such
that all pair-wise intersection of cliques are subsets of the clique E*. There are six pairs of
nodes, having distance one in the cycle of the length six, where can be the graph extended
so that conditions discussed above are satisfied. Using Figure 4.2 these pairs are:

{1,3},1{3,6},{6,4},{4,5},{5,2},{2,1}.

Extension are constructed so that a new clique’s intersection with the initial graph is equal
to one of the pairs. Then all new graphs satisfies conditions (1), (2), and (3) but for all of
them an ordering of their cliques can be found so that IPFP does not converge within one
cycle.

The following theorem gives a sufficient condition for orderings that guarantee IPFP
convergence within one cycle. The idea of its proof is due to Radim Jirousek.

Theorem 4.7 (Orderings that guarantee convergence within one cycle)

Let {E1, Es, ... Es} be an ordering of generating class &, initial probability distribution Q) €
P be uniform and there exist a Q € Se = {Q(x) € P : Q¥ = Pg.,i = 1,2,...,s}. If for
every iteration 1 < 1 < s hypergraph

Hiy = (Vi &4)s Vi) =VimiEj, gy = {E1, By, ... Ej}
18 decomposable then IPFP converges in one cycle.

Proof.
Using mathematical induction we will show that for all + = 1,2,...,s the distributions

Qi) € St
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It is obvious that Qﬁl) = Pg,. Thus Q1) € Sg)-
Assume Q(;_1) € Se;;_yy- From Theorem 3.3 we know that Q1) € Re,_,, therefore the

computation of Q; can be performed in 7 “sub-steps” by the formula of Theorem 3.1. In
this case we take any ordering FEj1), Ejs(),. .- Esi) of £y meeting RIP such that §(1) = .
We will use mathematical induction again to prove that for

k=1,2,.. .0 Q(f;““) — P, ).

For k=1
E QL

(%)
Suppose for n =1,2,...,m — 1, where 2 < m < 4, it holds that
E n
Q(z‘()” "= Py (4.7)
Then it is assured by RIP that there exist [ such that 1 <1 < m and

E(S(m) NA, = E(S(m) N E(S(l)a where A, = U E(;(j).
j=12,.m—1

Thus we can write using the formula of Theorem 3.1

E Es(mNE, Qfg(m))
s(m)  __ §(m) 5(1)#
(i-1)
Since it was assumed that Q)(;_1) € Sg(i_l) we get
QEs(m) _ QEa(m)ﬁEs(z) PEs(m)
(1) - (4) EsmyNEsqy
Es(m)
It follows from the induction hypothesis (equation 4.7) that Q(;“) = Pp;,,. Therefore, we
can further rewrite formula 4.8:
QL = Bstm)1Bs0) __FBomy
(1) - T Esw Es(m)NEsq) *
Es(m)
. . . . . Es(mNE, Es(m)NE,
Since the input set is consistent it holds that PE;(( )) ' — PE;((” 70 and finally, we get
Esmy _  pPsemNBsty_ TPsam)
Q(i) - PES(m) EsemyNEsqy PE5(m)'
Es(m)

O

However, Theorem 4.7 does not give a necessary condition since there exist orderings that

does not satisfy the assumption of the theorem but the IPFP procedure converges within one

cycle. An example of such ordering is the ordering {E1, E3, Ey, Eg, E5, Es} of the input set
whose generating class is described by Figure 4.3.
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4.2 Convergence within more than one cycle

S. Haberman in [17] conjectures that if generating class £ = {E; : i = 1,2,...,s} is decom-
posable and Pj, Py, ..., Py are consistent, then TPFP converges within 2 - s steps (two cycles)
no matter how &£ is ordered. The conjecture does not hold.

Assertion 4.1 There exist decomposable generating classes € = {F; : i = 1,2,...,s} such
that for some of their orderings IPFP does not converge within 2 - s steps (two cycles) even
if input set {Py, P, ..., Ps} is consistent and the initial distribution Q(o0) s uniform.

The following example is a counterexample to the Haberman’s conjecture which proves
Assertion 4.1.

Figure 4.3: A decomposable generating class (conjectured to be the smallest) for which IPFP
need not converge in two cycles for the ordering { £, Fs, Fs, Ey, E5, Eg}

Table 4.1: Distribution Pg,

Xy =1 Xy =2

Pp, | Xs=1|Xs=2|Xs=1| X5=2

X,=11| 5/100 | 8/100 | 5/100 | 11/100
X, =2 13/100 | 17/100 | 31/100 | 10/100

The counter example was verified using implementation of IPFP written in rational
arithmetic in Mathematica [43], an integrated system for technical computation, with ex-
tensive numerical, symbolic, graphical, programming, and interfacing capabilities. More de-
tails describing the implementation can be found in Appendix A, the source file is available
from World Wide Web and attached to the thesis as Appendix A.1.

In Tables 4.1, 4.2, 4.3, 4.4, 4.5, and 4.6 probability distributions of a consistent input
set are given. Initial probability distribution Q) € P was uniform. After two cycles the

total variances between marginals of joint probability distribution Qﬁg), 7 =1,2,3,4,5 and
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Table 4.2: Distribution Pg,

Xo=1 Xy =2
Pp, | X3=1|X;=2|X;=1]| X;=2
X, =1 3/100 | 13/100 | 7/100 | 17/100
X, =2 | 3/100 | 10/100 | 17/100 | 30/100
Table 4.3: Distribution Pg,
Xys=1 X4 =2
Pp, | Xe=1|Xs=2|Xs=1] Xg=2
X,=1] 7/100 | 5/100 | 11/100 | 7/100
Xs;=21| 23/100 | 8/100 | 27/100 | 12/100
Table 4.4: Distribution Pg,
Xo=1 Xy =2
Pp, | Xi=1|X;=2|X;=1]| X;,=2
X, =11 12/100 | 4/100 | 11/100 | 13/100
X, =2 || 8/100 | 5/100 | 13/100 | 34/100
Table 4.5: Distribution Pg,
Xz=1 Xz =2
Pg, Xa=1|Xy4=2 ]| Xy=1|Xy4=2
X,=1] 2/100 | 4/100 | 11/100 | 12/100
X, =2 || 10/100 | 14/100 | 20/100 | 27/100
Table 4.6: Distribution Pg,
X;=1 X5 =2
Pp, | Xs=1|Xs=2| Xs=1] Xz =2
X;1=11| 3/100 7/100 | 11/100 | 19/100
X, =2 | 5/100 | 15/100 | 25/100 | 15/100
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distributions from input set were different from zero. It means that IPFP does not converge
within 2 - s steps (two cycles). This contradicts the Haberman’s conjecture. Rounded values
of the total variances are given in Table 4.7.

i | 1Pe - QU
2.5496 - 1012
1.0533 - 1010
1.8018 - 1013
1.0533 - 1014
2.5496 - 10712

S Ot e W N

Table 4.7: The total variances between marginals of (1) and the distributions from the
input set

We conjecture that convergence of IPFP for decomposable generating classes within finite
number of iterative steps can not be guaranteed if the structure of generating class corresponds
to a graph containing as its subgraph graph from Figure 4.3.

Conjecture 4.2 Let £ be a decomposable generating class of input set Pg, and there exist
a P € 8¢, P < Q. If IPFP starting with a joint probability distribution Q) € Re,j =
1,2,...s does not converge within finite number of iterative steps then the graph of hypergraph
H = (V,€) contains a cycle such that

(1) its length is greater or equal eight,
(2) does not contain any strong chord, and

(8) there are no crossing chords in the cycle.

The idea behind the previous conjecture is based on the following considerations. If there
is a chordal graph that does not contain any cycle such that its length is greater or equal
eight (1) then we believe it must be a strongly chordal graph or a graph of the type given
by Figure 4.2 (see the arguments in favor of Conjecture 4.1). For such graphs IPFP always
converges within one cycle. The same holds for graphs containing a strong chord (2). The
conditions (1) and (2) are not sufficient since all the graphs that satisfies them but contains
a clique E* such that all pair-wise intersection of cliques are subsets of the clique E* must
be excluded. his is the reason for the condition (3) to be involved. See Figure 1.5 for an
example of graph that satisfies (1) and (2) but not (3).



Inconsistent
knowledge
integration

In practice, quite often we have to cope with incomplete or inconsistent information and make
decisions on it. Intelligent systems should be capable of handling such information as well.
Within probabilistic framework, the knowledge of a given domain can be represented by a
joint probability distribution that embodies knowledge about a chosen domain. How can we
construct such a distribution? What are possible solutions? What are their advantages and
shortages? At the beginning of this chapter, we are going to present two basic approaches to
knowledge integration having an inconsistent input set of probability distributions.

First approach exploits given criteria that measure distances from the marginals of
a probability distribution to the probability distributions in a given input set (Section 5.1).
Within this approach the probability distribution that minimizes that criteria is regarded to
be the best solution of inconsistent knowledge integration task.

Second approach is based on the assumption that probability distributions from a
given input set might be estimated as relative frequencies from data (Section 5.2). If the data
are incomplete then the estimation may results into an inconsistent input set of probability
distributions. In this case there are several methods in statistics that could be applied to the
problem. They are usually referred as missing data methods. Later, we will show that
these two approaches may, for a certain distance criterion, overlap and methods proposed
within one approach can get a reasonable interpretation within the other.

Five iterative methods will be discussed in detail and the results of their empirical com-
parison will be presented. These methods are:

e Convex Conservative Modification of IPFP (CC) in Section 5.7,
e Log-Convex Conservative Modification of IPFP (LCC) in Section 5.7,

e Method of Tterative Arithmetic Averages (AA) in Section 5.8,

69
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e Method of Iterative Geometric Averages (GA) in Section 5.9, and

e an instance of Generalized EM-algorithm (GEM) in Section 5.10.

5.1 Distance to a given input set

In this section, two reasonable criteria that can measure the distance between the marginals
of the resulting distribution and the distributions of the input set will be presented. Suppose
that to every probability distribution Pp; from input set Pe a nonnegative weight w; is
assigned such that 377_; w; = 1. The weights can be understood as a measure of belief of the
corresponding probability distributions. Alternatively, the weights can be set to equal the
ratio of number of data vectors used to estimation of values of the corresponding probability

Ng,
distribution Ng; and total number of data vectors N, i.e. w; = ]? .

Definition 5.1 (/;-aggregate ) Let £ = {E\,... E5} be a generating class of an input set
Pe, Q € P be a probability distribution and w; be nonnegative weights summing up to 1.
Then an I-aggregate is defined to be the functional

¥1(Q) =D wj - I(Pp, | Q™).
7=1

The set of all probability distributions minimizing the I1-aggregate will be denoted 71, i.e.

Ti={QeP: (YPEP:4(P)>1(Q)}

The following lemma shows that the I1-aggregate is equivalent to 3 71 w;-I (s, , @ || Q)-
J

Lemma 5.1 Let Pp; € Pg;,j = 1,2,...,s, S,y = {5 € P, St = Pg;}, Q € P, such that
Pp, < QFi, and w; be nonnegative weights summing up to 1. Then

Dowi I(ms(, Q| Q) =Y wj - I(Pp, || Q).
j=1 J=1
Proof.

> wj- I(ms, , Q1 Q) =
7=1

Pp. (z77)
Py (zB) Q@)

o J 1 Q" (a77)
= x,QZ(x:)>0Q(x)QEj($Ej) ROIEY

5 Pp. (¥ Pp. (¥
= > wj- > Q(gg)Qg((ij)).log Q?E]J((asEf))

Jj=1 z, Q(z)>0
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N Py, (z%)  Pp ()
B DR T ML e

%, QY (z7i)> y Vi=g

= ij- Z PEj(l‘Ej)-lOgQgi(imEj))

J=1 2%, Q% (x"i)>0
S
= ij ’ I(PE]‘ H QEJ)
=1
O
Since I(P || Q) > 0 and I(P || Q) = 0 if and only if P = @ it can be easily seen that
minimization of Ij-aggregate in consistent case ensure that a resulting distribution belongs

to Sg. Similarly to the Ij-aggregate, we can define the Is-aggregate and set of its minimizers

Ta.

Definition 5.2 (I[;-aggregate ) Let £ = {E1,... Es} be a generating class of an input set
Pe, Q € P be a probability distribution and w; be nonnegative weights summing up to 1.
Then an Is-aggregate is defined by

Q) = w; - 1(Q™ || Pg,).
7j=1

The set of all probability distributions minimizing the I»-aggregate will be denoted 7T, i.e.
T:={Q€P: (VP eP:4s(P)=2(Q)}.

