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Abstra
t. Bayesian networks be
ame a popular framework for reason-

ing with un
ertainty. EÆ
ient methods have been developed for prob-

abilisti
 reasoning with new eviden
e. However, when new eviden
e is

un
ertain or impre
ise di�erent methods have been proposed. The origi-

nal 
ontribution of this paper are guidelines for the treatment of di�erent

types of un
ertain eviden
e, the rules for 
ombining eviden
e from dif-

ferent sour
es, and the model revision with un
ertain eviden
e.
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1 Introdu
tion

One of rapidly developing areas of Arti�
ial Intelligen
e is managing un
ertainty.

It is not surprising that intelligent systems are expe
ted to be able to exploit

un
ertain or vague information sin
e also humans often have to reason and de
ide

without having pre
ise and 
ertain information. One 
an distinguish between

two basi
 types of un
ertainty: one 
aused by un
ertain or vague information,

another by unknown, impre
ise, or sto
hasti
 relations between variables that

are part of a model of a reality. Diverse frameworks were proposed to ta
kle

the 
hallenging problem of reasoning with un
ertain and vague information:

Dempster-Shafer theory of eviden
e [3, 11℄, theory of impre
ise probabilities [14℄,

possibility theory [16℄, fuzzy set theory [15℄, et
.

In this paper we deal with the standard probabilisti
 inferen
e. It means

that all un
ertainties 
onsidered in this paper are treated in the sense of ran-

domness and will be quanti�ed and pro
essed by the means and tools of 
lassi
al

probability. For updating we use the standard Bayes rule. The knowledge of a

modeled domain is represented by a probability distribution P (V ) de�ned for all


ombinations of values of variables from a set V . The initial probability model

P (V ) is usually built using data measured for a population of individuals, re-

peated events, et
. The built model 
an be used for individual 
ase analysis -

?
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for example in the role of an expert system. In this paper we deal mainly with

probability distributions de�ned by a Bayesian network. Among the �rst su

ess-

ful appli
ations of Bayesian networks in the role of expert systems in diagnosis

belong Munin [8℄ and the Qui
k Medi
al Referen
e (QMR) system [12℄. For an

introdu
tion to Bayesian networks we refer to [7℄.

One of the basi
 tasks in probabilisti
 modeling is belief revision with new

eviden
e e. For example, assume we have 
reated a model des
ribing 
ertain

properties of a population of individuals. Than, we perform a number of obser-

vations and tests of one individual. Now, in the light of new information, we

would like to update our beliefs about the unobserved properties of that indi-

vidual. Assume we are interested in a variable A. In the probabilisti
 framework

this 
orresponds to 
omputing 
onditional probability distribution of variable A

given the observed eviden
e e, P (A j e). The posterior probability is 
omputed

using the Bayes rule. For ea
h state a of A we 
ompute

P (A = a j e) =

P (A = a; e)

P (e)

=

P (A = a; e)

P

a

P (A = a; e)

: (1)

However, in pra
ti
e, observations or tests yield un
ertain results. The question

we deal with in this paper is how should we revise our model in the light of

un
ertain eviden
e.

Our main motivation is to provide a knowledge engineer appropriate methods

for updating a probability model in the light of un
ertain eviden
e that 
an take

di�erent forms. In 
ontrast to di�erent ad ho
 approa
hes we stand �rmly within

the standard probability framework. A knowledge engineer gets an evidential

statement and one or more numbers

1

spe
ifying un
ertainty about the provided

eviden
e. The fundamental question is: how should the model be updated and the

probabilities revised using the provided numbers. The handling of the provided

numbers depends on what they a
tually mean, i.e., on their semanti
s.

Two main methods for probabilisti
 reasoning with un
ertain eviden
e were

proposed - the virtual eviden
e method [9℄ and Je�rey's rule [6℄. In [10℄ the

fundamental di�eren
e between the methods is illustrated using an example. The

basi
 prin
iple underlying Je�rey's rule is the prin
iple of probability kinemati
s,

whi
h 
an be viewed as a prin
iple that aims at minimizing belief 
hange in

the model. In [1℄ it is shown that also the method of virtual eviden
e 
ommits

to this prin
iple and that the di�eren
e between these two methods is in the

way un
ertain eviden
e is spe
i�ed. We will see that Pearl's method is based on

sensitivity and spe
i�
ity of a test (or of an observation) while when using the

Je�rey's rule we spe
ify the resulting e�e
t.