Next, we will show that I5-aggregate is equivalent to 327 w; - I(Q || ﬂg{El}Q).
J

Lemma 5.2 Let Pg; € Pg;,j = 1,2,...,s, Sig;y = {S € P,SFi = Pg;}, Q € P such that
Qi <« Pg; and w; be nonnegative weights summing up to 1. Then

ij (@ | ﬂ-S{E‘}Q ij QEJ | PE)
Proof.

ng @Il 5., @) =

= Yu ¥ QW —Q(f))

£ P,
j=1 z, Q(z)>0 QQ (I
° QP (x f)
= > wi- >, Q) log 5——<
z, Q(z)>0 P (:E J)
° Q QY (")
j=1 zl, Pg (fo)>0 J yV\E]— VAE;
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S E;(,.E;

= > w;- S Ej(4FiY .1 Qu(z™)
L w] o o Q (x ) og PE (:EEJ)
1= T J,PEj(z 7)>0 J

= Y w; 1@Q% | Pr,)
j=1

O
Either of the criteria need not be minimized by a unique probability distribution. If
there exists a probability distribution ) that minimize Iy -aggregate or Iy-aggregate then all
probability distributions having the same marginals Q”, E € £ minimize the corresponding
aggregate, as well. Thus, the set of all probability distributions minimizing the aggregate is
either an additively constrained set or a union of additively constrained sets. All experiments
we have performed with the proposed methods and minimization of ¢ using an optimiza-
tion algorithm always gave unique marginals Q”, E € £ so that we lay down the following
conjecture.

Conjecture 5.1 (Set of 4; minimizers is additively constrained)
Let £ = {E,... Es} be a generating class of an input set Pg and w; be nonnegative weights
summing up to 1. Then for all probability distribution Q1, Q2 € P that minimize I -aggregate
it holds that

ij = ij, for 7=1,2,...,s.

For I-divergence it holds that
IP|Q)>0 and (I(P|Q)=0 < P=Q)

and the minimum value of I-aggregate is equal zero in the case of consistent input set.
Therefore for all ()1,Q2 € P that minimize I1-aggregate it holds that

for j=1,2,...,5: Q" =Pg,, Qy =Pg,.

The previous proves that if the input set is consistent the conjecture holds. Note that, in a
special case, there might be only one probability distribution in an additively constrained set.
However, generally, it is a rare case.

If someone wishes to represent knowledge by a single probability distribution then an
additional criterion selecting a unique probability distribution should be defined. In the case
of an consistent input set, I1-projection ms, (Q(g) was used to select a probability distribution
from an additively constrained set Sg. It was shown that IPFP converges to this distribution.
Furthermore, if the initial probability distribution Q) is uniform then the Ij-projection
factorizes with respect to a generating class £.

If 77 is an additively constrained set then Ii-projection can be used to select a unique
distribution from 7;. Following the previous notation it will be denoted 7, @, i.e.

T Q = arg{]gréi%}f(Q | P).

In the case of a consistent input set Pg, it is obvious that 71 = Sg. Therefore, in this case,
773 Q is equivalent to ms. Q). Thus any procedure that converges to 77; Qo) can be understood
as a generalization of TPFP.
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5.2 Missing data

The goal of this section is to give a brief overview of methods that are used to solve missing
data problem in statistics. The methods usually suppose that data are given in the form of a
list of data vectors. If every vector has given values for all of the variables under the study
then we say, that the data are complete. Otherwise, if there is a vector that has at least one
unknown value of a variable, it is we deal with incomplete or missing data [14].

An example of missing data that is specified by Table 5.1. Data consists of ten vectors,
first three vectors are complete, while remaining seven vectors are incomplete.

Xp|r 12 72 7?7 1 1 2 2
X1 2 2 1 1 2 72 7 727

X311 2 2 1 2 1 1 1 1 2

Table 5.1: An example of missing data

The following discussion suppose that data are missing completely at random (MCAR)
which means that probability that a value is missing depends on neither the values that were
observed nor the missing value itself. A more general situation, when probability that a
value is missing may depend on the values that were observed is called missing at random
(MAR). If the parameter to be estimated and the parameter of the missing data mechanism
are distinct then MAR condition is sufficient [35].

There are several basic MCAR methods used in Statistics [31]:

Complete-Case Analysis. In this case, the subsample of the original data set containing
complete data vectors is chosen. All incomplete observations are omitted. This approach is
often unsatisfactory, particularly, if there is a lot of incomplete observations.

Available-Case Method. Within this method all cases having values of variables of
interest are present (other variables can be absent). Suppose that values of probability dis-
tributions defined for variables (X;);. having their indices from a set 2 C V' are estimated.
Then, within this approach, the subsample of the original data set containing all data vectors
that have observed all values of variables X;;-p are used for estimation. A disadvantage of
this approach is that the sample base changes from variable to variable according to the pat-
tern of missing data. In addition, estimations of some model parameters using this method
can yield contradictory results.

Fill-In Methods. Fill-In methods tempt to predict missing values from the values of
other variables supposing they are correlated. Then these imputed values are included for
further computations. There are two basic fill-in methods:

¢ Imputing unconditional means. Values filled-in for a variable are means of the
present values of that variable. This method is not generally satisfactory as, for example,
it systematically underestimates dependence between variables.

e Imputing conditional means. This method substitutes means that are conditioned
on the variables recorded in an incomplete case. An example of this approach is the
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Buck’s method [6] used in the case of multivariate normally distributed variables. The
method first estimates the mean and the covariance matrix from the sample mean and
the covariance matrix based on the complete cases. Then it uses these estimates to
calculate the linear regressions of the missing variables on the present variables, case
by case.

If the missing values are filled according to a probabilistic model which is than recomputed
using the new filled-in data and if this process is repeated till a stable values are reached then
we are getting a well known procedure called EM-algorithm.

EM-algorithm was firstly introduced in [14] as a broadly applicable algorithm for com-
puting maximum likelihood estimates from incomplete data. As a reference for the detail de-
scription, its methodology, and applications of the algorithm may serve the book of McLachlan
and Krishnan [34].

Every iteration of the EM-algorithm consists of two steps: ezpectation step(E-step) and
mazximization step(M-step). At the expectation step the algorithm forms the conditional
expectation of the log-likelihood function for complete data given the observed data. At
the mazimization step values of model parameters maximizing conditional expectation of the
log-likelihood are determined. The EM-algorithm alternates the E-step and the M-step using
parameters’ estimates from the previous steps. If the searched joint probability distribution
belongs to an exponential family the EM algorithm can be simplified. Within the FE-step
this simplified version adjusts the values of the sufficient statistics of a model, given the
incomplete data and the current value of the parameters. Within the M-step this version
uses the adjusted values of the sufficient statistics to find the maximum likelihood estimates.

A generalization of EM-algorithm (called GEM-algorithm) does not maximize the log-
likelithood within M-step but only finds values of model parameters such that the log-likelihood
is a strictly increasing function of the iteration 7. An application of this algorithm to our
problem will be discussed in Section 5.10.

Multiple Imputation was proposed by Rubin (see [36] for details). During this proce-
dure every missing value is consequently being replaced by all possible fill-in values so that for
every possible combination of fill-in values a complete data set is created. Then to every com-
pleted data set a standard complete data method is applied. Finally, all results are combined.
The resulting model is able to reflect the uncertainty of parameters introduced by incomplete
data. This method can be also used if there is more than one model of nonresponse.

5.3 Definition of methods

Before presenting the definitions, let us recall that I;-projection of a probability distribution
@ on an additively constrained set S{p;y can be computed as (see formula 2.1)

0, for Q% (z%i) =0,
7TS{Ej}Q(”) - { Q(gp)%, for Q¥ (z%i) > 0,

(5.1)

which corresponds to one computational step of IPFP (see Definition 3.2).
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Definition 5.3 (Methods for inconsistent knowledge integration)

Let £ = {E1,...Es} be a generating class of an input set Pg, F = {Fi,... F;} be a class
of subsets of V, Q) € P be an initial probability distribution such that Pp, < ng) for
all E; € £, and j = ((¢ —1) mod s+ 1). Further, let {®;}2, be a positive monotonous
decreasing sequence and w; be nonnegative weights allocated to every distribution Pg,, such

S
that )  w; = 1. We define the following computational processes.
J=1

e (CQ), conservative modification of IPFP with convex mixture [24]:

Q(z) = (]. — Olrl) . Q(i—l) + ;- (ﬂ-S{E‘j}Q(i—l)) (52)

(LCC), conservative modification of IPFP with log-convex mixture:

Qu = Q%;Oi) : (WS{E].}Q(i—u) l (5.3)

(AA), method of iterative arithmetic averages [32, 24]:

Q(Z) = ij'ﬂ-s{Ej}Q(i*U (54)
7=1

(GA), method of iterative geometric averages [32]:

S

. H (ws{Ej}Q(i,1)>wj , where ¢ = Z ﬁ (WS{Ej}Q(i,I)(x)>wj (5.5)

j=1 T j=1

Qu =

ol

(GEM), an instance of generalized EM-algorithm:

E-step: forl=1,2,...,t: RT = (%3 fi
-step: ori=1,2,...,%: () = (Zk:1 wy, - WS{E,C}Q(FI))
for 1=1,2,...,0: Sy = {PeP;PthR{})}
M-step: Qo = Qu-
for j = 1, 2, ce ,t: Q(t,]) = ﬂS%Fl}Q(i,j—lﬁ
J
Quiy = Qup

(5.6)

Note that formulae for S o does not require any computation. The only reason it is
defined is that the notation of Ij-projection requires a definition of set to which the
I -projection is performed.
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5.4 Methods from missing data perspective

In this section a “bridge” between missing data methods and inconsistent knowledge integra-
tion is going to be built. Having described the relation between these two approaches we can
apply missing data methods to the problem of inconsistent knowledge integration. Later, in
this section, it will be shown how two of proposed methods from Section 5.3 (AA and GEM)
fit into the missing data approach.

Suppose Y denotes incomplete (missing) data consisting of N = |Y| incomplete vectors
Y = () i]\il. Every vector y; consists of two parts defined by:

e F; - the index set of variables having their values observed in vector y; and
e '\ E; - the index set of variables having their values unobserved in vector y;.

Usually, there is a lot of vectors with the same set of observed variables. Therefore it is con-
venient to partition incomplete data Y into subsets, each having the same variables observed:

Y=Yg UYg, U...UYg,, Vi;éj:YEiﬂYEj:@.

We note that the partitioning of missing data presented above is more general than the
missing patterns of S. Haberman regarded in [18], [19], since we do not require index sets E;
of complete subsamples to be disjoint.

Denote the set of all missing data patterns by € = {E4, Es, ... Es}. 1t is our intention to
use the symbol £ which has been already used to denote to a generating class. The reason is
that, in the following, the generating class will be defined by the missing data patterns.

In order to be able to fit missing data approach into knowledge integration framework
let us suppose that probability distributions that form an input set are estimated as relative
frequencies from a given list of data vectors. Having an input set Ps = {Pg,, Pp,,... Pr,}
(consistent or inconsistent) we can always create missing data Y which correspond to this set
so that all probabilities from input set are defined by

E; .
e Yg, 1yl =l
Vie{1,2,...,s}: Pg(z™) = [y, ETY%' i (5.7)
Ej

i.e. equal to the ratio between number of incomplete data vectors from Yg, taking value
y¥ = ¥ and total of data vectors from Yg;. It will be used in the sequel that to every
distribution Pg; from input set a weight corresponding to proportion of |YE].| with respect

to the dimension of set of all missing data |Y| is assigned, i.e.

Yz
Vie{l,2,...,s}: w; = ||§|J|. (5.8)

Assume that the probability distribution ) defining probabilities for all possible values x
of complete data) is known. Then the question is, what is the expected conditional probability
given the incomplete data Y and the distribution @, i.e. Eg{Q(z|Y)}. The probability of a
fully observed vector x can be computed as a sum over all incomplete vectors y; € Y having
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the observed part equivalent to x of conditional probabilities Q(z|y;). Thus we can write

1
EofQ(z|Y)} = ] > Q(xly:)
YiEY: yEi =z
1
= = > > Q(zly;)
J Y €Y g;: ij =z

Using equations 5.7 and 5.8 we can write

FolQlY)} = ﬁ S [V, | Pr, (25) - Q(a)e™)
Bje€
= > wg, - Pp(a%) - Qala™)
Eje€
) Z“’P”% 9

We assumed that the probability distribution @ had been known. If, instead of a given
Q, the resulting distributions Fg{Q(z|Y)} are used for @@ and the expected conditional
probabilities given the incomplete data Eg{Q(z|Y)} are iteratively beeing recomputed then
we get to the AA method (defined already in Section 5.3).

In addition to the previous, let the class F of subsets of V' define a multiplicatively
constrained set Rz and let the resulting distribution be required to belong to R . A classical
statistical approach to such a task is mazimum likelihood estimation from missing data.

Definition 5.4 (Maximum likelihood estimation from missing data)
Let Y be a given incomplete data and set F define a multiplicatively constrained set Rr.
Then a probability distribution ) € R# that maximizes

arg max z|Y
s s T] Q1Y)
is defined to be a mazimum likelihood estimate from missing data.

It is a consequence of a result proved by R. Sundberg [38] for exponential families that
for a mazimum likelihood estimate ) it must hold that for £k = 1,2,...,¢

Eo{Q" (&Y} = Q™ («").
Substituting equation 5.9 for EQ{Q(5E|Y)} we get for k =1,2,...,¢t

N Fy,
R o =)

Ej €& (Z‘

AL UR, By,
= (Z WE; 'PEj(xEj) : M) : (5.10)

Ej €€ QEj (fEEj )
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Next, we will show a relation between minimization of I-aggregate and mazimum like-
lihood estimation from missing data. Let us restrict the set F so that F = {V}. Then all
equations given by 5.10 reduce to one

5 L Q)
Q = > wg - Pga") ———. (5.11)
Joers J J QEJ (ng] )

We have shown above that within the AA method the recomputation of expected con-
ditional probability given the incomplete data Eg{Q(z|Y)} is iteratively repeated until a
convergence to a limit distribution Q* is reached. It was proved in [32] that the AA method
minimizes

ij ) I(FS{E]-}Q I Q),
=1

which we have shown to be equivalent to I1-aggregate (Lemma 5.1). For a limit distribution
Q* of the AA method it must hold that

Q= Y wn Pr ) e

Ejzeé‘ J J Q*EJ (zF5)

Comparing equations 5.11 and 5.12 we can see that the conditions for a mazimum likelihood
estimate and a minimizer of the I-aggregate are equivalent.

(5.12)

5.5 Properties of iterative methods

We have presented five iterative methods that can be applied to both consistent and incon-
sistent input sets. In this section we summarize properties of the described methods. The
summary is based not only on proven results but also on observations that were not proven
yet. We will start with Table 5.2 where all six procedures are compared with respect to nine
basic properties. In the following text we will describe the results in detail. For an easy access
to the text where a given property is discussed we recommend to use Index attached at the
end of the thesis. Note that boldface answers refer to results already proven while the other
(written in italics) are based on our observations only. Limit distributions of corresponding
algorithms are denoted by Q*.

IPFP applied to an inconsistent input set cycles, but after a certain number of cycles
the procedure stabilizes in a cycle consisting of j distributions, let us denote them Q7,; =
1,2,...s. Than one can simply compute the arithmetic or normalized geometric average of
the respective “limit” distributions (see Section 3.3). In Table 5.3 such distributions are
denoted @ and @y, respectively.

In the next sections we are going to give details for every cell of both tables. It will be
either a proof of the property for a corresponding method, reference to a proof presented
somewhere else, or the reasons why we conjecture that the respective property holds. The
text is organized so that every property of a given method is referred by the abbreviation
of the corresponding property and by the abbreviation of the corresponding method. For
example, C1.GA stands for a convergence property of the method of geometric averages on
a consistent input set. The last section will be devoted to the convergence rates and the
computational complexity of the proposed methods.
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Table 5.2: Methods’ properties

Property description IPFP | CC | LCC | AA | GA | GEM
Gl | Quy€ERe = i=12,...: Q;€EReg | yes | no | yes | no | yes | yes
consistent Pg
C1 | Convergence yes | yes | yes | yes | yes | yes
C2 | Q* is indep. of the ordering of Pg yes | yes | yes | yes | yes | yes
C3 | Q" = Qo) yes | yes | yes | no | yes | yes
inconsistent Pg
I1 | Convergence no yes | yes | yes | yes | yes
12 | @Q* is indep. of the ordering of Pg yes | yes | yes | yes | yes
B |1QeT yes | mo | yes | no yes
4| Q" €T no | yes | no | yes | mno
Table 5.3: IPFP on inconsistent input
Property description Qe{Q;,i=12..5} | Q=0Q; | Q=0Q;
12 | Indep. of the ordering of Pg no no no
31 QeTq no no no
4| QeTs no no no
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5.6 On some properties of IPFP limit cycles

Substantial part of this section analyzes an example of an application of IPFP to the input set
that consists of two distributions. The values of these distributions are treated symbolically
so that general properties of I1-aggregate and I-aggregate for distributions of the limit cycle,
their arithmetic average, and their normalized geometric average can be derived. This exam-
ple is a proof of the assertion that neither the geometric average of the limit distributions nor
the distributions from a limit cycle themselves are generally minimizers of the I;-aggregate.
and the Iy-aggregate. The arithmetic average of the limit distributions is shown that it is not
minimizer of I3-aggregate while this example does not disprove it to be a minimizer of the
I -aggregate.

Example 5.1 (IPFP on inconsistent input - continued Examples 3.2 and 3.4)

Suppose that the input set consists of two distributions Py 9y (X1, X2) and Py 3y (X2, X3),
whose values were defined by Figure 3.1 in Example 3.2. Recall, that after three iterations
IPFP stabilized in the cycle of two joint probability distributions Q2;) = Q(2) and Q(2i41) =
Q3) for 1 = 2,3,.... In Table 5.4 their values are displayed in the symbolic form. Thus, we

Table 5.4: Values of Q) and Q3

X1 Xp X3 Qpr Qp)
L1 1 & w0
L2 @y @
1 2 1 (cigd) (gigh)
1 2 2 (cgfd) (gﬁlh)
2 1 1| & @
2 1 2| oy @i
2 2 1 (cigd) (ga-lfh)
9 ) ) dh dh

(c+d) (9+h)

can compute two unique joint probability distributions:

1

Q= 5(@(2) + Q3))

and the normalized geometric average

Yey/ Q) (7)Q3) ()

In Table 5.5 the values of these distributions are displayed using the symbolic form.
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Table 5.5: Values of @ and Qg

X1 Xo X3 Qa Qg

1 1 1 ae((e+f)+(a+b)) ae
2(e+f)(a+b) Viatb)(e+f) (v (at+b)(e+)+1/(c+d)(g+h))

1 1 9 af((e+f)+(a+b)) af
2(e+f)(a+b) Vatb)(e+f) (v (a+b)(e+f)+1/(c+d)(g+h))

1 2 1 cg((g+h)+(c+d)) cg
2(g+h)(c+d) V(e+d)(g+h) (/(a+b) (e+f)++/(c+d)(g+h))

1 9 9 | chllg+h)t(c+d)) ch
2(g+h)(c+d) V(e+d)(g+h) (/(a+b) (e+f)++/(c+d)(g+h))

) 1 1 be((e+f)+(a+b)) be
2(e+f)(a+b) Viatb)(e+ 1) (V/(at+b)(e+)+1/(c+d)(g+h))

2 1 92 bf((e+f)+(a+b)) bf
2(e+f)(a+b) Viatb)(e+ 1) (V/(at+b)(e+)+1/(c+d)(g+h))

2 2 1 dg((g+h)+(ct+d)) dg
2(g+h)(c+d) V(e+d)(g+h) (/(a+b)(e+ ) ++/(c+d)(g+h))

9 9 9 | dhllgth)t(ctd) dh
2(g+h)(c+d) V/(c+d)(g+h) (\/(a+b)(e+f)+\/(c+d)(9+h))
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Let us start by solving the necessary conditions for the minima. There are seven in-
dependent variables and one dependent variable in the minimization task. Every variable
corresponds to one value of resulting joint probability distribution. Let them be defined by
the following relations:

z1=Q(X1=1,X2=1,X3=1), 22=Q(X1 =1,X2=1,X3=2),
z3=Q(X1=2,X2=1,X3=1), 24=Q(X1=2,X2=1,X3=2),
£E5=Q(X1=1,X2=2,X3=1), $6=Q(X1=1,X2=2,X3=2),
7 =Q(X1 =2,X2=2X3=1),
g =1—m21 —w9 — w3 — 24 — 5 — 26 — 7 = Q(X1 =2,X2=2,X3 =2).
For all the distributions minimizing the Iy -aggregate 11 (x1, 22, ..., z7) it must hold that their
partial derivations are equal to zero, i.e.

0
8—%1&1(5171,{172,...,337):0, 221,2,,7
By performing the derivations we get
h d
e * = + (5.13)
T+ T2 1+ 3 Te + T8 r7 + I8
h d
e o + (5.14)
T1 +T2 X2+ x4 T +xg T7+ T8
b h d
S + (5.15)
T3 +x4 T+ T3 T +xg T7+ T8
b h d
! = + (5.16)
T3+ T4 X2+ x4 T +xg T7+ T8
c h d
+—7 = + (5.17)
Ts + T T+ T7 Tg+x3 T7+ 13
d
= ¢ (5.18)
T7 + T3 T5 + Tg
h
S (5.19)
Ts5 + T7 T + T3

These equations can be combined and the dependent ones eliminated so that the resulting
system is defined by

from 5.13 and 5.15 or from 5.24 and 5.26: ¢ = 2122
from 5.18 or from 5.29: 5 = g‘;’ i :ﬁg
from 5.19 or from 5.30 % = gg igg
from 5.13 and 5.14 or from 5.13 and 5.14: % = %

If we return to the notation of probability distributions then these conditions can be rewritten
as
QIL2H(X, =1,X, = §) Py (Xi =1,Xp =)

for j = 1,2: L : 5.20
g QUZ(Xy =2,Xy = j) Ppgy (X1 =2,X5 =) 20
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Q{273}(X2 = j,X3 — 2) P{2’3}(X2 = j7X3 = 2)

for j =1,2: (5.21)

The following table shows that these conditions are satisfied for distributions from the limit
cycle and their arithmetic and geometric averages as well.

T1+T2 T5+Te T5+T7 T1+T3

r3+T4 r7+T8 Te+Ts To+T4
Q a c 9 €
(2) b d h f
Q a c 9 €
(3) b d h T
Q* a c g e
a b d h T
Q* a c 9 e
g b d h 7

Assertion 5.1 (I3.IPFP) For the given example the distributions of the limit cycle and
the distribution computed as their normalized geometric average does not minimize the Iy -
aggregate.

Proof. Let us compare distributions’ values of I1-aggregate 1. Since the resulting values
of this criterion depends only on values of marginals of distributions from the input set
marginalized to the intersection {2} = {1,2} N {2,3} we can substitute
2 2
PO (Xy=1)=a+b=u, Pl (Xs=2)=c+d=1-u,
2 2
P (Xy=1)=e+f=v, PLL(Xx=2=g+h=1-0

Thus the resulting probability distributions evaluated by the criterion v gives the following
values

Q) = —H(PL) = (1—u)log(l—v) — ulog(v)
Q) = —H(Ph%) = (1—v)log(l —u) — vlog(u)
Wi(Q) = —HPSL) —H(PLL) + 2l0g2
— (u+v)log(u+v) — (2—u—wv)log(2—u—wv)
n(@) = ~HEE) - HELY) + 2log(Viw+ /(1= u)1-0))

— (u+v)logvVu+v — (2—u—v)logv/2—u—w

Comparing the functions and using information theoretical inequalities

_ _ Q(z)
( ijp(g:) =1 and ijQ(x) =1 ) = < P(z)log P(z) >0, P(z) logm >0 )

it can be shown (the computations are rather space consuming) that some resulting distri-
butions can not be better (measured by 1) than others. Preferably to the details of the

computations we use 3-dimensional plots to compare values of 1(Q2)), ¥1(Q(3)), ¥1(Q%),
and 11 (Q}), being a function of v and v.
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0 0.2 0.4 0.6 0.8 1

Figure 5.1: Values of 1 (Qy) — 41(Qj) together with a slice for value of v = 1/10.