There is a fundamental di�eren
e between belief revision and model revision.

The posterior probabilities we get after belief revision inform about the proper-

ties of one tested individual, one performed event, et
. On the other hand the

posterior probabilities we get after model revision still 
orrespond to the proper-

ties of the tested population of individuals, events, et
. We extend the analysis

from belief revision to model revision using a standard method from statisti
s -

1

We assume they are real numbers from interval h0; 1i.



the maximum likelihood estimation of probability distributions given observed

data.

The main original 
ontribution of this paper are guidelines for the treatment

of di�erent types of un
ertain eviden
e, the rules for the 
ombination of eviden
e

from di�erent sour
es, and the model revision with un
ertain eviden
e.

We begin the paper with a dis
ussion of 
riteria that 
an be used to evaluate

reliability of information sour
es (Se
tion 2). We dis
uss belief revision based on

sour
es' reliability in Se
tion 3 and belief revision based on summary statisti
s

in Se
tion 4. In Se
tion 5 belief revision is applied to a 
omplex probabilisti


model. The revision of model parameters is dis
ussed in Se
tion 6. It is gen-

eralized to model revision in Se
tion 7. We 
on
lude the paper with general

re
ommendations for dealing with un
ertain eviden
e.

2 Reliability of information sour
es

For simpli
ity assume that a partially reliable sour
e T reports about an event

A that has two possible out
omes only: yes or no. The report 
an be also only

yes or no. Four situations are possible:

{ the sour
e reports yes when event A a
tually happened,

{ the sour
e reports no when event A a
tually did not happen,

{ the sour
e reports no when event A a
tually happened, and

{ the sour
e reports yes when event A a
tually did not happen.

To evaluate reliability of an information sour
e we 
an 
ount how often the four

situations dis
ussed above happened. Generally we 
an 
reate a 2�2 
ontingen
y

table, see Table 1

2

.

Table 1. Values of n � P (A;T )

A = yes A = no

T = yes tp fp

T = no fn tn

Usually, these statisti
s are used to 
ompute an evaluation 
riteria. The most


ommon 
riteria are de�ned in Table 2. Sometimes, in di�erent domains the


riteria have di�erent names. Note that these 
riteria 
an be generalized to

variables with more than two out
omes.

Remark 1. The values of sensitivity and spe
i�
ity need not be based on rela-

tive frequen
ies. Within a subje
tive probability framework they are subje
tive

beliefs of an expert or a model designer.

2

tp stands for the number of true positive reports, fp for false positive, fn for false

negative, and tn for true negative.



Table 2.

a

ura
y P (A = T ) =

tp+tn

tp+tn+fp+fn

positive predi
tive value (pre
ision) P (A = yes j T = yes) =

tp

tp+fp

negative predi
tive value P (A = no j T = no) =

tn

fn+tn

true positive rate (re
all or sensitivity) P (T = yes j A = yes) =

tp

tp+fn

true negative rate (spe
i�
ity) P (T = no j A = no) =

tn

fp+tn

false positive rate P (T = yes j A = no) =

fp

fp+tn

false negative rate P (T = no j A = yes) =

fn

tp+fn

3 Belief revision based on sour
es' reliability

In this se
tion we will use sensitivity and spe
i�
ity to measure reliability of a

test or an information sour
e. Observe that these two 
riteria (together with

their 
omplements) de�ne all values of the 
onditional probability distribution

P (T jA).