First, let us compare values of two distributions that were computed as averages of dis-
tributions in the limit cycle. On Figure 5.1 it can be seen that value of 11 (Q}) is never lower

than 9 (Qj)

n(Q)=11(Q) & u=vVu=l-v (5.22)
Q) > $1(Q) & uFtv Autl—v (5.23)

0 0.2 0.4 0.6 0.8 1

Figure 5.2: Values of 1(Q(3)) — ¥1(Q}) together with a slice for value of u = 3/10.

Next, we will compare values of distributions from the limit cycle with the one computed
as their arithmetic average. On Figure 5.2 it can be seen that value of 11(Q(3)) is never
lower then 11(Qj). The comparison of 1 (Q2)) with ¢1(Q}) gives plot that differs only in
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transposed axes.

for j=2,3: 1(Q) =¥1(Q,) & u=v
for j =2,3: ¥1(Qy) >91(Q,) & u#v

Thus we have shown (equation 5.22) that u = v implies ¥1(Q;) = ¥1(Q}), but the
opposite implication does not hold. Since for any j € {2,3} there exist two pairs of input
distributions values (v = u1,v = v1), (4 = ug,v = v9) such that

for u = uy,v =vi: P1(Qy) > P1(Q(;)) and for u = ug,v =vy: P1(Q}) < Y1(Q(j))

it proves that it does not hold generally, that neither Qj nor 91(Q(;)),j = 2,3 is a minimizer
of the I-aggregate O

Values of 91 (Q2)), ¥1(Q(3)), and 1(Q}) does not satisfy any relations similar to inequal-
ities 5.23 and 5.24. On Figures 5.3 and 5.4 it can be seen that it depends on values of u
and v which of the two distributions achieved higher value of 1. The only exception is the
following statement.

P1(Qy) = 11(Q2) =11(Qz) & u=nv.

It means that if probability distributions from input set are weakly consistent then the values
of 11 are equivalent for all these distributions. This is nothing surprising since, in this case,
11 -aggregate equals zero.

Figure 5.3: Values of 41(Q2)) — ¥1(Q(3)) being a function of u and v, together with a slice
for value of v = 1/10.

Note that we have not proved that )} does not generally minimize 1/, since it seems to
be a global minimizer of ¢, in this example.

For all the distributions minimizing the Is-aggregate 1o(z1, 2, ..., x7) it must hold that
partial derivations of /9 are equal to zero, i.e.

% ’([)2(331,172,...,(E7):0, 221,2,,7
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Figure 5.4: Values of 1 (Q(2)) — 91(Q}) being a function of u and v, together with a slice for
value of v = 4/10.

By performing the derivations we get

log (331 + 332) +log (331 -T—a:g) = log <$6 -}lL—aJ"g) +log <$7 :1_ fES) (5.24)
log (961 im) +log (xg JJ: x4> = log <x6 —}ix8> +log <x7 i 1138) (5.25)
log (xg _?_$4> + log (331 _7_333) = log <$6 i%) + log <$7 :1_ ws) (5.26)
o (333 j—u) +log (332 -lf- az4> = lg <x6 f—l"g) +log <$7 jl_ xs) (5.27)
log <x5 i%) + log <x5 i x7> = log <:B6 i%) + log <x7 i 1138) (5.28)

s (42) = e (o) (5.29)

log <x5 37_ x7> = log <£B6 _iixS) (5.30)

Involving equations 5.24-5.30 we can see that the conditions for the solution of the pre-
vious system are equivalent to the necessary conditions for t; minimizers given by Equa-
tions 5.20 and 5.21.

Assertion 5.2 (I4.IPFP) For the given example the distributions of the limit cycle, the
distribution computed as their arithmetic average, and the distribution computed as their
normalized geometric average does not minimize the I>-aggregate.

Proof. The comparisons on distributions Q(3), Q(3), @5, and () evaluated by the criterion
1o gives the following values

1—-w
= 1Py Il

v
P2(Qr)) = v-loga-l-(l—v)-logl_u (1,2}
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1

_ u —u {2} {2}
P2(Q3)) = U'10g5+(1—u)'10g1_v—I(P{1,2}||P{2,3})
(I—u)+(1—-v) 2
oo w4 (—wr-v  (EEED)
¥2(Qa) = 2 log UV + 2 tog (I —u)(1—w)
= 2‘I<Pa{2}|| P{{i}é}‘P{{;ﬁJ

P2(Qy)

—2log (M(l —u)(1 —v) +\/zﬁ>

(I —u)(l —v)
- (1—u)(1—v)+\/ﬁ'1°g< (1_“)(1_“)>

— Vo -log vu * v
ST=ai =)+ vao %

= H(Pf?)-4log (,/(1 —u)(1 —v) + M)

where Pf} and Pg{2} denote arithmetic average and normalized geometric average of the

marginals P{{f ]é} and P{{; ]:’,)}, respectively.
Using these formula we can show that none of the four distributions Q(2), Q(3), (3, and
Qy 1s generally minimizer of Iy-aggregate 1. See the next table where three examples proving

the assertion are given. The minima of the criterion values are highlighted.

u v | P2(Qr) ¥2AQp))  ¥2(Qn)  ¥(Q))

0.500 0.001 | 0.68524 2.76123 1.08483 1.29852
0.500 0.100 | 0.36806  0.51082 0.89705 0.23594
0.001  0.500 | 2.76123 0.68524 1.08483 1.29852

This proves the assertion. O

In Example 3.6 it appears that the procedure converges to the cycles which are dependent
on the ordering of the input set. We observe that arithmetic and geometric averages are
different as well. If we evaluate the arithmetic and geometric averages of the distributions
from two different cycles (that appears to be limit) we observe that the values of vy are
different and thus they both can not be minimizers of the respective criterion (the I3.IPFP
property). See Table 5.6.

It looks like that if the generating class of an input set is not decomposable then different
ordering of the input set yields to different limit cycles with different arithmetic and geometric
average of distributions from limit cycles (the I2.IPFP property). See Figure 3.8 on page 52.

5.7 Conservative modifications of IPFP

Convergence of conservative modifications of IPFP, defined by formulae 5.2 and 5.3 and
abbreviated by CC and LCC, respectively, is distinctively dependent on a type of sequence
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Order P1(Qa) (@) ¥2(Q7)  2(QY)

(Ey,E», B, By} | 0.614710 0.622487 0.675455 0.677116
{(Ey, B>, B, E3} | 0.594673  0.620673 0.673036  0.684624

Table 5.6: Values of i1 and 1, for distribution that are arithmetic averages and geometric
averages of distributions from [limit cycles of IPFP applied to inconsistent input for the
different orderings of input set

{a;}. Every «; is a weight used to mixture actually computed joint probability distribution
with one from previous step. For example, if for all ¢ = 1,2,... it holds that «; = 1 then
both methods are equivalent to regular IPFP. On the opposite end of the scale are sequences
for which there exists a finite j such that for ¢ > j : «; = 0, i.e. the procedure stops in a
fixed point j. It is obvious that neither of these sequences may generally yields satisfactory
results on inconsistent input set. Intuitively speaking, it must be somehow guaranteed that
the procedure will be “controlled” by the values of the probability distributions from an input
set rather then the type of the sequence. Furthermore, the ordering of the input set should
not matter. We have made experiments with different sequences of coefficients {«;}. In order
to fulfill the requirements discussed above it appears that a sequence {a;} must obey the
following five requirements.

e {a;} is monotonously decreasing, (5.31)
o for i=1,2,... 0<a; <1, (5.32)
e lim «o; =0, (5.33)
11— 00
o for i=12,... Y an=+o0, (5.34)
n=i

e {q;} is stable within one cycle, i.e.
if ((¢—1)divs)=((j —1) divs) then o; = «a;, (5.35)

where m div n denotes integer part of .
F. Matus [33] has proved the convergence of LCC in consistent case for certain types of
sequences {«;} called (under-)relazation sequences (see [8]), i.e.

0<6<1, 6§<ay 1<i.

Theorem 5.1 (C1.LCC) If the initial probability distribution Q) dominates at least one
probability distribution from Sg and the sequence {«;} is an (under-)relazation sequence then
LCC procedure converge to s, Q(o)-

Note, that the sequence of coefficients which we have used in our experiments (given by
equation 5.36) is not an (under-)relaxation sequence, since there is no 0 < § < 1 and the
proof of LCC convergence for a sequence {«;} satisfying properties 5.31, 5.32, 5.33, 5.34,
and 5.35 is still missing. However, after a number of computational experiments with CC
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and LCC (see e.g. Figure 5.7) we conjecture that both methods converge to the same joint
probability distribution as IPFP and the ordering of input set is not important with respect
to limit distribution (C1.CC, C1.LCC, C2.CC, C2.LCC, C3.CC, and C3.LCC). On
the other hand, the ordering of input set may be important with respect to the speed of
convergence.

If Q(o) factorize with respect to the same & then the iterated joint probability distributions
Q)% = 1,2,... computed by LCC factorize with respect to £ as well. If two distributions
factorize with respect to the set £ then their product factorizes with respect to £ as well.
The property G1.LCC) is an immediate consequence of this fact and Theorem 3.3. Sum-
mation of probability distribution factorizing with respect to £ does not generally result into
a probability distribution factorizing with respect to £ (property referred as G1.CC).

Results of application of CC and LCC to an inconsistent input set are shown in Figure 5.5
and compared in Table 5.7. Note that, for simplicity, the values of

Q(SOO)(Xl = 17 Xy = 17 X3 = 27 Xy = 1)
are displayed only. Two orderings of the input set were used:
51 — {E17E27E37E4} and 82 = {E47E27E17E3}-

We used the sequence of coefficients

1 . .
& = T where k = ((i — 1) div s) + 1. (5.36)

Remark. If it is not stated otherwise then all the remaining plots of this text display a
history of a joint probability distribution Q(;) with respect to an iteration step 4 (horizontal
axis). The vertical axis refers to the probability values for one particular combination of
random variables’ values given by X; =1, Xo =1, X3 =2, Xy = 1. If it is stated that
the input set is consistent then input set { Pg,, Pg,, Pr,, P, } given in Table 3.1 was used. If
it is stated that the input set is inconsistent then input set {Pg,, Pg,, Pg,, Pr,} is given in
Table 3.6.
The Figure 5.5 may be seen as a support for the next two conjectures.

Conjecture 5.2 (I1.CC,I2.CC, and 13.CC)

Let {c;} be a monotonous sequence that obey properties 5.31, 5.82, 5.33, 5.34, and 5.35 then
CC converges, the respective limit distribution does not depend on the ordering of input set
and minimizes the I -aggregate.

The situation with convergence of LCC applied to inconsistent input set is more compli-
cated. Since it may happen during computational process that for some 7 = 1,2,...,5 =
(1 —1) mod s + 1:

Pp, £ Q)
the convergence can not be generally guaranteed. However, we observe that in many cases
log-convex conservative modification does converge. (I1.LCC).

Conjecture 5.3 (I2.LCC and I4.LCC) If{«;} is a monotonous sequence that obey prop-
erties 5.831, 5.832, 5.83, 5.34, 5.835 and LCC converges, then the respective limit distribution
does not depend on the ordering of input set and minimizes the Iy-aggregate.
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Figure 5.5: CC and LCC applied to inconsistent input set. The curves of first plot corresponds
to the following procedures (the most upper curve is given first): (1) LCC on &;, (2) LCC on
&, (83) CC on &1, (4) CC on &;. Since the oscillations of the joint probability distributions’
values within one cycle are significantly high and graphics resolution is limited, the curves
are displayed as bands. Second plot displays details of first 24 iterations. (1) LCC on & is
drawn by the full line, (2) LCC on & by the dotted line, (3) CC on & by the dash and dot
line, and (4) CC on & by the dashed line.
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The limit distributions of CC and LCC applied to inconsistent input set are generally
different and minimizing different criterion (see Tables 5.7 and 5.9). The difference of the
limit distributions is related to the fact that all distributions computed during the process
of LCC in contrary to CC factorize with respect to a generating class. Therefore we can not
expect that limit distributions of CC and LCC would minimize both criteria at the same
time. Since we have conjectured that limit distributions of CC minimizes the I1-aggregate it
should not minimize the Iy-aggregate (I4.CC). Similarly, we have conjectured that if LCC
converges then limit distributions of LCC minimizes the Is-aggregate. Thus it should not
minimize the I1-aggregate (I8.LCC). It seems that for both methods the ordering of input
set is not important with respect to limit distribution even if the input set is inconsistent (see
Table 5.7 and Figure 5.5).

Table 5.7: Comparison of CC and LCC on inconsistent input set.

CC LCC
51 52 51 52

Qeioo0y(1,1,2,1) | 0.013364 0.013317 | 0.016908  0.016860

$1(Quoon) | 0-484556  0.484562 | 0.507590  0.507530

$2(Quooo)) | 0-586154  0.586151 | 0.560854 0.560854

5.8 Arithmetic mean of [1-projections

The method of iterative arithmetic averages (abbreviated by AA) was proposed by F. Matus.
As we have shown it is in fact an instance of GEM-algorithm. Similar algorithm was used
by Chen [9] for obtaining mazimum likelihood estimates in case of double sampling with
misclassification. Looking to the definition of method (formula 5.4) one can see that it is
based on iterating arithmetic averages of I-projections to Sg,,j7 = 1,2,...,s. Results of
several experiments with this modification were already published in [24].

[G1.AA] Arithmetic average of probability distribution factorizing with respect to £ does
not generally result into a probability distribution factorizing with respect to £. Therefore
an iterated joint probability distributions Q;,7 = 1,2,... do not generally factorize with
respect to &.

[C2.AA and I12.AA] It follows from the fact that probability distributions Q;y,7 = 1,2,...
are computed by arithmetic average that resulting probability distributions does not depend
on the ordering of the input set.

It was proved by F. Matus (see [32, Consequence 1]) that the AA method converges
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20 40 60 80 100

20 40 60 80 100

Figure 5.6: Arithmetic averages on consistent and inconsistent input, respectively. Full line
joins Ii-projections to Sig,y, S(g,}, S{E,}, and Syg,) computed in every cycle. Dotted line
joins their arithmetic averages.
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(I1.AA and C1.AA) and minimizes
ij ) I(WS{Ej}Q | Q)
7=1

which we have shown to be equivalent to I1-aggregate (Lemma 5.1). (I8.AA). Note, that in
the case of a consistent input set distribution minimization of I -aggregate requires the limit
distribution to belong to Sg. However, having performed several computational experiments
(see Figure 5.7) we conjecture that, generally, limit distributions of AA and regular IPFP are
different (C3.AA).

5.9 Normalized geometric mean of [,-projections

The method of iterative geometric averages (defined by formula 5.5 and abbreviated by GA)
was proposed in [32]. If some distributions factorize with respect to £ then their geometric
average factorizes with respect to £ as well. The property G1.GA) is an immediate con-
sequence of this fact and Theorem 3.3. Thus comparing GA with AA we can see that an
advantage of GA is the fact that if Qo) factorize with respect to the set £ then the iterated
joint probability distributions Q(;),7 = 1,2, ... factorize with respect to & as well.

[I1.GA, I4.GA and C1.GA]| If GA is applied to an inconsistent input set then its conver-
gence can not be generally guaranteed since during the computational process it may happen
that for some 7 = 1,2,... that Pg; & QFi, where j = (i — 1) mod s + 1. Since the joint
probability distribution is not defined the procedure fails. Otherwise, the method converges
and the limit distribution equals to a (Q minimizing I>-aggregate. It was proved by F. Matus
(see [32, Consequence 2]) that the method minimizes

Sy T(Q | 7y, Q).
7=1

which we have shown to be equivalent to I-aggregate (Lemma 5.2).

The following theorem proves that if the input set is consistent and the initial probability
distribution Qo) factorizes with respect to £ then the limit distributions of GA and IPFP
are equivalent.

Theorem 5.2 (C3.GA) If there exist a probability distribution Q € Sg,Q < Qo) and
Q(0) € Re then sequence of probability distributions computed by GA converges to

Q" =713,Q = 7Ts.Q(0)-

Proof.
In the case of a consistent input set the minimum of 377_, I(Qg; | Pg;) equals to zero.

IPIQ)>0 and (I(P[Q) =0 & P=Q).

Therefore
forj=1,2,...,5: Q*F = Pg;
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which can be rewritten as Q* € Sg. Since Q* € Rg¢ it follows from Theorem 2.9 that
Q" =7r,Q.

It is a direct consequence of Theorem 3.5 that Q* is equivalent to the limit distribution of
IPFP, ie.

Q" = 15 Q(0)-
O

Remark. Note that this proof suppose that 9y € Re and thus a proof of the property
C3.GA for Q) € Re is missing.

[C2.GA and I2.GA] Since the method is based on the geometric average of I-projections
to Sig;3,% = 1,2,..., s the respective limit distributions can not depend on the ordering of
input set.

5.10 GEM-algorithm

Inspired by personal communication with G. Kleiter, we have proposed an application of
GEM:-algorithm (abbreviated by GEM) to the problem of inconsistent input set in [40]. The
method is defined by formula 5.6. GEM constructs a joint probability distribution having
its marginals “closed” to the marginals of a given input set generated by a generating class
E. Resulting probability distribution is required to factorize with respect to F = {Fy, k =
1,2,...,t}. The application of results proved for the general GEM-algorithm is enabled
by the fact that the distributions of inconsistent input set {Pg;,j = 1,2,...,s} can be
manipulated as if they were estimated from incomplete data (see Section 5.4 for details).
GEM-algorithm was defined by formula 5.6 and abbreviated by GEM. Since the algorithm
definition (formula 5.6) may be hard to understand we will comment upon it.

Within the ezpectation step a joint probability distribution R(;_;) is estimated using
distributions from input set {PE]., j=1,2,...,s} and the joint probability distribution Q1)
from the previous step of the algorithm. For I =1,2,...,s:

Ry = Y wp-msip,Quon)
k=1

In the mazimization step marginals jo_l , 7 = 1,2,...¢t will be used. These marginals

create a consistent input set. Since they were estimated from marginals constituting a given,
possibly inconsistent, input set {PEj,j =1,2,...,s} we will call them adapted marginals. In
the mazimization step a probability distribution Q(;) factorizing with respect to generating
class F is searched for. We define for [ = 1,2,...,¢:

Stry = {PeP:Pfi =R}

The mazimization step is realized by ¢ consecutive steps of IPFP with initial distribution
Q(i,0) equal to Q(;_1) and input set consisting of adapted marginals. For j =1,2,... %

Qij) = 7sp,, Qij-1-
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The distribution that is passed to the next expectation step is Q) = Q-
Remark. Note that if 7 = {V} then GEM is equivalent to AA.

It is a direct consequence of the properties of the general GEM-algorithm[14] that its
instance defined by Definition 5.3 converges.

Theorem 5.3 (I1.GEM)
The GEM method defined by formula 5.6 converges to a probability distribution Q* € P.

For a detail discussion on convergence of the GEM-algorithm see Wu [44].
[C1.GEM] Theorem 5.3 is a consequence of Theorem 5.3 since consistent input set is just a
special case of input set.

Conjecture 5.4 (I3.GEM) The GEM method defined by formula 5.6 converges to a prob-
ability distribution Q* = @Q that minimizes 11 (Q) for all Q € P.

Note that for F = {V'} the conjecture holds since GEM reduces to AA for which property
I1.AA was proved to be valid.

Lemma 5.3 (G1.GEM)
If Qo) € Re and Q) is computed by GEM then for all i =1,2,...: Q) € Re.

Proof. The E-step of the GEM algorithm adjust only the marginals that are fitted in
the M-step. Let us use mathematical induction to prove the lemma. It is assumed that
Q(0) € Re. The induction step

Qu-1) €ERe = Q) € Re

follows from inheritance of factorizability for IPFP (Theorem 3.3) since the M-step consists
of s consequent steps of IPFP. Therefore it follows that all distributions computed by GEM
belong to Rg. O

The following conjecture is based on assertion of Theorem 5.3 and Conjectures 5.4 and 5.1.

Conjecture 5.5 Let Q) € Re then GEM method defined by formula 5.6 converges to a
probability distribution

Q" € 771, Q(0)-

Conjecture 5.4 states that Q" € 7;. Theorem 5.3 states that if (o) € Re then Q* € Re as
well. If Conjecture 5.1 holds then set 77 is an additively constrained set for which it holds

77 Quoy) = Ti N Re,
that is unique (Theorem 2.9).

Conjecture 5.6 (C3.GEM) If input set {P,...,Ps} is strongly consistent, i.e. Sg # )
and there exist a probability distribution Q € Sg such that Q) < Qg then the sequence of
probability distributions computed by GEM converges to

Q" =1, Q = Ts.Q(0).-
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The conjecture is a consequence of Conjectureb.5. In the case of a consistent input set the
minimum of 377, I(Pg; || Q%) equals to zero.

IPIQ) >0 and (I(P|Q) =0 & P=Q).

Therefore
for j=1,2,...,5: Qi = Pg,

which can be rewritten as Q* € Sg. Since Q* € Re¢ it follows from Theorem 2.9 that

QF =75,Q.

It is a direct consequence of Theorem 3.5 that Q* is equivalent to the limit distribution of
IPFP, i.e.

Q" = 15 Q(0)-

[C2.GEM] would be a direct consequence of Conjecture 5.6 because Q* is independent of
the ordering of an input set.

[I2.GEM] would be a direct consequence of Conjecture 5.5 since @* would be independent
of the ordering of an input set.

From Table 5.9 it can be seen that, in spite the fact that both AA (with w; = 1/4,j =
1,2,3,4) and GEM converge to the distribution having the same value of the I1-aggregate,
the limit distributions are different. Note that the limit distribution of the sequence created
by the GEM-algorithm factorizes with respect to £ while the limit distribution of the method
of iterative arithmetic averages does not.

5.11 Convergence rate and computational complexity

In Tables 5.8 and 5.9 convergence rates of proposed procedures are compared. As a stopping
criterion the total variance |Q4i—4) — Q)| < 10~% was used. In the column inscribed with
1 the number of performed cycles is given. Probability distributions were monitored for
x={X;=1,X9 =1, X3 =2 X4 =1}. In the case of consistent input set values that differ
less than 10~ from I;-projection to Sg are highlighted, while in the case of inconsistent input
set values of I-aggregate or Io-aggregate that differ less than 10™° from their optimal values
are highlighted. As a reference the results achieved by optimization package LANCELOT
minimizing I1-aggregate and Is-aggregate are used. For details see Appendix B.

Tables 5.8 and 5.9 and Figures 5.8 and 5.8 present examples of typical convergence char-
acter of the proposed methods. The results given in Table 5.9 may serve as arguments in
favor of conjectures stating that

e [I4.AA] AA does not minimize Iy-aggregate,
e [I3.GA] GA does not minimize I -aggregate, and

e [I4.GEM]| GEM does not minimize I -aggregate.
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Figure 5.7: Comparison of methods applied to the consistent input set. The methods are (the
uppermost first): IPFP (fast convergence), CC, LCC (oscillating and almost identical), GA,
GEM (both monotonically increasing and almost identical) , AA (monotonically increasing
but convergent to a different value).
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Figure 5.8: Comparison of methods applied to the inconsistent input set. The methods are
(the uppermost first): IPFP, LCC, CC (all three are oscillating), GA, GEM, AA (all these
three are monotonically decreasing each converges to a different value).
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uniform Qo) extremal Q)q)
IPFP 4 |0.15691 84 10.17283
CC 483 | 0.15688 || 5178 | 0.17188
LCC 283 | 0.15685 || 5131 | 0.17491
AA 40 | 0.15453 50 0.16141
GA 39 | 0.15691 || 358 | 0.17283
GEM 40 | 0.15691 || 5299 | 0.17284

Table 5.8: Comparisons of methods on consistent input set

uniform Q(g)

Algorithm i Qi) (w) | I-aggreg. | I>-aggreg.
IPFP 5* a cyclef

CC 1694 | 0.013331 | 0.484552 | 0.586322
LCC 285 | 0.014706 | 0.507880 | 0.560860
AA 68 | 0.011678 | 0.484547 | 0.586708
GA 49 | 0.016847 | 0.507444 | 0.560853
GEM 82 | 0.013272 | 0.484544 | 0.586707
LANCELOT? 14 | 0.000002 | 0.484546 | 0.586709
LANCELOT? 20 | 0.085970 | 0.507447 | 0.560849

Table 5.9: Comparison of methods on inconsistent input set

A serious difficulty which complicates practical usability of CC and LCC methods is their
low convergence rate no matter if they are applied to consistent or inconsistent input sets.
Convergence rates of AA, GA, and GEM are similar. Observe that they are slower than
IPFP on a consistent input set. Speed of convergence depends on the type of an generating
class. Similarly to IPFP applied to a consistent input set, the convergence rate of AA, GA,
and GEM is slower if generating class is not decomposable. Furthermore, the convergence
may further slow down if the initial probability distribution is extremal, i.e. far away from
the uniform probability distribution (see Figure 5.9).