Let variable A denote the true state of a patient. It has only two states yes

(meaning that the patient has an illness A) and no (whi
h is just the 
omplement

to yes). Assume a prior probability of the illness A among the patients that are

tested is 0:2. Assume the result of a medi
al test T

1

is positive (T

1

= yes)

and both the sensitivity and the spe
i�
ity of test T

1

is known to be 70%, i.e.,

P (T

1

= yes j A = yes) = 0:7 and P (T

1

= no j A = no) = 0:7. Then we 
an

revise the probability of patient's state using the Bayes rule. Thus we 
ompute

the posterior probability as

P (A = yes j T

1

= yes) = 
 � P (T

1

= yes j A = yes) � P (A = yes) (2)

P (A = no j T

1

= yes) = 
 � P (T

1

= yes j A = no) � P (A = no) ; (3)

where 
 is the normalization 
onstant de�ned so that P (A = yes j T

1

= yes) +

P (A = no j T

1

= yes) = 1. In our example

P (A = yes j T

1

= yes) = 
 � 0:7 � 0:2 = 
 � 0:14 =

7

19

(4)

P (A = no j T

1

= yes) = 
 � 0:3 � 0:8 = 
 � 0:24 =

12

19

: (5)

The method where the reported un
ertainty is in the form of

{ sensitivity of T

1

,

{ spe
i�
ity of T

1

, and

{ an observed result T

1

= t

1

is 
alled virtual eviden
e method. It was introdu
ed by Pearl [9℄ as a method for

belief revision with un
ertain eviden
e.



If we were to de
ide whether the patient is si
k or not we would 
hoose the

more probable value, i.e. A = no. Sin
e there is quite un
ertainty about A we

de
ide to do a se
ond test T

2

that has quite low sensitivity P (T

1

= yes j A =

yes) = 0:6 but relatively high spe
i�
ity P (T

1

= no j A = no) = 0:9. Assume

the test result is positive again.

The question is how should we 
ombine the results of two tests together. The

problem is simpli�ed if we 
an make the assumption of 
onditional independen
e

of two tests given the patient's state, i.e. if there are no other intera
tions between

the tests than those given by the presen
e or the absen
e of the tested illness.

In su
h a 
ase for all (t

1

; t

2

; a) 2 fyes; nog

3

:

P (A = a; T

1

= t

1

; T

2

= t

2

)

= P (T

1

= t

1

; T

2

= t

2

j A = a) � P (A = a)

= P (T

1

= t

1

j A = a) � P (T

2

= t

2

j A = a) � P (A = a) : (6)

This relation 
an be visualized using a Bayesian network with stru
ture given in

Figure 1.

A

T

1

T

2

Fig. 1. Two sour
es report about A.

Using the Bayes rule and the assumption of 
onditional independen
e of tests

given the patient's state we 
an 
ompute the posterior probability as

P (A = yes j T

1

= yes; T

2

= yes)

= 
 � P (T

1

= yes; T

2

= yes; A = yes)

= 
 � P (A = yes) � P (T

1

= yes j A = yes) � P (T

2

= yes j A = yes) (7)

P (A = no j T

1

= yes; T

2

= yes)

= 
 � P (T

1

= yes; T

2

= yes; A = no)

= 
 � P (A = no) � P (T

1

= yes j A = no) � P (T

2

= yes j A = no) ; (8)

where 
 is again the normalization 
onstant. In our example

P (A = yes j T

1

= yes; T

2

= yes) = 
 � 0:7 � 0:6 � 0:2 = 
 � 0:084 =

7

9

(9)

P (A = no j T

1

= yes; T

2

= yes) = 
 � 0:3 � 0:1 � 0:8 = 
 � 0:024 =

2

9

(10)



If we are to de
ide then we 
hoose A = yes sin
e P (A = yes j T

1

= yes; T

2

=

yes) > P (A = no j T

1

= yes; T

2

= yes). Note that the un
ertainty about the

states of A has substantially de
reased.

4 Belief revision based on summary statisti
s

If in the example from the previous se
tion all tests have the same sensitivity

P (T

i

= yes j A = yes) and spe
i�
ity P (T

i

= no j A = no) then we 
an use

n(a); a 2 fyes; nog - the number of tests with result a - as a summary statisti
s.