Figures 5.10 and 5.11 display function history of Iy -aggregate and I>-aggregate during AA,
GA, and GEM methods. Observe that for all three methods I-aggregate is monotonically
decreasing, while I5-aggregate is monotonically decreasing only for GA.

Computational complezity of the proposed methods is highly related with G1 property.

*Number of cycles after which the procedure stabilizes in a limit cycle
"The values in the cycle were {0.020338, 0.014240, 0.026564, 0.071430}
*Minimization using I;-aggregate as the criterion
$Minimization using I»-aggregate as the criterion
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Figure 5.9: GEM algorithm applied to an extremal initial distribution .
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Figure 5.10: Comparison of function history of I-aggregate during processes of AA, GEM
(almost identical - both are displayed by full line), and GA (dotted line) on the inconsistent
nput set.
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Figure 5.11: Comparison of function history of Is-aggregate during processes of AA (full line),
GA (dotted line) and GEM (dash and dot line) on the inconsistent input set.

We can read from the Table 5.2 that for IPFP, LCC, GA, and GEM it holds that
Qo) ERe = 1=12,...: Q) € Re,

while for CC and AA even if ()g) € Re then the joint probability distributions of the next
steps need not factorize with respect to £. It can be utilized for an effective implementation
of the procedure. Thus, if the initial joint probability distribution ()(g) belongs to R¢, all
these four algorithms (IPFP, LCC, GA, and GEM) can be implemented so that the space
requirements and computational complexity of one iterative step are proportional to the size
IX”| of the largest factor ¢p(z¥) of Qi) = [l pee bp(z?).

For the IPFP algorithm a space-saving implementation was proposed by R. Jirousek [22].
His implementation is based on assertion of Theorem 3.1. This computational scheme can
be extended so that it can be exploited for LCC, GA and GEM methods as well. Three
extensions to the JirouSek’s scheme are necessary:

e An effective way of performing multiplication of two distributions that factorize with
respect to the same set £. Tt is straightforward as it can be seen below.

P=T] ¢u(=") and Q=[] &e=") & P-Q = ][ (¢n@") ta(=").

Ec€ EcE EcE

e In order to get a probability distribution the operation of normalization must be per-
formed within LCC and GA algorithms. The normalization constant can be effectively
computed by a subsequent marginalization. Suppose that a potential

f(z)=]] ¢r(=")

Eec&
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is to be normalized in order to get a probability distribution. Similarly to Theorem 3.1
we define F > £ to be decomposable. It can be ordered so that it satisfies Running
intersection property. Suppose that F = {Fy,..., F}} is such an order, i.e.

-1
Vi=2,...,t 3k (1<k<lI) (F,n |J Fn) C Fp),
m=1
B, = (Uf:llFl) U (Uf:k_i_lFl), and for £k = t,t — 1,...,1 corresponding class & is
defined recursively as & = {E C Fj, E & 11}. Then the normalization constant can
be computed by

c = Y fl@)
= 2 I ¢5(")

T FEeE
-3 S Y I ese®
th\(EtﬂBt) 2 Ft—1\(F_1NBt_1) zE1 EeE
= Z H ¢Et(xEt) ’ Z H ¢Et71(xEt71) ’
cFt\(E¢NBy) Eie&: 2Ft—1\(Bt_1NBt_1) Ei_1€€&—1
zF1 E1€&1

e In the mazimization step of GEM, instead of joint probability distribution R; com-
puted in the expectation step, only its marginals Rg; are used. Therefore the expectation
step of GEM can be performed effectively using computational scheme of Lauritzen and

Spiegelhalter [28].

Addition of two probability distribution factorizing with respect to the same class £ does
not generally result into a probability distribution factorizing with respect to £. Therefore
the computational scheme presented above can not be used for CC and AA methods. Con-
sequently, the space required (and computational complexity) during one iterative step is
proportional to the size |X| of a joint probability distribution, which implies that CC and
AA are not applicable to large problems, i.e. if the joint probability distributions is defined
on more than 40 dichotomic random variables.

We conclude the comparisons by presenting the opinion that the most favorable method
from the presented methods applicable to inconsistent knowledge integration seems to be GEM
since it best corresponds to the intention to design a method that is an extension of IPFP
for inconsistent input set. Due to a possible space-saving implementation its computational
complexity is proportional to to the size |X”| of the largest factor. A weakness of the method
is a relatively slow convergence for generating classes that are not decomposable and if an
initial probability distribution is far away from the uniform probability distribution. In this
case, some of gradient optimization methods would converge substantially faster. But, note
that general optimization methods are not tractable if the joint probability distribution is
large. Another disadvantage of classical optimization methods comparing with GEM is that
two requirements should be applied gradually, e.g. first, marginals minimizing 1; are searched
for and than a distribution from Rg having these marginals is computed. While during the
GEM algorithm both requirements are refined together.
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Conclusions

The basic goal of the thesis was the design and description of methods applicable to the
integration of knowledge represented by a set of probability distributions. We have presented
five methods that under some assumptions converge even if the input set is inconsistent.
The theory of additively constrained sets and multiplicatively constrained sets has enabled us
to describe and confirm the methods’ properties. The fundamental advantage of proposed
iterative methods is that, in comparison with conventional optimization methods, they do
not require complicated calculations. This makes it possible to apply them to problems of
high dimensionality. We have implemented all these methods and performed a number of
computational experiments. A systematic summary of the achieved results is given. One of
the proposed methods, an instance of the GEM-algorithm, can be considered to be the most
appropriate method for the task of inconsistent knowledge integration.

In the case of consistent input set iterative proportional fitting procedure possess the best
convergence rate of all presented iterative methods. Moreover, in the case of a decomposable
generating class, there exist orderings of the input set that guarantee IPFP convergence within
one cycle. The thesis extends the family of decomposable generating classes for which IPFP
converges within one cycle regardless the ordering. On the other side, we have shown that
there exist decomposable generating classes such that (in spite of Haberman’s conjecture of
1974) IPFP need not converge even within two cycles.

The theory of iterative methods proposed for probabilistic knowledge integration, which
we have presented, makes a self-contained and closed exposure. Iterative methods can, for
instance, play the role of algorithms for learning parameters of probabilistic systems. At the
present time, the learning algorithms receive great attention. FEzpert or knowledge systems
with a probabilistic engine have been predicted to be applied in many domains in the near
future.

6.1 The main original results

The first task was to prepare the theory that enable us to design and study iterative meth-
ods for integration of knowledge represented by a set of probability distributions. In Chap-
ters 2 and 3 we presented self-contained theory of two basic types of probability distributions’
sets: additively constrained sets and multiplicatively constrained sets. Afterwards, we applied
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the theory to the study of iterative methods. Its application was based on the fact that all of
the proposed methods iterate operations of I-projections to additively constrained sets. We
have done original proofs of some theorems and lemmata of this part, let us make reference
at least to Theorem 2.9. Some of the fundamental theorems of this part are rewritten from
different papers [10, 11, 32, 33]. We had to adapt these theorems in order to give them in
the form appropriate for the context. Some proofs were not available, thus we had to work
them out afresh.

The second basic part (Chapter 4) was devoted to the study of iterative proportional
fitting procedure in the case of decomposable generating classes. There are several original
results in this section. We proved a sufficient condition for IPFP convergence within one cycle
(Theorem 4.6), which extends the family of decomposable generating classes such that for any
ordering of the sets in the class IPFP converges within one cycle. An important result is the
counterexample to S. Haberman conjecture [17], that for all decomposable generating classes
IPFP always converges within two cycles. It is known that orderings of the input set meeting
running intersection property guarantee IPFP convergence within one cycle We proved a
sufficient condition that extends the class of orderings that guarantee IPFP convergence
within one cycle Theorem 4.7. We have proposed two conjectures. The first one offers a
full characterization of chordal graphs corresponding to generating classes that guarantee
IPFP convergence within one cycle. The second one is the analogy of the first one for the
convergence within two cycles.

The third task that we solved (Chapter 5) was to find a method that converge to a joint
probability distribution even if the input set is inconsistent. The basic requirements are
that the marginals of the resulting distribution are close to the input distributions and the
resulting distribution does not depend on the ordering of the input set. An application to the
consistent input sets should result in the same distribution as iterative proportional fitting
procedure. Results of empirical study of five iterative methods for the probabilistic knowledge
integration are presented. We have proposed the instance of the GEM-algorithm, which we
claim to be the most appropriate of all the methods described. Results proven for the general
GEM-algorithm were exploited to prove convergence properties of the proposed method.
This method meets all the demanded properties and since it results in the joint probability
distribution that factorizes with respect to the generating class it can be considered to be
an extension of iterative proportional fitting procedure to the case of of the not necessarily
consistent input set.

6.2 Open questions

Open questions concern two areas. At first, the conjecture concerning full characterization
of decomposable generating classes that guarantee IPFP convergence within one cycle (Con-
jecture 4.1) needs to be proven. Another open problem from the area of IPFP convergence
is a necessary and sufficient condition of IPFP convergence within finite number of cycles
(Conjecture 4.2).

Five methods for inconsistent knowledge integration were proposed in Chapter 5. Table 5.2
summarizes properties of these methods. One can see that several methods’ properties are not
proven. Some of the missing assertions need not require much effort to be proven but some
proofs can be rather complicated. Furthermore, we strove for results that are not restricted to
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strictly positive probability distribution. Some assertions concerning convergence properties
of iterative methods were not achieved in this general case due to problems with probability
distributions containing zeroes. Thus, convergence proofs of some proposed methods are still
missing.
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Mathematica
Source Code

The reason we have chosen to perform all computations in Mathematica is based on Mathe-
matica’s ability to set an acquired accuracy of results. Thus, without much additional effort
we were able to switch between computations in rational arithmetic and computations in real
numbers with the accuracy of results being under the control.

During the computation the program keeps track of which digits in a result can be affected
by unknown digits in the input. In the result not affected digits are displayed only. If the
number of displayed digits was too low to make any conclusion about where does a method
converge, we simply increased the precision of program and performed the computation with
the increased value again. Since Mathematica always overestimates a potential effect of
unknown digits we can be sure that the displayed numbers are correct. Sometimes, this fact,
e.g. in case of GEM algorithm on extremal initial distribution, requires a very high precision
to be set.

In the appendix, source code of two programs written in Mathematica can be found.
First program was used to reject Haberman’s conjecture. The computations were performed
in rational arithmetics. Since numerators and denominators of the resulting fractions are
enormously huge integers, the values were displayed as rounded real numbers at the very end
of algorithm.

Second program was used to make experiments with iterative methods. The parameters
that have impact on the accuracy of results are ND which gives the initial number of digits
used to store numbers and $MaxExtraPrecision which is an global option of Mathematica
defining how many additional digits it uses for its internal calculations.

Both files are available via world wide web. The addresses are given at the beginning of
the files. They can be simply used to verify results of the thesis. Having the files downloaded
and saved to the computer they can be directly open in Mathematica and just by performing
menu item Kernel -> Evaluation -> Evaluate Notebook the results can be achieved. In
order to be able to get results for different methods on different input set and with different
initial distributions the switches are given in the second file. The required combination can be
chosen by putting out the comments’ symbols (* ... *) around the corresponding options,
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while the other should be put into the comments part conversely.

It should be noted that some of computations may take dozens of minutes. However,
it would be satisfactory for many real problems to use fixed-precision computations, which
would speed up the process substantially.