Let n =

P

a

n(a). The revised beliefs in A are (for a = yes; no)

P (A = a j t) = 
 � P (A = a) �

�

P (T

i

= a j A = a)

n(a)

� (1� P (T

i

= a j A = a))

n�n(a)

�

: (11)

Now we will regard several experts E

i

; i = 1; : : : ; ` and assume that ea
h ex-

pert E

i

performed tests T

j

i

; j = 1; : : : ; n

i

with observed results t

i

= (t

1

i

; : : : ; t

n

i

i

)

and reports P (E

i

= yes j t

i

) what she believes should be the �nal belief about A

after her report is taken into a

ount. Further assume that ea
h expert E

i

used

the virtual eviden
e method (dis
ussed in Se
tion 3) to 
ombine the observed

results using the sensitivity and the spe
i�
ity of ea
h test by 
omputing

P (E

i

= a j t

i

) 


i

� P (A = a) �

 

Q

j2J

i

(a)

P (T

j

i

= a j A = a)

�

Q

j2J

i

nJ

i

(a)

1� P (T

j

i

= a j A = a)

!

; (12)

where J

i

= f1; : : : ; n

i

g, J

i

(a) = fj 2 J

i

: t

j

i

= ag, P (T

j

i

= yes j A = yes) is the

sensitivity of T

j

i

, P (T

j

i

= no j A = no) is the spe
i�
ity of test T

j

i

, and 


i

is the

normalization 
onstant.

Assume that all tests performed by all experts are independent given the

state of A. An example of a Bayesian network model 
orresponding to tests

made by two experts E

1

and E

2

is given in Figure 2.

If we want to 
ombine reports from experts E

1

; : : : ; E

`

then, �rst, we must

dis
ard the prior information

3

P (A = a) in
luded `-times and then we 
an simply

multiply the terms altogether with the prior information:

P (A = a j t) = 
 � P (A = a) �

`

Y

i=1

P (E

i

= a j t

i

)

P (A = a)

: (13)

5 Belief revision in a 
omplex probabilisti
 model

Quite often, we are interested not only in one variable, but in a whole set of

variables V that are interdependent. Within the probability framework the de-

penden
y is represented by a probabilisti
 model. If all variables are �nite-valued

3

We assume that all experts use the same prior information.
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� � �

T

1

1

T

2

1

T

2

2

T

2

n

2

� � �

T

1

n

1

T

1

2

Fig. 2. Two experts report test results.

then the probabilisti
 model is a dis
rete probability distribution P (V ) that de-

�nes probability values for all 
ombinations of states of variables from V .

In su
h a model a 
hange of beliefs about one variable, say A, has an impa
t

on beliefs about all variables dependent on A. If an expert E

1

reports P (E

1

),

whi
h she believes should be the probability of A after her report is taken into

a

ount, then the formula used for updating the whole model P (V ) to P

0

(V )

is 
alled Je�rey's rule [6℄. Let V

0

= V n fAg, v

0

be a 
ombination of values of

variables from V

0

, and a a value of A. The Je�rey's rule is (for all 
ombinations

of v

0

; a):

P

0

(V

0

= v

0

; A = a) = P (V

0

= v

0

; A = a) �

P (E

1

= a)

P (A = a)

: (14)

The basi
 prin
iple underlying this rule is the prin
iple of probability kinemati
s,

whi
h 
an be viewed as a prin
iple that aims at minimizing belief 
hange in

the model

4

. In [1℄ it is shown that also the method of virtual eviden
e 
ommits

to this prin
iple and that the di�eren
e between these two methods is the way

un
ertain eviden
e is spe
i�ed. In the virtual eviden
e method we spe
ify sensi-

tivity, spe
i�
ity, and an observed out
ome, while when using the Je�rey's rule

we spe
ify the resulting e�e
t.

We will exploit this 
orresponden
e when we have a 
ompli
ated situation

when several experts have di�erent opinion on what the values of P

0

(A) should be

after the revision. We will assume that ea
h expert opinion P (E

i

), i = 1; : : : ; `

about A is based on a (possibly only virtual) test and 
ombined with prior

probability P (A) as des
ribed in Se
tion 4. Then we 
an follow the approa
h

dis
ussed in Se
tion 4 and pro
eed using formula 13 in the following way:

4

Note that it holds that P

0

(V

0

j A) = P (V

0

j A) while P

0

(A) = P (E

1

).