A.1 Program used to reject Haberman’s conjecture
(* This program is available at: %)
(* http://www.utia.cas.cz/user_data/vomlel/motylek.nb *)
(* http://lisp.vse.cz/"vomlel/motylek.nb *)

(* Definition of probability distributions’ values *)

P1

{{{5/100,8/100},{5/100,11/100}},{{13/100,17/100},{31/100,10/100}}};

P2 = {{{3/100,13/100},{7/100,17/100}},{{3/100,10/100},{17/100,30/100}}};
pP3 = {{{7/100,5/100},{11/100,7/100}},{{23/100,8/100},{27/100,12/100}}};

P4 = {{{12/100,4/100},{11/100,13/100}},{{8/100,5/100},{13/100,34/100}}};
p5 = {{{2/100,4/100},{11/100,12/100}},{{10/100,14/100},{20/100,27/100}}};
p6 = {{{3/100,7/100},{11/100,19/100}},{{5/100,15/100},{25/100,15/100}}};

(* Definition of computational steps of IPFP based on marginalizations,
divisions, and multiplications of lists *)

Margl=Function[x,

Inner [Times, Inner[Times,Inner [Times,Inner[Times,Inner[Times,
Transpose[x,{8,1,7,2,3,4,5,6}],{1,1}1,{1,1}1,{1,1}],{1,1}],{1,1}1];
Condi=Function[x,

Transpose [Quter[Divide,x,Margi1[x]1],{1,2,3,4,5,6,7,8,2,4,5}11;
IPFP1=Function[x,

Transpose [OQuter[Times,Cond1[x],P1],{1,2,3,4,5,6,7,8,2,4,5}]1];

Marg2=Function[x,

Inner [Times,Inner[Times,Inner [Times,Inner[Times,Inner[Times,
x,{1,131,{1,131,{1,1}1,{1,131,{1,1}11;
Cond2=Function[x,

Transpose [Outer[Divide,x,Marg2([x]1],{1,2,3,4,5,6,7,8,1,2,3}1]1;
IPFP2=Function[x,

Transpose [Quter [Times,Cond2[x],P2],{1,2,3,4,5,6,7,8,1,2,3}]1];

Marg3=Function[x,

Inner [Times,Inner [Times,Inner [Times,Inner[Times,Inner[Times,
Transpose[x,{8,7,1,2,6,3,5,4}1,{1,1}1,{1,1}31,{1,1}31,{1,1}3],{1,1}17;
Cond3=Function[x,

Transpose [Outer[Divide,x,Marg3([x]],{1,2,3,4,5,6,7,8,3,4,6}1]1;
IPFP3=Function[x,
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Transpose [Quter [Times,Cond3[x],P3]1,{1,2,3,4,5,6,7,8,3,4,6}1];

Marg4=Function[x,

Inner [Times,Inner [Times,Inner[Times,Inner[Times,Inner[Times,
Transpose[x,{1,2,8,7,6,5,3,4}],{1,1}1,{1,1}3],{1,1}31,{1,1}],{1,1}11;
Cond4=Function[x,

Transpose [Quter[Divide,x,Marg4[x]1]1,{1,2,3,4,5,6,7,8,1,2,7}1]1;
IPFP4=Function[x,

Transpose [Outer[Times,Cond4[x],P4],{1,2,3,4,5,6,7,8,1,2,7}]1];

Marg5=Function[x,

Inner [Times, Inner[Times,Inner[Times,Inner[Times,Inner[Times,
Transpose[x,{8,1,2,3,4,5,6,7}],{1,1}1,{1,1}1,{1,1}31,{1,13],{1,1}1]1;
Cond5=Function[x,

Transpose [Quter[Divide,x,Marg5(x]11,{1,2,3,4,5,6,7,8,2,3,4}1]1;
IPFP5=Function[x,

Transpose [Outer[Times,Cond5[x] ,P5],{1,2,3,4,5,6,7,8,2,3,4}]1];

Marg6=Function[x,

Inner [Times,Inner [Times,Inner[Times,Inner[Times,Inner [Times,
Transpose[x,{1,8,2,7,6,5,4,3}],{1,1}1,{1,1}3],{1,13],{1,1}],{1,1}11;
Cond6=Function[x,

Transpose [Outer[Divide,x,Marg6[x]],{1,2,3,4,5,6,7,8,1,3,8}1];
IPFP6=Function[x,

Transpose [Quter [Times,Cond6[x],P6],{1,2,3,4,5,6,7,8,1,3,8}1]1;

(x 2x6 = 12 iterative steps of IPFP x)

Q0 = Array[1/256&,{2,2,2,2,2,2,2,2}];

Q1 = IPFP1[QO0]; Unprotect[QO0]; QO0=.;
Q2 = IPFP2[Q1]; TUnprotect[Ql]; Qi=.;
Q3 = IPFP3[Q2]; Unprotect[Q2]; Q2=.;
Q4 = IPFP4[Q3]; Unprotect[Q3]; Q3=.;
Q5 = IPFP5[Q4]; Unprotect[Q4]; Q4=.;
Q6 = IPFP6[Q5]; Unprotect[Q5]; Q5=.;
Q7 = IPFP1[Q6]; Unprotect[Q6]; Q6=.;
Q8 = IPFP2[Q7]; Unprotect[Q7]; Q7=.;
Q9 = IPFP3[Q8]; Unprotect[Q8]; Q8=.;
Q10 = IPFP4[Q9]; Unprotect[Q9]; Q9=.;
Q11 = IPFP5[Q10]; Unprotect[Q10]; Q10=.;
Q12 IPFP6[Q11]; Unprotect[Q11]; Qli=.;
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(* Total variances between marginals of 12th iteration *)
(* probability distribution and the input set distributions *)

N[Apply[Plus,Flatten[Abs[

Transpose [Outer [Subtract,Margi[Q12],P1],{1,2,3,1,2,3}111],20]
N[Apply[Plus,Flatten[Abs[

Transpose [Outer [Subtract,Marg2[Q12],P2],{1,2,3,1,2,3}1111,20]
N[Apply[Plus,Flatten[Abs[

Transpose [Outer [Subtract,Marg3[Q12],P3],{1,2,3,1,2,3}]1111,20]
N[Apply[Plus,Flatten[Abs[

Transpose [Outer [Subtract,Marg4[Q12],P4],{1,2,3,1,2,3}]1111,20]
N[Apply[Plus,Flatten[Abs[

Transpose [Outer [Subtract,Marg5[Q12],P5],{1,2,3,1,2,3}]1111,20]
N[Apply[Plus,Flatten[Abs[

Transpose [Outer [Subtract,Marg6[Q12],P6]1,{1,2,3,1,2,3}1111,20]

(* Results *)

\ !\ (2.5495843009465220448057947463266 ‘ 20*~-12\)
\!'\(1.0533484745065921152414434384698°¢20%~-10\)
\!\(1.801831983110316014511344305046320*~-13\)
\!'\(1.0533484745065921152414434384698°¢20%~-10\)
\ !\ (2.5495843009465220448057947463266 ‘ 20*~-12\)
0
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A.2 Implementation of proposed methods

(* This program is available at: *)
(* http://www.utia.cas.cz/user_data/vomlel/ipfp-modif.nb *)
(x http://lisp.vse.cz/"vomlel/ipfp-modif.nb *)

<<Graphics‘MultipleListPlot‘;
(x Control options *)

ND= 500; (* Starting precision, i.e. number of digits *)
$MaxExtraPrecision=300; (* Number of extra digits to be stored
during the computation *)

(*$MinPrecision = ND; *)(* Forced minimal computational precision *)
(*$MaxPrecision = ND; *)(* Forced maximal computational precision *)
NC=5000; (* Number of cycles *)
1i=3; (* Index of the value that will be monitored in list L *)
TOL = 1/1000000;
(* Absolute difference in total variance between distributions

at the end of two consequent cycles used to stop computation *)

Consistent="Yes";
(* Consistent = "No";x*)

(x Algorithm = "IPFP"; *)
(* Algorithm = "CC";*)
(* Algorithm = "LCC";*)
(* Algorithm = "AA";x*)
(* Algorithm = "GA"; *)

Algorithm = "GEM";
(* StartPoint = "Uniform'";*)
StartPoint = "Extremal";

(* Function that defines coeficients for CC and LCC algorithms x*)
alpha=Function[x,1/(1+x)];

(x Definition of probability distributions’ values as structured lists *)
Switch [Consistent,
"Yes",{P1 = {{89/288,43/144},{7/36,19/96}};
P2 ={{17/96,47/144},{43/288,25/72}};
P3 ={{31/144,1/9},{67/144,5/24}};
P4 ={{15/32,5/36},{61/288,13/72}}},
"No", {P1 ={{1/10,3/10},{2/10,4/10}};
P2 ={{7/10,1/10},{1/10,1/10}};
P3 ={{2/10,1/10},{2/10,5/10}};
P4 ={{3/10,3/10},{3/10,1/10}}}1;
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(* Definition of computational steps of IPFP based on marginalizations,
divisions, and multiplications of lists *)
Margl= Function[x,Inner[Times,Inner[Times,x,{1,1}],{1,1}1];
Condl= Function[x,
Transpose [Outer [Divide,x,Margl[x]],{1,2,3,4,1,2}1];
IPFP1= Function[{x,y},
Transpose [Quter [Times,Cond1[x],y],{1,2,3,4,1,2}1]1;
Marg2= Function[x,
Inner [Times,Inner[Times,Transpose[x,{3,1,2,4}]1,{1,1}1,{1,1}1]1;
Cond2= Function[x,
Transpose [Quter [Divide,x,Marg2[x]1]1,{1,2,3,4,2,3}1];
IPFP2= Function[{x,y},
Transpose [Quter [Times,Cond2[x],y],{1,2,3,4,2,3}1]1;
Marg3= Function[x,
Inner [Times,Inner[Times,Transpose[x,{3,4,1,2}]1,{1,1}]1,{1,1}1]1;
Cond3= Function[x,
Transpose [Quter [Divide,x,Marg3[x]1]1,{1,2,3,4,3,4}1];
IPFP3= Function[{x,y},
Transpose [Quter [Times,Cond3[x],y],{1,2,3,4,3,4}1];
Marg4= Function[x,
Inner[Times,Inner[Times,Transpose([x,{1,3,4,2}]1,{1,1}]1,{1,1}]1];
Cond4= Function[x,
Transpose [Outer [Divide,x,Marg4[x]],{1,2,3,4,1,4}1];
IPFP4= Function[{x,y},
Transpose [Quter [Times,Cond4[x],y],{1,2,3,4,1,4}1];

(* I_1 aggregate *)
I1A=Function[{Q0,P1,P2,P3,P4},
Apply[Plus,Flatten[Transpose[Outer[Times,P1,Log[Transposel[
Outer [Divide,P1, Margl[Q01]1,{1,2,1,2}]111,{1,2,1,2}1]11+
Apply[Plus,Flatten[Transpose[Outer[Times,P2,Log[Transpose[
Outer [Divide,P2, Marg2[Q0]]1,{1,2,1,2}11]1,{1,2,1,2}1]1]+
Apply[Plus,Flatten[Transpose[Outer[Times,P3,Log[Transposel[
Outer [Divide,P3, Marg3[Qo0]l]1,{1,2,1,2}11]1,{1,2,1,2}1]1]+
Apply[Plus,Flatten[Transpose[Outer[Times,P4,Log[Transpose[
Outer [Divide,P4, Marg4[Q01]1,{1,2,1,2}111,{1,2,1,2}111]1;

(* I_2 aggregate *)
I2A=Function[{Q0,P1,P2,P3,P4},
Apply[Plus,Flatten[Transpose[OQuter[Times, Margl[QO],Log[Transposel[
Outer[Divide, Margi[Qo0],P1]1,{1,2,1,2}111,{1,2,1,2}3111+
Apply[Plus,Flatten[Transpose [Outer[Times,Marg2[Q0] ,Log[Transposel[
Outer [Divide,Marg2[Q0],P2 1,{1,2,1,2}111,{1,2,1,2}]111+
Apply[Plus,Flatten[Transpose[OQuter[Times, Marg3[QO0],Log[Transposel[
Outer [Divide, Marg3[QO0],P3],{1,2,1,2}]111,{1,2,1,2}]111+
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Apply[Plus,Flatten[Transpose[Outer[Times, Marg4[QO],Log[Transposel[
Outer[Divide, Marg4[Qo0],P4]1,{1,2,1,2}111,{1,2,1,2}1111;