{ dis
ard the in
uen
e of the prior probability from the experts opinions, i.e.

for i = 1; : : : ; ` and for all states a of A

P

0

(E

i

= a) =

P (E

i

= a)

P (A = a)

and (15)

{ use the modi�ed distribution to 
ompute for all 
ombinations of v

0

; a

P

0

(V

0

= v

0

; A = a) / P (V

0

= v

0

; A = a) �

`

Y

i=1

P

0

(E

i

= a) : (16)

This method 
an be used even if the expert reports are only partially over-

lapping or not overlapping at all, e.g. when E

1

and E

2

report about two di�erent

variables A and B. Now, let V

0

= V n fA;Bg. Then the formula for the updated

model is

P

0

(V

0

= v

0

; A = a;B = b) (17)

/ P (V

0

= v

0

; A = a;B = b) �

P (E

1

= a) � P (E

2

= b)

P (A = a) � P (B = b)

: (18)

If A and B are dependent in the probabilisti
 model P (V ) then it may happen

that P

0

(A) 6= P (E

1

) and P

0

(B) 6= P (E

2

). It is all right sin
e, typi
ally, the

experts 
an not take the information from the other experts into a

ount (for

example, be
ause the experts report at the same time).

6 Revision of model parameters

Now, assume the variables of interest are parameters of a probabilisti
 model

- for example, sensitivity R = P (T = yes j A = yes) of a test T of an illness

A and spe
i�
ity S = P (T = no j A = no) of the same test

5

. Note that these

variables are 
ontinuous with states r; s 2 h0; 1i. Now P (R = r) and P (S = s)

are probability density fun
tions, whi
h means that

R

1

0

P (R = r) dr = 1 and

R

1

0

P (S = s) ds = 1.

Assume two experts independently evaluated one test T - both of them per-

formed several tests on patients with known diagnosis (on both - si
k and non-

si
k patients) with the observed results being t

i

for expert i. They report their

estimates of r and s 
omputed as relative frequen
ies (i = 1; 2):

r̂

i

=

^

P (T = yes j A = yes; t

i

) =

n

i

(T = yes; A = yes)

n

i

(A = yes)

; (19)

ŝ

i

=

^

P (T = no j A = no; t

i

) =

n

i

(T = no; T = no)

n

i

(A = no)

; (20)

where n

i

(t; a) denotes the number of o

urren
e of T = t; A = a observed

by expert E

i

, n

i

(A = a) =

P

t

n

i

(T = t; A = a), and n

i

=

P

a

n

i

(A = a).

5

We assume that the test properties are stable.



Again assume that results of performed tests are independent given the illness A.

Experimental data t = ft

1

; t

2

g satisfying the assumptions given above are 
alled

identi
ally independently distributed (i.i.d.) data. The posterior probability

P (R = r j t) = 


r

� P (R = r) �

2

Y

i=1

r

n

i

(T=yes;A=yes)

� (1� r)

n

i

(T=no;A=yes)

(21)

P (S = s j t) = 


s

� P (S = s) �

2

Y

i=1

r

n

i

(T=no;A=no)

� (1� r)

n

i

(T=yes;A=no)

: (22)

A task is to estimate most probable values r̂; ŝ of variables R and S given the

data t, i.e. to �nd

r̂ = argmax

r

P (R = r j t) (23)

ŝ = argmax

s

P (S = s j t) (24)

These parameters are then 
alled maximum likelihood estimates of r and s.

In our example after little algebra

6

we get that

r̂ =

n

1

(A = yes)

n

1

(A = yes) + n

2

(A = yes)

� r̂

1

+

n

2

(A = yes)

n

1

(A = yes) + n

2

(A = yes)

� r̂

2

= w

1

(yes) � r̂

1

+ (1� w

1

(yes)) � r̂

2

: (25)

Thus, we 
ombined expert information using a weighted arithmeti
 average.

Similarly, we 
an get the formula for the maximum likelihood estimate of s.

Se
ond order probabilities

Observe that there would be no di�eren
e if both experts performed ten or

ten thousand experiments and got the same values of r̂

1

and r̂

2

. Intuitively,

results based on more experiments should be more reliable. In order to be able to

represent un
ertainty about the values of R we would need (instead of 
omputing

only the most likely value r̂) to update a prior distribution P (R) using the

Bayes rule. This is the basi
 idea of Bayesian statisti
s [5℄, where probability

distributions of model parameters are used instead of their single values. It is


onvenient to assume that the prior distribution has the form

P (R = r) = 


0

� r

n

0

(T=yes;A=yes)

� (1� r)

n

0

(T=no;A=yes)

: (26)

Observe that if n

0

(T = yes; A = yes) = n

0

(T = no;A = yes) = 0 we have a

uniform distribution. In Figure 3 the posterior distributions for n

1

(A = yes) =

n

2

(A = yes) = 2 and for n

1

(A = yes) = n

2

(A = yes) = 10 are displayed. In

both 
ases r̂

1

= 0:7 and r̂

2

= 0:8 and the prior distribution is uniform. Observe

that in both 
ases r̂ = 0:75 but the probability mass is distributed di�erently.

We 
an see that the probability mass is 
on
entrated more around the value 0:75

in the latter 
ase.

6

For simpli
ity we assume a uniform priors P (R = r) and P (S = s).
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Fig. 3. Posterior probabilities for the sensitivity R of a test T .

Comparisons with belief revision

Assume again a simple example where two experts performed several times a

test T of an illness A (both variables have only two states yes and no).

Next we will show that it is important to distinguish whether we use expert

reports to update our belief about a variable (Se
tion 4) or whether we want to

revise a parameter of our model (this se
tion).

In the former 
ase ea
h expert E

i

perform tests on the same individual and

report the number of positive results n

i

(T = yes) and the number of negative

results n

i

(T = no). We de�ne n

i

= n

i

(T = yes) + n

i

(T = no). We use the

known sensitivity and spe
i�
ity P (T = a j A = a); a 2 fyes; nog to 
ombine

information from two experts using formula 13. In 
ase of uniform P (A) the

formula redu
es (for a 2 fyes; nog) to

P (A = a j t) / P (T = a j A = a)

n

1

(T=a)

� (1� P (T = a j A = a))

(n

1

�n

1

(T=a))

�P (T = a j A = a)

n

2

(T=a)

� (1� P (T = a j A = a))

(n

2

�n

2

(T=a))

/ P (E

1

= a j t

1

) � P (E

2

= a j t

2

) ;

whi
h means we 
ombine the information using multipli
ation. Note that in this


ase P (A = a j t) provides information about the tested individual.

In the latter 
ase ea
h expert E

i

perform test T on several di�erent in-

dividuals. Ea
h expert 
ounts the number n

i

(T = yes; A = yes) of positive

results for the si
k individuals, the number n

i

(T = no;A = no) of negative re-

sults for the non-si
k individuals, and total number of tested si
k n

i

(A = yes)

and non-si
k n

i

(A = no) individuals. This information is used to estimate

^

P (T = a j A = a; t

i

); i 2 f1; 2g; a 2 fyes; nog using formulas 19 and 20. If

the priors P (T j A) are uniform then the maximum likelihood estimates of sen-

sitivity (formula 25) and spe
i�
ity are for a 2 fyes; nog

^

P (T = a j A = a; t) /

w

1

(a) �

^

P (T = a j A = a; t

1

)

+w

2

(a) �

^

P (T = a j A = a; t

2

) ;

(27)



whi
h means we 
ombine the information using addition. Note that in this 
ase

^

P (T = a j A = a; t) is the parameter estimate for the whole population of tested

individuals.

The di�eren
e in handling the information provided by experts is theoret-

i
ally well founded. In the area of arti�
ial intelligen
e di�erent methods for

fusing expert information are studied, in some of the proposals only intuitive

reasons for the use of a kind of average are given.