(* Total variance between Q1 and Q2 *)
VAR=Function[{Q1,Q2}, Apply[Plus,Flatten[Abs[Transpose[
Outer[Subtract,Q1,Q2]1,{1,2,3,4,1,2,3,4}11111;

(* Definition of a starting probability distribution *)
Switch [StartPoint,
"Uniform", QO= N[Array[1/2°4&,{2,2,2,2}],ND] ,
"Extremal", QO= N[

{{{{1/100000,1/100000},{1/100000,1/1000003}},
{{1/100000,1/100000},{1/100000,1/100000}}},
{{{1/100000,1/1000003},{1/100000,1/100000}},
{{1/100000,1/100000},{1/100000,99985/100000}}}},ND]

1;

(* Initialization of variables *)

L={}; (* List monitoring values of Q[i] for every step j *)
LA={}; (x List monitoring values of Q[i] for every cycle *)
j=1;

k=1;

differ=1;

(x The core *)

While [k<=NC && differ > TOL,

QP=Q0;
Q1=IPFP1[QP,P1];QT=Flatten[Q1];L=Append[L,{j,QTL[[i1]1}];j=j+1;
Switch[Algorithm,

"IPFP",QP=Q1,

"CC", {a=alphalk];QP=(1-a)*QP+ a*Q1},

"LcC",{a=alpha[k] ;QP=QP"~ (1-a)*Q1"~a;QP=(1/Apply [Plus,Flatten[QP]])*QP}];
Q2=IPFP2[QP,P2] ;QT=Flatten[Q2] ;L=Append[L,{j,QTL[i11}];j=j+1;
Switch[Algorithm,

"IPFP",QP=Q2,

"CC", {a=alphalk];QP=(1-a)*QP+ a*xQ2},

"LcC",{a=alphal[k] ;QP=QP~ (1-a)*Q2~a;QP=(1/Apply [Plus,Flatten[QP]])*QP}];
Q3=IPFP3[QP,P3];QT=Flatten[Q3];L=Append[L,{j,QTL[[i]1]1}];j=j+1;
Switch[Algorithm,

"IPFP",QP=Q3,

"CC", {a=alphalk];QP=(1-a)*QP+ a*xQ3},

"LcC",{a=alphal[k] ;QP=QP~ (1-a)*Q3~a;QP=(1/Apply [Plus,Flatten[QP]])*QP}];
Q4=IPFP4[QP,P4];QT=Flatten[Q4] ;L=Append[L,{j,QT[[i1]1}];j=j+1;
Switch[Algorithm,

"IPFP",QN=Q4,
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"CC", {a=alphalk];QN=(1-a)*QP+ a*Q4},
"LCC",{a=alpha[k];QP=QP~ (1-a)*Q4~a; QN=(1/Apply[Plus,Flatten[QP]])*QP},
"AA", QN=(1/4)*(Q1+Q2+Q3+Q4),
"GA", {QP=Transpose[Outer[Times,
Transpose [Outer [Times,Q1~(1/4),Q2°(1/4)1,{1,2,3,4,1,2,3,4}],
Transpose [Outer [Times,Q3"(1/4),Q4~(1/4)]1,{1,2,3,4,1,2,3,4}11,
{1,2,3,4,1,2,3,4}];
QN=(1/Apply[Plus,Flatten[QP]])*QP},
"GEM",{QP= (1/4)*(Q1+Q2+Q3+Q4);
Q1=IPFP1[Q0,Margi[QP]1];
Q2=IPFP2[Q1,Marg2[QP1];
Q3=IPFP3[Q2,Marg3[QP]1];
QN=IPFP4[Q3,Marg4[QP11}
1;
QT=Flatten[QN];LA=Append[LA,{j-1,QT[[i]11}];
differ = VAR[QO,QN] ;Unprotect[Q0];Q0=.;
QO=QN;
Unprotect [QN] ;QN=.; Unprotect[Q1];Q1=.; Unprotect[Q2];Q2=.;
Unprotect [Q3];Q3=.; Unprotect[QP];QP=.; Unprotect[QT];QT=.;
k=k+1;
1;

(* Resulting total variance between Q(k-1) and Q(k-2) used to stop *)
N[differ,6]

(* Number of cycles *)
k-1

(* Resulting probability distribution *)
N[QO,5]

(* I_1 aggregate of resulting probability distribution *)
N[I1A[QO,P1,P2,P3,P4],6]

(x I_2 aggregate of resulting probability distribution *)
N[I2A[QO0,P1,P2,P3,P4],6]

MultipleListPlot[L,LA,AxesOrigin -> {1,0.00},PlotJoined -> True,
Background ->RGBColor[1, 1, 1], SymbolShape->None,
ImageSize->{400,300}, PlotRange ->{{1,(j-1)},{0.00,0.20}}]



Source code for
optimization
in AMPL

In order to be able to compare proposed methods with standard optimization algorithms we
have decided to use AMPL, A Modeling Language for Mathematical Programming. AMPL
is a comprehensive and powerful algebraic modeling language for linear and nonlinear opti-
mization problems, in discrete or continuous variables, developed at Bell Laboratories. To
solve a problem its optimization model is formulated and then the model can be solved by
any appropriate solver.

There are many solvers for which interfaces to AMPL have been constructed. Since the
problem we wanted to solve is constrained and nonlinear we decided to use LANCELOT.
LANCELOT is a globally convergent augmented Lagrangian algorithm for optimization with
general constraints and simple bounds [1]. There is a friendly and generally accessible web
interface to the program, available at: http://204.178.31.5:8001/ampl.pl. Its use is
simple. To get the distributions we refer to in our thesis the reader should select (uncomment)
the criteria in the following file, paste it into the Model and data window, select a solver (in
our case lancelot), and send the input to the server. We have used the program to minimize
the I} and I, aggregates.

# This file is available at:

# http://www.utia.cas.cz/user_data/vomlel/optim-ampl.txt
# http://lisp.vse.cz/"vomlel/optim-ampl.txt

set P;

set R;

set Marg;

set MVal {Marg,R} within P;

param 1 {j in P};

119
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param u {j in P};
param m {Marg,R};

var X {j in P} <= 1;

var MX {k in Marg, v in R} = sum {j in MVallk,v]} X[j];

var I1X = sum {k in Marg, v in R}

(m[k,v]*log(mlk,v]/(sum {j in MVallk,v]} X[j1)));

sum {k in Marg, v in R} ((sum {j in MVal[k,v]}
X[j1) *log((sum {j in MVallk,vl} X[j1)/m[k,v]));

var I2X

minimize sum_i_1_agg: I1X;

#minimize sum_i_2_agg: I2X;

subject to prob_values {j in P}: 0.1e-20 <= X[j] <= 1;
subject to prob_distr: sum {j in P} X[j] = 1;

data; ########4##4 DATA STARTS HERE ###########4#
set P :=123456789 10 11 12 13 14 15 16;
set R :=12 3 4;

set Marg :=1 2 3 4;

set MVal[1,1]:=1 5 9 13;
set MVall[1,2]:=2 6 10 14;
set MVal[1,3]:=3 7 11 15;
set MVal[1,4]:= 4 8 12 16;
set MVal[2,1]:=1 3 5 7;
set MVal[2,2]:=2 4 6 8;
set MvVal[2,3]:= 9 11 13 15;
set MVal[2,4]:=10 12 14 16;
set MVal[3,1]:=1 2 3 4;
set MVal[3,2]:=5 6 7 8;
set MVal[3,3]:= 9 10 11 12;
set MVal[3,4]:=13 14 15 16;
set MVal[4,1]:=1 2 9 10;
set MvVal[4,2]:=3 4 11 12;
set MVall[4,3]:=5 6 13 14;
set MVal[4,4]:=7 8 15 16;

paramm: 1 2 3 4 :=
#each line stands for one marginal distribution
1

oo oo
W N e
oo oo
W kW
oo oo
W RN
oo oo
NI TN

2
3
4

let {j in P} X[j] := 0.0625;



121

solve;
display _varname, _var;



I-divergence, 10

I,-aggregate, 70

I1-projection on S¢ ... 7s.Q, 15

Ir-aggregate, 71

Ir-projection on Rg ... 71';—255, 31

Ir-projection on Sg ... 75, Q, 24

a-acyclic hypergraph, 3

B-acyclic hypergraph, 4

AA ... method of iterative arithmetic av-

erages, 74

additively constrained set of probability dis-
tributions Sg 4, 11

adjusted replication number ... d(F, ), 53

affine set of probability distributions, 12

articulation set, 3

available-case methods, 73

CC ... conservative modification of IPFP

with convex mixture, 74

chord in a graph cycle, 7

chordal graph, 7

clique of a graph, 6

closed set of probability distributions, 11

closure of multiplicatively constrained set
.. Reoa, 13

compact set of probability distributions, 11

complete data, 73

complete graph, 6

complete-case analysis, 73

conditional independence, 10

conditional probability distribution, 9

conformal hypergraph, 8

connected hypergraph, 3

convex set of probability distributions, 12

crossing chords in a graph cycle, 7

cycle in a graph, 7

data missing at random (MAR), 73
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Index

data missing completely at random (MCAR),
73

decomposable hypergraph, 4

dominance by a probability distribution, 10

EM-algorithm, 74

factorization of probability distribution, 12
fill-in methods, 73
four points property, 28, 29

GA ... method of iterative geometric aver-
ages, 74

GEM ... generalized EM-algorithm, 74

generating class ... £, 38

graph, 6

graph of a hypergraph, 8

hypergraph, 2

imputing conditional means, 73

imputing unconditional means, 73

incomplete data, 73, 76

information content, 10

information inequality, 14

inner point of a set of probability distribu-
tions, 11

input set ... Pg, 38

intersection class ... F(&), 53

iterative proportional fitting procedure, 38

join operation V, 6

LCC ... conservative modification of IPFP
with log-convex mixture, 74
log-affine set of probability distributions,

13

marginal probability distribution, 9
maximum likelihood estimation, 77

MCAR methods, 73
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meet operation A, 6

missing data, 73, 76

modifications of IPFP, 74

multiplicatively constrained set of proba-
bility distributions Rg 4, 12

neigbourhood, 11
nontrivial hypergraph, 2

partial order of hypergraphs, 6
path in a hypergraph, 3
path in graph, 7
probability distribution, 9
probability space, 9
property C1.AA, 93
property C1.CC, 89
property C1.GA, 93
property C1.GEM, 95
property C1.IPFP, 43
property C1.LCC, 88, 89
property C2.AA, 91
property C2.CC, 89
property C2.GA, 94
property C2.GEM, 96
property C2.IPFP, 43
property C2.LLCC, 89
property C3.AA, 93
property C3.CC, 89
property C3.GA, 93, 94
property C3.GEM, 95
property C3.IPFP, 43
property C3.LCC, 89
property G1.AA, 91
property G1.CC, 89
property G1.GA, 93
property G1.GEM, 95
property G1.IPFP, 43
property G1.LCC, 89
property T1.AA, 93
property 11.CC, 89
property 11.GA, 93
property I11.GEM, 95
property I1.IPFP, 49
property 11.LCC, 89
property 12.AA; 91
property 12.CC, 89

property 12.GA, 94
property 12.GEM, 96
property 12.IPFP, 87
property 12.LCC, 89
property 13.AA, 93
property 13.CC, 89
property 13.GA, 96
property 13.GEM, 95
property 13.IPFP, 83, 87
property 13.LCC, 91
property 14.AA, 96
property 14.CC, 91
property 14.GA, 93
property 14.GEM, 96
property 14.LCC, 89

random variable, 9

raw replication number ... ¢(F, &), 53
reduced hypergraph, 2

reduced set, 2

restriction of hypergraph, 3

running intersection property, 5

set of I1-aggregate’s minimizers ... 7y, 70

set of [y-aggregate’s minimizers ... 7T, 71

set of Ir-minimizers on Sg ... Ts,(Q), 23

set of probability distributions ... P4, 9

set of values of multidimensional discrete
random variable ... X4, 9

Shannon entropy, 10

simple graph, 6

strong chord in an even graph cycle, 7

strongly chordal graph, 7

strongly consistent input set, 42

subgraph, 7

subhypergraph, 3

three points property, 16, 18

total variance, 11

totally decomposable generating class, 38
triangulated graph, 7

weakly consistent input set, 42