7 Model revision

We will use a simple example to illustrate the method that 
an be used to revise

original model P

0

(V ), where V = fA;B;Cg and A, B, and C are three variables

whose relations we would like to model in a model P (V ). For example A is age,

B religion, and C is politi
al orientation. We 
ondu
t a small survey and get

data about n

0

individuals. We use the data to 
reate the original model

P

0

(a; b; 
) =

n

0

(a; b; 
)

n

0

:

Sin
e the population that parti
ipated in our survey was only a small sub-

sample of the whole population we would like to revise our model so that it �ts

the whole population. The information available about the whole population is

provided by a 
ensus bureau that have made a 
ensus or a opinion poll, ea
h

of them 
ontaining only a two-dimensional subset of fA;B;Cg. For example, a


ensus provided information about relation between age and religion, an opin-

ion poll provided information about age and politi
al orientation, and another

opinion poll about religion and politi
al orientation. Only the small survey we


ondu
ted provided information about all three variables at the same time. The

data patterns are illustrated in Figure 4.
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Fig. 4. Data patterns

We 
an represent the data from the 
ensus bureau by probability distributions

P

1

(A;B), P

2

(B;C), and P

3

(A;C) 
omputed as:

P

1

(A;B) =

n

1

(a; b)

n

1

; P

2

(B;C) =

n

2

(b; 
)

n

2

; P

3

(A;C) =

n

3

(a; 
)

n

3

:



To ea
h probability distribution P

i

; i = 0; 1; 2; 3 we assign a weight w

i

, de�ned

as w

i

=

n

i

n

, where n = n

0

+ n

1

+ n

2

+ n

3

.

Now the task is to �nd a probability distribution P that is the maximum

likelihood estimate given all available data. Under the multinomial model the

likelihood of a probability distribution P given data D is

L(P j D) =

Y

a;b;


�

P (a; b; 
)

n

0

(a;b;
)

� P (a; b)

n

1

(a;b)

� P (b; 
)

n

2

(b;
)

� P (a; 
)

n

3

(a;
)

�

; (28)

where P (a; b), P (b; 
), and P (a; 
) are marginal distributions of P (a; b; 
).

It is a 
onsequen
e of a result proven by Sundberg [13℄ that for a distribution

P that maximizes the likelihood it holds that

P (a; b; 
) =

w

0

� P

0

(a; b; 
) �

P (a;b;
)

P (a;b;
)

+ w

1

� P

1

(a; b) �

P (a;b;
)

P (a;b)

+w

2

� P

2

(b; 
) �

P (a;b;
)

P (b;
)

+ w

3

� P

3

(a; 
) �

P (a;b;
)

P (a;
)

(29)

=

w

0

� P

0

(a; b; 
) + w

1

� P

1

(a; b) �

P (a;b;
)

P (a;b)

+w

2

� P

2

(b; 
) �

P (a;b;
)

P (b;
)

+ w

3

� P

3

(a; 
) �

P (a;b;
)

P (a;
)

: (30)

This formula 
an be used to de�ne an iterative pro
edure that 
onverges to

a distribution satisfying the ne
essary 
ondition for the probability distribution

maximizing the likelihood. The iterative pro
edure starts with the original dis-

tribution P

0


omputed from a 
omplete sample, if it is available, otherwise, the

uniform probability distribution is often used as the starting point. In every step

i of the pro
edure we use the probability distribution P

(i�1)

from the previous

step i� 1 to 
ompute new probability distribution P

(i)

:

P

(i)

(a; b; 
) =

w

0

� P

0

(a; b; 
) + w

1

� P

1

(a; b) �

P

(i�1)

(a;b;
)

P

(i�1)

(a;b)

+w

2

� P

2

(b; 
) �

P

(i�1)

(a;b;
)

P

(i�1)

(b;
)

+ w

3

� P

3

(a; 
) �

P

(i�1)

(a;b;
)

P

(i�1)

(a;
)

:

(31)

This pro
edure is a spe
ial 
ase of the EM-algorithm [4℄.

Similarly as in Se
tion 6, instead of 
omputing most likely values of model

parameters we 
ould use a posterior probability distribution over the spa
e of all

possible model parameters.We will not go into details here. For more information

see [2, Chapter 9℄.

8 Con
lusions

In this paper we dis
ussed belief and model revision with un
ertain eviden
e.

We 
on
lude by summarizing the lessons we have learned.

First, when dealing with an un
ertain eviden
e we should 
larify what the

information sour
es a
tually report about: is it their reliability and an observed

value or is it what they believe should be the �nal value of a variable of interest.

In the �rst 
ase we should use the virtual eviden
e method, while in the se
ond


ase we should revise the beliefs using the Je�rey's rule.



Se
ond, we must make a 
lear distin
tion whether the information sour
es

provide their beliefs about an individual or about a parameter of a general model,

whi
h typi
ally is the value of an entry in a 
onditional probability distribution.

The �rst 
ase 
orresponds to belief revision while the se
ond to model revision.

Third, it is important to realize whether we are interested in the most likely

value of a variable or a model parameter or whether we prefer to know the prob-

ability distribution over their values. This di�eren
e is re
e
ted by the methods

we use: maximum likelihood estimation or Bayesian statisti
s.

Finally, in Se
tion 7 we gave an example of how we should revise a model

when new information is provided in the form of probability distributions de�ned

on di�erent subsets of variables from the model.

A
knowledgments

I am grateful to Mar
o Valtorta and Finn V. Jensen for interesting dis
ussions

on several issues of this paper. This paper also bene�ted from suggestions for

improvements proposed by anonymous reviewers of 
onferen
e Znalosti 2004.

Referen
es

1. H. Chan and A. Darwi
he. Revisiting the problem of belief revision with un
ertain

eviden
e. In AAAI Spring Symposium, 2003.

2. R. G. Cowell, A. P. Dawid, S. L. Lauritzen, and D. J. Spiegelhalter. Probabilisti


Networks and Expert Systems. Springer Verlag, New York, 1999.

3. A. P. Dempster. A generalization of bayesian inferen
e. Journal of the Royal

Statisti
al So
iety, Series B, 30:205{247, 1968.

4. A. P. Dempster, N. M. Laird, and D. B. Rubin. Maximum likelihood from in
om-

plete data via the EM algorithm. J. Roy. Statist. So
. Ser. B, 39:1{38, 1977.

5. A. Gelman, J. B. Carlin, H. S. Stern, and D. B. Rubin. Bayesian Data Analysis,

Se
ond Edition. Chapman and Hall, 2003. Se
ond Edition.

6. R. C. Je�rey. The Logi
 of De
ision. M
Graw-Hill, New York, 1965.

7. F. V. Jensen. Bayesian Networks and De
ision Graphs. Springer Verlag, New

York, 2001.

8. K. G. Olesen, U. Kj�rul�, F. Jensen, F. V. Jensen, B. Fal
k, S. Andreassen, and

S. K. Andersen. A MUNIN network for the median nerve | a 
ase study on loops.

Applied Arti�
ial Intelligen
e, 3:384{403, 1989. Spe
ial issue: Towards Causal AI

Models in Pra
ti
e.

9. J. Pearl. Probabilisti
 Reasoning in Intelligent Systems: Networks of Plausible

Inferen
e. Morgan Kaufman, San Mateo, CA, 1988.

10. J. Pearl. On two pseudo-paradoxes in Bayesian analysis. Annals of Mathemati
s

and Arti�
ial Intelligen
e, 32:171{177, 2001.

11. G. Shafer. A Mathemati
al Theory of Eviden
e. Prin
enton University Press,

Prin
eton, New Jersey, 1976.

12. M. Shwe, B. Middleton, D. He
kerman, M. Henrion, E. Horvitz, H. Lehmann,

and G. Cooper. Probabilisti
 diagnosis using a reformulation of the INTERNIST-

1/QMR knowledge base I. The probabilisti
 model and inferen
e algorithms. Meth-

ods of Information in Medi
ine, 30:241{255, 1991.



13. R. Sundberg. Maximum likelihood theory for in
omplete data from an exponential

family. S
andinavian Journal of Statisti
s, 1:49{58, 1974.

14. P. Walley. Statisti
al Reasoning with Impre
ise Probabilities. Chapman and Hall,

London, 1991.

15. L. Zadeh. Fuzzy sets. Information and Control, 8:338{353, 1965.

16. L. Zadeh. Fuzzy sets as a basis for a theory of possibility. Fuzzy Sets and Systems,

1:3{28, 1978.


